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Starting point
We consider a homogeneous Langevin process :

dXt = ξ(Xt)dt +
√

2hσ(Xt)dBt

Where :

(Bt)t brownian motion on Rd

ξ : Rd → Rd vector field, drift coefficient
σ matrix, diffusion coefficient
h proportional to the system’s temperature.

u(t, x) = E(u0(Xt)|X0 = x) =⇒
{
∂t u + Lu = 0

u|t=0 = u0

With :
L = −h

∑
i ,j

ai ,j ∂xi ∂xj −
∑

k
ξk ∂xk , (ai ,j) = σσT (1)
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Exemples

→ Witten Laplacian :
L = −h∆ + ∇V · ∇,

[Helffer, Klein, Nier ’04], [Helffer, Sjöstrand ’85].

→ Fokker-Planck :

L = ∂x V · ∂v −v · ∂x −h∆v + v · ∂v ,

[Herau, Hitrik, Sjöstrand ’08], [Bony, Le Peutrec, Michel ’22].
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Sampling methods

On Fokker-Planck :

Theorem Lelievre, Rousset, Stoltz ’10
For any initial condition X0 and any bounded mesurable observable ϕ,

lim
T→+∞

1
T

∫ T

0
ϕ(Xt)dt = C−1

∫
R
ϕ(x , v)e−f (x ,v)/hdxdv

where f (x , v) = V (x) + v2

2 and C =
∫
R

e−f (x ,v)/hdxdv.

Uncertainty on ∇V  problems of precision in the simulations.
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Our framework
[Leikmuhler, Sachs, Stoltz ’20] :

P = H0 + νY + γO (2)

H0 = v · h∂x − ∂xV · h∂v ,

Y = h(|v |2 ∂y −yv · ∂v ) − dh(h ∂y +y
2 ),

O = −h2∆v + |v |2

4 − hd
2 .

(3)

γ, ν > 0,
(x , v , y) ∈ Rd × Rd × R,
V : Rd → R smooth.

f (x , v , y) = V (x)
2 + |v |2 + y2

4  H0(e−f /h) = Y (e−f /h) = O(e−f /h) = 0
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The potential V

Assumption 1

V is Morse and there exists C > 0 and K ⊂ Rd compact such that
∀x ∈ Rd \ K ,

V (x) ≥ −C , |∇V (x)| ≥ 1
C and | Hess V (x)| ≥ C .

 V has a finite number of critical points, which are not degenerated.

We denote

U the set of critical points
U (0) those of index 0, of cardinal n0
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Goal : Show that P has as many small eigenvalues as V has minima, and
quantify the spectral gap.

Space of quasimodes :

Fh = span{fm,m ∈ U (0)}

where
fm(x , v , y) = χm(x)e(−f (x ,v ,y)−f (m))/h

with χm cutoffs around m with disjoint support.
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Hypocoercivity estimates

Theorem 1
∃h0, c0, c1, c > 0 such that ∀h ∈]0, h0], ∀γ, ν > 0, ∀u ∈ D(P) ∩ F ⊥

h , we
have

‖(P − z)u‖L2 ≥ c1g(h)‖u‖L2

uniformily w.r.t z ∈ C such that Re(z) ≤ c0g(h), where

g(h) = h min
(
ν2hγ, 1

γ
,
γ

ν2h ,
ν2h
γ

)
. (4)
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Resolvent estimate

Theorem 2
∃h0, c0, c1, c, c ′ > 0, such that ∀h ∈]0, h0], ∀γ, ν > 0, and any
0 < c ′

0 < c1, we have

σ(P) ∩ {Re z ≤ c0g(h)} = {λ(m, h),m ∈ U (0)}

∀m ∈ U (0), |λ(m, h)| ≤ c ′e−c′/h

Moreover

∀|z | > c ′
0g(h),Re z ≤ c0g(h),

∥∥∥(P − z)−1
∥∥∥

L2
≤ 2

c ′
0g(h) ,

where g(h) defined in (4) satisfies

g(h) > e− cf
2h , with some cf > 0.
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Visually ?

x

x

x

x

x

x

x

x

x

0

∥∥∥(P − z)−1
∥∥∥ ≤ 2

c ′
0g(h)

c0g(h)c ′
0g(h)

c ′e−c′/h

n0 e.v. ≥ 0
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Quick reminder on the Witten Laplacian

Potential W : Rd → R

↪→ semiclassical Laplacian ∆W = −h2∆ + |∇W |2 − h∆W

Denoting δW = h∇ + ∇W = e−W /h ◦ h∇ ◦ eW /h we obtain

∆W = δ∗
W δW  σ(∆W ) ⊂ R+

0 ∈ σ(∆W ) ⇐⇒ e−W /h ∈ L2(Rd)

Under Assumption 1, ∃c, ε > 0, such that ∀h ∈]0, h0],

]σ(∆W ) ∩ [0, ce−c/h] = n0 and σ(∆W ) ∩ ]ce−c/h, ε h[ = ∅.
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Auxiliary hypocoercive operator
→ Let Z = H0 + νY , Πρ projector onto Ker O we denote

A = (h min(1, ν2h) + h−1(ZΠρ)∗(ZΠρ))−1(ZΠρ)∗

 A = ΠρA = A(1 − Πρ)

[Dolbeault, Mouhot, Schmeiser ’15]

Proposition
(ZΠρ)∗(ZΠρ) = dh(∆ V

2
+ 2ν2h∆ y2

4
)Πρ = dhBΠρ

∀u ∈ F ⊥
h , 〈BΠρu, u〉 ≥ c0h min(1, ν2h)‖Πρu‖2

Outline of proof :

H0Πρ = v · δxΠρ and Y Πρ = (|v |2 − dh)δy Πρ

Assumption 1  ∆ V
2
,∆ y2

4
≥ ch
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Proposition
∃C , δ0, h0 > 0 such that ∀h ∈]0, h0], ∀γ, ν > 0, ∀u ∈ D(P) ∩ F ⊥

h , we have

Re
〈
Pu, (1 + δ(h)(A + A∗))u

〉
L2 ≥ Cg(h)‖u‖2

L2

where δ(h) = δ0
g(h)

h .

Outline of proof :

Re〈Pu, (1 + δ(h)(A + A∗))u
〉

≥ γh‖(1 − Πρ)u‖2 + δ Re〈Pu, (A + A∗)u〉
≥ γh‖(1 − Πρ)u‖2 + δc ′

0h‖Πρu‖2

+ δ Re(〈AZ (1 − Πρ)u, u〉 + γ〈AOu, u〉 + 〈Zu,Au〉)
≥ γh‖(1 − Πρ)u‖2 + δc ′

0h‖Πρu‖2

− δ(‖ΠρAZ‖ + ‖ΠρAO‖) ‖(1 − Πρ)u‖ ‖Πρu‖
− δ ‖ZΠρA‖ ‖(1 − Πρ)u‖2
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Double well case

×
m̂

×s

×m

V

Figure – Typical representation of a double well Morse function
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Sharp estimates

Theorem 3
Assume that U (0) = {m, m̂}, where m is the unique minimum of V ,
U (1) = {s} and γ, ν > 0 are fixed. ∃h0, c > 0, such that ∀h ∈]0, h0], we
have counting with multiplicities,

σ(P) ∩ {Re z ≤ ch2} = {0, λ},

with
λ = z(m̂)he−(V (s)−V (m̂))/h(1 + O(

√
h)),

z(m̂) = µ(s)(det Hess V (m̂)) 1
2

2π| det Hess V (s)| 1
2

where µ(s) = 1
2(−γ +

√
γ2 + 4η) > 0 with η the sole negative eigenvalue

of Hess V (s).

Loïs Delande 15 / 24



Gaussian quasimodes
[Bony, Le Peutrec, Michel ’22] : gaussian quasimodes u = χhe−(f −f (m))/h

where
χh(x , v , y) =

∫ `(x ,v ,y ,h)

0
ζ(s/τ)e−s2/2hds

Goal : determine ` ∼
∑
j≥0

`jhj in order to get ‖Pu‖ = O(h3)
√
λ

↪→ ` = `0 + `1h

One can show that

Pu = h(w + r)e−
(

f −f (m)+ `2
2

)
/h, (5)

with r ≡ 0 for X near s and where

P = −h div ◦A ◦ h∇ + 1
2(b · h∇ + h div ◦b) + c
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 w = w0 + w1h + O(h2) with{
w0 = (b0 + 2A∇f ) · ∇`0 + A∇`0 · ∇`0 `0,
w1 = (b0 + 2A(∇f + `0∇`0)) · ∇`1 + A∇`0 · ∇`0 `1 + R1

Need : w0 = O(X 4) and w1 = O(X 2). Hence we set

`0(X ) = ξ · X + `0,2(X ) + `0,3(X ), ξ ∈ Rd TBD

`1(X ) = `1,0 + `1,1(X ) with `k,j ∈ P j
hom

↪→ w0 = w0,1 + w0,2 + w0,3, and w1 = w1,0 + w1,1 with wk,j ∈ P j
hom

{
w0,1 = Λξ · X + Aξ · ξ ξ · X ,
w0,j = (ΥX · ∇ + µ)`0,j + R0,j j ∈ {2, 3},
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Eikonal equation

→ w0,1 : Eigenvalue problem for Λ, A ≥ 0 so we need a negative one.

Λ =

0 − Hesss V 0
Id γ Id 0
0 0 0



When solved, we obtain Aξ · ξ = µ = 1
2(−γ +

√
γ2 + 4η) > 0 where η is

the unique negative eigenvalue of Hess V (s).

→ w0,j , j ≥ 2 : Show that L = ΥX · ∇ + µ is invertible on P j
hom

[Bony, Le Peutrec, Michel ’22]

↪→ σ(Υ) ⊂ {Re z ≥ 0} ⇒ σ(ΥX · ∇) ⊂ {Re z ≥ 0}.
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Transport equation{
w1,0 = µ`1,0 + b1 · ξ − div A∇`0,2,

w1,1 = L`1,1 + R1,1.

 Pu = hO(X 4 + X 2h + h2)e−(f −f (m)+ `2
2 )/h. (6)

→ Geometric constructions around s,m, m̂ and associated cutoffs :

Definition
We define our quasimode the following way

ψm(X ) = 2e− f −f (m)
h , ϕm =

ψm∥∥ψm
∥∥ ,

ψm̂(X ) = θ(X )(χ`(X ) + 1)e− f −f (m̂)
h , ϕm̂ = ψm̂∥∥ψm̂

∥∥ .
Recalling χ`(x , v , y) = c−1

h

∫ `(x ,v ,y ,h)

0
ζ(s/τ)e−s2/2hds.
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Interaction matrix

Proposition

For τ > 0 then δ > 0 small enough, ∃c > 0 such that
∀m,m′ ∈ U (0) = {m̂,m} and h > 0 small,

i) 〈ϕm, ϕm′〉 = δm,m′ + O(e−c/h),

ii) 〈P ϕm, ϕm〉 = he−2S(m)/hµ(s)
2π

Dm
Ds

(1 + O(
√

h))

iii) ‖P ϕm‖2 = O(h4)〈P ϕm, ϕm〉
iv) ‖P∗ ϕm‖2 = O(h)〈P ϕm, ϕm〉

Denoting Dx∗ = | det Hessx∗(f )|1/2, S(m̂) = f (s) − f (m̂) and
S(m) = +∞.

Outline of proof : Laplace method and the use of
Pψm =

√
hO(X 4 + X 2h + h2)e−(f −f (m)+ `2

2 )/h.
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We denote λ̃ = 〈P ϕm̂, ϕm̂〉 and we obtain

MateP| span(e) =
(

0 0
0 λ̃(1 + O(

√
h))

)
,

where e = (ϕm, e1) is an orthonormal basis of the space of eigenvectors
associated to the small eigenvalues {0, λ}.
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What’s next ?

We consider P = X + N acting on (x , v) ∈ Rd+d ′ with

X = α(x , v) · h∂x + β(x , v) · h∂v + h
2(divx α+ divv β),

N = −h2∆v + 4|ΣT Σv |2 − 2hTr(ΣT Σ).

∆v : Laplacian acting on v only,
α, β smooth,
Σ ∈ Md ′(R) fixed matrix,
X (e−f /h) = N(e−f /h) = 0, f (x , v) = V (x) + |Σv |2, V not Morse.
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