Sharp spectral gap of adaptive Langevin dynamics.
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We consider a homogeneous Langevin process :
dX; = &(X;)dt + V2ha(X:)dB;
Where :
@ (B:): brownian motion on R
e ¢ RY — RY vector field, drift coefficient

@ o matrix, diffusion coefficient
@ h proportional to the system's temperature.

u(t, x) = E(uo(Xe)[ Xo = x) = { af;’ Thu =0
|t=0 = Uo
With :
L= —hZa;,j 8X, 8XJ—Z§;{8XH (a,-,j) :O'O'T (1)
ij k

Lois Delande 2/24



— Witten Laplacian :
L=—-hA+VV.-V,

[Helffer, Klein, Nier '04], [Helffer, Sjostrand '85].
— Fokker-Planck :

L=0,V-0,—v-0x—hA, +v-0,,

[Herau, Hitrik, Sjostrand '08], [Bony, Le Peutrec, Michel '22].
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Sampling methods

On Fokker-Planck :

Theorem Lelievre, Rousset, Stoltz '10

For any initial condition Xo and any bounded mesurable observable ¢,
17 1 F(x,v)/h
TETOO?/O o(Xe)dt = C~ /Rgo(x, v)e  FC/ dxdy

2
where f(x, v) = V(x) + = and C = / e~ 0 My,
R

Uncertainty on VV ~~ problems of precision in the simulations.

Lois Delande 4/24



Our framework

[Leikmuhler, Sachs, Stoltz '20] :

P=Hy+vY +~0 (2)

Ho = v hdx — 05V - ho,,
Y = h(|vI? 9, —yv - 0,) — dh(hd, +3),

2 d
O =—-hA W= e
vt 2

e v, v >0,
o (x,v,y) e RY x RY x R,
e V:RY — R smooth.

% 24 y? _ _ _
f(x,v,y) = gX)+ . 7~ Hole ") = Y(e /") = 0(e™") =0
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The potential V

V is Morse and there exists C > 0 and K C R? compact such that
Vx € RY\ K,

and |Hess V(x)| > C.

~ V has a finite number of critical points, which are not degenerated.

We denote

@ U the set of critical points

o U those of index 0, of cardinal ng
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Goal : Show that P has as many small eigenvalues as V has minima, and
quantify the spectral gap.

Space of quasimodes :
Fn = span{fm,m € Z/{(O)}

where

fin(X, v, y) = xm(x)e(=FCovy)=f(m)/h

with xm cutoffs around m with disjoint support.
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Hypocoercivity estimates

3ho, co, c1, ¢ > 0 such that Yh €]0, ho], Vv,v > 0, Yu € D(P) N Fi-, we
have
(P — 2)ull;2 > cig(h)]|ul|,2

uniformily w.r.t z € C such that Re(z) < cog(h), where

g(h) = hmin (1/2h'y, %, —7 —). (4)
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Resolvent estimate

Jho, co, c1, ¢, ¢’ > 0, such that Vh €]0, ho], Vv,v > 0, and any
0 < ¢} < c1, we have

o(P) N {Rez < cog(h)} = {A\(m, h),m e U}
vm e U@, [X(m, h)| < e /P

Moreover

Vlz| > cog(h),Rez < cog(h),

where g(h) defined in (4) satisfies

g(h) > e~ %, with some cr > 0.
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Quick reminder on the Witten Laplacian

Potential W : R — R
< semiclassical Laplacian Ay = —h?A + |[VW|> — hAW

Denoting dyy = hV + VW = e W/ho hv o e"/h we obtain

o Ay :5%5W ~ O‘(Aw) C Ry
0 0ca(Ay) «— e Whe 2R

Under Assumption 1, 3¢,e > 0, such that Vh €]0, ho],

bo(Aw)N[0,ce /" =ny and o(Aw) N]ce " ch[ = 0.
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Auxiliary hypocoercive operator

— Let Z = Ho + vY, I, projector onto Ker O we denote

A = (hmin(1,v2h) + h~1(ZN,)*(ZN,)) "1 (ZN,)*

~A=M,A=A(1-1,)
[Dolbeault, Mouhot, Schmeiser '15]

Proposition
o (ZM,)"(ZN,) = dh(Ay + 202hA 2 )N, = dhBI,
T
o Yu € Fi-, (BM,u,u) > cohmin(1,2h)|N,ul?

Outline of proof :

o HoM, = v 60, and YN, = (|v|*> — dh)s, N,
@ Assumption 1 ~ Av,A 2 > ch
2T
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Proposition
3C, o, ho > 0 such that Vh €]0, o], Vv, v > 0, Yu € D(P) N Fi-, we have

Re (Pu, (1+3(h)(A+ A"))u),. > Cg(h)]ullf.

where 6(h) = 50%.

Outline of proof :
Re(Pu, (1 + 6(h)(A+ A"))u)
> ~h||(1 —T,)ul|? + 6 Re(Pu, (A + A*)u)
> yhl[(1 = N,)ull* + Scghl|M,ul?
+ 0 Re((AZ(1 —N,)u, uy + v(AOu, u) + (Zu, Au))
> yh|(1 = Np)ul|? + dcoh|Mul|?
—0(IM,AZ| + [MpAO0[) [1(X = Mp)ul 1M, ull
— 5| ZMpAI (1 = M,)ul®
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Double well case

m
m

Figure — Typical representation of a double well Morse function
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Sharp estimates

Assume that U©) = {m, m}, where m is the unique minimum of V/,
UM = {s} and v,v > 0 are fixed. Ihy, c > 0, such that Vh €]0, ho], we
have counting with multiplicities,

o(P)N{Rez < ch®} = {0, A},

with R
A = z(m)he=(VE=VIM/h(1 + O(Vh)),
1
. s)(det Hess V(m))2
iy — 1O (™)
27| det Hess V/(s)|2

1
_ 2 . . .
where p(s) = 5(—7 + /72 4+ 4n) > 0 with n the sole negative eigenvalue
of Hess V(s).
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Gaussian quasimodes

[Bony, Le Peutrec, Michel '22] : gaussian quasimodes u = Xhe*(f*f(m))/h
where

£(x,v,y,h)
Xn(x,v,y) = /O C(s/m)e™=/?"ds

Goal : determine £ ~ ijhj in order to get ||Pul = O(h*)VA
j=0

>l =14y+ l1h

One can show that

Pu = h(w + r)ef(fff(mHg)/h, (5)

with r = 0 for X near s and where
P = —hdivoAo hV + %(b - hV + hdivob) + ¢
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~ w = wy + wih + O(h?) with
wo = (b° + 2AVF) - Vo + AV, - Vg lo,
{wl = (% 4+ 2A(Vf + LoV L)) - Vi, + AVig - Vg 61 + Ry
Need : wo = O(X*) and w; = O(X?). Hence we set
lo(X) =€ X +Lo2(X) +4o3(X), £ € R TBD
01(X) = L1+ £11(X) with & j € Pl
— wp = wp,1 + Wo2 + wo3, and wy = wy o+ wy 1 with wy; € 7’{,0,,,

{Wo,leé-XMs-ff’Xa
woj = (TX -V +p)loj+ Roy J€ {23},
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Eikonal equation

— wp,1 : Eigenvalue problem for A, A > 0 so we need a negative one.

0 —HesssV 0
A=1Id ~Id 0
0 0 0

1
When solved, we obtain Af - & =y = 5(—7 +1/v2 + 4n) > 0 where 7 is
the unique negative eigenvalue of Hess V(s).

— Wo,j,j > 2: Show that £L = TX -V 4 p is invertible on P{wm

[Bony, Le Peutrec, Michel '22]

—  o(T)C {Rez >0} = o(TX-V) C {Rez > 0}.
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Transport equation

wigo = Mel,O + bt - & —div Avgog,
wi1 =Ll + Riq.

~ Pu=hO(X*+ X%h + h2)e—(f—f<m>+§>/h.

— Geometric constructions around s, m, m and associated cutoffs :
Definition

We define our quasimode the following way

_ f=f(m) Ym
m X = 2 h 9 m — ——’
$al) =26 n = g
Ba(X) = 000 (x(X) + e, g = 2B

Il

0 4(x,v,y,h) _2/oh
Recalling x¢(x,v,y) = ¢, / C(s/T)e = /?Nds.
0

V.
— —r = — Yot
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Interaction matrix

For 7 > 0 then § > 0 small enough, 9c > 0 such that
vm,m' € U® = {m,m} and h > 0 small,

I) <(pm7 Som’> = 5m,m’ + O(e—c/h),
_ po—25(m)/nH(S) Dm
(P @emy Pm) = he 2 DL+ o(V'h))

i)
iii) H'D(pmH2 = O(h4)<P§0mv<pm>
) H'D* QDmH2 = O(h)<'D(pm790m> )

v

Denoting Dy~ = | det Hess,« (f)|*/2, S(m) = f(s) — f(m) and
S(m) = +oo.

Outline of proof : Laplace method and the use of
2
Pibm = VhO(X* + X2h + h2)e~(F=f(m)+5)/h
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We denote A = (P ¢, ¢~) and we obtain

0 0
MateP| span(e) - <0 5\(1 + O(ﬁ))) ’

where e = (o, 1) is an orthonormal basis of the space of eigenvectors
associated to the small eigenvalues {0, A}.
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What's next ?

We consider P = X + N acting on (x, v) € RYT¢" with

h
X =a(x,v) - hox + B(x,v) - h0, + E(divX a +div, ),
N=—hA,+4XTLv]? - 2nTr(X7Y).

o A, : Laplacian acting on v only,

@ «, 3 smooth,

e ¥ € My (R) fixed matrix,

o X(e~f/My = N(e /My =0, f(x,v) = V(x) + |ZV|?, V not Morse.
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