Modelization and numerical scheme for a
bitemperature 2D transverse plasma

Denise Aregba, Stéphane Brull, Matteo Faganello,Kévin Guillon

November 23, 2022

Kévin Guillon Modelization and num. scheme for bitemperature 2D plasma 1/32



Introduction

® Plasmas : state of matter where cohabitates neutral particles and
ions,

® Plasma modelization — great opportunity for energetic purposes (ex:
nuclear fusion, etc..),

® Equations derivation and numerical modelization :

» 1D, E, B, Suliciu relaxation (Brull, Dubroca, Lhébrard),
» 2D, E, isentropic (Estibals, Guillard, Sangam),
» 2D, E, Aregba-Natalini (Arebga, Brull, Prigent)
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@ Derivation of the fluid system
@ Physical framework and kinetic modelization
@ Derivation for the bi-fluid system
@ Dimensionless equations

© Kinetic scheme
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Plan

@ Derivation of the fluid system
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Physical framework

® We consider a plasma as a bi-fluid system P := {e~, AZ*}, with
respective charges ¢. := —e (electron), ¢; := —Ze (ion) ans masses
mev miy

® 7 is the ionization rate, assumed constant,

® The mesoscopic charge is Q ~ 0 (quasi-neutrality assumption),
® A% may be whether monoatomic or polyatomic,

® No chemical reaction assumed, only mechanical collisions,

® Each fluid is submitted to a Lorentz force due to the electromagnetic
field (F, B):

Falv) =2 (E+vx B),

Me
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Maxwell's equations
The electromagnetic field (E, B) fulfills the so-called Maxwell equations:

o Maxwell-Gauss:

50V B = Q,
® Maxwell-Flux:
V.-B=0,
® Maxwell-Faraday:
VX E= —8tB,

® Maxwell-Ampére:
1
V x B = pupd + 0—28tE,

with o the vacuum permeability, €9 the vacuum permittivity, ¢ the speed
of light in vacuum, and J the current density.

MoEoCZ =1.
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Kinetic modelization

® Lorentz forces = kinetic operator of Vlasov type: for o € {i, e},

Ofa
(O + v Vx + For Vo) fo = (8—11)00”,

with f,(z,v,t) the density of the species « at
(z,v,t) € R3 x R3 x [0, c0).
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Kinetic modelization

® Lorentz forces = kinetic operator of Vlasov type: for o € {i, e},

O0fa
(O +v- Vx4 Fa Vo) fa= (a—J;)w”,

with f,(z,v,t) the density of the species « at
(z,v,t) € R3 x R3 x [0, c0).

¢ Collision operator of BGK type (for numerical purposes) with the
form :

(afa) = i(M(fa) — fa) + %(M(fa,fﬁ) ~ fa)s

Ot Jeoll  To of

Qo O‘HB

with {a, B} = {i, e}.
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Kinetic modelization

® Monoatomic conservation laws :

/dv mev2 (Mc(fe) — fe) =0,

mev
® Polyatomic conservation laws :

1
/ dvdl mevz (M;(fi) — fi) =0,

Me(fe) = F_L% exp ( - meM)

(2 kTe) 2]{;Te
52
o 1 m;i(v —u)? + I
Mi(f:) (2T A P (- 2KT, )
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Kinetic modelization

® Plasma conservation laws :

0

Me
// 0 m; . (/\zei(fe, fi) = fe)dvddo | _ 0
Mev miv (Mie(fe, fi) — fi)dvdl;

1 2 1, .2 5
5mev”  gmive + It

Maﬁ = M[Pa,u#aT#,mmma], {Oz,,@} = {iae}a

with uy, Ty well-chosen fictitious quantities.
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Masses and momenta equations

® Masses equations :
Opa+ V- (paua) = 0.

By summation }_, :

Op+ V- (pu)=0.
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Masses and momenta equations

® Masses equations :
Opa+ V- (paua) = 0.

By summation }_, :

Op+ V- (pu)=0.

® Momentum equation for « :

_ AdAg

8t(paua)+v-(paua®ua+pa)_nQQa(E+UaXB) A +A6(uﬁ_ua)'
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Total momentum equation

The current density J is defined by :

J = an // vfadvdly, = nie(u; — ue).

N Jue=u— 5,
(u, J) = (te,ui) : {uz —ut

Hence the total momentum equation :

CeCy . .
at(pu)+V-(pu®u+;—;j®]+p]l>+B><J:0.
nie
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Ohm's Law

Operating [[ 3=, 72 (Kqa)dvdl, provides Ohm's Law:

J .
8tJ-|—V-(nieu®u+(J®u)s+(ce—ci)W+e(———

i Me mg
1 1 1 1 1 ¢ Ci
—nie*(— + —)E — n;e? [(— + —Ju+—(— — —ZJ)} X B
Me My me My nie m;  Me
__AA Gy wd)
Ao+ A4, nje ’
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The energies equations

Partial mechanical energy equation for o with [ %mavz(lCa)dvdIa:
0o + V- ((ga + pa)ua) — NaGale - £ = Saﬁa
with :
1 2
Saﬁ = VT,aﬁ(T,B —To) + Vjuagd - U+ §VJ2’Q5J = —S/Bm
Total mechanical energy equation :

OE+ YV ((Ba+paa) = J - E=0
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Introduction

In order to estimate and compare the different parameters, we need
dimensionless equations and reference quantities.

Notation

If X is a quantity, D(X) will be its dimension, [X] its reference
counterpart (with the same dimension) and {X} := T% the dimensionless
quantity derived from X.

If (E) is an equation, we will denote D |(E) its dimensionless counterpart.

Kévin Guillon Modelization and num. scheme for bitemperature 2D plasma 14 / 32



Introduction

In order to estimate and compare the different parameters, we need
dimensionless equations and reference quantities.

Notation

If X is a quantity, D(X) will be its dimension, [X] its reference
counterpart (with the same dimension) and {X} := T% the dimensionless
quantity derived from X.

If (E) is an equation, we will denote D |(E) its dimensionless counterpart.

— Ex: D(u) = L.T7L.

Kévin Guillon Modelization and num. scheme for bitemperature 2D plasma 14 / 32



Introduction

In order to estimate and compare the different parameters, we need
dimensionless equations and reference quantities.

Notation

If X is a quantity, D(X) will be its dimension, [X] its reference
counterpart (with the same dimension) and {X} := T% the dimensionless
quantity derived from X.

If (E) is an equation, we will denote D |(E) its dimensionless counterpart.

— Ex: D(u) = L.T~!. The two reference quantities we will use shall be :
® The reference length for the plasma Ly,

® The reference magnetic amplitude By.
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First reference quantities

® We will chose mg := [m] := m,;, and denote | := {m.} = Me | the
m;

mass ratio.

® The reference B
0

ug = {u} 1= ——,

{u} Vv Moo o
will be the Alfvén velocity.

® Wy = uoLgl,

® The Debye length is the following quantity:

)\ — EQkB[Te]
P e

with kp the Boltzmann constant.

— Ap << Lg = the plasma can be assumed quasi-neutral.
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Dimensionless Maxwell equations

The dimensionless Maxwell equations are :

® Maxwell-Gauss:
D| 672V - E = agn,

o Maxwell-Flux:
D|IV-B=0,

® Maxwell-Faraday:
D‘ 8tB =-Vx E,

® Maxwell-Ampére:
D|V x B =J +r?0E,

with 67 := (1 /W’ZO%;)/LO the plasma skin depth and r := %2,

W)\D/LO = 7‘2(5: << 1.
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Dimensionless Ohm's Law

~~ Reminder:

J®J e )
O J +V - (nieu®u+(J®u)s+(ce—ci)W+e(p— — p—)]l)

i Me my
1 1 1 1 1 ;
— nieQ(E + E)E — nie2 [(E + E)u + ﬁ(;—e - :l—zj)} X B
e (3 e (3 1 1 e
_AA Gy mwd)
A+ A4, nje ’
1 e*[n] .
T X , SO !
o (EOma)%Ta%
° RT = % X /1,
e RY = 3—% x 1,
1
® Ce= Tﬁ_u’ Ci = 195
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Dimensionless Ohm's Law

® Dimensionless equation for J:

wond + ¥ - (T @ w)?) + (= v - (L22) 4 ;*V(upi—pe)
1 1
O e+ 1)n (E—i—uxB)—m(l_M)JxB

| RyE
= 5 {Tie} 1+ RY \/‘( pt )7

® Massless approximation:

w >~ 0.

® Massless Ohm's Law:

pE = pB x u—0; (B x J + Vpc)
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Dimensionless Ohm's Law

® Dimensionless equation for J:

J®J> 1

p0d + V- (@ w)*) + (= 1)V - ( + 57 Vpi = pe)

1

e+ 1)n (E—l—uxB)—m

1
(5*) (1 - /L)J x B
1 Ryl
5 {Tiey L+ RY. \/‘( pt1)J

® Massless approximation:

w >~ 0.

® Massless Ohm's Law:

J
pE = pB x u—06; (B x J+ V)~ \FRTé*{ =
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Mechanical energies equations

® We have the source terms estimates in i :

vi=vrag = O(1), Viuasg = O(11), Vy2 0 = O(11).
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Mechanical energies equations

® We have the source terms estimates in i :

vi=vrag = O(1), Viuasg = O(11), Vy2 0 = O(11).

® Quasi-neutral approximation:

57 ~0

® Partial dimensionless mechanical energy equations:
D| 0.+ V- ((Se +pe)u) —u-Vpe =vp(T; — Te),

J
D|0&+ V- ((Ei—l—pi)u) +u-Vpe+; (B xu)=vp(T. — T).
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Electromagnetic energy equations
2
electrostatic energy is £ = 7"2%.

The dimensionless magnetic energy is £, = BTQ.
® Equation for £p:
D0kl —(VxB)-E+J-E=0,
® Equation for &,,:
D| 0ém + (VX E)-B=0,

® Total energy equation :

O(EtE+Ep+En)+ V- ((E+pe+E+p)ut ExB)=0,
® Alternative cationic energy equation:

Ou(Ei+Ep+En) + V- ((E+pi)ut BEx B) +u-Vpe = vp(Te ;).
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Asymptotic bi-fluid system
Transverse (E, B) assumptions:
o = (El,EQ,O), B = (0,0, Bs =: B),
® 03 =0.
Dimensionless fluid system for the plasma:

Op+ V- (pu) =0,
O(pu) + V- (pu @ u+pe+pi+En) =0,
0+ V - ((Se —i—pe)u) —u-Vpe =vp(T; — Te),

O +Ep+En) +V - (& +pi)ut B'B) +u-Vpe = vp(T. = Ty),

with the closure adiabatic relations :

2 1
DPe = pTe = ggea bi = PTz = (7@ - 1)(51 - 5
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Plan

e Kinetic scheme
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The Aregba Natalini procedure

® \We consider a conservative hyperbolic system, for the unknown
u: RP x [0,00) — RE:

oru + Z 04F4(u) =0,
d

® Aim : construct a kinetic scheme for this system, i.e a kinetic
approximation such that the (e,n) diagramm commutes.
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The Aregba Natalini procedure

® Aregba Natalini schemes : class of systematic kinetic splitting
schemes procedure by discretization of a kinetic approximation:

0uf + " Aadaf =~ (M[Pf = U] - f)
d

® Only requires the choice of :

» Projection P such that: Pf =U,
» Maxwellian functions My such that :

{ PM(U)=U
PAgMa(U) = Fy(U).
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Modifications of the procedure
Here, two differences :

® \We are considering two discretization for each system :

8tpa+v ( (e a) _0
O (pu®) + V- (p™u® @ u® + pa) — ;“%%( —u™tB) =0,
HEX+ V- ((E* + p*)u®) — ”a% -E =0,

® \We need to take into account the nonconservative and source terms,
via a splitting for the kinetic discretization :

fan+1 _fan+z_q)n fa,n)

Step 1
+ N(En—l—l’Bn—&-l)fa,n-i-l _ S(fa,n-i-l)‘

Step 2

Kévin Guillon Modelization and num. scheme for bitemperature 2D plasma 25 /32



Choice of the parameters

Ap ifl=d
Ag = )\j ifl=d+ 3,
0 else
- ) A -
)\-1*'_)\1— ()\3 U Fl(U))
A= (U - B()) 1
Ay =Xy -+ 1
U 1
Ma(U) — 3()\3>\—_)\3) ,P :T )
1
)\T_)\;(_ATIU_FFI(U)) 1
)\;i/\;(__g_U_‘_F?(U)) 1
=
L 3(A;3—A;)U |
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Step 1 : Computing the conservative part

We start from the maxwellian projection :
fa,n - Ma(Ua,n)
We operate a FDS:

fa n+3 3 fa noy z : (h;x_ni h;x—,‘_nﬁ) 7
2
with h;‘fe_d = Ag*f;”" AG™ f ¢, Applying the projection :
2

a n+ ,
Ut = Ut Z (Ph;‘__ - Ph;f%d).
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Step 2 : Adding nonconservative and source terms

en+1 = u® n+2 + (SA*t (En—H e,n+1,J_Bn+1>
i,n+1 ul n+s % (En—l—l i,n+1 J_Bn—i-l)
)
1
En+1 En+— pn+ At (ue,n-‘rl uz,n—i—l)
5*

~» The three last equations form a closed system at time n + 1 for
Vn—l—l T (ue,n-i-l ui,n—i—l En—i—l)
: , , .
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Adding nonconservative and source terms

en+l _ cents At n+i uent (e)+1 n+1
g =E0TE 4 B

A
+ ;VAt(ge’n+1 — %pn+%ﬂu67n+1 . ue,nJr%%e))

' 1 i i LEE()
+(vi — l)VAt( — gty ipn"'%ul»n-i-l , uz,n++T>7

gintl — gints _ %p“%ui“# . gl
*

%

+ %uAt( _gentl %pn-l—%luue,n-i—l ot 1+B<e>)
+ (i — 1)I/At(5i’”+1 - %pn+%ui,n+1 . ui,n+1+TB(i))’

= Necessarily, A(a), B(a) = 1.

: 0< At < —L
= The implicit step is well-defined for 1*”(%*3)
0<p <
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Letting © — 0

o utnts = @(%)

® Every other quantity at time n + %,n +1is O(1).
We obtain the Ohm Law for p = 0:

1 en+ g n+1l _ ent+l, 1 pntl
0_;{%(”“ 2) + 57 (E u B").
—_—
=:

(c;e,n-i—l — ge,n—i—% 4 %pnﬂ—%ue,n—k% i En+1 + gyAtge,n-l—l

()

i 1 )
+ (v — 1)1/At< _gintl 4 §pn+%(uz,n+1)2),

At 1 iﬂH—%

. . 1
gz,n—i—l — gz,n+§ o Epn—l—gu
)

Cprtl guAté‘m“
i 1 )
+ (i — l)vAt(é’”"“ _ ipn+%(uz,n+1)2>7
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Letting 6 — 0

° ue,n—f—l o ui,n+1 — @(5*)
i)
® Every quantity at time n+ 4,n+ 1 is O(1).

Expressions for the a priori 0] —stiff terms :

0= anr%l . ue,nJrl + A_*tpue,nJrl . En+17

(2

A
5; "

n+%En+l . ui,n—i—l — _%pEn—i—l . ue,n—i—l + En+1 . (En—i-% _ En—i—l)'
i
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Letting 6 — 0

Passing to the limit, we obtain the sought discretization :

1
Pt = pta,

. 1 1
un-i—l =1+ uz,n+§(: u"+§),
En+1 — _un—&—l,J_Bn—i-l,
1 .
ge,n-{-l — ge,n+§ _ pl X ue,n—‘rl + Vp(Te,n—l—l o T%’H‘l)’

gi,n—H — gi,n—&-% +pl~ue’n+1 +En+1 . (En—I—% _En+1) —i—l/p(Ti’nJ'_l _Te,n—I—l).
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