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Abstract

In this article, we derive uniform admissibility and observability prop-
erties for the finite element space semi-discretizations of iZ = Agz, where
Ap is an unbounded self-adjoint positive definite operator with compact
resolvent. In order to address this problem, we present several spectral
criteria for admissibility and observability of such systems, which will be
used to derive several results for space semi-discretizations of iz = Apz.
Our approach provides very general results, which stand in any dimen-
sion and for any regular mesh (in the sense of finite elements). We also
present applications to admissibility and observability for fully discrete
approximation schemes, and to controllability and stabilization issues.
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1 Introduction

Let X be a Hilbert space endowed with the norm ||-||y and let Ag : D(Ag) C
X — X be an unbounded self-adjoint positive definite operator with compact
resolvent. Let us consider the following abstract system:

i(t) = Agz(t), teR,  2(0)=z € X. (1.1)

Here and henceforth, a dot (7) denotes differentiation with respect to the time
t. The element zp € X is called the initial state, and z = z(t) is the state
of the system. Such systems are often used as models for quantum dynamics
(Schrodinger equation).

Note that the system (1.1) is conservative: the energy Hz(t)||?x of solutions
of (1.1) is constant.



In the following, we shall consider the spaces D(A§) for s > 0, endowed with
the norm [[A§(-)|l -

Assume that Y is another Hilbert space endowed with the norm ||-[|,,. We
denote by £(X,Y) the space of bounded linear operators from X to Y, endowed
with the classical operator norm. Let B € £(D(Ap),Y) be an observation
operator and define the output function

y(t) = Ba(t). (1.2)

We assume that the operator B € £(D(Ap),Y’) is admissible for system (1.1)
in the following sense:

Definition 1.1. The operator B is an admissible observation operator for sys-
tem (1.1) if for every T > 0 there exists a constant K > 0 such that

T
| 1B de < Krlaly . Va0 € Do), (1.3)
0

for every solutions of (1.1).

Note that if B is bounded in X, i.e. if it can be extended in such a way that
B € £(X,Y), then B is obviously an admissible observation operator, and K
can be chosen as Kr =T ||B||§(X)Y). However, in applications, this is often
not the case, and the admissibility condition is then a consequence of a suitable
“hidden regularity” property of the solutions of the evolution equation (1.1).

The exact observability property for system (1.1)-(1.2) can be formulated as
follows:

Definition 1.2. System (1.1)-(1.2) is exactly observable in time T if there exists
k7 > 0 such that

T
br ol < [ 1B dt Ve € D(4o). (1.4)
0

for every solution of (1.1).
Moreover, system (1.1)-(1.2) is said to be exactly observable if it is exactly
observable in some time 7" > 0.

Note that observability and admissibility issues arise naturally when deal-
ing with controllability and stabilization properties of linear systems (see for
instance the textbook [31]). These links will be made precise later in Section 6.

There is an extensive literature providing observability results for Schrédinger
equations, by several different methods including microlocal analysis [6, 29], mul-
tipliers and Fourier series [34], etc. Our goal in this paper is to develop a theory
allowing to get admissibility and observability results for space semi-discrete
systems as a direct consequence of those corresponding to the continuous ones,
thus avoiding technical developments in the discrete settings.



Let us now introduce the finite element method for (1.1).

Let (Vi)n>0 be a sequence of finite-dimensional subspaces of X such that
dim(V4) = np. We denote by 7, the embedding of Vj, into X. For each h > 0,
the inner product < -,- >x in X induces a structure of Hilbert space on V},
for the scalar product < -, >,=< @+, 7, >x. This obviously makes 7,
continuous from V}, to X.

We assume that, for each h > 0, the vector space 7, (V},) is a subspace of

D(A(l)/Q). We thus define the linear operator Agy : V, — V3 by

< Aonn, ¥n >n=< Ay *wnen, A mnon >x, Y(gn,vn) €VZ. (15)

The operator A, defined in (1.5) obviously is self-adjoint and positive definite.
If we introduce the adjoint 7} of 7y, definition (1.5) reads as:

Aon = (A ) (ALY *mp) = 7 Ao, (1.6)

This operator Ag, corresponds to the finite element discretization of the
operator Ag. We thus consider the following space semi-discretizations of (1.1):

iZp, = Aonzn, tER, z1(0) = zop, € V. (1.7)

In this context, for all h > 0, the observation operator naturally becomes
By, = Bmy,. Note that, when B € S(D(Aéﬂ), Y'), this definition always makes
sense. We are thus led to impose B € ,Q(D(A(l)/z)7 Y).

Note that one could have considered B € £(D(Ap),Y) and a finite element
method such that 7,(Vy,) C D(Ag). However, even in that case, the results
presented below fail when B ¢ S(D(Aé/Q), Y'), see Section 8.3.

We now make precise the assumptions we have on 7, and which will be
needed in our analysis. One easily checks that

7T;:7Th :Idvh. (18)

The embedding 7, describes the finite element approximation we have chosen.
In particular, the vector space 7, (V},) approximates, in the sense given hereafter,

the space D(A(l)/Q): there exist § > 0 and Cj > 0, such that for all » > 0,

R R e e T,
HAg/Q(mm; _ 1)¢HX < Ooh® | Aodlly , Vo € D(Ao). '

Note that in many applications, and in particular for Ag the Laplace operator
on a bounded domain with Dirichlet boundary conditions, estimates (1.9) are
satisfied for § = 1, when considering regular meshes (see [46] and Section 4).

We will not discuss convergence results for the numerical approximation
schemes presented here, which are classical under assumption (1.9), and which
can be found for instance in the textbook [46].



In the following, our goal is to obtain uniform observability properties for
(1.7) similar to (1.4).

Let us mention that similar questions have already been investigated in
[44, 30] for the finite difference approximation schemes of the beam equation, for
which we expect the same admissibility and observability properties as for (1.7)
to hold. To be more precise, in [30], the authors considered the finite-difference
approximation scheme of the 1d beam equation on a uniform mesh, observed
through the boundary value. They proved that, in this case, the observabil-
ity properties do not hold uniformly in the space discretization parameter for
any initial data. Though, they proved, similarly as in [24] which dealt with
1d finite difference approximation schemes of the wave equation, that one can
recover uniform observability results when filtering the initial data. However,
as pointed out in [44], the space semi-discrete beam equations are uniformly
observable, without any filtering condition, when observed on a distributed set.
But in higher dimension, Otared Kavian in [53] proposed a counterexample
which proves that unique continuation properties do not hold anymore in the
discrete setting due to the existence of localized high frequency solutions.

Therefore, it is natural to restrict ourselves to classes of conveniently filtered
initial data. For all h > 0, since Agy, is a self-adjoint positive definite matrix,
the spectrum of Agy, is given by a sequence of positive eigenvalues

D<A << o< (1.10)

np?

. . . h
and normalized (in V},) eigenvectors (®7)1<j<pn,. For any s > 0, we can now

define, for any h > 0, the filtered space
Cr(s) = span {CD? such that the corresponding eigenvalue satisfies |)\;’\ < s}.

We are now in position to state the main results of this article:

Theorem 1.3. Let Ay be a self-adjoint positive definite operator with compact
resolvent, and B € £(D(Af),Y), with k < 1/2. Assume that the maps (7h)p>0
satisfy property (1.9). Set

azemm{ﬂ1—m¢§}. (1.11)

Admissibility: Assume that system (1.1)-(1.2) is admissible.
Then, for any n > 0 and T > 0, there exists a positive constant Kr, > 0
such that, for any h € (0,1), any solution of (1.7) with initial data

20n € Ch(n/hg) (1.12)
satisfies

T
/0 1Bran ()% dt < Koy lzon]2 (1.13)

Observability: Assume that system (1.1)-(1.2) is admissible and exactly
observable.



Then there exist € > 0, a time T* and a positive constant k. > 0 such that,
for any h € (0,1), any solution of (1.7) with initial data

20h eCh(e/h") (1.14)
satisfies

.
bellaonl < [ 1Baan @1 (L.15)
0

This theorem is based on spectral characterizations of admissibility and exact
observability for (1.1)-(1.2). In this sense, our approach is close to the frequency
domain approach developed in [45] in the context of the stabilization of abstract
wave equations.

For characterizing the admissibility property, we use the results in [12] to
obtain an explicit characterization based on a resolvent estimate, which can also
be deduced from [19] (see also [54] for a similar result in a more general setting).

For the exact observability property, we use the resolvent estimate criterion
proposed in [6, 37].

The main idea, then, consists in proving uniform (in i) resolvent estimates
for the operators Ao, and By, in order to recover uniform (in h) admissibility
and observability estimates. This idea is completely natural since the operators
App and By, correspond to discrete versions of Ag and B, respectively.

Note that, in a earlier version of that work, interpreting resolvent estimates
as interpolation inequalities, we found the same result but with o =  min{2(1—
2k),2/5} instead of (1.11). This improvement is due to a remark of Miller [38].

Theorem 1.3 has several important applications. As a straightforward corol-
lary of the results in [12], one can thus derive observability properties for general
fully discrete approximation schemes based on (1.7). Precise statements will be
given in Section 5.

Besides, it also has relevant applications in control theory. Indeed, it implies
that the Hilbert Uniqueness Method (see [31]) can be adapted in the discrete
setting to provide efficient algorithms to compute approximations of exact con-
trols for the continuous systems. This will be clarified in Section 6.

We will also present consequences of Theorem 1.3 to stabilization issues for
space semi-discrete models based on (1.7), using the results [15].

Let us briefly comment some related works. Similar problems have been
extensively studied in the last decade for various space semi-discretizations of
the 1d wave equation, see for instance the review article [53] and the references
therein. The numerical schemes on uniform meshes provided by finite difference
and finite element methods do not have uniform observability properties, what-
ever the time 7' is, see [24] (see also [44, 30] for the beam equation). This is due
to high frequency waves which do not propagate, see [50, 35]. In other words,
these numerical schemes create some spurious high-frequency wave solutions
which do not travel.



In this context, filtering techniques have been extensively developed. It has
been proved in [24, 51] (or [30, 44] for the beam equation) that filtering the initial
data removes these spurious waves, and makes possible uniform observability
properties to hold. Other ways to filter these spurious waves exist, for instance
using wavelet filtering approaches as in [41] or bi-grids techniques [16, 42]. How-
ever, to the best of our knowledge, these methods have been analyzed only for
uniform grids in small dimensions (namely in 1d or 2d). Also note that these re-
sults prove uniform observability properties for larger classes of initial data than
the ones stated here, but in more particular cases. In particular, we emphasize
that Theorem 1.3 holds in any dimension and for any regular mesh.

Let us also mention that observability properties are equivalent to stabiliza-
tion properties (see [20]), at least when the observation operator is bounded.
Therefore, observability properties can be deduced from the literature in sta-
bilization theory. In particular, we refer to the works [48, 47, 40, 14], which
prove uniform exponential decay results for damped space semi-discrete wave
equations in 1d and 2d, discretized on uniform meshes using finite difference
methods, in which a numerical viscosity term has been added. Again, these
results are better than the ones derived here, but apply in the more restrictive
context of 1d or 2d wave equations on uniform meshes. Similar results have
also been proved in [45] in a general context close to ours, but for bounded
observation operators. Besides, in [45], a non trivial spectral condition on Ay is
needed, which reduces the scope of applications mainly to 1d equations.

To the best of our knowledge, there are very few papers dealing with nonuni-
form meshes. A first step in this direction can be found in the context of the
stabilization of the 1d wave equation in [45]: indeed, stabilization properties are
equivalent (see [20]) to observability properties for the corresponding conserva-
tive systems. The results in [45] can therefore be applied to 1d wave equation
on nonuniform meshes to derive uniform observability results within the class
of data filtered at the scale h=?. Though, they strongly use a spectral gap
condition on the eigenvalues of the operator, which does not hold for the wave
equation in higher dimension. Another result in this direction is presented in
[10], again in the context of the 1d wave equation, but discretized using a mixed
finite element method as in [2, 7). However, in [10], the results are based on a
precise description of the spectrum, and in particular on a spectral gap condition
on the eigenvalues.

We shall also mention recent works on spectral characterizations of the exact
observability property for abstract conservative systems. We refer to [6, 37] for a
very general approach for linear conservative systems, which yields a necessary
and sufficient spectral condition for the exact observability property. Let us
also mention the article [43], in which a spectral characterization of the exact
observability property based on wave packets is given. We also point out the
recent article [4], which considers several (weak) observability properties given
as interpolation properties, which are close to the ones that we will prove in the
present work.

We also mention the recent work [12] which proved admissibility and observ-
ability estimates for general time semi-discrete conservative linear systems. In



[12], a very general approach is given, which allows to deal with a large class
of time-discrete approximation schemes. This approach is based, as here, on
a spectral characterization of the exact observability property for conservative
linear systems (namely the one in [6, 37]). Later on in [15] (see also [13]), the
stabilization properties of time-discrete approximation schemes of damped sys-
tems were studied. In particular, [15] introduces time-discretizations which are
guaranteed to enjoy uniform stabilization properties.

Let us also emphasize that the results in Theorem 1.3 may not be sharp,
in view of the results in [44, 30], which can be adapted to the finite element
space semi-discretization of the 1d Schrodinger equation to prove that the sharp
filtering scale, in 1d and on uniform meshes, is h=2. In the general setting
presented here, we do not have any conjecture on the sharp filtering scale,
although the counterexample of Kavian in [53] shows that filtering the data is
necessary in general. This question deserves further work.

We shall finally mention the works [27, 28] which study the control properties
of discrete approximations of abstract parabolic equations.

This article is organized as follows:

In Section 2, we present several spectral conditions which are equivalent to
the admissibility and exact observability properties for abstract systems tak-
ing the form (1.1)-(1.2). In Section 3, we prove Theorem 1.3. In Section 4,
we provide some examples of applications of Theorem 1.3. In Section 5, we
consider admissibility and exact observability properties for fully discrete ap-
proximation schemes of (1.7). In Section 6, some applications of Theorem 1.3 in
controllability theory are indicated. In Section 7, we also present applications
to stabilization theory. We finally present some further comments and open
questions.

Acknowledgements The author is grateful to Luc Miller for his remarks
which improve the first version of that work.

2 Spectral methods

This section recalls and presents various spectral characterizations of the ad-
missibility and exact observability properties for abstract systems such as (1.1)-
(1.2). Here, we do not deal with the discrete approximation schemes (1.7).

To state our results properly, we introduce some notations.

When dealing with the abstract system (1.1)-(1.2), it is convenient to in-
troduce the spectrum of the operator Ay. Since Ay is self-adjoint and positive
definite, its spectrum is given by a sequence of positive eigenvalues

O0<A SA < S A< — 00, (2.1)

and normalized (in X) eigenvectors (®;);en-.



Since some of the results below extend to a larger class of systems than (1.1),
we introduce the following abstract system

{Zof, 3" w-n0. (22)

where A : D(A) C X — X is an unbounded skew-adjoint operator with compact
resolvent. In particular, its spectrum is given by a sequence (iy;);, where the
constants p; are real and |u;| — oo when j — oo, and the corresponding
eigenvectors (¥;); (normalized in X) constitute an orthonormal basis of X.
Note that systems of the form (1.1)-(1.2) indeed are particular instances of
(2.2).

This section is organized as follows.

First, we present spectral characterizations of the admissibility properties
of systems (1.1)-(1.2), based on the results in [12], which we recall. Then, we
present spectral characterizations of the exact observability property of systems
(1.1)-(1.2), based on the articles [6, 37].

2.1 Characterizations of admissibility
2.1.1 'Wave packet characterization

First, we consider the general abstract conservative equation (2.2), and recall
the results in [12, Section 6]. Note that the admissibility inequality for (2.2)
consists in the existence, for any 7' > 0, of a positive constant Kp such that
any solution z of (2.2) satisfies

T
| 1201 de < Kr ol Va0 € D). (2.3
0

Theorem 2.1 ([12]). Let A be a skew-adjoint unbounded operator on X with
compact resolvent, and B be in £(D(A),Y).
System (2.2) is admissible in the sense of (2.3) if and only if

There exist >0 and D >0 such that

for all pw € R and for all z = Z aVy:  ||Bzlly <Dzl x (2.4)
ledr(p)
where
Jr(p) = {l €N, such that |p — pu| <7} (2.5)

Besides, if (2.4) holds, then the constant Kr in (2.3) can be chosen as
follows:
2r 314D

T
Kr = KTr/2T ’77-‘7 with KTr/QT ="

- (2.6)



To be more precise, in [12, Section 6], the estimates (2.6) are not given
explicitly, but directly come from the proof of Theorem 6.1 in [12], which yields
the constant

K /o, = 3DM,(0),

where M, (0) is the Fourier transform at 0 of the function

= (20’

This makes precise the constant Ky /s,, and the constant Kz for T' > 0 can be
obtained as a simple consequence of the semi-group property and the conserva-
tion of the energy for solutions of (2.2). In particular, for ' < m/2r, one can
take K1 = K /o, (see (2.3)).

2.1.2 Resolvent characterization

In practice, when dealing with sequences of operators, whose eigenvectors may
change, Theorem 2.1 is not easy to use. We therefore introduce other charac-
terizations of admissibility of (2.2), which yield more convenient criteria.

Theorem 2.2. Let A be a skew-adjoint (possibly) unbounded operator on X
with compact resolvent, and B be in £(D(A),Y).

System (2.2) is admissible in the sense of (2.3) if and only if there exist
positive constants m and M such that

1B2l2 < M (A —iwD)zll% +m? 2%, VzeDA)VweR, — (27)
or, equivalently,
IB2[l5 < M?[[(A = iw)z|[% +m? |2l , ¥z € D(A), Yw € I(4), (28)

where I(A) C R denotes the convex hull of —iA(A), where A(A) is the spectrum
of A.
Besides, if (2.7) holds, then the constant Kr in (2.3) can be chosen as

follows:
. 33 w2
KT:K1|—T-| with K1:7 m2+M2Z. (29)

Note that a similar result can also be deduced from [19], but without stating
the explicit dependences (2.9) (see also [54]).

Proof. The equivalence of (2.7) and (2.8) is due to a remark of Luc Miller [38].
For z € D(A) expanded on the basis of eigenfunctions of A as 3, a;¥;, one can
study the quadratic form

we [(A—iwDz)x =Y laj[*(w — 1))

J



In particular, it has only one critical point w, defined by
|a;[*
W, = = -
AT

This obviously implies that for all z € D(A), w, € I(A).
In particular, for w € R and z € D(A),

(A = iw.D)z|5% < (A —iwl)z||% (2.10)

and then (2.8) implies (2.7).

Assume that system (2.2) is admissible in the sense of (2.3). Then Theorem
2.1 proves the existence of constants r and D such that (2.4) holds.

We now recall the following result, which is inspired by [43], and precisely
stated in [12, Lemma 6.2]:

Lemma 2.3. Under the hypotheses of Theorem 2.2, assume that system (2.2)
1s admissible. For € > 0, denote by

V(w,e) = span{¥; such that |p; —w| < €}.
Let us define K(w,€) as

K(w,e) = ||B(A- Z'“’I)ilH;:(V(w,e)%Y) '

Then, for any e > 0, K(w,¢) is uniformly bounded in w, that is

K(g) = sup K(w,¢) < oc. (2.11)
w€eR

Besides, the following estimate holds

K() < 1/%&71)(1 + %) (2.12)

where Ky is the admissibility constant in (2.3) for T = 1.

Let z € D(A) and w € R. Write z = 2, + 2,1, with z, € V(w,r) and
2,1 € V(w,r)t. Note that this decomposition is unique and that z, and z,.
are orthogonal in X, and with respect to the scalar product < (A —iwI)-, (4 —
iwl)- >x. Then we have

2 2 2
IBzlly < 2[Bzolly +2[1Bz[ly
< 2D7 |lzlly + 2K (r)? (A — iwl)z, |k
2 . 2
< 2Dzl x + 2K (r)* (A —iwD)z]y

and (2.7) is proved.

10



Conversely, assume that (2.7) holds. Let € be a positive constant. Then, for
all w e R, for all z € V(w,e),

(4 —iwD)2|l% < €|zl ,

and thus we get
2 2
[Bzlly < (m?+ M?e?) |2 .

Estimate (2.4) follows with r = ¢ and D = v/m? + M2¢2, and, by Theorem 2.1,

this implies the admissibility of system (2.2). Taking ¢ = /2, we obtain the
estimate (2.9). O

2.2 Characterizations of observability

We recall the results in [6, 37] concerning the observability properties for (2.2),
which consist in the existence of a time T and a constant k7« such that any
solution of (2.2) with initial date zy € D(A) satisfies

N
bre ol < [ 1B an (2.13)

Theorem 2.4 ([6, 37]). Let A be a skew-adjoint unbounded operator on X with
compact resolvent, and B € £(D(A),Y).

If system (2.2) is admissible and exactly observable in time T™*, then there
exist positive constants m and M such that

2% < M? (A —iwD)zl% + m?||Bz|2, V:eDA), Vo c R, (214)
or, equivalently,
2% < M?|[(A = iwDz|% +m® |Bz|l5, ¥z € D(A), Yw € I(4), (2.15)

where [(A) C R denotes the convex hull of —iA(A), where A(A) is the spectrum
of A.
Besides, in (2.14), one can choose m = \/2T* [kr- and M = T*\/Kpx [k~
where the constants kp« and Kr~ are the ones in (2.13) and (2.3) respectively.
Conversely, if (2.14) holds, then for any time T > wM, system (2.2) is
exactly observable, and the constant kr in (1.4) can be chosen as

1

bp = ——
T~ omer

(T? — 7*M?). (2.16)

The equivalence of (2.14) and (2.15) is due to a remark of Luc Miller [38]
and follows from (2.10).

11



2.3 Interpolation inequalities

This subsection aims at writing the above resolvent estimates (2.7) and (2.14)
as interpolation inequalities when considering the abstract system (1.1)-(1.2).
Although these characterizations are of no use in the proof of Theorem 1.3, they
are of independent interest.

Theorem 2.5. Assume that Ay : D(Ag) C X — X is an unbounded self-adjoint
positive definite operator with compact resolvent, and that B € £(D(Ap),Y) for
some Hilbert space Y .

1. System (1.1)-(1.2) is admissible in the sense of (1.3) if and only if there
exist positive constants o and (3 such that

4
|46 < % (A0el + 021215 - 821B=1, ). vz € D(do). (217)

2. If system (1.1)-(1.2) is admissible and exactly observable, then there exist
positive constants o and 3 such that

4
|46 < % (Aoele + 02 1B21} - 8 21k ). vz € D(4o). (238)

Proof. These results are based on Theorems 2.2 and 2.4. The idea consists
in writing the resolvent conditions (2.7) and (2.14) as the non-negativity of a
polynomial of degree two in w € R.

The proofs of items 1 and 2 are very similar. We prove the first statement
the other one is left to the reader.

Condition (2.7) for (1.1)-(1.2) reads as follows: there exist positive constants
m and M such that

IB2I% < M2||(Ag — w2l +m? 2%, VzeD(A)VweR  (2.19)
This is equivalent to say that, for all z € D(A), the quadratic form in w
2 2 1

1/2 2 m 2 2

WP |2l — 2w | 4622|| + 1ozl + 15 1zlk — 575 18215

is nonnegative or, equivalently, that its discriminant is nonpositive, i.e.

4 1
1/2 2 2
[ag22] < 01 (docliy + Tog el = oz 18213 ).

This coincides with (2.17) after the identification « = m/M and 8 = 1/M. The
equivalence of (2.7) and (2.17) is then straightforward. O

3 Proof of Theorem 1.3

In this section, we present the proof of Theorem 1.3. To this end, we consider
an unbounded self-adjoint positive definite operator Ay with compact resolvent,
and B € £(D(Af),Y), with k < 1/2. We also assume (1.9).

12



For convenience, since B is assumed to belong to £(D(Af),Y), we introduce
a constant Kp such that

1Bolly < Kp|AGollx, Vo€ D(AG). (3.1)

The proof is divided into two major parts, one analyzing the admissibility
properties (1.13), and the other one the observability properties (1.15).

3.1 Admissibility

Proof of Theorem 1.3: Admissibility. Assume that system (1.1)-(1.2) is admis-
sible. Then, from Theorem 2.2, (2.19) holds for some positive constants m and
M.

The admissibility properties (1.13) are the ones corresponding to the op-
erator Aonle, (n/he)- In view of Theorem 2.2, they are thus equivalent to the
existence of positive constants M, and m, such that

IBranlly < M2 ||(Aow — wI)zp ||} + m? [|z4l[7
Vz € D(A),Yw € [0,n/h°]. (3.2)

To prove inequality (3.2), a natural idea would have been to choose z =
w2y in (2.19). However, since we did not assume that 74 (V3) C D(Ap), this
cannot be done. For instance, in the case of P1 finite elements for Ay the
Laplace operator (say on (0,1)) with Dirichlet boundary conditions, we have
7 (V) ND(Ap) = {0}. Actually, even if we assume 7, (V) C D(Ap), for zp, lying
in a filtered class, it is not clear that the quantities ||Agp2n||, and |[Aomhzn|| x
are close.

Therefore, in the sequel, we fix h > 0, w € [0,n/h°], and z, € Cyn(n/h7),
where 7 is an arbitrary positive number independent of h > 0. We then define
Zp € X by the relation

AOZ}L = WhAOhZh = ﬂ'hﬂ';;Aoﬂ'hZh. (33)

Note that (3.3) defines Z, properly, since Ay is invertible.
Besides, Z, € D(Ayp), since AgZp, belongs to X by (3.3). It follows that
(2.17) applies and gives

IBZn|3 < M2 ||(Ag — wI) Zn| % +m? || Zn]|% - (3.4)

Below, we will deduce (3.2) from (3.4), by comparing each term carefully.
From the definition (3.3) of Z,, we have

(Ag —w)Zp, = mp(Aon — w)zn +w(mhzn — Zn). (3.5)

We thus estimate Zp, — mpzp. Using (1.6) and (3.3), for all ¢ € D(Ap), we have:

< Zn, Ao >x=< Ao Zp, ¢ >x=< mpAonzn, ¢ >x

=< T AoThzn, @ >x=< Aé/27rhzh,A(1)/27rh7r,*L¢ >x . (3.6)
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In particular, this implies that
1/2 1/2
< (Zn —mhzn), Ao >x = < Zp,Avp >x — < Ay ‘Tz, Ay 0 >x
= < A(l)/z’l'rhzh,A(l)/Q(’/Th’]T; — I)¢ >x .

Using (1.9) and the invertibility of A, we obtain

|Zn — mhanllx = sup { < (Zp —7mhzn), Ao >x }
$€D(Ao),
Aol x =1
< HAé/Qwhzh sup HA(l)/Q(ﬂ'h?T;; — I)QSH
X peD(Ao), X
Aol x =1

IN

Cohe HA(1)/271'}LZ;L
X

Besides, for any v € [0, 1], in view of (1.9), interpolation properties yield
HA(l)/Q(ﬂ—hﬂ—;; - I)d)HX S Cohe(li’y) HA(1)_7/2¢HX , V(b c /D(fl(l)—’y/Q)7
and thus, as above,

HAg/Q(Zh — Tthh)HX = SU.lp 1o {< Ag/g(Zh — TI'hZh), A(l)_’Y/Q(ZS >X}
p€D(A, %),
575 =

< HAé/27thhH sup HAé/Q(’/ThTFZ ,[)qu
X pep(ay/?), X
[457"¢] =
s,

For v = 2k, we obtain

|A§(Z1 — mnzn) ||y < Coh?t=2%)

1/2
‘AO ThZh

X

Besides, using the definition (1.5) of Agp, one easily gets that
HA(IJZQ%H}I = HA(1)/27Th¢hHX, Von € V. (3.7)
It follows that

120 =zl < Coh || 532 |

(3.8)
IAE (Zy, — mhzn) || < Cohf(=20) ’A;,/fzhHh
In particular, this implies
1/2
[1Z0l1x = lznllal < Con || G224 | (3.9)
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and

11040 =) Zallxc = Il (Aon = w)20)lly| < Cowh | Agfzn . (3.10)
Using (3.1) and the estimate (3.8), we also obtain

|1BZully — IBrznlly | < KpCoh?t—29)

1/2
’AOh Zh

‘h. (3.11)

Using zp, € Cp(n/h?) and w € [0,1/h°], we deduce from (3.8)-(3.10)-(3.11)
that

1Z0llx < Nzl + Coh® "2/ llznll
1(A0 — w)Znllx < [I(Aon = w)zn)ll, + Con® 2R =37/2 |z,
1BZnlly = [[Branlly = KpCoy/qh?t=2977 ||z, .

This yields
1Znl3% < 2ll2nll7 + 20202~ ||z ]7
(Ao — w)Zul% < (Aon — w)z); + 2Con*h20 =37 ||z, 17,

1 —szKk)—0O
IBZyl3 = 3 1Brzally = K5CEnh* 07297 |zl

Plugging these estimates in (3.4), we obtain

S 1Buanl < 202 (Ao, — wD)an}
+ lznl, (2m2(1+ C3nh®=7) + 2M2CRiPh =3 4 KR CEnh20 2977,
In particular, with o as in (1.11), from (3.4) we deduce (3.2) with
M? =4M?, m?=4m*(1+ Cgn) + AM>C3n® + 2K3C3n,

uniformly with respect to h < 1.

This completes the proof of the first statement in Theorem 1.3. Also note
that, using Theorem 2.2, one can get explicit estimates on the constant Kt , in
(1.13). O

3.2 Observability

Proof of Theorem 1.3: Observability. Assume that system (1.1)-(1.2) is admis-
sible and exactly observable. Then, from Theorem 2.4, there exist positive
constants m and M such that (2.14) holds.

In view of Theorem 2.4, our goal is to prove that there exist positive constants
m, and M, such that for any h > 0, the following inequality holds:

Iznlls < M2|[(Aon — wl)za |} +m?2 | Branlly
Vz € D(A),Yw € [0,¢/h°]. (3.12)
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To prove inequality (3.12), as before, we fix h > 0, w € [0,¢/h?] and z;, €
Cr(e/h7), where € is a positive parameter independent of h > 0 that we will
choose later on, and we introduce the element Z; € X defined by (3.3). Again,
since AgZp belongs to X by (3.3), Z, € D(Ag). Then (2.18) applies and yields

M?[[(4o = wD) Zullx +m* | BZully > 1 Zll - (3.13)
Using zp, € Cr(e/h?) and w € [0, €/h%], we deduce from (3.8)-(3.10)-(3.11) that

1Zullx > llznll, — Coh®=/2\/e ||zl ,
(Ao — w)Znllx < (Aon — w)zn)l), + Coe®2RO737/2 ||z ]|, (3.14)
IBZully < |Buznlly + KpCoy/nh? =297/ 2], .

In particular, from (3.13), we deduce

lznll? (% — CReh®=7 — 2MPCRERH 7 — 22K eh® (1727
< 2M2||(Aon — wl)zplly +2m? || Buzny -
With ¢ as in (1.11), choosing € > 0 small enough such that
C2e + 2M2C2E 4 2m2C2K e — i
for all h <1, we get (3.12) with
M, =2M, m, =2m,

which completes the proof of Theorem 1.3.
Also remark that Theorem 2.5 provides explicit estimates on the constants
T* and k, in Theorem 2.4. O

Remark 3.1. In an earlier version of this work, we use the interpolation proper-
ties discussed in Theorem 2.5 to derive uniform admissibility and observability
properties for (1.7), the advantage being that w does not appear anymore in the
spectral conditions (2.17) and (2.18). However, when using these criteria, one
needs to estimate the difference

)

2 2
a2 - stz

which makes the results obtained this way less precise. Actually, using these
interpolation properties, we only managed to prove Theorem 1.3 with ¢ =
O min{2(1 — 2x),2/5} instead of (1.11).

The remark that our proof can also be used directly on the resolvent esti-
mates (2.7) and (2.14) is due to Miller [38].
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Remark 3.2. Similar results hold when the operator Ay only is nonnegative.
This can be done without restriction with the following argument.

The function z is solution of (1.1) if and only if z, = zexp(—it) is solution
of

0 = 2. (3.15)
The observation y in (1.2) now reads on (3.15) as y(t) = exp(it) Bz.(t).

Thus the admissibility and observability properties for (1.1)-(1.2) are equiv-
alent to the corresponding ones for (3.15). Also remark that A, = A + Id has
exactly the same domain as Ag, with equivalent norms, but now, A, is positive
definite.

Besides, when discretizing (3.15) using a finite element method, the dis-
cretized version of A, simply is A, = Aop + Idy,, and again, the admissibility
and observability properties for (1.7) and for

{ iz = (Ag + Id)zs, t>0,

. - ‘
{ S gy o B £2 01 yn(t) = " Brzan(t), t >0,

21 (0) = 2o0n € Vh,
are equivalent.
Note that this argument can also be applied to deal with self-adjoint opera-
tors Ag that are only bounded from below in the sense of quadratic forms.

4 Examples of applications

This section is dedicated to present some applications to Theorem 1.3, and to
compare our results with the existing ones in the literature.

4.1 The 1-d case

Let us consider the classical 1d Schrodinger equation:

i0,z + 02,2 =0, (t,z) € R x (0,1),
z(t,0) = 2(t,1) =0, teR, (4.1)
2(0,z) = zo(x), xz € (0,1).

For (a,b) a subset of (0,1), we observe system (4.1) through

y(t,z) = 2(t, )X (a,p) (), (4.2)

where X (4,5 is the characteristic function of (a,b).

This models indeed enters in the abstract framework considered in this arti-
cle, by setting Ag = —92, with Dirichlet boundary conditions, and B = X (a,b)-
Indeed, Ag is a self-adjoint positive definite operator with compact resolvent
in L?(0,1) and of domain H?(0,1) N H(0,1). The operator B obviously is
continuous on L2(0,1) with values in L2?(0,1). The admissibility property for
(4.1)-(4.2) is then straightforward.
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The observability property for (4.1)-(4.2) is well-known to hold in any time
T > 0 in 1d. This can be seen for instance using multipliers techniques [33].

To construct the space V},, we use P1 finite elements. More precisely, for nj, €
N, set h = 1/(np +1) > 0 and define the points z; = jh for j € {0,--- ,np+1}.
We define the basis functions

P
ejw) = [1- z = 2] h%'} , Vie{l - m).
Now, V}, = C™, and the embedding 7, simply is
Vi =C"  —  L2%(0,1)

21
29 np

Zp = . — ﬂ'hzh E z]ej
Znp

Usually, the resulting schemes are written as

{ iMhZh(t) + KhZh(t) =0, teR,

21(0) = zon, yn(t) = Bmpzp(t), teER, (4.3)

where M), and K}, are nj, x nj, matrices defined by (My); ; fo i ) dx

and (Kp);; = fo dyei(x)0ye;(z) dx. Note that, since M, is a Gram matnx
associated to a basis, it is invertible, self-adjoint and positive definite, and thus
the following defines a scalar product:

< Bhy U >n= G5 Mpton, (dn,vn) € Vi (4.4)

Besides, from the definition of M}, one easily checks that

1
< byt Sn= / (@) @) () () dz,  ¥(n,n) € V2,
0

as presented in the introduction.
Similarly, one obtains that, for all (¢p, ) € V2,

oh Kby = o5 My M, Kpaby, =< ¢, My, ' Kb, >n= o5 Kn M, ' My,

1
=< Mh_lthﬁh,i/Jh >h:/ ax(ﬂh¢h)(x)am(7rhwh)(x) dz,
0

In other words, the operator M, 'K}, coincides with the operator Aoy, of our
framework. Note that this operator indeed is self-adjoint, as expected, but with
respect to the scalar product (4.4) and not with the usual hilbertian norm of
Cnn.

It is by now a common feature of finite element techniques (see for instance
[46]) that, in this case, estimates (1.9) hold for § = 1. We can thus apply
Theorem 1.3 to systems (4.3):
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Theorem 4.1. There exist € > 0, a time T* and a constant k. such that for
any h > 0, any solution z, of (4.3) with initial data zo, € Cp(e/h?/?) satisfies
(1.15).

This result is to be compared with the ones in [44, 30]: In [44], it is proved
that, for the finite difference approximation schemes of the 1d beam equation
observed on a subset of (0,1), uniform observability properties hold without
filtering. However, as mentioned in [30], when considering boundary observation
(which does not fit our setting), observability properties hold uniformly only in
the filtered classes Cp,(a/h?) for a < 4. Though not stated in [44, 30], the same
results hold for 1d space semi-discrete Schrodinger equation when discretizing
on uniform meshes, thus providing better results than our approach.

Though, as we will see hereafter, we can tackle more general cases, even in
1d, for instance taking sequence of nonuniform meshes.

4.2 More general cases

Let us mention that our results also apply in more intricate cases. Let €2 be a
smooth bounded domain of RY for N € N*, and consider

10z + divy(o(x)Vez) = V(x)z, (t,2) e RxQ,
z(t,xz) =0, (t,x) € R x 09, (4.5)
2(0,z) = zo(x), x €,

where ¢ is a C! positive real valued function on Q, and V is a real-valued
nonnegative bounded function in 2. This indeed enters in the abstract setting of
(1.1) by setting Ag = —divy(o(z)V,-)+V (z) with Dirichlet boundary condition,
which is a self-adjoint positive definite operator with compact resolvent in L?(£2)
and of domain H?(Q) N H ().

Let w be an open subdomain of {2 and consider the observation operator

y(t,x) = xw(x)z(t,z), teR. (4.6)

Assume that system (4.5)-(4.6) is exactly observable.

To guarantee this property to hold, one can assume for instance that the
Geometric Control Condition (see [29, 3]) is satisfied. This condition, roughly
speaking, asserts the existence of a time T™ such that all the rays of Geometric
Optics enters in the observation domain in a time smaller than 7*.

But, in fact, the Schrédinger equation behaves slightly better than a wave
equation from the observability point of view because of the infinite velocity of
propagation [6, 29, 36]. The Geometric Control Condition is sufficient but not
always necessary. For instance, in [25], it has been proved that when the domain
Q) is a square, for any non-empty bounded open subset w, the observability
property (1.4) holds for system (1.1). Other geometries have been also dealt
with, see for instance [5, 1, 6, 49].

We consider P1 finite elements on meshes 7;,. We furthermore assume that
the meshes 7;, of the domain 2 are regular in the sense of [46, Section 5].
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Roughly speaking, this assumption imposes that the polyhedra in (7) are not
too flat:

Definition 4.2. Let 7 = Uge7 K be a mesh of a bounded domain 2. For each
polyhedron K € 7, we define h as the diameter of K and px as the maximum
diameter of the spheres S C K. We then define the regularity of 7 as

Res(7) = s {355}

A sequence of meshes (7})r>0 is said to be uniformly regular if

sup Reg(7y,) < 0.
h

In this case, see [46, Section 5], estimates (1.9) again hold for # = 1, and
Theorem 1.3 implies:

Theorem 4.3. Assume that system (4.5)-(4.6) is exactly observable. Given
a sequence of meshes (Tp)p>0 which is uniformly regular, there exist € > 0, a
time T and a constant k. such that for any h > 0, any solution z, of the P1
finite element approximation scheme of (4.5) corresponding to the mesh Ty, with
initial data zon € Ch(e/h?/3) satisfies (1.15).

To our knowledge, this is the first time that observability properties for
space semi-discretizations of (4.5) are derived in such generality. In particular,
we emphasize that the only non-trivial assumption we used is (1.9), which is
needed anyway to guarantee the convergence of the numerical schemes under
consideration.

5 Fully discrete approximation schemes

This section is based on the article [12], which studied observability properties of
time discrete conservative linear systems. As said in [12, Section 5], this study
can be combined with observability results on space semi-discrete systems to
deduce observability properties for fully discrete systems. Below, we present
some applications of the results in [12].

Let us consider time discretizations of (1.7) which takes the form

k+1 k
zh+ =Tatnzn, keN, 22 = zon € Vi (5.1)

Here At > 0 denotes the time discretization parameter, and z’,ﬁ corresponds to
an approximation of the solution z, of (1.7) at time ¢, = kAt. The operator
Tatn : Vi, — V3 is an approximation of exp(—i(At)Aop).

To be more precise, we assume that there exists a smooth strictly increasing
function ¢ defined on an interval (—R,R) (with R € (0,00]) with values in
(—m, ), and such that

Tae,n = exp(—iC((At)Aon)). (5.2)
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In particular, this assumption implies that the operator Ta is unitary, and
then the solutions of (5.1) have constant norms. The parameter R corresponds
to a frequency limit R/At imposed by the time discretization method under
consideration. The fact that the range of ¢ is included in (—, ) reflects that
one cannot measure frequencies higher than 7/At in a mesh of size At. The
hypothesis on the strict monotonicity of { is a non-degeneracy condition on
the group velocity (see for instance [50] and [12, Remark 4.9]) of solutions of
(5.1) which is necessary to guarantee the propagation of solutions required for
observability properties to hold.
We also assume

limwzl

n—0 N ’
which guarantees the consistency of the time discrete schemes (5.1) with the
time continuous models (1.7).
Remark that these hypotheses are usually satisfied for conservative time-
discrete approximation schemes such as the midpoint discretization or the so-
called fourth order Gauss method (see for instance [18] or [12, Subsection 4.2]).

Then, from [12], we get:

Theorem 5.1. Let Ay be an unbounded self-adjoint positive definite operator
with compact resolvent on X, and B € £(D(Af),Y), with k < 1/2.

Assume that the maps (7p)n>o satisfy property (1.9). Set o as in (1.11).

Consider a time discrete approrimation scheme characterized by a function
¢ as above, and let § € (0, R).

Admissibility: Assume that system (1.1)-(1.2) is admissible.

Then, for any n > 0 and T > 0, there exists a positive constant K, s > 0
such that, for any h > 0 and At > 0, any solution of (5.1) with initial data

20n € Ch(n/ho) n Ch((S/At) (53)
satisfies
2
Aty |1Buzhlly < Krasllzonll - (5.4)
kAte[0,T]

Observability: Assume that system (1.1)-(1.2) is admissible and exactly
observable.

Then there exist € > 0, a time T and a positive constant k, > 0 such that,
for any h > 0 and At > 0, any solution of (5.1) with initial data

20n € Ch(e/ha) N Ch(é/At) (5.5)
satisfies
2
kllzonlly, <At > ||Buzflly - (5.6)
kAte[0,T]

Obviously, inequalities (5.4)-(5.6) are time discrete counterparts of (1.13)-
(1.15). Remark that, as in Theorem 1.3, a filtering condition is needed, but
which now depends on both time and space discretization parameters.
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Also remark that if (At)h~7 is small enough, then Cp(e/h7) N Ch(d/AL) =
Cr(e/h7). Roughly speaking, this indicates that under the CFL type condition
(At)h=7 < §/e, then system (5.1) behaves, with respect to the admissibility and
observability properties, similarly as the space semi-discrete equations (1.7).

6 Controllability properties

In this section, we present applications of Theorem 1.3 to controllability prop-
erties. In the sequel, we thus assume that the continuous system (1.1)-(1.2) is
admissible and exactly observable.

6.1 The continuous setting

We consider the following control problem: Given T > 0, for any yo € X, find
a control v € L?(0,T;Y) such that the solution y of

j=—idoy+ B o(t), te[0,T],  y(0)=y. (6.1)

satisfies
y(T) = 0. (6.2)

It is well-known (see for instance [31]) that the controllability issue in time
T for (6.1) is equivalent to the exact observability property for (1.1)-(1.2) in
time T'. Indeed, these two properties are dual, and this duality can be made
precise using the Hilbert Uniqueness Method (HUM in short), see [31].

Roughly speaking, the idea of HUM is to consider the set of all functions
v € L?(0,T;Y) such that the corresponding solution of (6.1) satisfies (6.2),
which we will call in the sequel admissible controls for (6.1), and to select the
one of minimal L2(0,7;Y) norm.

This control of minimal L?(0,7;Y’) norm for (6.1), which we will denote by
Unuar, 18 characterized through the minimizer of the functional J defined on X
by

1 [T 5
Ter) =5 [ NBO e+ R(< 10.20) ). (63

where R(-) denotes the real part and z is the solution of
z=—iAoz, t€]0,T], 2(T) = zr. (6.4)

Indeed, if 2% is the minimizer of J, then vy, (t) = Bz*(t), where z* is the
solution of (6.4) with initial data zJ..

Besides, the only admissible control v for (6.1) that can be written as v = Bz
for a solution z of (6.4) is the HUM control vy ,,. This characterization will be
used in the sequel.

Note that the observability property for (1.1)-(1.2) implies the strict convex-
ity and the coercivity of J and therefore guarantees the existence of a unique
minimizer for J.
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6.2 The space semi-discrete setting

We are in the setting of Theorem 1.3. Therefore there exists a time 7™ such
that (1.15) holds for any solution of (1.7) with initial data in the filtered space
Cr(e/h7).

Now, if we try to compute an approximation of the control v, ,,, a natural
idea consists in computing the discrete HUM controls for discrete versions of
(6.1), which provides a sequence of controls that shall converge to the HUM
control vy, for (6.1). However, this method may fail due to high-frequency
spurious waves created by the discretization process. We refer for instance to
[53] for a detailed presentation of this fact in the context of the 1d wave equation.
It is then natural to develop filtering techniques to overcome this difficulty. This
is precisely the object of several articles, see for instance [42, 52, 53, 41, 17], and
the methods presented below follow and adapt their approach.

We now fix T > T*.

Following the strategy of HUM, we will introduce the adjoint problem:

Zn = 7Z‘A0h2h, t e [O,T], Zh(T) = ZTh.- (65)

6.2.1 Method I

For any h > 0, we consider the following control problem: For any yon, € Vi
find v, € L?(0,T;Y) of minimal L?(0,7T;Y) such that the solution y; of

Un = —iAonyn + Bion(t), t€[0,T],  yn(0) = yon, (6.6)

satisfies
Puyn(T) =0, (6.7)

where P, is the orthogonal projection in Vj, on Cp(€e/h7).
To deal with this problem, we introduce the functional 7, defined for zr;, €

Cn(e/h7) by

1 T
Tn(zrn) = 7/0 IBrzn(®)2 dt +R(< yon, z(0) >1), (6.8)

2
where zj, is the solution of (6.5) with initial data zrp, € Cr(e/h%) .
For each h > 0, the functional J}, is strictly convex and coercive (see (1.15)),
and thus has a unique minimizer 2%, € Cj(¢/h?). Besides, we have:

Lemma 6.1. For all h > 0, let 2%, € Cr(e/h?) be the unique minimizer of Jp,

and denote by z;. the corresponding solution of (6.5).
Then the solution of (6.6) with v, = Byz}, satisfies (6.7).

Sketch of the proof. We present briefly the proof, which is standard (see for
instance [31]).
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On one hand, multiplying (6.6) by z, solution of (6.5) with initial data zrp,
we get that, for all zpp € Vp,

T
/ < vp(t), Bpzn(t) >y dt+ < yon, 2n(0) >n — < yn(T), zn(T) >r=0. (6.9)
0

On the other hand, the Fréchet derivative of the functional 7}, at 2z}, yields:

T
%(/ < Bzj(t), Buan(t) >y dt) +R(< yon, 20(0) >1) =0,
0
Yzrn € Ch(e/hg). (610)

Therefore, setting v, = By}, taking the real part of (6.9) and subtracting
it to (6.10), we obtain

R(< yn(T),zrn >n) =0, Varn € Cr(e/h7),
or, equivalently, (6.7). O

We then investigate the convergence of the discrete controls vy obtained in
Lemma 6.1.

Theorem 6.2. Assume that the the continuous system (1.1)-(1.2) is admissible
and ezactly observable, and that B € £(D(A§),Y) with k < 1/2. Also assume
that

Yx = {v €Y, such that B*v € X} (6.11)

is dense in'Y.
Let yo € X, and consider a sequence (Yor)n>o such that yopn belongs to Vi
for any h > 0 and
Thyon — Yo in X. (6.12)

Then the sequence (vp)p>o of discrete controls given by Lemma 6.1 converges
in L?(0,T;Y) to the HUM control vy, of (6.1).

Remark that, for yo € D(Ay), in view of (1.9), the sequence (yon)n = (75 yo)
converges to yo in X in the sense of (6.12). For yo € X, one can then find a
sequence (Yon)n>o satisfying (6.12) and yon, € Vj, for any h > 0 by using the
density of D(Ayp) into X.

The technical assumption Yy = Y on B is usually satisfied, and thus does
not limit the range of applications of Theorem 6.2. Also note that when B is
bounded from X to Y, the space Yx coincides with Y and this condition is then
automatically satisfied.

Proof. The proof is divided into several parts: First, we prove that the sequence
(vr)n>0 is bounded in L?(0,T;Y). Then, we show that any weak accumulation
point v of (vp)pso is an admissible control for (6.1). We then prove that v
coincides with the HUM control vy, of (6.1), which also proves that there is
only one accumulation point for the sequence (vp,). Finally, we prove the strong
convergence of the sequence (vy) t0 v = vy, in L2(0,T;Y).
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The discrete controls are bounded Using that 27, minimizes J, we ob-
viously have that J;, (%) < Jn(0) = 0, and therefore

T
/ 1Brzi; (D15 dt < =2R(< yon, 21,(0) >1) < 2 |mayonllx 127 (0)]], -
0

Since T has been chosen such that the observability inequality (1.15) holds for
any solution of (1.7) -or equivalently (6.5)- with initial data in Cy(e/h”) with a
constant k, independent of h, we get the following two inequalities:

T
* * 2 4 2
k21 (Ol < 2 llmnyonllx - /0 1Brzn(®)lly dt < = lmnyonlly - (6.13)

Since v, = Bpzj, and the sequence (Thyon) is convergent in X, we deduce
from (6.13) that the sequence (vj)n>0 is bounded in L?(0,7;Y). Therefore we
can extract subsequences such that the sequence (vy)pso weakly converges in
L?(0,T;Y). From now on, we assume that

v, — v in L*(0,T;Y). (6.14)

The weak accumulation point v is an admissible control for (6.1) Us-
ing the same duality as in (6.9), v is an admissible control for (6.1) if and only
if for any solution z of (6.4), we have

T
§R</O < o(t), B2(t) >y dt) +R(< 4o, 2(0) >x) = 0. (6.15)

Since we already get from (6.10) that any solution of (6.5) with initial data
zrn € Ch(e/h”) satisfies

T
%(/0 < ’Uh(t), thh(t) >y dt) + %(< Yoh, Zh(O) >h) =0, (6.16)

the proof of (6.15) is based on the convergence of the solutions of (6.5) to the
solutions of (6.4):

Lemma 6.3. [46, Chapter 8] Assume that zr € D(Ay), and consider a sequence
(Thzrh)h>0 which weakly converges to zr in D(A(l)/Q).

Then the sequence of solutions (zp)n>o of (6.5) with initial data zrp, con-
verges to the solution z of (6.4) with initial data zr in the following sense:

Thzn — 2z in C([0,T]; X)),

6.17
Thzp — Z In LOO(O,T;D(A%/Z)) w — *. (6-17)

Strictly speaking, the proof in [46] is dealing with the convergence of wave
type equations, but it can be easily adapted to our case.
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Therefore, taking zr € D(Ayp), we only have to choose zr, € Cp(e/h?) such
that (mpzrh) — 27 in D(Aéﬂ). This can be done by choosing
ZTh = P}ﬂr;;ZT.
Indeed, with this choice, we have

Imhern —2rllx < (P — Dmperlly, + (mamy, — Derl x

ho/2 0 10
< 2 ||AM 2 H L
< e ||k, + e = Darl

ho’/2
N

B2 11 1 _— *
< e ([ + A i~ e ) i~ Dl

and therefore the strong convergence of (7 zrp)p>0 to zr in X follows from
(1.9). Besides, using (3.7), we have that

< HA(lJ/QWhWZzTHX + [(mnmy, — Dzl

1/2 1/2
HAO/ (Thern — 7Th7T;;ZT)HX = HAO/ 7 (P, — Idvh)ﬂ';:zTHX
Ao, < e, < ],

Combined with (1.9), this indicates that the sequence (mpz7h)n>0 is bounded
in D(Aé/Q). Since it converges strongly to zr in X, the sequence (7pz7h)n>0
converges weakly to zp in D(A(l)/ %).

Applying Lemma 6.3 to this particular sequence (z7p)n>0, the correspond-
ing sequence (zp)p>o of solutions of (6.5) satisfies (6.17), and for all A > 0,
zrn € Cr(e/h?). In particular, the convergences (6.17) imply that the sequence
(Thzn)n>0 converges strongly to z in C'([0,T]; D(Af)).

Thus, for zr € D(Ap), passing to the limit when h — 0 in (6.16), we obtain
that (6.15) holds for solutions of (6.4) for any initial data zp € D(Ag). By
density of D(Ap) in X, we obtain that (6.15) actually holds for any solutions of
(6.4) with any initial data zp € X, and thus v is an admissible control for (6.1).

The weak limit v is the HUM control of (6.1) Here we use that the HUM
control vy, is the only admissible control that can be written as Bz(t) for a
solution z of (6.4). Since for all h > 0, vy (t) = Bmpz;(t), a natural candidate
for z is the limit (in a sense we will make precise below) of the sequence zj;.

Here again, we will use a classical lemma on the convergence of the finite
element approximation schemes:

Lemma 6.4. [/6, Chapter 8] Let zr be in X, and consider a sequence (z2rhn)n>0
of elements of Vi, which weakly converges to zr in X, in the sense that (mpzrp) —
zr in X.
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Then the sequence of solutions zp, of (6.5) with initial data zry weakly con-
verges in L*(0,T; X) to the solution z of (6.4) with initial data zr. Besides,
for all time t € [0,T], the sequence (mhzp(t))n>0 weakly converges in X to z(t).

Lemma 6.4 obviously is a refined version of Lemma 6.3. Actually, it can be
deduced directly from Lemma 6.3 by a duality argument.

We now apply Lemma 6.4 to 27, : Indeed, since system (6.5) is conservative,
estimate (6.13) implies that

lmn2znllx = N1z7nlln = 1125 (0)l,

is bounded, and thus, up to an extracting process, that the sequence (w525, )r>0
weakly converges to some 2z} in X.
It follows that
Tz — 2 in L*(0,T; X),
where Z* denotes the solution of (6.4) with initial data Z%. Using Yx =Y, we
thus obtain that
vp = Brpzi — BZ* in L*(0,T;Y).

Therefore we obtain that
Up =V = Vgpy  in L2(0,T;Y), Then — 2% =2* in L?(0,T; X), (6.18)

where z* is the solution of (6.4) with initial data 23 defined as the unique
minimizer of the functional J in (6.3).

Strong convergence Since the sequence (vp)pso weakly converges to v =
Vo in L2(0,T;Y), we only have to check the convergence of the L2(0,T;Y)
norms.

On one hand, applying (6.15) to z*, and recalling that v = vy, = Bz*, we
obtain

T
A\W@ﬁfﬁ+ﬁkymf®ﬁmdza

On the other hand, applying (6.16) to z,,, and recalling that v, = Bpz;, we
obtain

T
| 11+ < mgn, m157.0) ) =0
0

From Lemma 6.4, the sequence (7,2} (0)) weakly converges in X to z*(0). Since
the sequence (mpyon)r>0 is assumed to be strongly convergent in X to yg, we
get that

T 2 r 2
i [ on®l @t = [ 1ol
—0.Jo 0
and the strong convergence vy, — v = vy, in L2(0,T;Y) is proved. O
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6.2.2 Method II

It might seem hard to implement in practice an efficient algorithm to filter the

data. We therefore recall the works [17, 53] where an alternate process is given,

which uses a Tychonoff regularization of the functionals 7. Roughly speaking,

it consists in the addition of an extra term in the functionals J;, which makes

them coercive on the whole space V},, uniformly with respect to h. However, for
the proofs, we will require the more restrictive condition B € £(X,Y).

Let us introduce, for h > 0, the functional J,’, defined for z7), € V}, by
T o
I (zrn) = 1/O 1Bz (t)]5 dt + >

< AonZrh, 2TH >
2 2 Oh<Thy<Th ~h

+ R(< yon, 21(0) >p), (6.19)
where zj, is the solution of (6.5) and Z7y, is the solution of
(Idv, + h? Aon)Zrn = 27n. (6.20)

This equation simply consists in an elliptic regularization of zrj. The variational
formulation of (6.20) is given by

~ 1/2 ~ 1/2
< TpZrn, Thon >x +h7 < Ao/ 7ThZTh7A0/ Thon >x=< Th2Th, ThPh > X,
v¢h S Vh7

and thus Z7; can be computed directly. To simplify the presentation, it is
convenient to introduce the operator

~ —1
Ao = Aon (Idvh + h"AOh) , (6.21)

which satisfies
2

= N <1/2
< Aonzrn, 2rh >n=< AonZrhn, 2rHh >h= HAO{L ZThHha

and the following two properties:

Note in particular, that the operator h® Ay, is bounded on Vj, uniformly with
respect to h > 0. This guarantees uniform continuity properties for J,".

We now check that, for B € £(X,Y"), the functionals J; are strictly convex
and uniformly coercive on V},: Indeed, for z7 € V3, Theorem 1.3 implies that
any solution of (6.5) satisfies

IN

[6nllz s Vaon € Vi,

_ 2 s
h0/2A1/2 H >
o ¥n R 146

- 2
ha/ZAé{LQwhHh

, (6.22)
[¥nll,  Vion € Ch(8/h%)*, V6 >0.

T
kmﬂmﬂs/nm&mwiﬁ
0
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It follows that

T
/nm%@@dt
0

2

3 [ imma@ a [ m(e - 1w)a0]) @

v

kT 2 2 2
5 1Phzrnlly, = TIBllecx,yy [(Pn = Idvi )2rally,

(
kT 2 kr 2
> llzrnlly = (TUBIE ey + %) I (Pr = Tdv)zrall;

\%

kr\1+e€
2 T
zﬂmm—@wmmwg)e\

kT)1+e‘

2
h"/ZAl/z(Idvh Ph)zThHh

h0/2A1/2

\/
f
H
=
;~_
/N
E
E
B
><
~<
+

= ZThH
h
This proves the uniform coercivity of the functionals J;.
Thus, for each h > 0, J;* has a unique minimizer Z7, € V},, and the uniform
coercivity implies the existence of two constants C; and Cs independent of h > 0
such that, setting Z, the solution of (6.5) with initial data Zpp,

T
122015 < ca( [ UBZ0 e+

af2zn) < Gl

Besides, setting v, = B Zj, the solution y;, of (6.1) satisfies
yn(T) = —h" AonZrn = —h° Aoy Zrh.

In particular, if the sequence (7xyon)n>0 strongly converge to yo € X, the same

arguments as before, combined with the uniform coercivity of the functional

Jy, prove that the sequence (vp) converges to vy, strongly in L2(0,T;Y).
To sum up, the following statement holds:

Theorem 6.5. Assume that the continuous system (1.1)-(1.2) is admissible and
exactly observable, and that B € £(X,Y).

Let yo € X, and consider a sequence (Yon)n>o such that yop, belongs to Vi
for any h > 0 and (mhyon) — yo in X.

Then the sequence (vp)p>o of discrete controls given by vy, = BpZp, where
Zy, is the solution of (6.5) associated to the minimizer Zpy, of Ji (defined in
(6.19)), converges in L*(0,T;Y) to the HUM control vy of (6.1).

Remark 6.6. Similar results can be obtained for fully discrete approximation
schemes obtained by discretizing equations (1.7) in time. In this case, the proof
is based on the observability inequality (5.6) and on convergence results for the
fully discrete approximation schemes, which can be found for instance in [46].
We intentionally choose to present the proof in the simpler case of the time
continuous setting for simplifying the presentation.
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7 Stabilization properties

This section is mainly based on the articles [15, 13], in which stabilization prop-
erties are derived for abstract linear damped systems. In this section, we assume
Be £(X)Y).

7.1 The continuous setting

Consider the following damped Schiodinger type equations:
iz = Apz —iB*Bz, t>0, z(0) =z € X. (7.1)

The energy of solutions of (7.1), defined by E(t) = Hz(t)||§( /2, satisfies the

dissipation law

Cioy=— 1B, t>0 (72)

System (7.1) is said to be exponentially stable if there exist two positive
constants p and v such that

E(t) < pE(0) exp(—vt), t>0. (7.3)

It is by now classical (see [34, 20, 32]) that the exponential decay of the
energy of solutions of (7.1) is equivalent (here the operator B is bounded on X)
to the observability inequality (1.4) for solutions of (1.1)-(1.2).

7.2 The space semi-discrete setting

We now assume that system (1.1)-(1.2) is exactly observable in the sense of (1.4),
or, equivalently (see [34, 20, 32]), that system (7.1) is exponentially stable.
Then, combining Theorem 1.3 and [15], we get:

Theorem 7.1. Let Ay be a unbounded self-adjoint with compact resolvent in
X, and B be a bounded operator in £(X,Y). Assume that system (7.1) is
exponentially stable in the sense of (7.3). Also assume that the hypotheses of
Theorem 1.3 are satisfied, and set o as in (1.11).

Consider a sequence of operators (Vp)nso defined on Vi, such that for all
h > 0, Vy, is self-adjoint and positive definite. Also assume that for all h >
0, the operators Vy, and Py, (recall that Py, is the orthogonal projection in Vj,
on Cr(e/h?)) commute, and that there exist two positive constants ¢ and C
independent of h > 0 such that

ha/QH VhZhHh < CthHh’ Vzn ech(e/ha)>
(7.4)
h6/2 H thh

. >cllznll,, Van € Ch(e/h‘T)J‘7

where € is the one of Theorem 1.3 (Observability).
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Then the space semi-discrete systems
= thzh — iB;thh — ih”l}hzh, t>0, Zh(()) = Zoh € Vh, (75)

are exponentially stable, uniformly with respect to the space discretization pa-
rameter h > 0: there exist two positive constants py and vy independent of h > 0
such that for any h > 0, any solution z, of (7.5) satisfies

Iz @l < 1o 120 (0)]), exp(=vot), ¢ > 0. (7.6)

Note that, since we assumed B bounded on X, x = 0 in Theorem 1.3, and
then o coincides with 26/3.

The conditions (7.4) on the viscosity operator, roughly speaking, say that the
operator h?Vy, is negligible for frequencies smaller than €¢/h? and is dominant
for frequencies higher than €¢/h?. In other words, the viscosity operator h?Vy,
modifies significantly the dynamical properties of system (7.5) only at high
frequencies.

In general, the viscosity operator is chosen as a function of Ay, for instance

as:
Aon

T T+ ho Ao,

In particular, note that the knowledge of € is not needed to prove (7.4) with
these choices. Here, the choice Vs, has the advantage that the operator h? Vs,
is bounded on the whole of V}, rather than only on Cp,(¢/h?). Remark that this
viscosity operator Vs, also coincides with the elliptic regularization operator
Agy, introduced in (6.20).

Remark 7.2. In [15], several time discrete approximation schemes are proposed
to guarantee uniform exponential decay properties for the energy of the time
semi-discrete schemes as a consequence of the exponential decay of the energy
of the time continuous system. Since the results of [15] also apply to families
of uniformly exponentially stable systems, one can apply them to fully discrete
approximation schemes of (7.1).

Vin = Aon, Von Vi, = h7Ag),.

8 Further comments

1. One of the interesting features of our approach is that it works in any
dimension and in a very general setting. To our knowledge, this is the first work
which proves in such a systematic way admissibility and observability properties
for space semi-discrete approximation schemes as a consequence of the ones of
the continuous setting.

2. A widely open question consists in finding the sharp filtering scale. We
think that the results in [8, 9], which prove the lack of observability for the 1d
wave equation in a highly heterogeneous media, might give some insights on the
best results we can expect on the filtering scale.
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3. Our methods and results require the observation operator B to be con-
tinuous on D(Af), with K < 1/2. However, in several relevant applications,
as for instance when dealing with the boundary observation of the Schrodinger
equation (see for instance [33, 30]), this is not the case. This question deserves
further work.

4. An interesting issue for Schrédinger type equations concerns their disper-
sive properties. To our knowledge, this question, which has been extensively
studied in the last decades (see for instance [26] and the references therein), has
been successfully addressed for numerical approximation schemes discretized
using finite difference (or finite elements) methods on uniform meshes in dimen-
sion 1 and 2, see [22, 21, 23]. We think that, similarly as for the observability
properties, one could use spectral conditions to derive uniform dispersive prop-
erties for space semi-discretizations of Schrodinger equations in a very general
setting, for instance by adapting Morawetz’s estimates (see [39]).

5. Following the same ideas as the ones presented here, one can derive ad-
missibility and observability results for space semi-discretizations of wave type
equations derived from the finite element method. This issue is currently inves-
tigated by the author and will be published elsewhere [11].
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