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Abstract

In this article, we discuss the stabilization of incompressible Navier-Stokes equations in a 2d
channel around a fluid at rest when the control acts only on the normal component of the upper
boundary. In this case, the linearized equations are not controllable nor stabilizable at an exponential
rate higher than vn?/L?, when the channel is of width L and of length 27 and v denotes the viscosity
parameter. Our main result allows to go above this threshold and reach any exponential decay rate
by using the non-linear term to control the directions which are not controllable for the linearized
equations. Our approach therefore relies on writing the controlled trajectory as an expansion of order
two taking the form ea + 24 for some € > 0 small enough. This method is inspired by the previous
work [18] by J.-M. Coron and E. Crépeau on the controllability of the Korteweg de Vries equations.

1 Introduction

1.1 Setting and main result

The goal of this article is to discuss the stabilization of an incompressible fluid locally around the rest
state in a 2d channel. We set
Q=Tx(0,L), (1.1)

where T is the 1d torus, identified with (0, 27) with periodic boundary conditions in the x;-variable, and
L > 0, see Figure 1.1. The Navier-Stokes equations read as follows:

Ou+ (u-V)u—vAu+Vp=0, in (0,00) x Q,

div u =0, in (0,00) x Q,

u(t, z1,0) = (0,0), on (0,00) x T, (1.2)
ultizr, L) = (0, g(t,1)), on (0,00) x T,

u(0, 1, 29) = ul (1, 29), in Q.

Here, u = u(t,z1,22) = (u1(t,m1,22),ua(t,1,22)) denotes the velocity (€ R?) of the fluid, p =
p(t, x1,x2) denotes the pressure and g(t,x1) is the boundary control. The viscosity coefficient v > 0
is assumed to be a positive constant.

A simple stationary solution of system (1.2) is given by (u,p) = (0,0,0) with g = 0, corresponding
to a fluid at rest. Our goal is to prove a local stabilization result around this particular state at any
exponential decay rate w > 0. The main difficulty for stabilizing the fluid is that the control function
g acts only on the normal component of the velocity. Therefore, due to the incompressibility condition
div u = 0, we necessarily have

/g(t,xl) dzy =0, Vt=0. (1.3)
T
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Figure 1: The domain 2.

In particular, if we consider the linearized equations

Oyu — vAu+ Vp =0, in (0,00) x £,
div u =0, in (0,00) x £,
u(t,z1,0) = (0,0), on (0,00) x T, (1.4)

u(ta T, L) - (O,Q(t,ﬁﬂl)), on (07 OO) X Ta
uw(0, 21, 20) = u®(x1,29), in Q,

and if we expand u into Fourier series

u(t,x1,x2) = Z ug (¢, xg)e“”:l ,
kEZ

then the 0-mode ug defined by

wo(t, w2) = /Tu(t,xl,xg)dxl - ( o (t,72) > (1.5)

uo,2(t, x2)

satisfies the uncontrolled equation

atuo,l — l/822u0’1 = 0, in (0,00) X (07L),

u0,1(t,0) = up1(t, L) =0, on (0, 00),

u0,1(0,29) = [ u®(21,29) - €y dry, in (0, L), (1.6)
T

uo,2(t, x2) =0, in (0,00) x (0,L).

In particular, this implies that any stabilization strategy based only on the linearized system (1.4) will
fail to stabilize the full system (1.2) at a rate higher than vw?/L?, corresponding to the first eigenvalue
Xo.1 = —vmw?/L? of the operator v0sz with Dirichlet boundary conditions on (0, L).

That leads to a natural restriction on the decay rate of the solutions if we use a strategy based on
the linearized system (1.4). We refer to the work [29] for decay results in this spirit for the linearized
system (1.4).

Our goal is to show that one can achieve the stabilization of the non-linear system (1.2) at a rate
higher than v72/L? by using the effect of the non-linearity.

Before stating our main result, we introduce some functional spaces adapted to deal with systems
(1.2) and (1.4). Namely, we define

VI (Q) = {u=(u1,u2) € H'(Q) x H(Q)| div u=0in Q}, (1.7)
Vi(Q) = {ue V' (Q)|u(z1,0) = u(z1,L) =0 for z; € T}. (1.8)

In these spaces, let us recall that the functions are 27 periodic in the x; variable, the periodicity with
respect to the x;-variable being encoded in the condition z; € T.
We are then in position to state our main result.



Theorem 1.1 (Local open loop exponential stabilization). Let wg > 0. There exist v > 0 and C > 0,
depending on wo such that, for all u® € V}(Q) obeying

0
[ u Hvé(sz) S (1.9)
there exists g € L?((0,00) x T) satisfying (1.3) such that the solution (u,p) of system (1.2) satisfies
VE> 0, [u(®)llyiq < Ce™ (1.10)

The strategy used to prove Theorem 1.1 will be exposed in Section 3 and the detailed proof of
Theorem 1.1 will be given in Section 5.

Let us emphasize that we go beyond the threshold v7?/L? imposed by the linearized equations
(1.4). Therefore, due to the above remarks, Theorem 1.1 cannot be obtained as a consequence of the
stabilizability properties of the linearized equations (1.4) only, and the non-linearity in (1.2) shall be
used. In order to do that, we perform a power series expansion of the solution w in the spirit of [17,
Chap. 8], where such a strategy is explained for a control problem in a finite dimensional setting, and
of [18], see also [14, 15], where it is applied to obtain controllability results for the Korteweg de Vries
equation. We also refer to [8, 10] for applications of these techniques to the case of Schrodinger equations.

In fact, we will expand the solution u at order 2 in the form u = ea + €23, where € > 0 is small,
see Section 3 for more details. This will allow us to somehow decouple the dynamics of the linearized
system (1.4) satisfied by « to the one of second order satisfied by 8, in which the term « - Va can be
seen as an indirect control on the dynamics of 8. With this respect, we are close to the setting developed
recently in [21] in a finite-dimensional context in which a second order expansion was used to propose
time-varying feedback laws to stabilize a class of quadratic systems, and [22] where a similar strategy is
developed to stabilize the Korteweg de Vries equation in a case in which the linearized equations are not
controllable. Still, our approach constructs an open loop control. We thus call the property stated in
Theorem 1.1 an open loop stabilization result, using the wording of [12, Part I, Chap.1, Definition 2.3]).
So far, we do not know if we can construct a time-periodic feedback to obtain stabilization results at any
rate for (1.2), but the works [21, 22] might suggest some ideas in this direction.

1.2 Related references

The stabilization of the linearized incompressible Navier-Stokes system in a 2d channel (with periodic
conditions with respect to x;) linearized around a steady-state parabolic laminar flow profile (#(x2),0),
with 2 (29) = C(23 — Lxzy) with C € R (Poiseuille flow) has been studied in [29, 6, 5]. In particular, in
[29] the author proved that the linearized equations of (1.2) around the state (Z?(z2),0) is exponentially
stabilizable with some decay rate wy, 0 < wy < v72/L? by a finite-dimensional feedback control acting
on the normal velocity on the upper wall {x5 = L}. Similar stability results were obtained when the
controls act on the normal components of the velocity on both lower and upper walls {z2 € {0,L}} in
[5]. In [6], it was shown that the exponential stability of the linearized system around (£?(z3),0) can be
achieved with probability 1 using a finite number of Fourier modes and a stochastic boundary feedback
controller acting on the normal component of velocity only.

Let us also mention that there are several results on the boundary stabilization of Navier-Stokes
equations [7, 28, 1, 4, 37, 33|, all of them using the stabilization properties of the linearized equations.
Here, we emphasize that when using only one boundary control acting on the normal component of
velocity and trying to obtain a decay rate higher than v7?/L?, further work is required.

Our approach is actually closely related to the question of local exact controllability to trajectories for
the Navier-Stokes equations when considering distributed controls with some vanishing components. On
this issue, let us mention [19]. There, the authors consider the two-dimensional Navier-Stokes system in
a torus and establish local null controllability with internal controls having one vanishing component. In
such a case, the linearized equations around the state 0 are not null-controllable. As in our case, a whole
family of solutions cannot be controlled directly. Thus, the authors use the non-linearity to recover the
controllability of the non-linear system, in the spirit of the return method, see e.g. [17]. Similar ideas were
also developed recently in [20] to show local null controllability for the three-dimensional Navier-Stokes
equations by using a distributed control with two vanishing components. Let us also mention that,
according to [23] and an easy extension argument, Navier-Stokes equations are locally null-controllable
when the controls act on the boundary. However, the controls constructed in that way act on both the



tangential and normal components of the velocity. The possibility of controlling Navier-Stokes equations
with controls acting only on the normal component of the velocity does not seem to follow easily from
the construction in [17, 20].

In fact, our result is also related to the boundary controllability results obtained in the works [11, 2]
for particular linear parabolic systems with controls acting at the boundary on only some components
of the system. Still, as in our case there is an infinite number of directions on which the control does not
act (recall (1.6)), our strategy does not follow the ones developed in these articles.

We should also mention that one motivation to study the case of a control acting only on the normal
components of the boundary of the fluid comes from stabilization problems for fluid-structure models
when the structure is located at the boundary of the fluid and the control acts on the structure. We refer
to [33, 35] and [24, 25] for several models of this type. We have also to mention the works [26] which
studies a related unique continuation problem for Stokes equations and [30], where a unique continuation
result is proved in the case of a channel with Dirichlet boundary conditions on the whole boundary. See
also [31], [32] for more refined results of the same type.

1.3 Outline

In Section 2, we recall some results concerning the linearized system (1.4) and the unique continuation
properties of the eigenvectors of the Stokes operator, emphasizing the presence of eigenvectors for which
unique continuation fails. We also introduce some notations associated to our stabilization problem. In
Section 3, we present the general strategy of our approach and describe the main results we need, in
particular to control the Navier-Stokes equations in the vector space spanned by the eigenvectors of the
0-mode of (1.4) corresponding to eigenvalues larger than —wy. In Section 4, we show how to control the
projection on this space. This contains the main technical difficulties of our work. In Section 5, we prove
Theorem 1.1 by collecting together all the estimates proved in the previous sections and showing the
exponential decay of the norm of the solution at rate wg. Section 6 then provides some further comments.
The proof of some technical results are given in the appendix.

Acknowledgements. We deeply acknowledge Jean-Pierre Raymond for having pointed out this open
question to us and for his continuing encouragements during this work. We also deeply thank Jean-Michel
Coron for his encouragements and for having sent us the works [21, 22].

2 Preliminaries on the linearized system (1.4)

In this section, we recall some basic facts on the linearized equation (1.4) and give a modal description
adapted to our setting.

2.1 Functional framework

In the following, we will often deal with functions u defined in  taking values in R?, hence belonging
to functional spaces of the form (L%(Q))2, or (H*(Q))?, s € {1,2}. To simplify notations, we will simply
denote by L2(2) and H*(f2), the spaces (L?(£2))? and (H*(92))? respectively.

Recall that Q =T x (0, L) (see (1.1) and Figure 1.1). For convenience, we define Ty = {(21,0) |z €
T}, Ty = {(z1, L) |21 € T} the lower and upper boundaries, and I' = T’y UT';. In addition to the spaces
V1(Q), V{(Q) defined in (1.7)—(1.8), we introduce the spaces

VY(Q) = {u = (u1,uz) € L3(Q) | div u = 0, (u.n, 1>H_%(F)7H%(F) = O}, (2.
Vo (@) ={ueV°(Q)|u-n=0onT}. (2.2)

We also introduce the Helmholtz operator P (also called Leray projector) as the orthogonal projection
operator from L?(Q) onto V2(Q). This operator P can be defined as follows

Pf=f-Vp—Vg,
where

Ap =div f, in Q, q Ag =0, in Q,
p= Oa on Fv o 8’qu = (f - Vp) "N, onI"



The Stokes operator is then given by
A = vPA, with domain 2(A) = H*(Q) N V§(Q) on V2(Q). (2.3)

It is well-known that A is the infinitesimal generator of a strongly continuous analytic semigroup
(etA){t>0} on V2(Q) since A is maximal dissipative and self-adjoint. Besides, A has a compact re-
solvent, so the spectrum of A consists of a set of isolated real eigenvalues of finite multiplicity going to
—00.

We now rapidly describe the functional setting adapted to the linearized equations (1.4).

As we mentioned, the control function g has to satisfy condition (1.3). We therefore introduce the
set

27
LY(T) = {g € L*(T) ‘ / g(z1)dzy = O} .
0
To put system (1.4) in an abstract form, we introduce the Dirichlet operator D € Z(L3(T), V°(Q))

defined by
—vAw + Vp =0, in Q,

. div w =0, in Q,
Dg = w, with w = (0,0), on T, (2.4)
w = (0,9), on I';.
Then the linearized equations (1.4) can be rewritten in the following abstract form
Pu’ = APu + (—A)PDy, for t > 0,
(I —=P)u = (I —P)Dyg, for ¢t > 0, (2.5)

Pu(0) = Pu®,

where A is the extension to the space (2(A)) of the unbounded operator A with domain 2(4) = V9(Q)
defined by the extrapolation method. Therefore, the control operator in (1.4) reads as

B = (-A)PD: L3(T) — 2(A). (2.6)

The study of the Cauchy problem for (1.4) is done in [34]. For ug € V9(Q) and g € L?(0,T; L3(T))
equation (1.4) admits a unique weak solution in L2(0,T;V?(Q2)). But we will often use the following
regularity results on Stokes equations with source term and non-homogeneous Dirichlet boundary con-
ditions, that can be found in [34], see in particular [34, Theorem 2.3, item (ii)] and [34, Theorem 2.5]. If
u® € VI(Q), f € L*(0,T;L2(Q)) and g € HL(0,T; LE(T)) N L?(0,T; H?(T)), then the solution u of

Pu’ = APu + Pf + (—A)PDyg, for t > 0,

(I —P)u= (I — P)(Dg), for t >0, (2.7)
Pu(0) = Pu®,
or equivalently
Oyu — vAu+ Vp = f, in (0,00) x Q,
div u =0, in (0,00) x Q,
u(t, z1,0) = (0,0), on (0,00) x T, (2.8)

u(t,r1,L) = (0,9(t, 1)), on (0,00) x T,
w(0,z1,m2) = u’(z1,72), inQ,

belongs to H(0,T;V°(Q2)) N L2(0,T; H%(Q)) and

[[wll g1 (0,T;VO(Q))NL2(0,T;H2(Q))

<C (HUOHVé(Q) + 1 fll 20,12 (0)) ”g”Hé(0,T;L3(T))ﬁL2(O,T;HZ(T))) - (29)



2.2 Stabilizable eigenvectors

Stabilizability for a given decay rate w > 0 of the pair (A, B) appearing in (2.3), (2.6) reduces to show
the following unique continuation property (see e.g. [3]):

If A*® = A® for some Re A > —w and if B*® =0, then & = 0. (2.10)

In (2.3), A* = A and therefore we have to verify (2.10) for A € R and A > —w. Note that we
already know that such a unique continuation property is violated for the eigenvectors corresponding to
the 0-mode (1.5)—(1.6). In Proposition 2.1 afterwards, we will show that it is the only case in which the
unique continuation property (2.10) fails.

We start by rewriting the equation A® = A\® in its PDE form

AP —vAD + Vg =0, in Q,

div & =0, in Q, (2.11)
® =0, on I'.
The computation of B*® yields to
1
B*®(x1) = q(x1,L) — o / q(x1,L)dxy, x1 €T. (2.12)
T

Expanding (®, g) into Fourier series

1(z1, x2) Z¢1 k(w2)e™™1 (21,22) € Q,

kEZ
zkz
(®,9) = (¢1,d2,q) with { P2(71,72) =D bax(w2)e™™, (21,22) €9, (2.13)
kEZ
g1, 3) = qr(w)e’™™, (z1,22) €9,
kez

the eigenvalue problem (2.11) for (¢1 k, $2,k, gx) reads as follows

(A -+ Vk2)n 1 (w3) — vl (@2) + ikgu(zz) =0, in (0,L),
()‘"’_ng)(b?,k(l?) - V¢g,k( ) +qk(x2) 0 in (OvL)7 (2 14)
ik¢1,k($2) -+ ¢’2k($2) = 0, n (0, L), ’

$15(0) = 61 k(L) = hp24(0) = po 1 (L) =

while the observation is
B*®(z;) = Z qu(L)e* ™,z e T.
kez\{0}
As explained in the introduction, under this form we immediately check that, the unique continuation
cannot hold for the 0-mode. But, B*® = 0 implies that g;(L) = 0 for all ¥ € Z\ {0}. Based on that
remark, we will prove the following result.

Proposition 2.1. Assume that ® satisfies AD = A® for some A € R and B*® = 0. Ezpanding (P, q)
as in (2.13), for all k € Z\ {0}, we have ¢ = ¢, = q& = 0 everywhere in (0,L).

Proof. If (®, q) written as in (2.13) solves (2.14) and if B*® = 0, then we have g, (L) = 0 for k € Z\ {0}.
Therefore, for k € Z \ {0}, ¢2,1 solves

¢2 k(l’g) (A + 2vk?) ¢ k(fEQ) + k(A + vk?)¢o i (x2) =0 in (0, L), (2.15)
$2,5(0) = P21 (L) = ¢2,k( ) = ¢ (L) = ¢4, (L) = 0.

Obviously, if A = 0, multiplying (2.15) by ¢2 i, integrating over (0, L) and using the boundary conditions,
we get @2 = 0. Similarly, if A = —vk?, multiplying (2.15) by ¢k, integrating in space and using the
boundary conditions, we get qb’z,k = 0. Hence ¢ = 0 thanks to the boundary conditions.



We therefore focus on the case A ¢ {0, —vk?}, and we look for a solution @ of the following problem:

{ 0@ (z5) — (A + 20kH)0" (22) + kK2(A 4+ vk?)0(x2) =0 in (0, L), with 0/(L) # 0. (2.16)

0(0) = 0'(0) = 0,

As (2.16) is an ODE with constant coefficients, with roots £k, +1/k? + A/v (all distinct since \ ¢
{0, —vk?}), 0 has to be of the form

B(x2) = Creb2 4 Coe k72 4 CoeVR D)2 | 0 VI FD22 4 € (0, 1),

for C1, Cy, C35, Cy suitable constants. We then choose 8 of the form

0(za) = 1/ k% + %sinh(k:xg) — ksinh (\/k;Q + 23}2) , x2 € (0,L),

so that it satisfies the ODE (2.16)(y) in (0, L), the boundary condition #(0) = ¢’(0) = 0 and

0'(L) = ky/k? + % (cosh(kL) — cosh (sz + iL)) .

As A ¢ {0, —vk?}, 0'(L) # 0 (since A € R\ {0, —vk?}, \/k2 + \/v € (Ry \ {0,k}) UiR).

Using this function 6 as a test function, we multiply (2.15) by 6 and integrate, and we get ¢ ; (L) = 0.
Therefore, ¢o ) satisfies ¢o (L) = ¢4 (L) = ¢} (L) = ¢4, (L) = 0 and satisfies the linear ODE (2.15)
without source term. Hence ¢ = 0 éverywheré and ¢1 and qx also identically vanish in (0, L) thanks
to (2.14). O

2.3 Projection

According to Proposition 2.1, a part of the spectrum of the operator A is detectable through B*. Given
wp > 0, we introduce
w > Wwo,

and decompose the functional space V() into the following vector spaces:

e The stable part corresponding to the vector space spanned by the eigenfunctions of A with eigen-
values smaller than —w.

e The unstable undetectable part corresponding to the vector space spanned by the eigenfunctions
of A in the 0-mode with eigenvalues larger than or equal to —w.

e The unstable detectable part corresponding to the vector space spanned by the eigenfunctions of
A which do not belong to the 0-mode with eigenvalues larger than or equal to —w.

Note that the eigenvalues of A may be multiple so we need to be slightly more precise than these vague
statements.
The stable part is given by

Z; = Span{® | A® = AP, with A < —w},
while the unstable part is given by
Z, = Span{® | AD® = AP, with A > —w}.

Now, the spectrum of the 0-mode is given by the sequence of eigenvectors

22
L2’

1 {rae
S
Vo e(21,x2) = - , corresponding to the eigenvalue Ag ¢ = —
0

(2.17)



indexed by ¢ € N*.
Therefore we introduce the spaces

Z,, = Span{¥g, with Ao, > —w}, (2.18)
Zoa = Zul'™® NZ,. (2.19)

corresponding respectively to the unstable undetectable and the unstable detectable parts of the spectrum.
In particular we have
VO =Zs®Zuqg ® L.

We introduce the orthogonal projections P, P, Pyq and Py, in L? (Q) on Zs, Z,,, Z,q and Z,,, respec-
tively.
3 Strategy

As said in the introduction, our approach is based on a power series method. To be more precise, we
assume that the controlled solution u and its control g in (1.2) can be expanded as

u=ca+e’B, p=cep+e’ps, g=cg+ege, (3.1)

for some € > 0 small enough, where («, 8), (p1,p2), (91,92) are all of order 1. This allows us to look for
(91, g2) such that the solution (a, ) of

Ora — vAa + Vpy =0, in (0,00) x Q,
div a = 0, in (0,00) x £,
a(t,z1,0) = (0,0), on (0,00) x T, (3.2)
a(tamle) = (Oagl(taxl))a on (0700) X Ta
a(0,x1,x2) = ao(xl,xg), in Q,
and
WP —VvAB+Vpy = —(a+eB) - V(a+eB), in (0,00) x Q,
div 5 =0, in (0,00) x £,
B(t, z1,0) = (0,0), on (0,00) x T, (3.3)
B(taxle) = (ngQ(tvxl))a on (0700) X Ta
ﬂ(07x1,$2) :/80(1'1,1'2), in Q,

is stable and decays exponentially at rate —wy.

As the control function g; cannot act on the 0-mode of a (recall (1.6)), we will put the component
of u on Zy, in the S-part. Our construction will therefore use the non-linear term « - Vo in (3.3) to
indirectly control the projection of 8 on Z,,,.

From now onwards we assume that the initial conditions (a?, 8°) satisfy

2 .
0°]5s @y + 18wy S 1 with Puua® =0. (3.4)

We then construct the open loop controlled trajectory u by an iterative process. We thus fix 7' > 0 (for
instance T'= 1) and we introduce the time intervals (nT, (n + 1)T).

Initialization: the time interval (0,T). During the first time interval, we look for a control function

g1 such that the projection on Z,, of the solution « of (3.2) at time T vanishes. This can indeed be done:

Proposition 3.1. Given o' € V}(Q) satisfying Pu,a® = 0, there exists a control function g1 €
H(0,T; LE(T)) N L2(0,T; H*(T)) such that the solution o of (3.2) on (0,T) satisfies the controllability
requirement

P,a(T) = 0. (3.5)

We can further impose the following estimates:

0
||04(T)||vg(9) + ||a||L2(0,T;H2(Q))0H1(o,T;L2(Q)) + Hgl”Hé(O,T;LS(T))OLQ(O,T;H2(T)) <C ||a Hv(lj(g) - (3.6)



Actually, Proposition 3.1 is a rather easy consequence of Proposition 2.1, the fact that Z, is finite
dimensional and the fact that P,,a® = 0. The detailed proof of a slightly more general result stated in
Proposition A.1 (yielding Proposition 3.1 as an immediate corollary) is given in Appendix A.

The control g, is simply taken to be 0 on the time interval (0,7) and S is the corresponding solution
of (3.3) on the time interval (0,T).

The iterative process. Let n € N\ {0} and assume that we have constructed « on (0,nT') such that
a(nT) € VH(Q), B(nT) € Vi), (3.7)

and
P,a(nT) = 0. (3.8)

Obviously, one could maintain that last condition (3.8) of vanishing projection on Z,, for ¢t > nT simply
by taking g1 (t) = 0 for ¢t > nT. But we will need to use the non-linear term « - Va in the equation (3.3)
of B8 to control the projection on Z,,, of 8 at time (n+1)T, so we shall not take g; = 0 on (nT, (n+1)T).

Instead, we shall build the control function g; on the time interval (nT, (n + 1)T) by using following
result:

Theorem 3.2. Let (° € Zy, and f € L*(0,T; H2(Q)) N HY(0,T;VO(Q)). Then there exists a control
function g1 € HE(0,T; H*(T) N LE(T)) such that the solution & of

0ia — vAa+ Vp; =0, in (0,T) x Q,
diva =0, in (0,T) x Q,
a(t,xz1,0) = (0,0), on (0,T) x T, (3.9)
a(t,x1,L) = (0,g1(¢,21)), on (0,T) x T,
a(0,21,x9) =0, in Q,
satisfies
a(T)=01in Q, (3.10)

and such that the solution B of

OB —VvAB+Vpy=—(f+a)-V(f+a), in(0,T)xQ,
div 8 =0, in (0,T) x 9,

B(t,21,0) = B(t, 21, L) = (0,0), on (0,00) x T, (3.11)
6(071'1;372) = 50(561,362), in Q,
satisfies ]

We can further impose the following estimates:

-
+ ||91||H5(0,T;H2(T))

||d||2L2(o TH2(Q)NH (0,T3L2 () T Hﬂ‘
T T L2(0,T:H2(Q))NH (0,T;L2(Q))

2 ~
< O (”fLQ(O,T;HQ(Q))QHl(07T;V0(Q)) —|— HBOHVI(Q)) . (313)
0

Theorem 3.2, whose proof is postponed to Section 4, is the delicate point of our approach, as it shows
that the non-linearity can be used to control the projection on the unstable undetectable space. With
this respect, Theorem 3.2 should be compared with [18, Proposition 8] and [15, Proposition 3.1] in the
context of Korteweg de Vries equations, or [10, Proposition 8] in the context of Schrédinger equations.

We now describe how Theorem 3.2 is applied in our argument. On the interval (nT, (n + 1)T'), we
introduce the solution @ of

oa —vAa + Vpy =0, in (nT,(n+ 1)T) x Q,

diva =0, in (nT,(n+1)T) x Q, (3.14)
a(t,z1,0) = a(t,z1, L) = (0,0), on (nT,(n+1)T) x T, :
a(nT,x1,x2) = a(nT,x,xs), in Q.



Note that P,a((n+ 1)T) = 0 since P,a(nT) =
We then use Theorem 3.2 with

B = PuB(nT) and  f(t) = a(t - nT),
and let &, g1, and 3, be the functions given by Theorem 3.2, and for t € (nT, (n+ 1)T) we set
a(t) = an(t—nT), gi(t) = gin(t—nT), B(t) = Bu(t —nT),
so that we have R
a((n+1)T)=0, and P,.B((n+1)T)=0.

We then choose the control function g, on (nT,(n + 1)T) given by Proposition A.1 such that the
solution S of

B —vAB + Vi, =0, in (nT, (n+1)T) x
div § =0, in (nT, (n 4 1)T) x
B(t,x1,0) = (0,0), on (nT, (n+1)T) x T, (3.15)
@\(t,ml,L) (0, g2(t, x1)), on (nT,(n+1)T) x T
B(nT,x1,x2) = (I — Pyuy)B(nT, 21,22), in Q,
satisfies
PuaB((n+1)T) = —PugB((n + 1)T) = =P, B((n + 1)T). (3.16)

This can be done thanks to Proposition A.1, which moreover shows that ]P’WB((n + 1)T) = 0 since
PuuB(nT) = 0. So
Pup((n+1)T) = =PuB((n+ 1)T), (3.17)
or equivalently
P. (B((n+1)T) + B(n+ 1)T)) =0.
The above construction provides g1 and g, on (nT, (n+1)T). The functions « and 5 are then simply
given by equations (3.2)—(3.3) during the time interval (nT, (n 4+ 1)T).
By construction, on the time interval (nT, (n + 1)T), we have the identity

a=a+a, (3.18)

implying in particular that a((n+1)T) = a((n+ 1)T)+ a((n+ 1)T) = a((n+ 1)T), so Pya((n+1)T) =
P,a((n+ 1)T). Therefore condition (3.8) at time (n + 1)7T holds, i.e. Pya((n+ 1)T) = 0.

On the other hand, 3 should be close to 3+ 3 in the time interval (nT, (n+1)T) up to terms of the
order of . Indeed,

Be=B—(B+B), (3.19)
satisfies
atﬁs + EQBEV/BE - VAﬂa +Vgo = _fEa in (nT, (n + 1)T) X Q’
div . =0, in (nT,(n+1)T) x Q, 3.90
Be(t,21,0) = Be(t,21, L) = (0,0), on (nT,(n+1)T) x T, (3:20)
Be(nT, x1,29) =0, in Q,
with
fo = (Bt B+B)-Vatea- V(B +B+B)+e (B +B+B)- V(B +5+B) - B.VE.)
— div (g(/S’ +B)@a+ea®(B+8)+2B+8) @B+ 3)) (3.21)

+div (s @ (a+e(B+B) +ela+e(3+B) @ ).

In Section 4, we shall then present a detailed proof of Theorem 3.2, which is the main point in our
argument. Section 5 will then put together all the required estimates to show the exponential decay of
the solution u at a rate wg and conclude Theorem 1.1. ~ R

Let us finally mention that all the above functions «, &, @, S and § are defined independently on e
on each time interval of the form (nT, (n+1)T'). Still, these functions depend on P,a(nT') and P, 5(nT),
this latter one involving ¢ through B in (3.19). However, we will not make explicit this dependence in
£ in the functions a, &, @, 3 and 6 for simplicity of notations.
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4 Proof of Theorem 3.2

To simplify notations, in this section we omit the superscript - in Theorem 3.2.
The proof of Theorem 3.2 will require several preliminary steps.
We will begin by showing that the 1-modes of the solutions « of (3.9) are exactly controllable to
trajectories, see Section 4.1.
Based on this result, given ¢ € N, we will construct two independent null-controlled solutions af and
ab of (3.9)—(3.10) such that for
a=aal +bab, (a,b) € R?

the corresponding solution 3 of

O —vAB+ Vps = —a-Va, in (0,7) x Q,
(0,T) x Q

div 8 =0, in (0, , (4.1)
ﬂ(t,l‘l,o):ﬁ(t,xl,L):(0,0), on (O)OO)XT7 ’
,8(0,331,332) ZO, in Q,

satisfies
(B(T), o,0)L2(0) = ab,

see Section 4.2.

In Section 4.3, we then deduce that, given any 3 € Z,,,, one can find a controlled solution « solving
(3.9)—(3.10) such that the corresponding solution 3 of (4.1) satisfies P,,,3(T) = .

Once this will be done, the proof of Theorem 3.2 will follow easily, see Section 4.4.

4.1 Null controllability of the 1-modes of (3.9)

In this section, we are only interested in the 1-modes of the solutions « of (3.9). This means that we
restrict ourselves to functions («, p) such that

(21, 22) = a¥(x2) cos(wy) + a®* (x2) sin(z1),
alt, 1, xe) = a(t, zq) cos(x1) + a’(t, z2) sin(xq ), (4.2)
p(tv T, m2) = pc(tv x2) COS(xl) + ps(tv ‘TQ) Sin(xl)v

with control functions g chosen as
g(t,x1) = g°(t) cos(z1) + ¢°(t) sin(z1). (4.3)

Easy computations show that (c,p) in (4.2) is a solution of (3.9) with control function g of the form
(4.3) if and only if (af, a3, p®) solves

0§ + va§ — vdypas + p* =0, in (0,7) x (0, L),

Oras + va — vOasal + Oop® = 0, in (0,7) x (0, L),

—af + das =0, in (0,7) x (0, L), (4.4)
Oéi(t, 0) = Oéi(t, L) = ag(tﬂ 0) =0, in (07 T)ﬂ '
ag(tvl’) :gs(t)a in (OVT)a

(ai (07 .%‘2), a5(07 31‘2)) = (a?70($2)’ ag7s($2))> in (07 L)7

and (af, a§, p°) solves

53

—~

O + vaj — vipai —p° =0,

01§ + va§ — vdyas + dop¢ = 0,

Cki + 8206 = 0,

a?(t’ 0) = a?(t’ L) = aj5(t, 0) =0,

O‘S(tv L) = gc(t),

(@1(0,22),05(0,22)) = (a}" (x2), a5 (x2)),

c o oo oo
£33838

.5.5.
X X X
283
SISAS

B

—
=
NSNS S S

=3
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Of course, the two systems (4.4) and (4.5) behave similarly since one can be obtained from the other by
the transformation (aq, ae,p) = (—aq, ag, p). We therefore focus on the controllability property of

Orary + vag — vdssa; —p =0, in (0,7) x (0, L),

Oy + vag — vOssais + Dop = 0, in (0,7) x (0, L),

ay + Oxas =0, in (07T) x (0, L), (4.6)
aq (t, 0) = 1 (t, L) = Ozg(t,O) = O, in (O,T), ’
as(t, L) = g(t), in (0,7),

(a1(0,22), a2(0, 22)) = (af(22), a5(x2)), in (0,L).

We now introduce the functional spaces

VY(0,L) = {(ai,a2) € L}0,L)|a; + dsap =0 in (0,L)},

V?L(O,L) = {(a1,a2) € LQ(O,L)| a1 + O3 =0in (0, L), az(0) = ax(L) = 0},
Vi0,L) = {(a1,a2) € HS(0,L)|oq + sy = 0in (0, L)},

Vl(O,L) {(a1,0) € Hl(O,L)\ a1+ 0sas =01n (0,L), a1(0) = a1 (L) = a2(0) = 0},

which are the natural functional spaces to work with when considering (4.6), corresponding for V°(0, L),
V?(0, L) and V§(0, L) to the projection on the 1-modes of VO(Q), V§(Q) and V() respectively.

We will not recall the whole Cauchy theory for (4.6), which can be deduced easily from the results
in [34] by projecting on the first Fourier mode the Stokes equation (1.4). We shall in particular use
extensively the following result: if (af,a3) € V'(0,L) and ¢ € H*(0,T) with a3(L) = ¢(0), then the
solution a of (4.6) belongs to L(0,T; H?(0, L)) N H'(0,T;V°(0, L)) and, similarly as in (2.9), we get an
estimate of the form

HO‘HLZ(O,T;Hz(O,L))ﬁHl(O,T;VO(O,L)) <C (H(a?,ag)]|v1(u) + HgHHl(O,T)) : (4.7)
The goal of Section 4.1 is to prove the following lemma:

Lemma 4.1. System (4.6) is null controllable in any time T > 0 with controls in H}(0,T). To be more
precise, for any (af,a9) € V§(0, L), there exists a control function g € HS(0,T) such that the solution
(a1,a0) of (4.6) satisfies

(al(Tv x2)7a2(T7 ‘TQ)) = (070) in (OvL) (48)

Besides, the controlled trajectory o lies in L?(0,T; H2(0, L)) N H'(0,T; V°(0, L)).

Before going into the proof of Lemma 4.1, let us mention that we prove null controllability with
controls in Hg(0,7T). This regularity is needed to obtain the regularity of the controlled trajectory.

Let us also note that, as pointed out in the recent work [16], similar arguments as the one used for
establishing Lemma 4.1 can be developed to show that for all & € N\ {0}, the k-mode of the equation
(1.4) is null-controllable with controls in L?(0, T'). The work [16] also shows that this family of equations
is null-controllable uniformly with respect to the Fourier parameter k£ € N\ {0} through a deeper spectral
analysis as the one we propose here. Still, we have chosen to present a detailed proof of Lemma 4.1 to
underline how controls in H{(0,7) can be constructed and to introduce several spectral computations
that will be useful afterwards.

An easy argument also shows the following corollary, which is the result we will actually use in the
proof of Theorem 3.2:

Corollary 4.2. Given (?,a3) € V}(0,L) and a trajectory @ € L*(0,T; H?(0, L)) N H'(0,T;V"(0, L))
satisfying (4.6) with control function g € H'(0,T), there exists a control function g € H*(0,T) with
9(0) = a(L) and g(T) = g(T) such that the solution o = (a1, 2) of (4.6) satisfies

a(T) =a(T) in (0, L). (4.9)
and o € L2(0,T; H2(0, L)) N H'(0,T;V°(0, L)).

Proof of Corollary 4.2. We work on & = o« — @. The control problem is then equivalent to find a null-
control g for & solution of (4.6) with initial condition a° € V*(0, L) and satisfying the null-controllability
requirement &(7) = 0. We therefore start by choosing a smooth function § on (0,7/2) such that
G(0) = &3(L) and vanishing at time T'/2. We then have a(T/2) € Vi (0, L), and we can apply Lemma 4.1
to construct g € Hg(T/2,T) such that a(T) = 0, i.e. (4.9). The regularity result on « easily follows. [
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Proof of Lemma 4.1. We start with the remark that by a scaling argument in time, we can restrict
ourselves to v = 1 without loss of generality.

As usual, our strategy is based on the observability of the adjoint equation of (4.6). But as we want
to use H}(0,T) controls, we start by extending system (4.6) with an integrator. Namely, instead of
considering (4.6), we consider

B

Orar + a1 — 021 —p =0,

O + ag — Oagag + Oap = 0,

ay + Oy = 0,

al(t’ O) = Oq(t, L) = O{g(t,O) =0,
as(t, L) = g(t),

g'(t) = h(t),

(041(0, 1‘2), a2(07 $2), 9(0>) = (O‘(IJ('TQ)7 ag(l'g), 0)7 i

X
co oo oo
SReReReRE e e

'5'
X X X
=233
SISKS

3

B

—
=
AN AN AN AN N N N

)
)
)
), (4.10)
)
)
)

=]

where the control function h will be looked for in L?(0,7) and the control objective is
(a1 (T, x2), aa(T, z2)) = (0,0) in (0, L) and ¢(T") = 0.

The adjoint state (wq,ws, ) then satisfies the following equation:

B

—0Oywy + wy — Owy — q =10,

—0rwa + wa — Oz2ws + Oag = 0,

wy + Osws = 0,

w1 (t, 0) = w1 (t, L) = ’U.)Q(t, 0) = wg(t, L) = 0,
=£'(t) =q(t, L),

(wl(T, $2)7w2(T7 x2)7§(T)) = (w{(xg),wg(l‘g),fT), in

The observability property for (4.11) corresponding by duality to the null-controllability of (4.10) with
controls h € L2(0,T) is the following: There exists a constant C' > 0 such that all solutions (wy, ws, £)
of (4.11) satisfy

SRRRRR

E.
X X X
~~

’ (4.11)

.
s B

A~ S S S

SO0 o

[[(w1(0),w2(0), £(0) lyyo(0,)xr < C €l L2(0.1) - (4.12)

System (4.11) is triangular: the Stokes part (4.11)(; 23,4y can be solved independently, and corresponds
to the projection on the 1-modes of the Stokes operator A in (2.3), and the ODE (4.11)(5) can be solved
a posteriori.

Our primary goal is therefore to check the following observability property: There exists a constant
C > 0 such that all solutions (wy,w2,§) of (4.11) satisfy

1(w1(0), w2(0)llyo 0,y < ClEN L2017 - (4.13)

This a priori weaker observability result will be shown using a spectral approach and a suitable Miintz-
Szdsz lemma.
We thus consider the spectrum of the operator

Ay =Py (92 — I), with domain 2(A;) = V§(0,L) NH?(0, L) on V2(0, L), (4.14)

where PP; is the orthogonal projection from L2(0,L) to V°(0,L). As A; is negative self-adjoint with
compact resolvent (this follows from the fact that it corresponds to the projection on the 1-mode of
the operator A), there is an orthonormal basis of VY (0, L) formed by eigenfunctions (®; ;);en of A
corresponding to real eigenvalues (A1 ;)jen going to —oo. For generic eigenvalue A of A; of the form
A = Ay ; for some j € N, we will also use the notation ®, to denote @ ;.

We then study the eigenvalue problem

)‘¢1 + ¢1 - 822¢1 —q= 07 in (07 L)v
)‘¢2+¢2 _622¢2+82q:0a in (07L)> (4 15)
¢1 + 62¢2 = Oa in (07L)7 '

$1(0) = ¢1(L) = ¢2(0) = ¢2(L) = 0,

for which an easy energy identity shows that A < —1 is needed to get a non-trivial solution. Besides,
Proposition 2.1 yields that each eigenvalue is simple: otherwise, one could combine them in a non-trivial
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way in order to construct an eigenvector for which the corresponding observation would vanish, i.e.
3'(L) = 0.
Arguing as in (2.15), ¢ solves

)~ (A +2)05 + (A +1)d2 =0in (0,L),  ¢2(0) = d2(L) = $(0) = ¢)(L) =0,
so that ¢ can be expanded as
d(x2) = C1e™2 + Cae™™2 4 Cze!™ 4 Chpe™M*2,  with p=v1+ A\

Here, the complex square root denotes the one of non-negative imaginary part. Thus, the eigenvalues of
(4.15) are given by the equation

1 1 1 1

1 -1 —
det M (p) = 0 where M (u) = ) eth e’#L

6L 767L ‘LLCML 7M67/1,L

Recalling A < —1, we necessarily have y = /1 4+ A € iR, and we write p = iji with i € R. The equation
det M (p) = 0 then reads in fi as follows:

[sinh(L) sin(iL)]i? — 2[1 — cosh(L) cos(fiL)]ji — sinh(L) sin(L) = 0. (4.16)

Therefore, the solution of that equation for large fi should satisfy sin(iiL) ~ 0. To be more precise,
comparing the solutions of (4.16) with the roots of [sinh(L)sin(iL)]i%, by Rouché’s theorem, we get
that there exists o > 0 such that:

e for all £ > (g, there exists a unique solution fi,; in the ball B(¢n/L,w/4), which in fact lies in the
interval (¢n/L — n/4,¢n/L + w/4) as we know that the eigenvalues A correspond to real fi. The
solution fi; of (4.16) corresponds to A\j o = —f7 — 1.

e there is no solution fi of (4.16) between iy and figq for £ > £.
o jy—4n/L —0asl— co.

For ¢ > {y, The corresponding eigenfunction (¢1.¢, ¢2¢) of (4.15) is such that ¢o , takes the form
P2,0(22) = C1(pe)e™ + Ca(pe)e™ ™ + C(pe)e ™ + Ca(pe)e™ 7.

Using M (fie)(AdjM (fig)) = det M (ji)I = 0, where AdjM (fi¢) is the transpose of the cofactor matrix
(i.e. the adjugate) of M(fi¢), and the fact that the eigenvalue A, is simple (thus implying that AdjM (fi)
is non-trivial), one set of suitable coefficients for ¢q ¢ is

Ci(ue) = u (ef(qu)L _ e(wl)L) ¥ e (2 e+l _ e(uwl)L) ’
Co(ie) = 12 (emH)L - efmfl)L) + e (2 — lpetDL _ efwefl)L) ’
Ca(pe) = pue (2 _ e~ (eI _ e—(w—l)L) n (e—<w+1)L _ e—(/u—l)L) :
Calie) = pue (2 _ (AL _ e(ue—l)L) i (ewm)L _ e(ue—l)L) ,

Recalling py € iR, we get from these expressions

(| P2,

o) < Klpel”

and, following,
“(¢1,E» ¢27£)”L2(0,L) < ]"(|/1,2|27
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while

(L) = Cilpe)e” = Calpe)e™ + Calpe) (ne)*e" — Calpe) () e e
= 204} — 1) (u3(e — e ) — py(et — e71))
= —di(uj — 1)(ig sin(fieL) + fig sinh(L))

= —4i(pZ-1) (ﬁe <s1n}?(L)(1 — cosh(L) cos(fie L)) + Sinh(L)) + Sin(ﬂgL)> ,

where we have used (4.16) to write:
o .- 2fie - .
iy sin(fieL) = m(l — cosh(L) cos(figL)) + sin(feL).
Therefore, as jiy — ¢w/L — 0 as £ — oo, we deduce the existence of ¢1 such that for £ > ¢,
1057 (L)] = clfie® = cluel?,

for some ¢ > 0 independent of /.
We therefore have shown that all the eigenvalues A;, for ¢ > ¢; and corresponding normalized
eigenvector (¢1,¢, 2,¢) satisfy

22

A1 < ¢

AMe =M1 = ¢ |da (L) = c
for some ¢ > 0 independent of £ > /7.

The other eigenvalues A correspond to i = —iv/A + 1 bounded by ¢17/L, and therefore are in finite
number: we write them (A ;)jes where J is finite, each one of multiplicity one. Indeed, this is a
straightforward a consequence of Proposition 2.1 as the corresponding eigenvectors (¢1 ;, ¢2,;) of A1 ; all
satisfy ¢y';(L) # 0 from Proposition 2.1.

Therefore we get the following properties:

1 .
Z m < 00, 1r€1f{)\1,g —Aey1} >0, (4.17)

A eigenvalue of A;

and there exists ¢ > 0 such that each normalized eigenvector (¢1 x, ¢2.1) of Ay corresponding to a pressure

ax,
@5\ ()] = lax(L)] = e. (4.18)

Let us now consider a solution (wy,ws, &) of (4.11). According to the spectral theory of Ay, (wq,ws) can

be expanded as

( Z;Eg ) = Z axe TV, (4.19)

X eigenvalue of A;

€)= | &(T) - 3 Lq;(L) + 3 Lq;(L) AN (4.20)

A eigenvalue of A; A eigenvalue of A,

Therefore, using (4.17), Miintz-Szdsz Lemma (stated under the present form in [27, Proposition 3.2])
applies:

2
axgx (L) ‘ eA=DT

e—T g(T) _ Z a)\Q;(L) + Z .

A eigenvalue of A, X eigenvalue of A;

T
<C le=Te() > dt.  (4.21)
T/2
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This obviously implies

2 T
awﬁ”‘&T<C/|ﬂth (4.22)
0

>

A eigenvalue of A,

Using (4.18), we derive

S a7 < c/ (1)[? dt.
A eigenvalue of A;
With the orthogonality of the eigenvectors of (®1¢)een of A; in (4.14) and the expansion (4.19), we
deduce (4.13) for any arbitrary T > 0.
The proof of (4.12) can then be done by a simple contradiction argument (note that it can also be
deduced from (4.20) and (4.21) above). Indeed, assume that we get a sequence (w7, wy, &™) of solutions
of (4.11) such that

B (€ oy =0 (f (0), w3 (0).€7(0)lyogq 1y = 1. (4.23)

From (4.13), we immediately have [[(w{'(0), w5 (0))[ly0(9 ) — 0 as n — co. Besides, from (4.13) on
the time interval (7/2,T), [[(w}(T/2), w3 (T/2))|ly0(9 1) converges to 0 as n — co. As the semigroup
generated by A; is analytic, ||(w’f(T/4),wg(T/ZL))H@(A%) goes to 0, and [lg"(¢,1)[| ;2(9 7/4) converges to
0 as n — oo. Following, £ also strongly converges to 0 in H'(0,7/4) as n — oo and consequently £"(0)
converges to 0 as n — oo, contradicting (4.23) and therefore concluding the proof of (4.12). O

Remark 4.3. The proof given above can be easily adapted to show the following result: For any T > 0,
there exists C > 0, such that any solution (w1, ws) of

=.
3

—0yw1 + wy — O2wy — q =0,
—0Oywa + wa — Oaowa + G2q = 0,

cocoooo
£3883

. .
33
P
X X X
c oo
SISAS

P

w1 + 82'[02 = 0 s y (424)
wi (¢,0) = wi(t, L) = wa(t,0) = wa(t, L) =0, in (0,T),
(wi(T, w2), wa(T, 22)) = (wi (22),w3 (z2)),  in (0,
satisfies
[1(w1(0), w2(0))llyo 0,y < Cllall 20,1 - (4.25)

4.2 Entering one missing direction
The goal of this subsection is to show the following theorem:

Theorem 4.4. Let £ € N* and T > 0.

There exists two control functions g¢ and g in H(0,T; H*(T) N L(T)) such that for all a and b in
R, if we denote by a the solution of (3.9) with control function g = ag$ +bgl, a(T) = 0 and the solution
B of (4.1) satisfies

(B(T), Wo,0)r2(02) = ab. (4.26)

We can further impose that o and 3 belong to L?(0,T; H?(Q)) N H*(0,T; V°(Q)) with respective norms
bounded by |a| + |b| and (|a] + |b])?.

Besides, for {1 # £, there exists a coefficient vy, ¢, € R such that

(B(T), Vo, )L2(0) = abye, e (4.27)

The next paragraphs aim at proving Theorem 4.4. Basically, Theorem 4.4 states that we can enter
in the undetectable direction W ,.

Remark 4.5. Let us point out the recent work [9] which, roughly speaking, states that considering an
order two expansion of a dynamical system is in general a bad idea for small time local controllability
when considering scalar control inputs. Theorem 4.4 is not in contradiction with this result as in our
case, for allt > 0, the control g belongs to a two-dimensional vector space.

In the rest of this section, when no confusion arises, we will forget the index £ to lighten the notations.

16



4.2.1 Proof of Theorem 4.4, part 1: Computation of the component of 3 on V¥,

To begin with, for 8 solution of (4.1), we compute
o
ﬁuu(t) = \/7T'L<6( ) \IJO g>L2 Q) = ﬁl t xl,mg) sin L dxldxg.

Using (4.1), we obtain

d s

£6uu(t) = /atﬂl (t, 21, x2) sm( 7 )dmldmg

14
= / (Z/Aﬂl - 81]92 - 0[181&1 - O[QaQOll) sin (,/TL:EZ> dxlde
Q

2,2
= —Vg Buu(t) + %T/ o (t, 1, x2)a(t, 21, 2) cos <£7T£U2) dxidzs. (4.28)
Q

As 80 =0, we get

([T l
eI g (T) = fﬂ/ / T 0 (8w, w2) 0 (, w1, 2) cos ( 7erg) dxydzadt.
0o Ja

If we choose the control function g in (3.9) of the form (4.3) for g and ¢g* two null-controls of (4.5) and
(4.4) respectively, the solution « of (3.9) writes as in (4.2) and

I Irx
ng 2T/L26uu / / u[é’.,r?t/L?al(t 1, x2)a2(t 1, 3;2) cos ( ) dxdxadt
7r€ Q L

21
:/ / / e E IR (05 (¢, 20) cos(a1) + o (t, a2) sin(ay))
0 0 0

x (a5(t, w) cos(w1) + a5(t, z2) sin(z1)) cos <€7r;2) dzydzadt
2,2 é
-] / I 051 a2)0,2) + 0t a2 ) eos (72 )
0

LD ) 0D,

Y2 c
where F(t,z2) = cos <7TL$2) v /L2 < Zg(i’m) ) . (4.29)

It is therefore convenient to introduce the adjoint equation of (4.6), namely

—OZ +vZ —v02Z + ( 5qq > = F(t,x2), in (0,7) x (0, L),
2
—Zl + 82Z2 = 0, in (0,T) X (07 L), (430)
2(1,0) = Z(t,L) = (0,0), in (0,7),
Z(T, 23) = 0, in (0,L).

We then easily get that

L L g
e TN EL(B(), Vo)) = 7€ T Buu(T) = / g*(t)q(t. L) dt. (431)
0

I
Note that F' depends only on of and af which are prescribed by g¢¢ (recall (4.5)). Following, Z in
(4.30) and ¢ in (4.31) only depends on g¢. Therefore, the projection of 8 on ¥y, is actually given by a
quadratic form in (g®, g¢) which is linear in each variable, g° and ¢¢ respectively. In particular, taking
g°(t) = agls(t) and ¢g°(t) = bgC(t) for some controls of reference g2, gt and a and b in R, from the
above computation we have

VZis _ T
(B(t), W o120y = ab e vEmT/L? / 95 () qres(t, L) dt, (4.32)
0

vrnLL
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where 3 solves (4.1) with « solving (3.9) with control g(t,z1) = agl(t) sin(z1) 4 bgls(t) cos(x1), and gref
denotes the pressure obtained by solving (4.30) with source term

l S ot
Fret(t, z2) = cos (?) e /L2 ( 0% ret(f, 72) ) ; (4.33)

ai,ref(t7 x2)

where (af o, @5 of) is the solution of (4.5) with control gr;.
Thus, our goal is to now design two control functions of reference g7, and g such that, with the
above notations,
Im? 671/@271—2T/L2 /T 95O rer(t, L) dt = 1
re: ? - M
VTLL o ¢

This will be precisely the goal of Section 4.2.2. Of course, these controls will a priori depend on /.
To end this section, let us point out that the identity (4.32) does not use the specific choice of ¢, so
for /1 € N, we will also have

617{'2

e
vrLL

where grer ¢, is the pressure obtained by solving (4.30) with source term

Fret.o, (t, 22) = cos (el?mQ) Qv it/ L < ag,ref(t7x2) >
» I L .

s
al,ref 2 xQ)

(B(t), Yo,y )12(0) = ab

T
2, 2 2
T/ / 08D avet o (1, L) di,
0

This immediately implies (4.27).

4.2.2 End of the proof of Theorem 4.4 up to a technical lemma

According to the above computations, the main point in the following will be to prove the following
Lemma:

Lemma 4.6. There ezists gy.; € H}(0,T) such that the corresponding solution (airef, agﬂf) starting

from (a?:ief, ag:ief) = (0,0) of (4.5) is null-controlled at time t = T, and the corresponding solution
(Zrep, gref) of (4.30) with source term Fre in (4.33) satisfies

/ ' |qres(t, L)|* dt # 0. (4.34)
0

We can furthermore impose gg.; = 0 on (3T/4,T), (a‘imf, as ,.p) =0 on (3T/4,T) and (Zref, qref) = 0
on (3T/4,T).

We postpone the proof of Lemma 4.6 to Section 4.2.3 and conclude the proof of Theorem 4.4 assuming
Lemma 4.6.

Let gf; be as in Lemma 4.6 with gi; = 0 on (37/4,T), (af ;0,05 ot) = 0 on (37/4,T) and
(Zyet, Gret) = 0 on (3T/4,T). We then choose g%, € H}(0,37/4) such that

o VTLL 2 20,2
/ gfef(t)Qref(t,L) dt = Wel/@ m°T/L*
0

The solution (af o, a5 ) of (4.4) starting from (ag’fef, ag’fef) = (0,0) with control function g, on

(0,3T/4) then reaches some unknown state (af ,.;(37/4), 3 ,+(3T/4)) € V§(0,1). Using Lemma 4.1, we
can find g5 € Hg(3T/4,T) such that at time T, (af ,(T), 5 ,(T)) = (0,0). Besides, as gref = 0 on
the time interval (37/4,T), we have the following identity:

T
LL
/ gfef(t)qref(t7 L) dt = %6V42W2T/L2 -
0 ™

It follows that if we take control functions g of the form

g(ta .171) = agfef(ﬂ Sin(xl) + bgli‘ef(t) Sin(‘rl)’
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the solution a of (3.9) writes

_ airef(t7 1‘2) COS(JL‘l) O‘iref(t’ ‘r2) Sin(xl)
a=a ( t,xo)sin +b ’

a5 it w2) sin(z1) A rorl(ts 22) cos(z1)

and satisfies (3.10), while from (4.32) the solution 8 of (4.1) satisfies (4.26). This concludes the proof of
Theorem 4.4 up to Lemma 4.6 which is proved afterwards.

4.2.3 Proof of Lemma 4.6 up to a technical result

Below, we omit the index “ref” for simplifying notations.

The proof of Lemma 4.6 is based on a 4-steps construction of the controlled function g¢ and the
corresponding controlled trajectory («f,a§) solution of (4.5). The main point is to introduce an inter-
mediate time interval in which the solution « will have a prescribed form and for which the corresponding
pressure ¢ cannot vanish on the boundary.

Namely, we decompose (0,T") into the intervals (0,7/4), (T'/4,T/2), (T/2,3T/4) and (37/4,T).

For ;o € R that will be suitably chosen later, we introduce the solution (a*(z2),p*(z2)) of the
stationary Stokes equation:

pno + vai —vopai —p* =0,

pal + val — visgal + Oap* =0,

o + 0205 =0,

aj(0) = ai(L) = a5(0) = 0, a3(L) =1.

5
5333
wNeNe

)
;’ (4.35)

B

Such solution exists provided u/v does not belong to the spectrum of A; in (4.14). Then
a(tvl?) = e/ﬂf(a*{ (.7;2)7@; (332))7 §<t) = eutv

solves (4.5).
We then construct the control function g¢ and (af, ) solution of (4.5) as follows:

e During the time interval (0,7/4), g¢ € H(0,T/4) is chosen as a control function satisfying g¢(0) =
0 and ¢g°(T'/4) = g(T'/4) such that the solution (of, ) of (4.5) starting at (0,0) reaches @(7/4)
at time T'/4. This can be done thanks to Corollary 4.2.

e During the time interval (7'/4,7/2), g°(t) = e** so that the controlled trajectory (aj,a$) of (4.5)
satisfies (af, a5)(t) = @(t) for all t € (T/4,T/2).

e During the time interval (T'/2,3T/4), g¢ € H'(T/2,3T/4) is chosen such that the controlled trajec-
tory (af, a§) of (4.5) starting from @(7/2) at time T'/2 reaches the state 0 at time 37'/4. This can
be done thanks to Corollary 4.2 with the additional conditions ¢°(T/2) = g(T'/2), ¢g°(3T/4) = 0.

e During the time interval (37/4,T'), the control ¢g¢ is set to 0, and the corresponding controlled
trajectory (af,a$) of (4.5) vanishes identically.

This whole construction depends on the parameter p introduced in (4.35). Our next goal is to show
that one can choose p such that, if (Z, ¢) denotes the solution of (4.30), then ¢(¢, L) does not identically
vanish on (7'/4,7/2). We perform a contradiction argument and assume that

q(t,L) =01in (T/4,T/2). (4.36)
On (T/4,T/2), Z satisfies the equation

Z *
—OZ +vZ —vdyZ + ( 8‘21q ) — e(u+u€2w2/L2)tCOS( WL@) ( 3383 ) o

SIS IS
~——

—Z1+ 0279 = 0, in

e B e B

Z(t,0) = Z(t, L) = (0,0),

5

TN N N
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Therefore, setting
Z(t,ap) = e ETIN Z (1 ) and g7 (1, w2) = e U D g (4 ap), (4.38)

and differentiating the equation satisfied by Z* in time, we get

* V€27T2 * * * 8tq* . T T
—0,0, 2% — <u+ 72 >8tZ + VO Z* — v O Z" + ( 0y0,4" > =0, in (4,2> x (0, L),
T T
7atZik +623tZ§ = O, 11 <4, 2> X (07L),
T T
8, Z*(t,0) = 8,2*(t, L) = (0,0), in (4, 2) ,
(4.39)
while T

Applying then the observability inequality (4.25) to e+ /L)1g, 7+ on the time interval (T'/4,T/2),
we deduce from (4.40) that

(0:Z%,0:q") = (0,0) in Z, T , Le. (Z7(t 22),q"(t, x2)) = (Z%(x2),¢" (z2)) in Z7 T x (0,L).
4° 2 47 2

so that the equation of Z* is

%2 . . . q* bz o (z2) .
_ <M+L2>Z +vZ* — V002" + ( g ) —cos( 7 ) ( o (z2) ), in (0, L),

740,75 20, i (0,0), 4
Z*(0) =Z*(L) = (0,0).
and condition (4.36) reads
q*(L) = 0. (4.42)

This defines an application u — «* solution of (4.35) for p/v not in the spectrum of A; and p — Z* by
(4.41) and p — ¢*(L) by (4.42) when p/v and —u/v — 272 /L? do not belong to the spectrum of A;. If
we are able to find p € R for which ¢*(L) # 0, we get a contradiction with (4.36) and conclude the proof
of Lemma 4.6. We claim that this can be done:

Lemma 4.7. There exists 1 € R such that pu/v and —p/v — 7202 /L? do not belong to the spectrum of
Ay and such that solving (4.35) and (4.41) yields ¢*(L) # 0.

The proof of Lemma 4.7 relies on explicit lengthy computations given below, and concludes the proof
of Lemma 4.6 by yielding a choice of p such that (4.42) is violated, so that (4.36) cannot hold.

4.2.4 Proof of Lemma 4.7

For convenience, we introduce W* solution of

62 2 *
— u—i—yL;r )W*—i—uW*—uaggW*—l—( 8Tr* ) =0, in (0,L),
P
Wt 8,3 =0, in (0, L), (4.43)
W*(0) = (0,0), W*(L) = (0,1),
so that multiplying (4.41) by W*, we get
L
¢
¢ (L) = /O cos <”L”32) (a;f(xg)wg(zg) + o (z) W (x2)>dx2. (4.44)

Therefore, to compute ¢*(L) corresponding to p € R given, we solve (4.35) and (4.43), which can be
done similarly, and we then compute the quantity

/OL (%) (0t (22) W3 (22) + a3 (w2) W (w2) )z,
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Note that, replacing p by u/v if necessary, we can assume v = 1 in (4.35) and in (4.43) without loss of
generality.
Computation of o*. In order to compute a*, we start by computing the equation satisfied by a5:

(M+1—822)(1—822)O&§ =0, in (O,L),
at + By = 0, in (0, L), (4.45)
a3(0) = Oaa5(0) = Oaad (L) =0, a3(L) =1.

If u ¢ {0,—1}, setting k = v/ + 1, @b can be expanded as
ay(xg) = Cre™ + Coe™ ™ + Cyef*2  Cyeh2,

while
aj(zg) = —C1e"2 + Coe™ ™ — Cskeb™ + Cyke Fo2,

where the coeflicients Cy, Cy, C3, Cy are determined by the equation

o 0 1 1 1 1
o | ol . I R Y T

M (k) a |71 with M- (k) = oL oL kL A E
Cy 0 el —e L kel _ke kL

which is invertible if and only if u ¢ {0, —1} and u does not belong to the spectrum of A;. One may
thus write

Cy 0
Det(Ma- (1)) | ¢ | = Adida- () | 1]
Cy 0

i.e. the third line of the cofactor matrix.

Computation of W*. This can be done as for a* by replacing u by —(u+#¢272/L?). Therefore, setting
p=+/1—(u+ ?n2/L?) and assuming that —(u + 72¢2/L?) ¢ {0,—1} and that it does not belong to
the spectrum of Ay, we get

W3 (x2) = Die® 4 Doe™ " + Dsef*2 + Dye™ %2,
Wi(z2) = D€ — Dye™*2 4 D3peP® — Dype™ %2,

where the coefficients Dy, Do, D3, D4 are given by

Dy 0 1 1 1 1
D, 0 . 1 -1 P —p
MW* (p) DS = 1 with MW* = CL €_L epL e_pL
Dy 0 el —e L perl  —pe=rk
Similarly as before, one gets:
Dy 0
D . 0
Det(Mw-(p)) | 7,2 | = AdjMw-(p) ;
Dg 1
Dy 0

Computation of ¢*(L). Based on (4.44) and the above formula for the computation of a* and W*, we
can compute ¢*(L) explicitly. For that let us denote

w202
kE=+/p+1, p:\/—(,u—i—LQ)—i—l. (4.46)

We then compute

d(k, p) = (QAdjMq- (R)b) - (AdjMyy- (p)b), where b=

o= O O
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where () is the matrix given by

0 0 (= VI(p+1,0)  —(p+DI(1—p,0)

Q: 0 0 (,04’1)-[(/7*1,6) (lip)‘[(i]-*pag)
A—k)I(k+1,0) —(k+D)I(k—1,0) (p—k)I( ) —(k+p)Ik—pt) |
(k+D)I(—=k+1,0) (k—1DI(=k—1,0) (k+p)I(=k+pt) (k—p)I(—k—p,£)

L a {Txo a ‘
where I(a, ) = /O €2 cos ( > dxy = m((—l) exp(aL) — 1).

In particular, for k£ and p as in (4.46), we have the identity:

(k, p) = Det(Ma- () Det(Miv- ())q"(L). (4.47)
Computations performed in Mazima' yield the following formula for g(k, p):
where
Ji(k,p) = (2pe " —pet +eF —pet —e7") x
(o D o — ek b — ket = B (e )
™ P
2(;2[/)1;]2((12_ P))2 (le“‘ — ket —el —ke L 4 e*L)((—l)ée(k*”)L -1
™ —p
1-— 1
222/Lf)4516(];’—+)1)2 (K2eFL — kbl — 2R _ ekl 4 o by(—1)leB DL _ 1)
e
2(@’5[/2 {2((]{;{7 11))2 (—kQEkL _ kekL 4 k267kL _ ke*k‘L 4 2]{:67[/)((_1)26(]671)[‘ _ 1)) ,
= _
Ja(k,p) = (2pe?" —pel —e" —pet 4 e7h) x
p—Fk)p+k _ _ _ _
(77222/112 l{ B —2)2 (2ke RL _ kel 4 el — ket —¢ L)((—l)ee(p KL _ 1)
n 222_//;;_?((/9]{— p) E (2keFL — kel — e& — ke L 4 e L) ((=1) e FL _ 1)
™ —k—p
1—-k)(k+1 _ _ _ _
7_‘_222/[/2 ZE (1 _)k:)2 (erkL _ kekL _ er kL ke kL + ke L)((_l)ée(l k)L _ 1)
k(-1
222/]22 +)((k’k )1)2 (—k2eMD — kMl 4 J2eFE _ peRL 4 gfel)((—1)tel DL _ 1)> ’
- L
Js(k,p) = (p%e”" — peft — pPemP — pemPT 4 2pe7) x
( 2§§/Zj)+(fz+j)1)2 (2ke ™ — ke + b — ke P — e F)((—1)fePtDE 1)
™ P
(=p—1)(1 —p) kL L L —L —L £, (1-p)L
2kerl — kel — el — k -1 AL _q
ﬁ2€2/L2+(1—p)2( € er—e e +e M)((=1)" ) )
and
Ja(k,p) = (=p°e”" — peP" + pPe ™t — pePt 4 2pe”) x

S(2ke ™ — ket b — ke™F —e7F)((-1)felrTVE — 1)

( (p—D(p+1)

T2 /L2 + (p—1)
(=p—1)(1—p)

T2 /L2 + (=1 = p)

IThe corresponding file is available on S.E.’s webpage.

+

5 (2ke*t — kel — el — ke ™ + e L) ((—1) e "17PL 1)> .
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We then take an increasing sequence p,, € R% indexed by n € N* going to infinity so that

w242
Pn = \/_(,U/n + ﬁ) + 1;

satisfies
exp(pnL) = 1.

We then take k,, = v/u, +1 € R, so that we have k, ~ —ip,, and k,, — oo in the limit n — co. Using
the Landau notation o, (1) for a quantity which goes to 0 as n — oo, this allows to show that

J1(knypr) = 2pp(1 —cosh(L))(1+ 0,(1)) x
(i- 1) P Sk P
((i+1)( 2k, cosh(L))(—1)¢ern L + G @ nLy(—1)te

(=) (2R E) (1) e e 4 (1) (k2R ) (<1 b beE)
= (=1)"*12ik3 e (1 — cosh(L)) sinh(L)(1 + 0,(1)).
Besides, one can easily show that
| o (ks pr)l + 15 (ks o)+ i (ks pn)| < Kpe®™Fon (1), (4.49)

This implies in particular that the sequence (|G(kn, pn)|) tends to +o0o as n — co. Now, we consider the

function
Q: e Ry >—>q<\/u+ \/ +1>

It is clear from (4.48) and the formulas giving Ji (k, p), J2(k, p), Js(k, p), Ju(k, p) that the function Q is
analytic in a neighborhood of infinity of the form [, c0). Besides, we know that Q has isolated zeros
as Q(pun) with g, — oo given above goes to infinity as n — co.

Furthermore, k — Det(My-(k)) is an holomorphic function of k& which does not vanish identically
(its roots correspond to the spectrum of the operator 41, see the proof of Lemma 4.1), so its roots are
isolated. Therefore, the roots of the function

w— Det (Ma* (m))

are isolated. Similarly, the roots of the function

m242
p— Det | My« —(p+ L2)+1
are isolated.

Therefore, there exists p € [pg, 00) such that

(W \/ )+ 1) # 0,
Det (Ma* (\/ﬁ)) £0,

Det (MW* <\/—(u+ Tzf) + 1)) # 0,

so that we can conclude ¢*(L) # 0 with this choice of p from the identity (4.47).
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4.3 Controllability of § in Z,,

Theorem 4.8. Let T > 0.
There exists a finite-dimensional vector space G C HJ(0,T; H*(T) N L3(T)) such that for any B* €
Z.., there exists a control function g € G such that if we denote by « the solution of

O —vAa+ Vp; =0, in (0,T) x Q,

div a =0, in (0,T) x Q,

a(t,z1,0) = (0,0), on (0,T) x T, (4.50)
a(t,z1, L) = (0,g(t,21)), (0,T) x T,

a(0,z1,22) =0, n Q,

we have a(T) = 0 in §, and the solution B of (4.1) satisfies

P..8(T) = B". (4.51)

We can further impose that the control function can be chosen such that the map G : f* € Zyy — g € G
is continuous, and the corresponding solutions o of (4.50) with g = G(BY) and B of (4.1) belong to
L2(0, T; H?(Q)) N HY(0,T; VO(Q)) with norms bounded as follows:

2 2
el ze 0,752 )y (0,750 () H BN L2 0,712 (@) 0,712y T 2 (0,75 12 ) < c | Hv1 (4.52)

Proof. The basic idea of the proof of Theorem 4.8 is to combine Theorem 4.4 with the fact that, when
time evolves and the control is shut down, the projections t — (S(t), \I]O)[>L2(Q) evolve differently. We
shall thus combine periods of time in which the control is active with periods of time during which all
the controls are switched off.
Let {o be the largest integer such that v¢3m2/L? < w, i.e. the dimension of the space Z,,. Set then
=T/(2¢y — 1). Applying then Theorem 4.4 in time T* for £ € {1,--- , 4y}, for each £ € {1,--- £y},
there exist control functions g§ and gé’ such that for all a; and b, in R, the solution ay of (4.50) with
control function g = asg + beg? satisfies ay(T*) = 0 and the solution S, of (4.1) satisfies

Lo

PuuBe(T*) = agbe y _ 7;0Wo;,  with v = 1. (4.53)
j=1

We then set T}, = (2k — 1)T™* for k € {1, -+ ,4o}. For k € {2,---,£y}, we introduce time parameters
T € [0, T*], to be chosen later. The strategy to choose the control is then as follows:

e For t € [0,Ty], we choose g(t, 1) = a1g¢(t,x1) + b1gb(t,z1) for vy € T;

e For k € {2,--- 4o} and t € [Ty, — T* — 7%, T, — 7], we choose the control function g(t,z1) =
apgf(t — (T = T* — 1), 1) + bkg,l;(t —(Txy = T* — 11), 1) for 21 € T;

e Otherwise, ie. for t € ¢ = [0,T]\ ([0, T3] U, [T} — T* — 74, T}, — 7x]), we set g(t,x;) = 0 for
z1 €T.

It is easy to check that, if o denotes the solution « of (4.50) with the above controls, a(T) = 0 in Q and
the solution § of (4.1) will satisfy, for all £ € {1,---, 4y},

vn2e? —Tk
(B(T), Wo,0)r2(0) = Zwkakbke 72 (T=(Te=70)) (4.54)

where for simplicity of notations we have introduced the parameter 7, that we immediately fix by 7 = 0.
In other words, we get the following matrix identity:

(B(T), Wo,1)L2(0) a1by
(B(T), o 2)L2(0 azby o

. @ , where (M, )p = yere & #5(T=(Te=m)). (4.55)
<B(T)’ \IIO7ZO>L2(Q) Qg beo
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Note now that the matrix M, depends on the choice of the free parameters 7 = (Tk)ke{gy... 2o} We shall
therefore show that there exists suitable choices of coefficients 7, € [0,7*] such that the matrix M., is

invertible. In order to prove this, for all k € {1,---, 4y}, we introduce the matrix MT(k) formed by the

first k lines and columns of M.. It is clear that each matrix MT(k) depends only on the choice of the
parameters (7o, ,7;). We shall then show by induction that for all k € {1,--- ¢y}, there exists a

choice of parameters (72, -, 7) such that the matrix M%) is invertible.
l/7'l'2 V7l'2
For k=1, MV = (yae” 22 Ty = (722 (U1 which is obviously invertible.
Then we assume that for some k € {1,--- ,fy — 1}, we have found a choice of parameters (72, -+ , %)

such that the matrix MT(k) is invertible. We then compute the determinant of the matrix MT(kH) by
developing the last column and using that yy4+1 541 = 1:

_ vk 1)? _
Det<M£k+l)):Det(M,£k))e L2 (T—(Trt1—Tr+1))

k . I/ﬂ'2‘2
+Z(—1)J+k+1Det((M£k+1))j,k+1)7j,k:+1€7 %3 (T*(Tk+1*7k+1))7 (4.56)
j=1

where (MT(}HU)J»,;CH is the minor of the matrix M*™) obtained after having removed the j-th line and
the k+1-th column. One then remarks that the matrices (MT(kH))j’kH do not depend on 7x41. Therefore,

using that Det(MT(k)) # 0 from the induction assumption and that any finite family of real exponentials
of the form (¢t + e#i") is linearly independent on R as soon as the family of the p; are all distinct, the
function 741 — Det(MT(kH)) is not identically zero. Besides, as the function 7441 — Det(MT(kH)) is
analytic, there exists 7441 € [0,7*] such that Det(MﬁkH)) #0.

By recursion, we deduce that there exists a choice of parameters 7 = (7x)req1,... ¢} With 71 = 0 and
T € [0, T*] for all k € {2,--- ,€p} such that the matrix M is invertible. From now on, we take a choice
of parameters 7 = (7 )peq1,... 4o} With 71 = 0 and 7, € [0,T%] for all k£ € {2,--- ,£o} such that the matrix
M. is invertible.

We can then conclude the proof of Theorem 4.8 as follows. For 8! € Z,,,,, we compute

Ay (B, ¥o,1)L2(0)

i e (457

Ay, (B, Wo,00)12(02)

and
Vee{l,--- lo}, ar=Sign(Ar)v[Ael, be=/]Adl, (4.58)

where Sign is the sign function (with the convention Sign(0) = 0), and we choose the control function as

Lo
g(t, 161) = Z (akgg(t — (Tk - T — Tk)7$1) + bkgz(t - (Tk —-T* — Tk)71'1)) 1t7(Tk7T*77k)€[O,T*]-
k=1
(4.59)
First, it is clear that the control function g constructed above belongs to a finite-dimensional space
G spanned by the functions gi(t — (Tp — T — &), 21) 14— (1, — 7= —rp)ef0,7+], and gt — (T, — T* —
Tk)s 1) 14— (1, 1+ —rp)efo,r+]- Besides, as each of these functions belong to H(0,T; H*(T) N L§(T)),
G C H}(0,T; H*>(T) N L3(T)).

By construction, the control function g in (4.59) is such that if we denote by « the solution of (4.50)
with control function g, we have a(T") = 0, and the solution /3 of (4.1) satisfies (4.51). Besides, we easily
check that the map B! € Z,,, — g € G given by the above construction is continuous.

Using the explicit construction above, we immediately have that

||9||H3(0,T;H2(1r)) <C Hﬁlﬂvg(ﬂ)'

Starting from this estimate, we easily derive (4.52). This concludes the proof of Theorem 4.8. O
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4.4 Proof of Theorem 3.2

Let B° € Zy,, and f € L?(0,T; H2(Q)) N H*(0,T; V°(Q)).
Our goal is to perform a fixed point argument. We thus introduce the mapping

4 :9€ G G(—Pu(B(1))) € G, (4.60)

where G is the finite dimensional subspace of H}(0,T; H?(T) N LZ(T)) given by Theorem 4.8 and G is
the mapping defined in Theorem 4.8, and (5 is the solution of

08 —vAB+Vpa = —(f-Vf) — (a-Vf+f-Va), in(0,T)x®

div 8 =0, in (0,T) x Q, (4.61)
B(t,z1,0) = B(t,z1, L) = (0,0), on (0,00) x T, '
B(O,l’l,wg) :50(1’1,172), in Q,
with « the solution of
Ora — vAa + Vp; =0, in (0,7) x Q,
div a =0, in (0,7) x Q,
a(t,z1,0) = (0,0), on (0,7) x T, (4.62)
a(t,z1,L) = (0,9(t,x1)), on (0,7) x T,
a(0,z1,x9) =0, in Q.

If we find a control function g € G such that ¥(g) = g, then by construction the solution a of (4.62) is
such that the solution S8 of

OB —vAB+Vpy=—(a-Va), in(0,T)xQ,

div B=0, ) in (0,T) x Q,
B(t,x1,0) = B(t,21,L) = (0,0),  on (0,00) x T,
ﬁ(ovmlaxQ) :07 in Qa

satisfies Pyy (3(T)) = —Puu(B(T)) so that the function 3 = 3 + 3 solves (3.11) with @ = « and satisfies
(3.12). We have thus reduced the proof of Theorem 3.2 to the proof of the existence of a fixed point to
the map ¢ in (4.60) and to estimates on such a fixed point.

It is clear that the map ¢ in (4.60) is continuous (we do not need to make precise with which topology
G is endowed as it is a finite dimensional vector space). Besides, the solution « of (4.62) satisfies,

lleell 22 o, 7802 ) 0,712 (0)) S C N9l my 0,72 m)) 5

while the solution § of (4.61) satisfies:

2
IPuuB(T) v ) + 181l L2 0,712 ) nr (07022 S C N2 0,012 0y (071202
+ C Il 2o, rm2(0) nm 0,52 @) Nl 20,082 ) Am (0,002 0)) + € Hﬁouvé(n) )

Using then the estimate (4.52) in Theorem 4.8, we thus deduce that

2
”ggHHé(O,T;HZ(T))

2
S Clfz20,7m20)nm 0,r120) T C 1l 200782 0))nm (0,712 (0)) H9\|H3(0,T;H2(1r)) +C HﬁOva(g)

2 1, 2
< CIfIz2 0,820 (0,012 0)) T 3 190 e 0,721y + € HBOHV})(Q) )
Therefore, setting
R2

2
5 = ClIf 220, mm2 ) w1 075120 T C HﬁoHVé(Q) ;

the compact convex set
Gr = G0 {llgll g 01502 (r)) < R}

is stable by the map ¢. Consequently, by Brouwer fixed point theorem, the map ¢ has a fixed point g
in Gg. According to the above choice of R, this fixed point automatically satisfies

2 2 0
90 a3 0,72 (1) < 2C W 220,712 )y (0,712 () + 2C |8 ||v5(9) )

which entails the estimate (3.13).
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5 Proof of Theorem 1.1

The aim of this section is to prove Theorem 1.1. In order to do it, we follow the strategy exposed in
Section 3 and give estimates at each steps, allowing to conclude the exponential decay at rate wy of the
norm of the solution u = ea + €23 of (1.2).

Section 5.1, respectively 5.2, gives the estimates satisfied by « and 8 on the time interval (0,7),
respectively (nT, (n+ 1)T).

Section 5.3 then deduce from these estimates the decay of o and § at times nT for n € N and € small
enough. Section 5.4 then improves the decay estimates on the function «, allowing to conclude Theorem
1.1 in Section 5.5.

5.1 The initialization step
Recall that (a®, 3°) are chosen such that (3.4) holds, assumption that we recall here for convenience:
0|2 0 : 0 _
I va(m +|8 va(ﬂ) <1, with Pyya” = 0. (5.1)

Our goal is then to show that there exists ey > 0 such that for all € € [0,¢0],

Ja () gy + BT vy < Cla s + [18llvaey) (5.2)

Estimates (3.6) already gives the estimate we need on a. We complete them with an estimate on
deduced from Corollary B.2. In order to use Corollary B.2, we remark that § solves (B.1) with F' as in
(B.5) with the choice

Foy=a®aand I} = q,

as we can write
a-Va+ef -Vatea-V=diviea@a+ef@at+ea® ) =div(Fy+e(F1 @8+ 8 F)).

Now, we have

1Foll r2(0, 7111 () < C||aHL2(0TH2(Q))ﬁH1(OTL2 @y <Ol Hvl(Q) c,
where the last estimates comes from (5.1), and
1F1 | 20,7082 (00))nm (0,712 (0) < € HO‘ Hvl @ S <C

from (3.6) and (3.4).
Consequently, according to Corollary B.2, there exists 9 > 0 such that for all ¢ € [0, &¢], the solution
B of (3.3) in (0,T) belongs to L2(0,T; H2(Q)) N H(0,T;L?(2)) and the following estimate holds:

18CT) vy + 18] o, @pnm oz < € (10lva@ + 18 lviy) - (5.3)

This completes the proof of (5.2).

5.2 The iterative process

Let n € N*.

We first remark that all the construction on the time interval (nT, (n+1)T") depends on the quantities
(a(nT),Ps8(nT),P,B(nT)). In order to be able to show the decay of the solution, we shall therefore get
an estimate on (a((n+ 1)T),P;8((n+1)T),P.B((n + 1)T)).

To begin with, we call D,, > 0 a suitable combination of the norms of a(nT') and S(nT), namely:

Dy, = [la(nT)[Iy2 @) + 18(0T) v o - (5.4)

In the proof below, C will be used to denote several constants, which may change from line to line
but are all independent of the iteration n (n € N) and of the parameter € (¢ € [0, 1]).
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Straightforward estimates on & solving (3.14) yields

12 L2 (7 (et 1yTsm2 () (0 (1) T2 @) < C lla(nT) v o) - (5.5)
Besides, as a(nT') satisfies (3.8) and a(nT) = a(nT'), we have
@+ DT)lvaay < T 180D lys e < e o)y - (5.6)

As a@((n+ 1)T) = 0 by construction and « = & + & (recall (3.18)), we obtain

lal(n + DTy @y = laln + DD llyy@y < e T lalnT) v, - (5.7)

Based on Theorem 3.2, we deduce the following estimate on (&, 3):

~112 S
18052 sy o ez @) + Bl e sy ey

~112
<C (”aHL2(nT,(n+1)T;H2(Q))ﬁH1(nT,(n+1)T;V0(Q)) + Hpuuﬂ(nT)”vg(Q))
C (Ila(nT) sy g + IPWBOT) s cy) - (5.8)
This estimate in particular implies
B, <l D0 + IBBED ) (5.9)
and, as o = & + Q,
2 2
el L2, (n4 1yTsm2 () H (0T (1) 112 () S © (HOZ(HT)va,(Q) + ||Puu/5(“T)||vg(Q)> (5.10)

From Proposition A.1, the solution 3 of the control problem (3.15)—(3.16) satisfies:

3 I —P,,)3(nT ‘ , nT ‘
H’B‘ L2(nT(n+1)TH?(Q))mHl(nT(n+1)TL2(Q)) (l( )B(n )Hvl @ T al (n+ 7)) Vé(ﬂ))
¢ (o) Iy + 180Dy ) ) - (5.11)
and
B n—f—lT‘ < e T |P,B(nT +c‘ uﬁnT‘ +c‘ wa(B((n+ 1T H
|25+, ) < T IBSET) vy Nose EICRRVea)] P
< TIRBOT) vy + C (o) 30 + IPBODllvyey) - (5:12)

We then have to estimate the solution . of (3.20) with the source term f. defined in (3.21). Note
that . solves equation (B.1) translated on the time interval (nT, (n + 1)7T") with F' as in (B.5) and

Fpo = eB+B@ateam(B+pB)+e2(B+08) e B+ 5), (5.13)
Fi = a+eB+p), (5.14)

In order to apply Corollary B.2, we shall thus use the bound (5.10) on « and the following bound on
3+ B which can be deduced from (5.8) and (5.11):

|3+ 7]

T T ) cD,. (5.15
T e T ) (1 S C (o) 330 + 180T vy (5.15)

This allows to obtain the following estimate on Fp in (5.13):

||FO||L2 nT,(n+1)T;H(Q))

< Ce Hﬁ + ﬂ‘ LA (T (e DYTSHA () E (T (e DTL2(2)) el L2, (1) 7882 () H (T (1) 7512 (92)
+Ce? HB + ﬁ’
L2(nT,(n+1)T;H2(Q))NH (nT,(n+1)T;L2(Q))
< Cpen |B+5)
pen ||+ L2(nT,(n+1)T;H2 (Q)NH (nT,(n+1)T;L2(Q))
< CpepnDn, (5.16)
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where we have set

Pen =€ ||aHL2(nT,(n+1)T;H2(Q))r‘1H1(nT,(n+1)T;L2(Q))

te? ‘B+B‘ (5.17)

L2(nT,(n+1)T;H2(Q)NH (nT,(n+1)T;L2(Q))
which, from (5.10) and (5.15), satisfies
Pen < 0(5 D, + EQDn)- (518)

An estimate on Fi in (5.14) can be deduced directly from (5.10) and (5.15):

IEL 2 (et 1y 512 (0) A (T ()12 () S C(V D+ €D3)

In particular, recalling that e € [0, 1], we have

10l L2, nanyrssr @)y + 1L L2 o,y iz @i (e oy @) < C(V Dn+ Dn)

so that Corollary B.2 applies: There exists &, = e.(C(v/ Dy + D,,)) > 0 such that for all € € [0,&,],

11BNl L2 (o7, ()T 882 () # (0 (et 1) 7512 () S CPenDn < C (aw/Dn + ggDn) D,, (5.19)

where we have used the estimates (5.16)—(5.18).
Setting €, = min{&,,1/D,}, for all ¢ € [0, ,] we have

1Bl 2 (o (1) 882 () B (0T (et 1y T2 (00)) < CVED. (5.20)

Since 8 = B. + (B + ) and P,[B((n+ 1)T) + B((n+ 1)T)] = 0, combining the estimates (5.9), (5.12)
and (5.20), we get
IPB((n + DT)lvy0) < (677 + CVE) [BB(T)llva () + C IPuBOT) vy + C la(nT) ) -
<

PuB((n+ 1)T)lly2 () < CVE [BB(MT) vy + CVE IPuB(T) vy + CVE a(nT) v
(5.21)
for all € € [0,&,].
At this stage, it is important to notice that the estimates (5.21) are valid for € € [0, &,] in which &,
is given by

en =e9(Dyn), where eg(D) = mln{ «(C (f+ D)), D} (5.22)

and e, is the decreasing function given by Corollary B.2. Accordingly, eg is a decreasing function of D.
Thus, the next step is to check that inf, &, > 0.

5.3 The decay of a and § at times nT
From (5.7), we immediately have that for all n € N*,
la(nT) vy < D7 [alT) lyyey - (5.23)

To show the decay of (||PsS((n + 1)T)||V(1)(Q) , IPLB((n + UT)”V},(Q))’ we rewrite (5.21) as a vector in-
equality: for all n € N, if € € [0,¢,],

P8+ DTy o PoS0T) g o o (L)
<|Puﬁ<<n+1>T>||vé<m S PB@D) g ) TEIT M@z )
e T O C

a1, (IO €Y sy
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and the sign < has to understood component-wise. As K. has non-negative entries, we immediately
have, for all n € N* and Ve € [0, v<inf 15j]7
j<n—

IS0y L IPBD e \ L (L)
< K" 6 +3 " ClaGT)|20 o KP1 (525
( IPBT) v BTy ) F 2= U v Ve ) BB

Now remark that the matrix K, obviously has two eigenvalues, 0 and e~“7. We thus choose w;, €
(wo,w), and as the spectrum of a matrix depends continuously of its coeflicients, we can find e, € (0, 1]
such that for all € € [0,e.], K. has two distinct eigenvalues and both eigenvalues of K. are smaller than
e~“1T By diagonalizing K. and using continuity with respect to € , we get the existence of a constant
C such that

KX || g2y < Ce ™7 for all n € N and € € [0, ..

Using this estimate and (5.23) in (5.25), we obtain, for all n € N* and ¢ € [0, min{e,, _<inf (i H,
JxnN—

n—1
HB(nT)”V}J(Q) < Ce~(n=HinT ”/B(T)HV})(Q) +C ||0‘(T)||3/(1)(Q) Z e 2w(i—1T j—(n—1—j)wr T
=1
< Ce™ 0T (Jla(T) 3y ) + 18Dy ey ) - (5.26)

Combining the estimates (5.23) and (5.26), we get that for all n € N* and € € [0, min{e,, _<inf 1sj}],
ISN—

D, < (7200 4 cemmnT) (5.27)

In particular, taking N such that e 2(N=DwrT 4 Ce=NenT < 1 and ¢ € [0, min{e,, <1]r\1[f laj}], from
ISIN—

(5.27), Dy < D;. Consequently, as ey = eg(Dn) where eq is a decaying function (recall (5.22)), we
have ey > €1, so that from (5.27), we also have Dy11 < Dj for all € € [0, min{e,, <1]I%If 15j}]. An easy
ISIN—

induction argument then shows that for all n > N and € € [0, min{e,, <1]r\1lf ) €j}, Dn < Dy and €y, > €.
ISIN—
We thus set
o inf e .
€ mln{a ’jguz\lr_1€]}’ (5.28)
which is obviously positive and for which, from the above discussion, the estimate (5.26) holds for all

n € N*.
Combining (3.6), (5.3), (5.23) and (5.26), we thus obtain a constant C > 0 such that for all n € N,

la(nT) vy @) < Ce—wnT ||0¢0HV3(Q) , (5.29)
180T vy < Cem ([0 30 + 18 llvacey ) - (5.30)
which imply in particular that
D,, < Ce "I Dy, (5.31)
The estimates in Sections 5.1-5.2 easily yields that, for all ¢ > 0,
la®le < Ce (0 + 18lva) (5.32)
180y < O ([0l 330 + 18lvyiy) - (53

The decay of § is the one we are looking for, but the decay of « stated in (5.32) is slower than the one
stated in Theorem 1.1, except at times nT. The goal of the next section is to show that estimate (5.32)
can be improved to obtain a time decay on « as exp(—wit).
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5.4 Improving the decay of the norm «

In this section, we do a bootstrap argument to improve the estimate (5.32) on the decay of the norm of
a.

In order to improve the estimate (5.32), we recall that &« = @ + &. But from (5.5) and (5.29), it is
clear that « satisfies, for all ¢ > 0,

31 [ly1(0y < Ce™ | (5.34)

“lvae -

We shall thus focus on the decay of the norm of &. In order to do this, for n € N*  using (5.33) and
(5.34), we bound p. ,, in (5.17) by

s —winT
Pe,n < ¢ ||OLHLz(nT,(n+1)T;H2(Q))ﬁH1(nT,(n-{-l)T;LQ(Q)) +Ce™™! .

Consequently, the estimate (5.19) yields, for all n € N*,
1Bl L2 (07 (1) 73882 () A B (T (nt 1) T2 ()
< Clall L2t (nr1ymsm2(0) N H (0T (1) L2 () T em )T Dy,
Now, as P, B((n+ 1)T) = P,B:((n+ 1)T"), we have, for all n € N*,

IPuB((n + DT lvaiey < CUIEN L2 (ne1yrsme2 (@) (0t yTiLacey) + € e Do,

Consequently, from (5.29), the estimate (5.8) yields, for all n € N*,

~ 112
”a”L2((n+1)T,(n+2)T;H2(Q))ﬁH1((7z+1)T,(n+2)T;L2(Q))

< Ce 2T DG + C a2 o sy 7z @n i (s iz @y € Do- - (5.35)
Now, let us show that for all £ € N, there exists Cj > 0 such that for all n € N*,

- C(1-2-F)wynT H1/2
&l p2 (7 (17882 (@) L (0T (n 1T L2(0)) S Ok (A=2"DennT /2, (5.36)

We prove it by induction. For k = 1, this is simply estimate (5.32). Now, if we assume that (5.36) holds
for some k € N*, from (5.35), we have for all n € N*,
~ 12 —(2—2""YwnT
”aHL2((n+1)T,(n+2)T;H2(Q))r‘1H1((n+1)T,(n+2)T;L2(Q)) < CCre~ 27 Do,
so that there exists a constant Cjy; such that for all n € N*

~ —(1=27 Dy (n 1/2
6l L2 ((n1)7 (nt2) T2 () HL (et ) T (n2) TiL2(9)) S Cht1€ (-2 Jer (DT pg/=,

We have thus proved (5.36) for all k € N*.
We then take k large enough so that (1 — 27%)w; > wy, so that we have for all n € N,

- —wonT M1/2
16| L2 (e, (1) 3882 () H (0T (b 1y T2 (02)) < 70 TDy/%. (5.37)

Combined with (5.34), this implies in particular the existence of a constant C' > 0 such that for all t > 0,

—w 1/2
lo(®) v @) < Ce™ "Dy, (5.38)

5.5 End of the proof of Theorem 1.1

With v = 2 in (1.9), where ¢ > 0 is given by (5.28), any initial datum u° satisfying (1.9) can be
expanded as u’ = ea® + £23° with (a?, %) as in (3.4) by taking a® = (I — Py, )u® and B° = Py, u°.

The construction presented in Section 3 then yields controlled trajectories («, 8) and control functions
(g1, 92) such that

e the function u = ea + 23 solves the original problem (1.2) with control function g = eg; + £go;
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e the couple (a, 3) satisfies the decay estimates (5.38) and (5.33).

This entails estimate (1.10) on the solution u of (1.2) with control function g.

The last point which remains to be checked is that the control function g = £g; + €2go belongs to
L?(0,00; L(T)). In fact, this follows immediately from the above estimates (5.38) and (5.33) on « and
B at times nT and the construction of g; and go at each iteration, allowing to obtain from (3.6) and
Theorem 3.2 for g; and from Proposition A.1 for g, that, for all n € N,

—wonT
||91||H5(nT,(n+1)T;Lg(T))mL?(nT,(n+1)T;H2(T)) + ||92||H5(nT,(n+1)T;Lg(T))mL?(nT,(n+1)T;H2(T)) < Cem™0.
As wp is strictly positive, we immediately have that g € L?(0,00; L3(T)), and the additional estimate

that ge*o? /(1 + ) € H'(0, 00; L(T)) N L?(0, 00; H2(T)).

6 Further comments and open problems

6.1 Alternative constructions

Our construction gives the solution u of (1.2) under the form u = ea + 23 with o and 3 of size one
and e small enough. Still, we draw the attention of the reader to the fact that, in this expansion, we
can guarantee that the function « belongs to the stable space Z, only at times nT', n € N. Indeed, the
function & constructed from Theorem 3.2 has no reason to satisfy P, &(t) = 0 for ¢ not in {nT, n € N}.
This could seem surprising at first, but actually, it does not impact our proof and result.

In fact, we could have made the choice to construct the solution & in Theorem 3.2 such that P, &(t) = 0
by choosing & in the proof of Theorem 3.2 containing only Fourier modes k for large enough & (such that
vk? > w) instead of considering & containing only Fourier mode 1 as we did.

6.2 Null controllability issues

It would be interesting to know if one can get the null-controllability of (1.2) by the choice of suitable
controls g € L?((0,T) x T) satisfying (1.3).

As we said in Section 2, all the Fourier modes except the Fourier mode 0 satisfy the unique continua-
tion property. The article [16], which basically extends Lemma 4.1 to any non-zero Fourier mode, shows
that the linearized system (1.4) can be controlled to zero provided the initial datum contains no Fourier
mode 0.

The question thus is reduced to control the 0-mode of the non-linear equation. Our approach can
be seen as a preliminary step in this direction as Theorem 3.2 allows to control any finite number of
eigenvectors of the 0-mode to zero for the second order approximation of (1.2).

As said in the introduction, this question is very much related to the works concerned with null-
controllability of Navier-Stokes equations with controls having some vanishing components as in [19, 20]
in which the case of distributed controls is considered.

A Controllability of the unstable space
The goal of this section is to prove the following classical result, slightly more general than Proposition 3.1:
Proposition A.1. Given a® € V{(Q) and of € Zyq, there exists a control function
g1 € H}(0,T; L3(T)) N L*(0,T; H*(T)) (A1)
such that the solution a of (3.2) on (0,T) satisfies the controllability requirement
Pugo(T) = o . (A.2)
We can further impose the following estimates:

||Pua||L2(O,T;H2(Q))ﬂH1 orr2) t ||91||H3(o,T;Lg(nr))mLz(o,T;H2(1r))

< C|Pua +C HO‘vag)(Q) , (A3)

"lvie)
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0
HaHLZ(O,T;HZ(SZ))ﬂHl(O,T;L2(SZ)) <C HO‘ Hvé(g) +C HafHVé(Q) ’ (A.4)
and
—wT 0 0 f
IPsodT)llv ey < € [Psa’ [y + C [Puc®[ya ) + € llof yaey - (A.5)
The projection Py,a(T) cannot be controlled, but satisfies the following property:
If Puua® =0, then Py,a(T) = 0. (A.6)
Proof. Identity (A.6) follows immediately from the fact that if a solves (3.2), then for all £ € N

d v (2
% 7<04(t)7 \I’O,€>L2(Q)>
where we have used the fact that for all £ € N, B*¥q , = 0.

In order to prove the existence of a control function g;, we project the dynamical system (3.2) on

7.4 via the orthogonal projection operator P,  : Vg(Q) — Ziyq With kernel Zy ® Z:

(<a(t)7 \IJO,£>L2(Q)) = —

{ Pygo’ = (]P)udAPud)Puda + PuaBg1, for t > 0, (A 7)

Puda(()) = ]Pud()to,

where we use the identities PyqA = PyugA((Id — Pyug) + Pug) = PugAPyq = ]P’udAIPid.

Kalman’s criterion (see e.g. [36, Corollary 1.4.10]) then applies to (PyqAPyq, PyqeB) thanks to Propo-
sition 2.1, so that given a® € V(l) (©) and ol € Z,4, there exists a control g1 such that the solution P, 4«
of (A.7) satisfies P,q(0) = Py qa® and Pyga(T) = .

We look for a control function g1 € HE(0,T; L3(T)) N L?(0,T; H*(T)) so we need to make slightly
more precise how we choose it. We introduce 7 = 7(t) a smooth non-negative cut-off function flat at
t=0and at t =T and n(t) = 1 for t € (T/3,27/3). Then we introduce the functional

1

T
J(") = 5/0 0(t) 1B Puayllza(ry dt + (1(0), Puaa®)z,, — (1" 0l )z, (A.8)

defined for v7 € Z,q, where v is the solution of the adjoint equation

— /:
{ v =PygAPyqy,  forte(0,7), (A.9)

’}/(T) = ’)/T € Zyq.

Thanks to Kalman’s criterion, the functional J in (A.8) admits a unique minimizer 37 corresponding to
a controlled trajectory 7 of (A.9), and

17 2., < € (IPuae®llyogq + llo?

Zud) . (A.10)

Setting

we easily check that if a solves (3.2) with initial data a® and control function g;, « satisfies the control-
lability requirement (A.2). We therefore only need to check that g; and « satisfy the regularity results
claimed by Proposition A.1. They can be easily deduced for g; from the formula (A.11) and the fact
that 7 satisfies the finite dimensional equation (A.9) with an initial data 37 satisfying (A.10). The
introduction of the cut-off function is used at that step to ensure g1(0) = g1(T) = 0. The fact that for
all t € [0,T], g1(t) € L3(T) comes from (A.11) and the form of B* in (2.12). This concludes the proof of
estimate (A.3).

Once ¢; is estimated by (A.3), the estimate (A.4) follows easily from the results in [34] (recall (2.9)).
The estimate (A.5) also comes easily from the equation satisfied by P,a:

P,/ = (PsAP,)Psa + Ps By, for t > 0,
P.a(0) = P,al,

and the fact that the semi-group exp(t(P;AP;)) satisfies, by definition of the set Z; and self-adjointness
of A, ||exp(t(IP’sAPs))||$(V(1J(Q)) < exp(—tw) for all ¢ > 0. O
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B Estimates on Navier-Stokes equations

In this section, we present regularity results for the Navier-Stokes equations with homogeneous boundary
conditions:

0p2° +e%(2°-V)2® —vAZf +Vp* = —div F, in (0,T) x Q,
T)

div 2 =0, in (0,7) x Q, (B.1)
2°(t,x1,0) = 2°(t,z1, L) = (0,0), on (0,7) x T, ’
2°(0,21,x9) = zo(acl,mQ)7 in Q.

We prove the following result based on the computations in [13, Chapter 5 Sections 1 and 2]:

Proposition B.1. Let 2° € V2(Q) and F € L?(0,T;L%(Q)). Then the solution 2 of (B.1) belongs to
L>(0,T; VO(Q)NL2(0,T;VE(Q)) and the following estimate holds (uniformly with respect to € € [0,1]):

(B.2)

HZE||Lm(o,T;VO(Q))mLz(o,T;vg,(Q)) < Co (||FHL2(O,T;L2(Q)) + HZ()’ v%(g)) .

If we further assume that z° € V§(Q) and F € L*(0,T; H()), the solution 2° of (B.1) belongs to
L>(0,T; V() N L?(0,T; H2(Q)?) N HY(0,T; V°(2)), and the following estimate holds: There exist
Cy > 0 and a decreasing function ey : Ry — (0,1], such that for all d > 0, if

1Fl 20,780 00)) + ||ZO||V3(Q) <d, (B.3)

then, for all e € [0,e1(d)], the solution z° of (B.1) satisfies

12°M o 0, 75v3 (@))nL2 (0,731 () a1 (0,73v0 ()

ClEG|‘Z5|‘i°°(0.T:V0(Q))ﬂL2(O Tvi(Q) 0
<G | D (1F 2o e sy + 12wy ) - (B4

Proof. Estimate (B.2) follows from a classical energy argument. Formally, multiplying equation (B.1)
by 2¢, we get, for all t € (0,T

)

o 2

(1 Olfeey) + V19 Ol = [ FV2

DN | =
S

t

hence d 1
= (1= Oy + v 192Dl < 3 1PNz

and we integrate this last estimate. To make this argument fully rigorous, we refer to the proof of
Theorem V.1.4 in [13].

Estimate (B.4) is trickier. We first recall that setting Az = P(Az) = Az — Vp, we have the following
classical estimate (see e.g. [13, Th. IV.5.8]):

|2l gz2 0y < C 1422 (g for all z € HA(Q) N V().

As before, to justify completely the computations which are done afterwards, one should be cautious and
perform these estimates for instance on Galerkin approximations of (B.1) following the proof of Theorem
V.2.1 in [13]. We will skip these arguments for conciseness and refer the reader to [13, Section V.2] for
precise justifications.

We thus formally multiply (B.1) by Az° = Az° — Vp and we obtain, for all ¢t € (0,7,

1d R -
57 (IV= 22y ) + v 142" @) 1220y

< F W) oy 1475 () gy + &2 / (2 - V29) A de

1 2 v 2
< S IEM e @) + 5 142502 @) + &2 Az ()l () 12°() - V25 () L2y -

34



Using interpolation results, we have

&2 A2 (1) gz 12°(0) - V22 () gy < C2 142 (D)l 12° Ollgogay 1925 Bllgsoy
< O A (1) ey (12 () Ite) 19250155 ) (192201135 1142 ®)lIhlg) )
< C2? | Az () lIhtay 12 (O)llthtay V25 ()| it
v £ >
< 24Oy + C 112 (O)llaay IV (B2 -

Therefore, we deduce, for all ¢ € (0,7T),

d
(19 a(@y) + 14220 gy < CIFW s ) + C=2 192 Ollin(ey 120 e -
We introduce .
G(t) = Ce® / 1925 () 2oy 15 (M oy A £ € (0,T),

and we write the above estimate in the form

d

= (192120 €769) + v 1142 Ol 2@y =0 < CIF B sy =0

Integrating this last expression in time and using

6 3
Gl Lo 0,7y < O™ 127 200 0,0:v9 @) nL2 (0,7 v 2 ()

we obtain

12° M oo 0, 75va @)y + 142° N 20,3120

6 £13
< &8 ¥ oo 0,709 @)ynz20.7iv () (|

|Ell 20, mm1 (02)) + ||ZO||V5(Q)> :
To conclude the proof of Proposition B.1, we should add to the previous estimate that 9;2° = vAz° —
P(e22° - V2z°) — P(div (F)), so an estimate on 9;2° in L?(0,7; V() easily follows by choosing e (d) =
d~1/2, according to the following estimates:

[P(e?2° - VZE)HL?(O,T;VU(Q)) < Ce? 1251l 1 (o, T;V3(Q)) 1250 20,7112 (02))

20e°|2° 13 o . 2
< Cee ESOTVRENAEZ 0TV () <HF||L2(0,T;H1(Q)) T HZOHV})(Q))
< CCQCEGHZE”ioc(O’T;v%(n))mll?(O,T;v[l)(ﬂ)) HF” + HZOH )
= L2(0,T5H () Vi(Q)
O
We will use Proposition B.1 in particular when F' in (B.1) takes the form
F=F+eF1®zz+2°QF). (B.5)

In that case, as a Corollary of Proposition B.1, we get the following result:

Corollary B.2. Let 2 € V{(Q) and F = Fy+e(Fy®@2°+2°® F1) as in (B.5) with Fy € L?(0,T; HY(Q))
and Fy € L?(0,T; H?(Q)) N HY(0,T;L2(2)). There exist Co > 0 and a decreasing function e, : Ry —
(0,1], such that for all d > 0 if

HzOHv(l)(Q) + 1 Follp20,7:0m 0)) + 1F1 L2072 (0))nm (0,712 (0) < @ (B.6)
then, for all e € [0,e.(d)], the solution z° of (B.1) satisfies
2% e 0, 7v 2 (@) L2 (0,382 (@) a (0,13 v0 () S C2 (”FO”L?(O,T;Hl(Q)) + HZOHVW)) . (B.7)
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Proof. The existence of a solution z2° of (B.1) with F as in (B.5) in the class of strong solutions, i.e.
L>(0,T; V()N L2(0,T; H2(Q))NH(0,T;V°(2)), can be done in a classical manner by using a fixed
point argument for € > 0 small enough. Uniqueness can be done easily using for instance the energy
estimates in Proposition B.2.

Using (B.2) with F' as in (B.5), we get

1251 s (0, 7:v0 @20, TV (2)) S Co (||F0||L2<0,T;L2<Q>>

0
e Bl pe o, 5w ) o,z 12 s 0. mvo@pnzeorvicey + 112 Hvzxm) '

Thus, from (B.6), for € € [0, e2(d)] with ea(d) = min{1,1/(2Cod)}, we have

1250 o< (0, 7w )2 0,7 v () S 2C0 (||F°”L2<0,T;L2<ﬂ>2> + HZO”V%(Q)) S 2Cod.

Plugging this estimate in (B.4), we get, for € € [0, e3(d)] with e3(d) = min{e;(d), e2(d)},

8C,C2e%d3 0
||ZEHLoo(o,T;Vg(Q))mL?(o,T;H?(Q))mHl(o,T;LZ(Q)) < Cre™™ 0F <HF0||L2(O,T;H1(Q)) + HZ Hvé(g)
+e ”Fl||L2(0,T;H2(Q))F1H1(O,T;LQ(Q)) ||Z€HLN(O,T;Vé(Q))0L2(07T;H2(Q))) )

We then set e4(d) = min{1,e=31%" /(2C1d)}, so that for all & € [0, e4(d)],

ogs 1

3
C1de8CCos d e < 2

[\)

Consequently, for all € € [0, min{e3(d), e4(d)}] we get

C CB 6d3
”ZE||L°°(O,T;V(l)(Q))ﬂLQ(O,T;H2(Q))ﬂH1(O,T;Lz(Q)) < 20,591 C0" <||F0||L2(0,T;H1(Q)) + HZOHV5(Q)) :

Therefore, the estimate (B.7) holds for all € € [0,e.(d)] with e.(d) = min{ez(d),es(d),1/V/d}. As
d s e3(d), d — ey(d) and d — 1/+/d are all decreasing functions of d, d — e,(d) also is a decreasing
function of d. O
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