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Abstract

The goal of this article is to analyze control properties of parabolic
equations with a singular potential —u/|x|2, where p is a real number.
When p < (N —2)?/4, it was proved in [T9] that the equation can be con-
trolled to zero with a distributed control which surrounds the singularity.
In the present work, using Carleman estimates, we will prove that this
assumption is not necessary, and that we can control the equation from
any open subset as for the heat equation. Then we will study the case
uw>(N— 2)2/4, and prove that the situation changes completely: Indeed,
we will consider a sequence of regularized potentials p/(Jz|* + €?), and
prove that we cannot stabilize the corresponding systems uniformly with
respect to € > 0, due to the presence of explosive modes which concentrate
around the singularity.
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1 Introduction

Let N > 3 and consider a smooth bounded domain 2 C RY such that
0 € 2, and let w C (2 be a non-empty open set.
We are interested in the control and stabilization properties of the following
equation

Opu — Au — |x| —u=f, (z,t) € 2 x(0,T),
u(z,t) =0, z,t) € 00 x (0,T), (L.1)
U(JL‘,O) = ’U/Q(ZC), T e Q7

where ug € L%(). Here, f € L%((0,T); H=1(2)) is the control that we assume
to be null in Q\w, that is

Vo € DIAN\w), 6f=0 in L?((0,7); H*(Q)). (1.2)

First of all, let us briefly mention that the Cauchy problem with such singular
potential is not straightforward. Indeed, it has been proved that there is a
critical value pu*(N) = (N — 2)?/4 of p which determines the well-posedness of
. Actually, this problem is strongly related to the Hardy inequality:

Vu e HL(Q), u*(N)/ —dx</|Vu| dx, (1.3)

where p* (V) is the optimal constant. Note that equality in is not attained.

The first work [I] on the Cauchy problem was considering positive initial
data. In [I], it was proved that if u < p*(IN) and if the initial data wug is
positive, then equation has a global weak solution whereas if u > p*(IV),
then equation has no solution if ug > 0 and f > 0, even locally in time
(see also []).

Actually, the Cauchy problem properties for equation can be deduced
from generalizations of the Hardy inequality . Studying more precisely
(L3), it is proved in [20] that the Cauchy problem is well-posed in L?(2) for
any p < p*(N). A precise functional setting is given even in the special case

1= () (see [20]).

The objective of the present paper is twofold. First, when p < p*(N), we
will prove the null-controllability of with a control f € L%((0,T); L?(w)).
Second, we will show that when g > p*(N), there is no way to stabilize system
with a control supported in w in a reasonable sense when 0 ¢ ©.

The null-controllability problem reads as follows: Given any ug € L?(1),
find a function f € L?(w x (0,T)) such that the solution of (1.1 satisfies

u(z,T) =0, x e Q. (1.4)



The controllability issue was already discussed under the assumption p <
1*(N) in the recent work [I9], in the special case where w contains an annulus
centered in the singularity. The authors of [I9] need this assumption since
their proof strongly uses a decomposition in spherical harmonics which allows
to reduce the problem to the study of 1-d singular equations. J. Le Rousseau
mentioned an argument in [I9] to relax this strong geometric assumption into
these two conditions: w circles the singularity, and the exterior part of w contains
an annular set centered in the singularity. Even with this improvement, a non-
trivial geometric assumption on w is needed. Our purpose is to prove that we
can actually remove this assumption and consider any non-empty open subset
w of Q.

Theorem 1.1. Let p be a real number such that p < p*(N).

Given any non-empty open set w C K, for any T > 0 and ug € L*(S2), there
ezists a control f € L*((0,T) x w) such that the solution of satisfies (L.4)).
Besides, there exists a constant Cp such that

Hf”m((o,:r)xw) <Cr ||U0||L2(Q) . (1.5)

Following the by now classical HUM method ([16]), the controllability prop-
erty is equivalent to an observability inequality for the adjoint system

3tw—|—Aw—|—|xL2w:O, (z,t) € Q2 x (0,7),
w(z,t) =0, (z,t) € 902 x (0,7T), (1.6)
w(z, T) = wr(zx), z €.

More precisely, when p < p*(N), we need to prove that there exists a constant
C such that for all wr € L?(£2), the solution of (1.6) satisfies

/|w(x,0)\2 dx < C / lw(z,t)|* dx dt. (1.7)
Q

wx (0,T)

In order to prove ([1.7)), we will use a particular Carleman estimate, which
is by now a classical technique in control theory, see for instance [2 [0} 10} 111
12, 13, [14]. . . Indeed, the Carleman estimate we will derive later implies that for

any solution w of (|1.6)

// lw(z, t)]* dx dt < C // lw(z,t)[* dx dt, (1.8)

ax(L,2L) wx(0,T)

which directly implies inequality since t — |lw(t, .)||2LQ(Q) is increasing by
the Hardy inequality (L.3).

The Carleman estimate derived here is inspired by the works [5, [I7] on 1-
d degenerate heat equations, the recent paper [19] which is inspired from the
methods and results in [5], [I7] to obtain radial estimates, and the article [I3] on



the controllability of the heat equation in any dimension. As in [5] [1'7, 19, [I3],
the major difficulty is to choose a special weight function appearing in the
Carleman estimate. In [19], this has been done in the 1d case only, using
spherical harmonics to recover results in the multi-d case, but with an extra
geometric condition on the support of the control region. We thus adapt the
results in [19] to derive directly Carleman estimates without using a spherical
harmonics decomposition, in order to avoid the use of the geometric condition
needed in [19].

Let us briefly present the existing results concerning the observability prop-
erties of a parabolic equation with a potential V:

Oz +Az+Vz=0, (z,t) € Q x (0,T),
z(z,t) =0, (x,t) € 9Q x (0,T), (1.9)
2(T) = zr € L*(Q).

It has been proved in [I3] using Carleman estimates that, for potentials V €
L>(Q x (0,T)), such systems are observable in the sense of for any open
set w C Q. Later, in [I4], this result has been extended to the case V €
L>®((0,T); L*>N/3(Q)). To our knowledge, the case V € L>®((0,T); LN/?t¢(Q))
with € > 0 is still open. Note that our work presents a case in which the
potential V' = u/|z|? is not in LN/2(Q), and therefore none of these results
applies. In this context, it is worth mentioning the Work [15] which proves the
strong unique continuation property for system ) for a general potential
Ve LINtD/2(Q % (0,T)).

The second part of this work is devoted to the case p > p*(N). In this case,
the Cauchy problem is severely ill-posed as proved in [I] and [4]. Indeed, if ug
is positive and f = 0 in , there is complete instantaneous blow-up, which
makes impossible to define a reasonable solution. However, it does not answer
to the following stabilization problem:

Given ug € L?(Q), can we find a control f € L2((0 T) H_ (Q)) localized in
w such that there exists a solution u € L?((0,T); H} (2)) of ?

In other words, we ask whether it is possible or not to prevent from blow-
up phenomena by acting only on a subset. Before going further, note that if
u € L2((0,T); H}(Q)) satisfies with f € L2((0,T); H=1(Q)), then dyu €
L2((0,T); H-1(Q)), and therefore u € C([0,T]; L*(€)), and the equality u(0) =
Ug in makes sense.

Following the ideas of optimal control, for any uy € L?(f2), we consider the
functional

T (1, f) = // lu(t, 2)|? dx dt + = /Hf O o At (1.10)

Q><(O T)



defined on the set
C(ug) = {(u,f) e L2((0,T); HY(Q)) x L2((0,T); H~1(Q)) such that u
satisfies with f as in } (1.11)
We say that we can stabilize system if we can find a constant C' such that

Vug € L2(Q), inf  Ju (u, £) < C |luoll?s 0 - 1.12
uo Q) it o(u, ) < Cluollpz (1.12)

Of course, this property strongly depends on the set w where the stabilization
is effective. Especially, when 0 € w, holds (see Section [4] B1).

When 0 ¢ @, the situation is more intricate. Therefore we focus our study
on this particular case, and give a severe obstruction, in this case, to the stabi-
lization property .

More precisely, for € > 0, we approximate by the systems

I

6{11/—Au—m’u:f, (.’E,t)EQX((),T),
u(z,t) =0, (z,t) € 02 x (0,T), (1.13)
u(z,0) = uo(z), x € Q.

For these approximate problems, the Cauchy problem is well-posed. Therefore
we can consider the functionals

T
1 1
)= [[ Wworaxder s (10w a0

Qx(0,T) 0

where f € L?((0,T); H=1(£2)) is localized in w in the sense of (1.2)) and u is the
corresponding solution of (1.13]). We prove the following;:

Theorem 1.2. Assume that p > p*(N), and that 0 ¢ ©.
There is no constant C such that for all € > 0, and for all ug € L*(Q),

inf JE () < Clluoll32 (0 - 1.15
fe L0, T); H- () w(H) < OHL2(ﬂ) (1.15)
f asin

In particular, this result implies that the stabilization of is impossible
to attain through regularization processes when p > p* (V) and 0 ¢ @, and that
we cannot prevent the system from blowing up.

Let us briefly mention the related work [12], which presents a study of the
control properties of weakly blowing-up semi-linear heat equations, which deals
with a similar question as the one asked here. In particular, in [I2], examples of
systems are given for which blow up may occur in finite time, but this blow-up
can be controlled in any time for any initial data.



The structure of the paper is the following. In Section 2] we give the proof
of Theorem for p < p*(N), or, to be more precise, of inequality for
the solutions of the adjoint equation ‘ In Section |3] we prove that when
p > p*(N) we cannot uniformly stabilize system 7 in the sense of Theorem
In Section [d we add some comments.
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2 Null controllability in the case p < p*(N)

First of all, to simplify the presentation, we assume that 0 ¢ @, that can always
be done, taking if necessary a smaller set. We also assume that the unit ball
B(0,1) is included in ©Q and B(0,1) N@ is empty. This can always be done by
a scaling argument.

2.1 Carleman estimate

As said in the introduction, the main tool we use to address the observability
inequality is a Carleman estimate. However, since it is based on tedious
computations, we postpone the proofs of several technical lemmas in Subsection
23

The major problem when designing a Carleman estimate is the choice of a
smooth weight function o, which is in general assumed to be positive, and to
blow up as t goes to zero and as t goes to T'. Hence we are looking for a weight
function o that satisfies:

o(t,z) >0, (z,t)€Qx(0,T),
lim o(t,z) = lim o(t,x) = +o0, €. (2.1)
t—0t t—T—
More precisely, we propose the weight
1
o(t,z) = s0(t) (e2A sup ¥ _ §|1:|2 - e/\d}(r)) (2.2)

where s and A are positive parameters aimed at being large,

00 = (77— (23)

and 1 is a function satisfying

Y(x) =In(lz[), =z € B(0,1),
P(z) =0, x € 09, (2.4)
W(x) >0, r € Q\B(0,1),



and there exists an open set wg such that wy C w and § > 0 such that
|V (z)| > 4, r € Q\wo- (2.5)

The existence of such function % is not straightforward but can be easily deduced
from the construction given in [I3].

Indeed, there exists a smooth function which extends In(|z|) outside the ball,
which vanishes on the boundary, and with finitely many critical points, since
this property is generically true. Then it is sufficient to consider such a function,
and to move its critical points into wy without modifying the function in B(0, 1).
This can be done following the construction given in [13].

Note that the weight function o defined by indeed satisfies and is
smooth (at least in C*4((0,T) x Q)) when X is large enough.

To explain this choice for the weight function o, we point out that in the
ball B(0, 1), since v is negative, the weight function o behaves like

(1)(C — S Jol?)

when M\ is large. This corresponds precisely to the weight given in [I7] for
dealing with singular 1-d heat-type equation and in [I9] when dealing with the
observability around the singularity. On the contrary, outside the unit ball,
since v is positive, when A is large enough, the weight is very close to the one
used for the observability of the heat equation in [I3].

To simplify notations, let us denote by ¢ the function

o(x) = () (2.6)

by O the open set Q\(B(0,1) Uxg) and by O the open set Q\B(0,1).
We are now in position to state the Carleman estimate.

Theorem 2.1. There exist positive constants K and \g such that for A > Ao,
there exists so(A\) such that for all s > so, any w solution of (1.6) satisfies

2
A2 // Be =27 |vw|? dx dt + s // *20“"' dx dt

Ox(0,T) Qx(0,7T)
+ 53 // 032 |z|?|w|? dx dt + s>\ // 03¢ 27 |w|? dx dt
Qx(0,T) Ox(0,T)

< K(s/\2 / Ope™ 27 |vw|? dx dt

wo X (07T)

+s3)\4/ 03327 |wl|? dxdt). (2.7)

wo X (O,T)



Remark 2.2. Following the proof carefully, one can check that there exists a
constant s1(1)) > 0 such that the choice

so(A) = spe3rsuP Y

is convenient in Theorem .11

Remark 2.3. We stated the Carleman estimate (2.7) in the restrictive setting
that we need, but we can handle a source term. To be more precise, for any
w € D([0,T] x ), taking s and A large enough, the following holds:

2
sA2 // Be=27|Vw|? dx dt + s // *20|“’| dx dt

Ox(0,T) Qx(0,T)
+ 53 // 0327 |z?|w|? dx dt + s34 // 03327 |w|? dx dt
Qx(0,T) Ox(0,T)

* —2 |’U)|2
+s(u*(N) —p) fe GW dx dt
Qx(0,T)
. K( //

Qx(0,T)

oyw + Aw + —w‘ dx dt

+ s\ // Bpe™ 2% |[vw|? dx dt + s>\ / 03¢ ™27 |w|* dx dt).

wo X (0,T) wo X (0,T)

Proof. We present the main ideas and steps of the proof of Theorem [2.1] using
several technical Lemmas, that are proved later in Subsection [2.3]

Let us first remark that using the density the density of H}(2) in L2(€), if
estimate holds for any solution w of (1.6)) with initial data wr € H{(€2),
then also holds for any solution w of (1.6) with initial data wr € L?(£2)
We thus prove only for solutions of (1.6 with initial data in H}(Q).

Now, let us assume that w is a solution of for some initial data wr €
H}(Q), and define

z(t,x) = exp(—o(t, z))w(t, x), (2.8)

which obviously satisfies
2T)=2(0)=0 in H}(Q) (2.9)

due to the assumptions (2.1)) on o.
Then, plugging w = zexp(o(t,z)) in the equation (1.6)), we obtain that z
satisfies

Oz + Az + WZ+2VZ Vo + zAc

+z<8ta+|VU|2) =0, (,8)€Qx(0,T), (2.10)



with the boundary condition
z2=0, (z,t) €02 x(0,T). (2.11)

Let us define a smooth positive radial function a(z) = «(|x|) such that

1 1 3
a@)=0, lels3,  a@=r 23,
1 3 (2.12)
0<ar) < v, <<
Setting
Sz=Az+ u2z + z(@ta + |Vl )
|| (2.13)
Az=01z+2Vz-Vo + zAa(l + a),
one easily deduces from ([2.10) that
Sz+ Az = —azlAo, 15217 + || Az|]”> + 2 < Sz, Az >= |lazAd]?,

where ||-|| denotes the L?(€2 x (0,7)) norm and < -, - > the corresponding scalar
product. Especially, the quantity

I =<5z Az> f% |azAc]? (2.14)

is non positive.

Lemma 2.4. The following equality holds:

I=-2 // D?0(Vz,Vz) dx dt + // |0n2|? Opo ds dt

Qx(0,T) 00x(0,T)
1
- // |V2]2A0 o dx dt + 3 / |z|2A2c7<1 + a) dx dt
Qx(0,T) Qx(0,T)
1
+ // |z]*’Va - VA dx dt + 3 / |z|?Ac A dx dt
Qx(0,T) Qx(0,T)
1
= / |z|2(8t2t0+28t(|V0|2>) dx dt — 2 / |z|2D2J<VJ, w) dx dt
Qx(0,T) Qx(0,T)
1
+ // a|z\2Aa<8tU+ |V0\2) dx dt — 5 // o?|z|?|Ac)? dx dt
Qx(0,T) Qx(0,T)
2
+ i // Acradxdt—!—?,u // ||||3 -0, (2.15)
Qx(0,7) Qx(0,7)

where 8, = 7i-V, i being the normal outward vector on the boundary, 0, = ﬁ-v
and ds denotes the trace of the Lebesgue measure on OS).



For the proof, see Subsection [2:3]

Now, we will decompose the term I in (2.15) into several terms that we
handle separately.

Let us define I; as the sum of the integrals linear in ¢ which do not have any
time derivative:

I, =-2 // D?0(Vz,Vz) dx dt + // 02| Opo ds dt

Qx(0,T) o0 x(0,T)

- // |V2|?Ac o dx dt + % / |z|2A20(1 + a) dx dt

Qx(0,T) QX(OT)

// |2|>Va - VAo dx dt + = // |z|2A0 A dx dt

Qx(0,T) Qx (0,T)

+pu // Aaadxdt—!—Q // z |380dxdt (2.16)

Qx(0,T) Qx(0,7)
Then we have the following estimate:

Lemma 2.5. There exist positive constants such that for X large enough, we

have:
I, > 2s // Tl dX dt + sN // Oa|vz|? dx dt
Qx(0,7) Qx(0,T)
+ Cs\? // 0¢|vz|? dx dt — Cys\? // 0¢|vz)? dx dt
Ox(0,T) wo X (0,T)
— Cys\* // 6|z dx dt — CysA\? / 0¢|z|? dx dt. (2.17)
0x(0,T) Ox(0,T)

Again, the proof is given in Subsection Note that the proof of Lemma
uses an improved form of the Hardy inequality (1.3]), which can be found
for instance in [18], namely:

Lemma 2.6. There exists a positive constant Cs > 0, such that

IZP

2

dx </|v:<:|2 dx+C5/ 2|* dx, 2 € Hy(Q).
Q Q
(2.18)

Ix\

Of course, this inequality also holds for p < p*(N).

10



We then consider the integrals involving non-linear terms in ¢ and without
any time derivative, that is

Ly =-2 / |z|2D20<V0, VJ) dx dt + // alz|?Ac|ve|? dx dt

Qx(0,T) Qx(0,T)
1
-3 // 2122 Aol dx.  (2.19)
Qx(0,T)
Then, with ¢ as in (2.2]), we obtain (see Subsection that

Lemma 2.7. There exist positive constants such that for A large enough, for
s> so(N),

Iy > Cgs® // 03|z)?|2|? dx dt + C7s3\? / 03¢>|2|? dx dt
Qx(0,T) Ox(0,T)
— Cgs®\* / 03¢%|2* dx dt. (2.20)
UJQX(O,T)

We finally estimate the terms involving the time derivatives in o:

- // 2 (%0 +20,(IvoP?)) dx ds

Q>< (0,T)

+ // alz|*Acdio dx dt.  (2.21)

Qx(0,T)

We also add to I, the integrals appearing in Lemma that we want to get rid
of and define

I, =1, — O3s\* // 0|z|* dx dt — CysA? // 0¢|z* dx dt. (2.22)
Qx(0,T) Ox(0,T)

Then we have to prove that I, is negligible with respect to the positive terms
in (Z17) and 220,

Lemma 2.8. For any X large enough, there exists so(\) such that for s > so(A),

2
1| <s // 9‘Z| dx dt+ / 03|z|?|2|* dx dt

Qx(0,T) Qx(0,T)
+ %si’w‘ / 03¢%|2* dx dt, (2.23)
Ox(0,T)

where Cg and C7 are as in (2.20)).

11



Using (2.14) and Lemmas and whose proofs are postponed to

Subsection [2.3] we obtain a Carleman estimate in the z variable. Undoing the
change of variable ([2.8]) provides the Carleman estimate (2.7)). O

2.2 From the Carleman estimate to the Observability in-
equality

In this Subsection, we explain why the Carleman estimate implies the
observability inequality .

We fix A > \g and s > sg()) such that holds. These parameters now
enter in the constant K :

// *2” dx dt < K // Ope 27| Vw|? dx dt

Qx(0,7T) wo X (0,T)
+ K // 03¢ e 2 |w|? dx dt. (2.24)
UJUX((),T)

One easily checks the existence of a constant C' such that

1 T 3T

—20 _~ -
0e o 2 C, (x,t)eﬂx[4, 4},

0pe® < Ce 7, (z,t) € wo x (0,7,

B3pde 2 < C, (x,t) € wp x (0,7).

Thus, (2.24]) implies

// |w|* dx dt < K // e 7| vw|? dx dt
Qx(T/4,3T/4)

on(O,T)
+ K // lw|?* dx dt. (2.25)

w0>< OT

Therefore to obtain inequality (1.8]), it is sufficient to prove the following
lemma:

Lemma 2.9 (Cacciopoli’s inequality). Let & : (0,7) x @ — R be a smooth
nonnegative function such that

a(t,z) — +oo ast — 0" and ast — T~ .

There exists a constant C' independent of p < pu*(N) such that any solution w

of (1.6) satisfies
// e 7|vw? dx dt < C // lw|? dx dt. (2.26)

wo % (0,T) wx(0,T)

12



The proof of this lemma is given for instance in [I9, Lemma IIL.3]. This
obviously implies by taking & = ¢ in Lemma since o satisfies .
It follows that inequality (|1.7)) holds as well and, by the classical HUM duality
([1€]), this proves Theorerr%

2.3 Proofs of technical Lemmas

Here we present the proofs of the technical Lemmas stated in Subsection [2.1}
This part can be skipped in a first lecture. In this subsection, all the constants
are positive and independent of A or s.

Proof of Lemma |2.4] To make the computations easier, we define

S1z = Az, Soz = #z, S3z = z(@ta + |VU|2)7

(2.27)
Az = 042, Asz =2Vz- Vo, Asz = ZAU(I + a),

and denotes by I;; the scalar product < S;, A; >. We will compute each term
using integration by parts and the boundary conditions (2.9) and (2.11)).
Computation of I11:

2
I, = / Az 8z dx dt = — // at(@) dx dt = 0, (2.28)

Qx(0,T) Qx(0,T)

where the last identity is justified by (2.9).

Computation of I15: Note that, since z vanishes on the boundary, its gradient
Vz on the boundary is normal to the boundary, and therefore Vz = 9,z 77, where
7 denotes the normal outward vector on the boundary.

Ilg = 2 / Az Vz-Vo dx dt
Qx(0,T)
= -2 // Vz-V(Vz~V0> dx dt +2 // |0n2|? 0 ds dt,
Qx(0,T) 0Qx(0,T)

Besides, one can check that
1
Vz-V (Vz . w) =5V (|Vz|2) Vo + D%*0(Vz,Vz).

It follows easily that

Iz = // |Vz|*Ao dx dt — 2 / D?0(V2,Vz) dx dt

Qx(0,T) Qx(0,T)

+ // |0n2|? 0o ds dt.  (2.29)

o0 x(0,T)

13



Computation of I13:

I3

/ Az on’(l + a) dx dt
Qx(0,T)

// Vz-V zAa 1+a>) dx dt.

Qx(0,7)

Thus we obtain

Iy = — / WzFAa(l +a) dx dt

Qx(0,T)
1
+5 / |z|2A2J(1 +a> dx dt + / 12|V - VAo dx dt
Qx(0,T) Qx(0,1)
1
+5 // |z]?Ac Aa dx dt.  (2.30)
Qx(0,T)
Computation of Io1: As in (2.28]), using (2.9)), one easily checks that
I, = 0. (2.31)

Computation of Iss:

Iy = // |z\ Vo dx dt
Qx(0,T)
= // T Ao dx dt +2p // z |330dxdt (2.32)
Qx(0,T) Qx(0,T)

Computation of Is3:

// Aa (1+a) dxat. (2.33)

Qx(0,7)

Computation of Is;:

L, = / 0u(12) (840 + |90 ?) ax dt
Q><(OT
= -3 / \z|20t 8t0+|V0|2) dx dt. (2.34)
Qx(0,T)

Computation of Isy:

I3 = // V(|z|2> -Vo(ata—i- |VU|2) dx dt.
)

Qx(0,T

14



It follows that

I = — / \z|2AJ(8tJ + \VU|2> dx dt

Qx(0,7T)
- // |Z|2VJ-V<8tU>—2/ |z|2D2J(V0,VU) dx dt.  (2.35)
Qx(0,T) Qx(0,T)

Computation of Is3:
I33 = // |z\2Aa(3tU + |VU|2) (1 + 04) dx dt. (2.36)
Qx(0,T)

Lemma [2.4] follows directly from these computations. O

Proof of Lemma[2.5 Since the integral I; is linear in o, we decompose o as
o = s0(t)e* PV 4 g2 (t,x) + oy(t, 1),

with
\xl2
og2(t,x) = —sO(t)— 5 oy(t,x) = —sO(t)p(z).

Note that the term s6 exp(2X sup 1) in o does not appear in the computations of
I}, since it is constant in the space variable, and each integral in (2.16)) involves
space derivatives.

We then define I; ;2 and I; 4 as the terms in I; corresponding respectively
to 0,2 and og.

First, we compute I; ;2. In this case, all the computations are explicit:

I 2 =25 // 0|vz|? dx dt — s / 0|0, 2|27 - 7t ds dt

Qx(0,T) oQx(0,T)
+ sN // Oa|vz|? dx dt — S5 // 0|z]*Acr dx dt
Qx(0,T) Q>< (0,7)
— suN // 9a—dxdt725 // d dt.
Qx(0,T) Qx(0,T)

Thus, from the Hardy improved inequality (2.18)), since 6 only depends on the
time variable ¢ and since « vanishes on B(0,1/2) by (2.12)), there exists a con-
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stant such that

2
I 2 > 2s //0 ?| dx dt + sN // Oa|vz|? dx dt

Qx(0,7) Qx(0,T)

s // 0|0, 2|2 - 7 ds dt — C’s/ 022 dx dt.  (2.37)

o0 x(0,T) Qx(0,T)

Second, let us consider I; 4. To simplify, we decompose this integral into the
integrals I; 4 1 in B(0,1) and I; 4 » outside B(0, 1).

In the unit ball, ¢(x) = || and then, all the computations are explicit.
Especially, ¢ is convex (at least for A > 1, which can be assumed since A is
aimed at being large), and therefore D2¢(¢,€) is a positive quadratic form in &,
and A¢ > 0. Besides, all the terms

A¢ 0,9

[z Ja?

A%p, VAS, A,
are bounded by C\*|z|*~* for A large enough (namely A > 4). Then
Lips > —Cs\ // ()21 dx dt. (2.38)

x(0,T)

Outside the unit ball, the computations are more intricate. First, let us
compute the first derivative of ¢ :

Vo= NGV, 02,6 = NoDZ 1 + N2 D Oy, (239
Aj = MM + A%wwl? '
Besides, due to the particular choice of 1, and especially (2.5)), one can get the
following estimates :

2D%6(&,€) + aldl¢ > OV, €eRM ze0,
2D%(¢, ) + anrglél| < ONGP,  £eRY, wew,
|A%] + [Ag] + Vo] +[0r0] + [VAG| < Cort, z €0,

for A large enough. Hence we deduce that

Iy > Cs\? // 09|V z)* dx dt — s\ / 00|0nz|> V1) - it ds dt
Ox(0,T) o0 x(0,T)

— Cs\?t // 0¢|z|? dx dt — sA? // 0¢|vz* dx dt. (2.40)

Ox(0,T) wox (0,T)

16



Taking A large enough, due to the properties and (2.5, the sum of
boundary terms in and in is positive. Indeed, fro and ,
Vi - it = —|Vip| < —0, and thus the choice A > diam(2)/d, where diam(f?) is
the diameter of €, is convenient.

Hence, combining (2.37), (2.38)) and (2.40) gives Lemma O

Proof of Lemma[2.7. Again, we handle separately the integrals I,,;; in the unit
ball and I,,;2 outside the unit ball. This is needed since the terms |z|? and ¢ of
o (see (2.2)) do not have the same order inside and outside the unit ball.
Notice that, in the unit ball,
Vo = —5933(1 + )\|x|)‘_2>,
(2.41)
Ao = fse(N FAN +A— 2)\x|H).

Hence we compute explicitly the terms appearing in the integrals for a radial
vector ¢ of RV, which is the case of Vo in the unit ball:

Al — 2D%0 (¢, €) = 50((2 — alN) ¢ + 2|2 ¢
+ AP HER (2 — A — 4 — a(N + 2))).
Thus we can take A large enough such that
-2 // |Z|2D20'(V0', Va) dx dt + // alz|?Ac|vo|? dx dt
B(0,1)x(0,T) B(0,1)x(0,T)

> Cs // 022|902 dx dt > s* // 0|2 2|? dx dt. (2.42)

B(0,1)x(0,T) B(0,1)x(0,T)
The last term in (2.19)) can be absorbed, since from ([2.41)), we have
|Ac|? < Cs20° A%,

Indeed, combined with the assumption (2.12) on the support of «, the last

integral in (2.19) satisfies

// ?|z2|Ac? dx dt < Cs*\? // 02|z|?|2|? dx dt.

B(0,1)x(0,T) B(0,1)x(0,T)

Then taking s large, for instance s > CA*, we can absorb the third term in
(2.19), and we obtain that

Iy > Cs® // 63|z|?|2|? dx dt. (2.43)

B(0,1)x(0,T)

17



Outside the unit ball, due to the particular choice of 1, and especially (2.5)),
and since [|o|| (o) < 2, as in [13] we remark that, for s and A large enough,

alAc|Vo|* —2D?*0(Vo, Vo) > CsP\6%¢, xeQ,
‘QAJ\VUF —2D?%¢(Vo, VO’)‘ < Os3A033, T € wo,

and

|Ac]? < Cs*M\0%¢?, z e Q.
Then, taking s large yields

Lys > Cs3)\? // 63¢3|2)? dx dt — Cs>\? // 0303 2)% dx dt.  (2.44)
Ox(0,T) wo x(0,T7)

Hence the proof of Lemma[2.7)is completed. O

Proof of Lemma[2.8. First notice that

‘90/ <o, lo|<cer, o] <o

Then, since a vanishes in B(0,1/2), bounding the integral in B(0,1) and o

using respectively (2.39)) and (2.41)),

} // alz|?Acd,o dx dt) < Cs?\2e2rsup ¥ // 03|z)?|2|? dx dt

Qx(0,T) B(0,1)x(0,T)
+ Cs?\2e2rsupy / 03¢|z|? dx dt.
Ox(0,T)
Similarly,
\// 1220, \w| dxdt‘<Cs2)\2 // 03|2)2|2)? dx dt
Qx(0,T) B(0,1)x(0,T)

+Cs2)\2/ 03¢%|2|* dx dt. (2.45)
Ox(0,T)

The remaining term

R= _% // 122020 dx dt — CzsA* // 0]z dx dt

Qx(0,T) x(0,T)
— OysA* // 0¢|z|* dx dt

Ox(0,T)
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satisfies for A large enough
‘R‘ < Ose?rsupy // 0°/3)2|% dx dt. (2.46)
Qx(0,T)

Let us then estimate this last integral. Take 3 a positive number that we will
choose later on. Then

/ 0°/3|2)? dx dt

Qx(0,T)

1
-/ (901al?/2[221%) (56°/9[al 2/%]211°) ax

Qx(0,T)

B3 3112112 2 |Z|2

Qx(0,T) Qx(0,T)

where we used the classical convexity inequality
1 2
ab < =a® + Zb%/2.
-3 3
Then we get three constants such that

17, S61(82)\2+82>\262>\supw+862>\supwﬂ3) / 63|2|2|2[2 dx dt

Qx(0,T)
+02<82)\262Asup¢ +52)\2) / 93¢3|Z‘2 dX dt
Ox(0,T)
2\ sup ¢ 1 |2
+ c3se e dx dt. (2.47)
Qx(0,7T)

Thus, for a given A > 0, choosing (8 such that
6362)\sup1/) — 53/27

there exists so(A) such that for any s > so()), inequality (2.23]) holds. O

3 Non uniform stabilization in the case p > p*(N)

The goal of this section is to prove Theorem [1.2} The proof is divided into two
main steps.
First, we prove some basic estimates on the spectrum of the operator

I
Lr=-n-—H 1
2]? + &2 (381)
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on ) with Dirichlet boundary conditions, especially on the first eigenvalue A§
and the corresponding eigenfunction ¢§. This will be done in Subsection [3.1]

Second, we deduce Theorem in Subsection by giving a lower bound
on the quantity Jq&;ﬁ that goes to infinity when € — 0.

3.1 Spectral estimates

Since for € > 0, the function 1/(|z|? + £2) is smooth and bounded in €, the
spectrum of L® is formed by a sequence of real eigenvalues A\j < Af < .- <
Ay < ---) with Af, — 4o00. The corresponding eigenvectors (bE are a basis of
L?(Q2), orthonormal with respect to the L? scalar product. We choose ¢% of
unit L?-norm.

In the sequel, we focus on the bottom of the spectrum -the most explosive
mode.

Proposition 3.1. Assume that > p*(N). Then we have that
Jim X = —oc. (3.2)

and for all a > 0,
o 186111 1 B0,09) = 0- (3.3)

Proof. We argue by contradiction, and assume that A\j is bounded from below
for a subsequence by a real number C. Then, from the Rayleigh formula we get

2
Ve > 0,Yu € H(Q), / _Jul® dx</|w\2 deC/\u|2 dx.
Q

fal? +2

Taking u € D(2), we pass to the limit ¢ — 0 and get

2
: :2 dx</ |Vu? dX—C/ lu|? dx, (3.4)

that must therefore hold for any u € H}(Q) by a density argument.
Now, there exists ap > 0 such that B(0,ap) C . We then choose u €
H}(B(0,a0)) that we extend by 0 on RY, and define for a > 1

N

ug(r) = a” ular).

These functions are in Hg(B(0, ap)), and therefore in H}(Q2), and we can apply

(3.4) to them:

2
a? u/ Jul® dx—/ |Vu|? dx) < —C/ lul? dx.
( a lz? Q ) Q

Passing to the limit a — co, we obtain that
1 |ul? 2
Yu € Hy(B(0, ap)), 7 5 dx < [ |[Vul” dx.
a |zl Q
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Therefore we should have that u < p*(IV), since this is the Hardy inequality
(1.3) in the set B(0, ap), and then we have a contradiction.

Now, consider the first eigenvector ¢ € HE () of Le:

£ /’1’ £ E |E :
- A¢0 - W% = ApPp, in Q. (3~5)

Remark that since the potential is smooth in €2, the function ¢§ is smooth by
classical elliptic estimates.

Set @« > 0. Let 1, be a nonnegative smooth function that vanishes in
B(0,/2) and equals 1 in RM\B(0,) with ||74]l, < 1. Multiplying
by n.9§, we get:

.
[ nalval a4 135 [ muloil = [ nar B a5 [ Anafaif? ax

Therefore, since ¢5 is of unit L2-norm, due to the particular choice of 7,, we
get

dp 1
B ANC R S JLON P

Since |A§| — oo when € — 0, we get that for any o > 0,

lim |p5)? dx = 0. (3.7)
=0 Jo\B(0,0)

Besides, still using (3.6|) and the particular form of 7,
12 4/“’ 1 12
96512 dx < (25 + 5 11 Aall e ) ) 6512 dx.
Q\B(0,a) @ O\ B(0,a/2)
Therefore the proof of (3.3]) is completed by using (3.7 for /2 instead of . [

3.2 Proof of Theorem [1.2]

Fix € > 0, and choose uf = ¢§, which is of unit L?>-norm. Our goal is to prove
that

inf Joe(f) — o0. (3.8)
fer’o,r;H t() 00
f asin

Let f € L%((0,T); H~1(Q)) as in (1.2)), and consider u the corresponding
solution of (1.13) with initial data u§ = ¢§.
Set

a(t) = /Qu(taff)ﬂf)(x) dx, b(t) =< f(t), 5 >m-1()xmi(Q) -
Then a(t) satisfies the equation

d'(t) + Asa(t) = b(t),  a(0) = 1.
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Duhamel’s formula gives

a(t) = exp(—Agt) +/0 exp(—Ag(t — s)) b(s) ds.

Therefore

// \utx|2dxdt>/ a(t)? dt

Qx(0,T)

> % /0 " exp(_22ct) di /0 ! ( / " exp(AS(t — 5))b() ds)2 dt. (3.9)

0

Of course,
1T E 1
5/0 exp(=2)) dt = 1 (exp(2|)\ IT) —1)

The other term satisfies

[ ([ erite— oo as)

T,
/ (/ exp(—2Ag(t — s)) /|b |2ds
0., 0
/0 | exp(2|Aglt) / b(s)|? ds

1
ex 2)\T/ 2 ds.
T PRI [ b0

IN

IA

IN

Besides, from the definition of b and the assumption (1.2, we get that

O < 11F O 710y 1517

Hence we deduce from (3.9) that

L (it 1) e, ) e 1 i Oy

475 4512 e
Qx(0,T)

Therefore, either

1
T |( M 1) < / lu(t, 2)[? dx dt
Qx(0,7)

or

1 2|)\E‘T H¢0HH1 2\ |T T 2
s (7 = 1) = NI Ol b
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and in any case, for any f as in (1.2]), we get

20817 _ 1 A§ 0
Ji(f) > infd S 2 |%| (l‘e_wOIT) '
s 16/ AN D511 (o)

This bound blows up when € — 0 from the estimates (3.2)). Indeed, since 0 ¢ ©,
we can choose o > 0 small enough such that w C Q\B(0, @) and therefore

1961l 1.0y < 19611 1.0 B0, 7, O- 0

4 Comments

In this article we proposed a study of a parabolic equation with an inverse-square
potential —u/|z|? from a control point of view, in the two cases u < p*(N),
which corresponds to a subcritical case, and p > p*(N), the surcritical case.

A. When p < p*(N), we have addressed the null-controllability problem for
a distributed control in an arbitrary open subset of ). To this end, we have
derived a new Carleman inequality inspired by the articles [19] and [13].

1. Our arguments can be adapted in much more general settings than pre-
sented here. For instance, one can handle several inverse-square singularities:

Hi .
atu Au ; mu = f7 (.’,L',t) €N x (071—‘)7 (41)
u(z,t) =0, (x,t) € 92 x (0,T),

where p; < p*(N) for each ¢ and f is localized in some open subset w C § in
the sense of (1.2]). In this case, the difficulty will again come from the choice of
the weight. Let us assume that the points x; satisfy the following properties

\xi - Z‘j‘ > 3, 1 75 j, d(xz,aQ) > 3.

Note that by a scaling argument, this can be assumed as soon as the set {z;};
does not have any accumulation point in Q, which is equivalent to say that they
are in finite numbers since €2 is bounded. In this case, we propose a weight of
the form

1
o(t,x) = 59(62)‘5“1“1’ ~3 Z |z — 22y (2 — ) — e)‘w(‘r)>7

2

where A and s are positive parameters, 6 is as in (2.3)), ¢ satisfies

Y(z) = In(Jz — 24)), x € B(xz;,1),
w(l“) = 07 T € 89,

W(x) >0, ze Q\( Ui Bz, 1)),
and (2.5, and v = vy(]z|) is a smooth cut-off function such that
(@) =1, x| <1, V(@) =0, |z =3/2.
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Using this weight and following the proof of Theorem [2.I] one can prove a
Carleman estimate for the adjoint system of (4.1)), which still directly implies
(1.8). However it may occur that the system (4.1)) is not dissipative (see [§]
where a necessary and sufficient condition is given for a multipolar potential to
be positive on R™), and therefore we need to explain why inequality is still
implied by . Following for instance [6, Lemma 2.1], one can prove that

F(t):/ﬂ|w(t,x)|2 dx

satisfies
F'(t) > —CF(t).

Thus a Gronwall inequality allows us to conclude (1.7)) from (1.8]).
2. Note also the dispersive properties (that is Strichartz estimates) of the
operators i0; + P and 93 + P, with

i
P=-A FEk
were studied in the whole space RY, N > 3, in [3]. In [3], it is proved that
Strichartz estimates hold for the Schrédinger and the wave equations provided
i < p*(N). This result was generalized to the critical case y = p*(N) and to
the multipolar case in [6]. To complete this picture, we mention [7], in which a
positive potential V' of order

log(|=])®

||
was constructed in such a way that there exist quasi-modes for P = —A +
V localized around the singularity. Note that in this case, the operator P
is strongly elliptic since V' is positive. To our knowledge, the controllability
properties for the wave or Schrodinger equations with an inverse-square potential
are widely open. Especially, it would be interesting to understand precisely the
behavior of the rays of Geometric Optics around the singularities.

B. When p > p*(N), we have shown that we cannot uniformly stabilize
regularized approximations of with a control supported in w when 0 ¢ @.

1. To complete this result, we comment the case 0 € w, for which the sta-
bilization property holds. Given ug € L?(9), we claim that we can find
we L2((0,T); HE () and f € L?((0,T); H~*(Q)) as in such that v is the
solution of and that J,,(u, f) < C ||u0||2Lg(Q) (see ((1.10)).

Indeed, denote by x a smooth function that equals 1 in a neighborhood of 0
and vanishing outside w. Then consider the solution u of

8tu—Au—(1—x)#u=0, (z,t) € Q x (0,7),
u(z,t) =0, z,t) € 9N x (0,7T),
u(z,0) = up(z), x € .
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which satisfies u € L2((0,T); H}(Q)), and Il 20,7512 (2)) < C'lluoll 2 for some
constant C. Then taking f = pxu/|z|> € L*((0,T); H~(Q)) provides an
admissible stabilizer with the required property .

The same argument can also be applied to derive the null-controllability
property for when 0 € w. Indeed, the results in [I3] proves that there
exists a control v € L?((0,T) x w) such that the solution of

Btu—Au—(l—X)ﬁu:v, (x,t) € Q x(0,T),
T

u(z,t) =0, z,t) € 00 x (0,T),
u(z, 0) = uo(z), x € Q.

satisfies u(T) = 0. Besides, the norms of vin L?((0,7) xw) and u in L?((0,7T); H (£2))
are bounded by the norm of ug in L?(Q2). Then, taking f = v + pux u/|z|* pro-
vides a control in L2((0,7); H=*(Q)) for that drives the solution to 0 in
time 7.

2. Since we proved that we cannot uniformly stabilize (1.13)) when 0 ¢ ©,
there is no uniform observability properties such as for the corresponding
adjoint regularized systems.
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