Kinetic model and numerical scheme for electrons
in glow discharge plasmas

Nathalie Bonamy Parrilla with Stéphane Brull, Francois Rogier

Université de Bordeaux

2023

universite
“BORDEAUX



Physical context

Cold plasmas in industry:
» Deicing
» Airflow control
» Components cleaning
Plasma actuators :
» enhances lift

> prevents flow separation
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Physical context

Cold plasma parameters (glow discharge) :
P atmospheric pressure
» partially ionized : 6. = 107% to 1074
> several species : neutral particles, electrons and ions

» low temperature : 1eV for electrons and room temperature for
heavy species

» Debye length ~ 107®m

Multiscale problem : velocities between particles are very different
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Drift diffusion system

Equations for electrons

8tp+vxr:5
Otpw + V- Tw+E-T =Sy

1
M= ——[Eup+ V(Dp)]
Pn
p density, py internal energy, E electric field, 1 mobility, D
diffusion, S ionization source term
» if T depends only on E/p, = mass eq only
Kinetic approach :
» Two term approximation (used in BOLSIG+1)

Goal : Use Lattice Boltzmann method to solve DD systlgrme\é%]&snlgsux

G J M Hagelaar, 2015




Lattice Boltzmann method

Goal : Use Lattice Boltzmann method to solve DD system

Lattice Boltzmann method

» solve a Boltzmann equation - like

P cartesian grid in space

» velocity variable belongs to a speed lattice {v;}1<i<n
» computing advection and collision separately
>

compute moments by summing over {v;}i1<i<n

At
fi(t + At,x + viAt) = fi(t,x) + —(Mf, — ;)
T
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Lattice Boltzmann method
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Lattice Boltzmann method

» Lattices D,Q, : n = dimension, m = number of velocities

» Some lattices correspond to Gauss-Hermite nodes (D1Q3,
D2Q9...)

» f is expanded in terms of Hermite polynomials

» p, pu... are then computed with Gauss-Hermite quadrature

Advantages of LBM
P simple calculation procedure
P easy and efficient implementation for parallel computation

» simple and robust handling of complex geometries
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Lattice Boltzmann method

» Which collision operator in order to solve DD ?
» What kind of boundary conditions 7

Idea : construct a lattice Boltzmann scheme from a kinetic model
giving drift diffusion system at hydrodynamic limit

Summary
» Kinetic model and hydrodynamic limit
» Approximated model for 2D

» 1D Problem and numerical tests
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Kinetic model

. . 2 . . o Me
» Starting from previous work < : scaling parameter ¢ = , [

» Considering electrons fe, neutral particles f, and ions f;

» Coupled scaled dimensionless system :

1 1

at.“fe + E(V . vae + Fe : vvf-e) = ?Qg(fey f;-’ fn)
1

a1.‘fi +v- vxﬁ + F- vvf; = ?Qf(fe,f;, fn)

1
Otfg +v - Vb + Fp -V fy = ?Qrgy(fe; fis fn)

» Boltzmann, Fokker-Planck and special ionization operator
» Euler equations for heavy particles

» Energy Transport system for electrons universite
“BORDEAUX

2] Choquet, P Degond, B Lucquin-Desreux, 2007



Kinetic model

Electrons distribution function f satisfies

0ef +2 (v Vf~E9u) = 5 Q%)+ Qeel )+ @2l F)+ Qi) +O(2)

> Q% +£2Q2, : expansion of Boltzmann operator
» Qe : BGK operator

» Qion : simplified ionization operator

Result : With f; , = isotropic Maxwellians and simplified operators
— drift diffusion model

Method : Hilbert expansion

f=fotef+e2h+ 0D universite
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Terms of order &2

Find fo st Q%,(fo) =0
Qen(f) zpnaen/SQ [IV[I[f(v = 2(v,w)w) — f(v)]dw

Properties®
> Ker(Qen) = isotropic functions
> Self adjoint in L2 (R?)

> o st QO () -~ ¢ have a solution < ¢ € Ker(Q2))* <
forall W=2%, Sw={v st v/2=W}

¢(v)dN(v) =0
Sw
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Terms of order 7!

Find f1 st :
Q2(A) =v - Vifo — E-Vyfy — Qee(fo) (1)
where
Qee(f) = M(f) — f
M(f) : Maxwellian associated to f
Equation (1) has a solution iff Qee(fo) = 0 < fo is Maxwellian

1
2Venpnl|V||

where f; € Ker(Q2,)

fi = [v-Vifo— E-V, ]+
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Terms of order &°

Q2(H) = Otfo+ v -Vih — E- VA — Q2(f) — Qee(fi) — Qion(fo)

has a solution if and only if
/ (8tfb+v-VXf1—E-va1)dN(v) —/ (an(fb)+Qee+Qion(f()))dN(V)
Sw Sw

Property*
for ¢ = ¢o + O(e) and f = fy + O(e) isotropic

64m> [
o [T owlWA(S + owlondW = [ Q2 (G)oody
enPnfn Jo B yniversite
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Terms of order £°
lonization recombination reaction

N+e =N"+e +e

Qion(f) = /R3 PnCion[20 F(V') — 6 (v)]dV'

where § = §(v? — 2v/2 — 2A) with A : threshold energy

Property®
Qion collisional invariant is
2

v
— 14—
v=1+-

0 1 _ R . . Ve
/R3 Qion(f) <2> dv = <—AR> universite
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Fluid equations

Drift diffusion system

8tp+vxr:f5
Oe(pT3)+Vu-Tw+E-T =S5y

1
M= *;[Eup + Vx(Dp)]
3

Fw = “2 [EpwpT + Vi(DwpT)]
b 2V'T 2
T e T 30T

2 2
DW = 7D7 bw = S K . . 7
3 3 universite
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Approached model (2D case)

x,v € R?, projecting on the following space®
2
D ={f € 3 (R?)|f =) a"H"(v)}
v n=0

. . 2
where H" are Hermite polynomials, w = 5-exp(—%) and

a" = / f(V)H"(v)dv, a°=p, a'=pu..
R2

» for f € D : projection on D of Q,(f), « = en, ee, ion

» Allows to have collision terms depending only on a"
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Fluid equations (2D case)

Approached drift diffusion system

Ot(p(T )) + Vi -T+E-T=Sy

where

22
— = ————[pE+ Vi(pT
37r3/2aenpn[p + Vx(pT)]
22T
D=-2Y2"_ ,=D/T
373/20,, H /

_ universite
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1D Problem : Setting of the problem

» We focus on density equation
» Temperature is supposed to be constant = 1

» No ionization processes
1D Drift diffusion equation

Otp — Ox(DOxp + Epp) =0

In this case D =
Lattice chosen : D1Q27
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1D Problem : Scheme

Scheme

fi(t + At, x + gAt) = fi(t,x) + At(Q(fi(t, x)) + F(fi(t,x)))

. ) AN .
Two velocities : v; = (=1)'ex}, i = 1,2

> Qfi(t,x)) = —§3qv; + (75 — f)
> F(fi(t,x)) = —3-Epvi

Here g = pu

v 02 universite
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1D Problem : discrete kinetic equation

Kinetic equation with discrete velocity :
Ouf; + ~0xf; = Q(F) + F(£)

Proposition :
The hydrodynamic limit is exactly

Otp — Ox(DOxp + Epp) =0

with
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1D Problem : link with fluid schemes

fi(t + At, x + gAt) = fi(t,x) + At(Q(fi(t, x)) + F(fi(t,x)))

. collision
advection

Timestep for moments :

p(t + At x) = f(t,x + gAt) + Bt x — LAL)
g
q(t + At,x) = v (t,x — gAt) — VA (t,x + gm)

Where v = |vq 2| and f* is f after the collision
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1D Problem : link with fluid schemes

Moments after the collision :

p=p
Oen t
gt = (1— 2At>—Ep—
€ €
We know :
() (8)= ()
vi v/ \h q
|
M f m
Thus 8
f‘* _ M—lm*
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1D Problem :

Fluid schemes

n+1l __
’OJ

q;

n+1 —

link with fluid schemes

1
2(pj+1 + pj 1)

1 TenAt
<2V - ;’;82> At(qJ(Ll - quJrl)
At
2 > (Elapfi — Eapf 1)
v
5(0}'71 - Pf+1)
1 oAt
(2 - 62’182> (qf’—l + an—‘,—l)
At

2 (E+110J+1+E lp_j )
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1D Problem : test case

Numerical tests

Oep — aX(Daxp + E,up) =0

Where E = —0x¢

Stationary problem with Dirichlet boundary conditions, assuming :

Doxp+ Epp =0

We test near approximated solution

p(x) = 1+ ¢(x)/T

o(x) = 5 T (exp(ax) — exp(—ax)) Um'versité
pi(exp(a) — exp(—a)) “*BORDEAUX




1D Problem : test case

» Domain : x € [0,1]
» Tests for Ax € [0.1,5.107%]
» Parameters : A = 0.5, e = vVAx, At = eAx
» Initial condition :
p(t=0,x) =1+ ¢(x)/ T + Bsin(2mx)
ot = 0,x) = O T (exp(ax) — exp(—ax))
exp(a) — exp(—a)
fi(t = 0,x) = p(0,x)/2

» Boundary conditions :

[P universite
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Numerical Results

Density at time 0.0
1.0015 1 n ® numerical
. —— solution
1.0010 4
1.0005 1

1.0000 A

0.9995
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Numerical Results

log error

Error depending on dx

X error x
1 — dx™(1/2)
x
1075 4
1073 1072 1071
log dx™(1/2)
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Conclusion

Work in progress

P gain one order by changing the scheme
» working on D1Q3 scheme with hermite polynomials

Prospects

» add positive ions collisions, and recombination reaction
» Scaling for T = T(E/pn) asymptotic

» 2D lattice Boltzmann

Thank you for your attention
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