On the observability of time-discrete conserva-
tive linear systems

Sylvain Ervedoza, Chuang Zheng and Enrique Zuazua

Abstract. We consider various time discretization schemes of abstract con-
servative evolution equations of the form 2 = Az, where A is a skew-adjoint
operator. We analyze the problem of observability through an operator B.
More precisely, we assume that the pair (A, B) is exactly observable for the
continuous model, and we derive uniform observability inequalities for suit-
able time-discretization schemes within the class of conveniently filtered ini-
tial data. The method we use is mainly based on the resolvent estimate given
in [2]. We present some applications of our results to time-discrete schemes
for wave, Schrodinger and KdV equations and fully discrete approximation
schemes for wave equations.
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1. Introduction

Let X be a Hilbert space endowed with the norm ||| and let A : D(A) — X
be a skew-adjoint operator with compact resolvent. Let us consider the following
abstract system:

2(t) = Az(t), =z(0) = zo. (1.1)
Here and henceforth, a dot () denotes differentiation with respect to the time
t. The element zy € X is called the initial state, and z = z(t) is the state of
the system. Such systems are often used as models of vibrating systems (e.g., the
wave equation), electromagnetic phenomena (Maxwell’s equations) or in quantum
mechanics (Schrédinger’s equation).

Assume that Y is another Hilbert space equipped with the norm ||-||,,. We
denote by £(X,Y) the space of bounded linear operators from X to Y, endowed
with the classical operator norm. Let B € £(D(A),Y’) be an observation operator
and define the output function

y(t) = Bz(t). (1.2)

In order to give a sense to (|1.2), we make the assumption that B is an admissible
observation operator in the following sense (see [26]):

Definition 1.1. The operator B is an admissible observation operator for system
(1.1)-(L.2) if for every T' > 0 there exists a constant Kr > 0 such that

T
/HMW@ﬁSKﬁ%ﬁ, V 20 € D(A). (1.3)
0

Note that if B is bounded in X, i.e. if it can be extended such that B €
£(X,Y), then B is obviously an admissible observation operator. However, in
applications, this is often not the case, and the admissibility condition is then
a consequence of a suitable “hidden regularity” property of the solutions of the

evolution equation (|1.1)).
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The exact observability property of system (|1.1)-(1.2)) can be formulated as
follows:

Definition 1.2. System (1.1))-(1.2)) is exactly observable in time T if there exists
k7 > 0 such that

T
brlaoll < [ I dt, ¥ a0 € D) (1.0
0

Moreover, (|1.1)-(1.2) is said to be exactly observable if it is exactly observable in
some time 7" > 0.

Note that observability issues arise naturally when dealing with controllabil-
ity and stabilization properties of linear systems (see for instance the textbook
[15]). Indeed, controllability and observability are dual notions, and therefore each
statement concerning observability has its counterpart in controllability. In the
sequel, we mainly focus on the observability properties of —.

It was proved in [2] and [17] that system (L.I)-(1.2) is exactly observable if
and only if the following assertion holds:

There exist constants M, m > 0 such that
M?||(iwl — A)z||> + m? |Bz|)2 > |2, VY weR, zeDA).

This spectral condition can be viewed as a Hautus-type test, and generalizes the
classical Kalman rank condition, see for instance [25]. To be more precise, if
holds, then system — is exactly observable in any time T' > Ty = 7 M (see
7).

There is an extensive literature providing observability results for wave, plate,
Schrédinger and elasticity equations, among other models and by various methods
including microlocal analysis, multipliers and Fourier series, etc. Our goal in this
paper is to develop a theory allowing to get results for time-discrete systems as a
direct consequence of those corresponding to the time-continuous ones.

Let us first present a natural discretization of the continuous system. For any
At > 0, we denote by zF and y* respectively the approximations of the solution
z and the output function y of system (L.I)—(L.2) at time ¢, = kAt for k € Z.
Consider the following implicit midpoint time discretization of system :

(1.5)

ShHl _ ok SRl g ok
AL Lk ken,
At 2 o c (1.6)
20 given.
The output function of (1.6]) is given by
y* = B2k, keZ. (1.7)

Note that (L.6)—(L.7) is a discrete version of (L.1)~(L.2).

Taking into account that the spectrum of A is purely imaginary, it is easy to
show that szHX is conserved in the discrete time variable k € Z, i.e. szHX
||z Consequently the scheme under consideration is stable and its convergence

"l
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(in the classical sense of numerical analysis) is guaranteed in an appropriate func-
tional setting.

The uniform exact observability problem for system is formulated as
follows: To find a positive constant kr, independent of At, such that the solutions

2% of system (1.6)) satisfy:
2

[ P S ' (1.8)
ke(0,T/At)

for all initial data 2° in an appropriate class.

Clearly, (1.8) is a discrete version of (|1.4]).

Note that this type of observability inequalities appears naturally when deal-
ing with stabilization and controllability problems (see, for instance, [15], [25] and
[29]). For numerical approximation processes, it is important that these inequali-
ties hold uniformly with respect to the discretization parameter(s) (here At only)
to recover uniform stabilization properties or the convergence of discrete controls
to the continuous ones. We refer to the review article [29] and the references
therein for more precise statements. To our knowledge, there are very few results
addressing the observability issues for time semi-discrete schemes. We refer to [18],
where the uniform controllability of a fully discrete approximation scheme of the
1-d wave equation is analyzed, and to [27], where a time discretization of the wave
equation is analyzed using multiplier techniques. Especially, the results in [27] may
be viewed as a particular instance of the abstract models we address here.

In the sequel, we are interested in understanding under which assumptions
inequality holds uniformly on At. One expects to do it so that, when letting
At — 0, one recovers the observability property of the continuous model.

It can be done by means of a spectral filtering mechanism. More precisely,
since A is skew-adjoint with compact resolvent, its spectrum is discrete and o(A4) =
{ip; + 7 € N}, where (p;)jen is a sequence of real numbers. Set (®;);en an
orthonormal basis of eigenvectors of A associated to the eigenvalues (i) en,
that is:

Moreover, we define
Cs = span{®; : the corresponding ip; satisfies |p;] < s}. (1.10)

We will prove that inequality holds uniformly (with respect to At > 0)
in the class Cs/a; for any 6 > 0 and for T large enough, depending on the filtering
parameter 9.

This result will be obtained as a consequence of the following theorem:

Theorem 1.3. Let § > 0.
Assume that we have a family of vector spaces Xsne C X and a family of
unbounded operators (Aat, Bat) depending on the parameter At > 0 such that
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(H1) For each At > 0, the operator Aay is skew-adjoint on X5 ay, and the vector
space X5 a¢ 15 globally invariant by Aae. Moreover,

6
||AAtZHX < N ||Z||X7 Vz € Xs at, VAL > 0. (1.11)

(H2) There exists a positive constant Cp such that
HBAtZ”Y <Cp ”AAtZ”X s Vz € X&,At, VAt > 0. (1.12)
(H3) There exist two positive constants M and m such that
M?||(Aat — iwl)z|5 +m? | Baezy > |2k
Vz e Xsae U D(Aar),Vw € R, VAL > 0.

Then there exists a time Ts such that for all time T > Ty, there exists a constant
krs such that for At small enough, the solution of

(1.13)

k+1 k k+1 k
z -z z +z .
N :AAt<f)v m Xé,At, keZ,. (1.14)
with initial data 2° € Xs,nt satisfies
9 2
brs|| P <ot Y |Badt||,, Ve Xoan  (115)
ke(0,T/At)
Moreover, Ts can be taken to be such that
52\ 2 04q1/2
Ty :w[(1+z) M2+m201231—6} : (1.16)

where Cp is as in (2.1).

As we shall see in Theorem [2.1} taking Aa; = A, Bay = B and X5/a; =
Cs/at, Theorem provides an observability result within the class Cs/n; for
system (|1.6)-(1.7)), as a consequence of assumption ([1.5)) and since B € £(D(4),Y).

Theorem [1.3] is also useful to address observability issues for more general
time-discretization schemes of ([1.1])-(1.2]) than (1.6]). For instance, one can consider
time semi-discrete schemes of the form

AT = Tp 2", y" = Bz, (1.17)

where Tx; is a linear operator with the same eigenvectors as the operator A. We
will prove that, under some general assumptions on Ta;, inequality holds
uniformly on At for solutions of when the initial data are taken in the class
Cs/t, as we shall see in Theorem

We can also consider second order in time systems such as

i(t) + Aou(t) = 0,
u(0) = ug, u(0) = v,
where Ag is a positive self-adjoint operator. Of course, such systems can be writ-

ten in the same first-order form as (1.1f). However, there are time-discretization
schemes such as the Newmark method which cannot be put in the form (1.17).

(1.18)
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Hence we present a specific analysis of the Newmark method for ([1.18]), still based
on Theorem

One of the interesting applications of our results is that it allows us to de-
velop a two-step strategy to study the observability of fully discrete approximation
schemes of -. First, one uses the observability properties for space semi-
discrete approximation schemes, uniformly with respect to the space mesh-size
parameter, as it has already been done in many cases (see [3], [6], [7], [10], [19],
[20], [28] and [29] for more references). Second, from the results of this paper on
time discretizations, the uniform observability (with respect to both the time and
space mesh-sizes) for the fully discrete approximation schemes is derived. To our
knowledge, the observability issues for fully discrete approximation schemes have
been studied only in [I§], in the very particular case of the 1-d wave equation.
The results we present here can be applied to a much wider class of systems and
time-discretization schemes.

To complete our analysis of the discretizations of system —, we also
analyze admissibility properties for the time semi-discrete systems introduced
throughout this paper. They are useful when deriving controllability results out of
the observability ones. More precisely, it allows proving controllability results by
means of duality arguments combined with observability and admissibility results
(see for instance the textbook [I5] and the survey article [29]). In particular, we
prove that the admissibility inequality can be interpreted in terms of the
behavior of wave packets. From this wave packet estimate, we will deduce ad-
missibility inequalities for the time semi-discrete schemes. This part can be read
independently from the rest of the article.

The outline of this paper is as follows.

In Section [2| we prove Theorem from which we deduce the uniform ob-
servability property for system (1.6)-(L.7), assuming that the initial data are
taken in some subspace of filtered data Cs/; for arbitrary 6 > 0. Our proof of The-
orem is mainly based on the resolvent estimate , combined with standard
Fourier arguments adapted to the time-discrete setting. In Section |3, we show how
to apply Theorem to obtain similar results for time semi-discrete approxima-
tion schemes such as and the Newmark approximation schemes, for which
we prove that a uniform observability inequality holds as well, provided the initial
data belong to Cs;a¢. In Section EI, we give some applications to the observability
of some classical conservative equations, such as the Schrédinger equation or the
linearized KdV equation, etc. In Section [5], we give some applications of our main
results to fully discrete schemes for skew-adjoint systems as . In Section |§|,
we present admissibility results similar to for the time semi-discrete schemes
used along the article. We end the paper by stating some further comments and
open problems.
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2. The implicit mid-point scheme

In this section we show the uniform observability of system —, which
can be seen as a direct consequence of Theorem In other words, its proof is
a simplified version of the one of Theorem To avoid the duplication of the
process, we only give the proof of the latter one, which is more general.

Let us first introduce some notations and definitions.

The Hilbert space D(A) is endowed with the norm of the graph of A, which is
equivalent to ||A-|| since A has a compact resolvent. It follows that B € £(D(A),Y)
implies

|Blly < Ci | Azlly, Ve € D(A). (2.1)

We are now in position to claim the following theorem based on the resolvent

estimate (|1.5)):

Theorem 2.1. Assume that (A, B) satisfy and that B € £(D(A),Y).

Then, for any 6 > 0, there exist Ts and Aty > 0 such that for any T > Tj
and At € (0, Aty), there exists a positive constant kr s, independent of At, such
that the solution 2 of satisfies

2
ks |25 <ot Y HBZ’CHy, V20 € Cs/ - (2.2)
k€(0,T/At)

Moreover, Ty can be taken to be such that

Ty = W[M2(1 + %2)2 n mzc,%}%} V2

where Cp is as in (2.1).

Remark 2.2. If we filter at a scale smaller than At, for instance in the class
Cs/(aty~, With a < 1, then ¢ in vanishes as At tends to zero. In that case
the uniform observability time T, we obtain is Ty = wM, which coincides with
the time obtained by the resolvent estimate in the continuous setting (see
[17]). Note that, however, even in the continuous setting, in general wM is not the
optimal observability time.

: (2.3)

Proof of Theorem [2.1} Theorem [2.I] can be seen as a direct consequence of
Theorem [1.3] which will be proved below. Indeed, one can easily verify that (H1)-
(H3) hold by taking An; = A, Bar = B and Xs ar = Cs/ne- O

Before getting into the proof of Theorem[I.3] let us first introduce the discrete
Fourier transform at scale At, which is one of the main ingredients of the proof of
Theorem

Definition 2.3. Given any sequence (u*) € I2(AtZ), we define its Fourier transform
as:
a(r) = AtZuk exp(—iTkAt), TAt € (—m, 7. (2.4)
kez
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For any function v € L?(—m/At,7/At), we define the inverse Fourier transform
at scale At > 0:

At
2 1o

= — v(7)exp(iTkAt) dr, k€ Z. (2.5)
2m —7/ At
According to Definition 23]
G=u, 0=uv, (2.6)
and the Parseval identity holds
2i e a(r)? dr = At b (2.7)
TS/ keZ

These properties will be used in the sequel.

Proof of Theorem [I.3 The proof is split into three parts.

Step 1: Estimates in the class X5 a:. Let us take 2V e Xs.at- Then the
solution of ([1.14) has constant norm since Aa; is skew-adjoint (see (H1)). Indeed,

At
SRl (I+ 7 An

k k
z :—TAtZ,
IA;AN)

where the operator Ta; is obviously unitary.
Further, since

k k41
Z¥+z 1 1
GRS VP WY R S

2 2(+ at)e I—%Amz
we get that for any k,

2 2

1 2
=z 2 12 -
14+ (5)

as a consequence of ((1.11)) and the skew-adjointness assumption (H1) of Aa;.

ok 4 okl
2

zo—i—zl

X

(2.8)

[\)

Step 2: The resolvent estimate. Set y € H'(IR) and x* = x(kAt). Let gF =
x*zF, and

k+1 k

k+1 k
k_9  —9 gty
=% Am(72 ) (2.9)
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One can easily check that
o N R TIBVL B S
YAN 2 2 VAN
4 (Xk+1 T L B e Zk)
o 2 2 2 2
XL B gk R (A2 Skl _ Lk
- ( - Ae(w)
At 2 4 At
k+1 k 2 ko k+1
X —X)(I_(At) 2 )(z +z ) 9.10
( At 4 o 2 ' (2.10)

Especially, recalling (2.8]) and (1.11]), (2.10f) implies

7 = ) |
X At 2

1 (1 + i—z). (2.11)

In particular, f* € 12(AtZ; X).
Taking the Fourier transform of (2.9), for all 7 € (—w/At, 7/ At), we get

f(r) = At Z f¥ exp(—ikAtr)
kEZ
k+1 4 ok

= Atkezz (W - Am<%)) exp(—ikAtT)

_ Atz <exp(iAAttT) -1 AAt<exp(iA2tT) + 1))9,C exp(—ikAtLr)
kEZ

= (zé tan (%At)I - Am)g(T) exp (ZTTN) cos (TTN)
(2.12)

We claim the following Lemma:

Lemma 2.4. The solution (2*) in (1.14) satisfies

k k+1
2+ z
BN( 2 )

k+1 2

(ramary ()

kEZ

Y
k k
X+

: lalAtZ (%)2 — Aty (;t_x)ﬂ (2.13)

X keZ keZ

a; = (1 — %)7
1\ 0+ (At)?

ar = M2(1+ %)QerQC%(lJr E)Tﬁ RS0 1),

for any a >0 and B > 1, where Cg, M, m are as in (1.12)-(1.13).

zo—i—zl

>

with

(2.14)
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Proof of Lemma[24) Let
A A
Glr) = §(7) exp(iTTt) cos(TTt). (2.15)

By its definition and the fact that z* € Xs,at, it is obvious that G(7) € X5 a¢.

In view of (2.12)), applying the resolvent estimate (1.13]) to G(7), integrating
on 7 from —m /At to w/At, it holds

T/At 2 /At )
[ [ IBaG@) s
—m /At —n/At

LYZAN )
> [ 6@l @)
—m /At

Applying Parseval’s identity (2.7) to (2.16)), and noticing that

k k+1 k k+1
A g +g . g +g
Gh=9T9 e Gir)= (#)(T),

2

we get

2
TN I I8 IRy 3l PMCEC Ty
X 2
kEZ kez

Y
ko gk+1)2
9" +g
> At = 2.17
YY)y LAt L ERT
keZ
Now we estimate the three terms in (2.17)). The first term can be bounded
above in view of (2.11)).
Second, since
k+1 .k k41 ko k1 ok Akt ok okl ok
A S o A —i——X X"z z (2.18)

2 2 2 2 At 2 ’
using
a2 < (Lt a) ol + (14 2) 2,
we deduce that

gl 4+ gk>
2

2

<1+«

)(XkJrl +Xk)2
y 2

SRty ok 2
B“( 2 )
Y
1 (At)4 Xk+1_Xk 2 SR+l _ Lk
1+ 2) T ( ) [Ba(5)
+( ta) 16 At AT AL
YL xRy 2 SRl g ok 2
) e
Y
1\ 54 Xk+1_Xk 2|20 4 21
1+ )35 ( )
+( + )16 A 2

HBAt<

2

Y

§(1+a)(

2

R
(2.19)
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In (2.19) we use the fact that (recalling (1.11)) and (1.12))
ko k1 ko okl 2

2"+ z ) 5 (242 0°Cp

S L I PR
( v ot 2 < (A2
Finally, for any 8 > 1, recalling (2.8)), (1.11]) and (2.18)), we get
‘gk+1+gk 2 (lil)(XkHJer)z SRy ok 2
2 |y 3 2 2

- n(4 (L)

z0+21

BatAne 3

X

v

X

Skl Lk

2

2

X

IV
—
—
|
|
~——

vV
—

—

|
e e
~—
=
s

[N}
+
>
ES
~—
()
N
=}
+
N»—-

where we used 1
2 2 2
a1 > (1= 5) llall* ~ (8- 1) 181

Applying (2.11)), (2.19) and (2.20) to (2.17)), we complete the proof of Lemma
o

Step 3: The observability estimate. This step is aimed to derive the ob-
servability estimate stated in Theorem from Lemma with explicit
estimates on the optimal time Tj.

First of all, let us recall the following classical Lemma on Riemann sums:

Lemma 2.5. Let x(t) = ¢(t/T) with ¢ € H> N H(0,1), extended by zero outside
(0,T). Recalling that x* = x(kAt), the following estimates hold:

k k+1 2
X"+ X 2 :
|20 (F5) Tl | < 200t M6l 4] . g -
kEZ Xk+1 _ Xk 2 1 2 D) . . (221)
‘ kZEZ At T ¢ 2ol — T ¢ L2(0,1) ¢ L2(0,1)

Sketch of the proof of Lemma[2.5 It is easy to show that for all f = f(t) €
C1(0,T) and sequence 7 € [kAt, (k + 1)At], it holds

‘/OT f(t)ydt — At Z f(Tk)‘ < Z //[kAt7(k+1)At]2 |f(s)| ds dt

ke(0,T/At) ke(0,T/At)

IN

T
At/o |f] dt. (2.22)
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Replacing f by ¢? we get the first inequality (2.21). Similarly, replacing f by é2,
the second one can be proved too. ¢

Taking Lemma and [2.5| into account, the coefficient of ||(2% + zl)/2H§( in
tends to
1

(1~ 3)T 190
(a5 s Y
when At — 0.

Note that k75,3, is an increasing function of 7' tending to —oo when T' —
0" and to +o0o when T — oo. Let Tj 4.4, be the unique positive solution of
k1.s.0,8,6 = 0. Then, for any time T > T} o 8,4, choosing a positive kr s such that

kr.6,0,8,6 =

2
L2(0,1) }’

0 < krs <krsasde

there exists Atg > 0 such that for any At < Atg, the following holds:

2
zo+z1

<ot Y HBAtzkHi. (2.23)
X kE(0,T/At)

This combined with (2.8)) yields (1.15).

This construction yields the following estimate on the time Ty in Theorem
Namely, for any o > 0, § > 1 and smooth function ¢, compactly supported
in [0, 1]:

krs

H¢‘ B 11/2 6212 1\ §411/2
T < +— L2 [7} [M2(1+—) +m?C} (1+—)—} .
= il La—1 4 = a/ 16
We optimize in «, 5 and ¢ by choosing a = oo, f = oo and
[ sin(wt), te€(0,1)
o(t) = { 0, elsewhere, (2.24)
which is well-known to minimize the ratio
|41
191l 2

For this choice of ¢, this quotient equals 7, and thus we recover the estimate ((1.16)).
This completes the proof of Theorem [L.3] ¢

Theorem has many applications. Indeed, it roughly says that, for any
continuous conservative system, which is observable in finite time, there exists a
time semi-discretization which uniformly preserves the observability property in
finite time, provided the initial data are filtered at a scale 1/At. Later, using for-
mally some microlocal tools, we will explain why this filtering scale is the optimal
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one. Note that in Theorem 7.1 of [27] this scale was proved to be optimal for a
particular time-discretization scheme on the wave equation.

Besides, as we will see in Section 3] Theorem[I.3]is a key ingredient to address
observability issues.

3. General time-discrete schemes

3.1. General time-discrete schemes for first order systems

In this section, we deal with more general time-discretization schemes of the form
. We will show that, under some appropriate assumptions on the operator
T ¢, inequality holds uniformly on /At for solutions of when the initial
data are taken in the class Cs/a;-

More precisely, we assume that is conservative in the sense that there
exist real numbers A; ao¢ such that

TAt(I)]‘ = exp(i)\ijtAt)CI)j. (31)

Moreover, we assume that there is an explicit relation between \j o and p; (as in
(1.9)) of the following form:

1
>\j,At = E h(/J,jAt), (32)
where h : [—6,0] — [—m, 7] is a smooth strictly increasing function, i.e.
(W] < inf{h'(n), [n| <} >0. (3-3)

Roughly speaking, the first part of reflects the fact that one cannot mea-

sure frequencies higher than /At in a mesh of size At. The second part is a

non-degeneracy condition on the group velocity (see [21]) of solutions of

which is necessary to guarantee the propagation of solutions that is required for
observability to hold.
We also assume

h(n)

n
This guarantees the consistency of the time-discrete scheme with the continuous

model (1.1).

We have the following Theorem:

—1 as n—0. (3.4)

Theorem 3.1. Assume that (A, B) satisfy (L.5) and that B € £(D(A),Y).
Under assumptions (3.1)), (3.2)), (3.3) and (3.4)), for any 6§ > 0, there exists

a time T5 such that for all T > T, there exists a constant kr s > 0 such that for
all At small enough, any solution of (1.17) with initial value 2° € Cs/n¢ satisfies

krs| Xl <ot Y
ke(0,T/At)

2

ko k+1
B i) (3.5)

2

Y
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Besides, we have the following estimate on Ts:

7, < W[Mz(l (10w (012

+m2C% sup {2 tan (h(n))}2tan4 (h(;))] 1/2, (3.6)

[nj<s 7

where Cp is as in (2.1).

Proof. The main idea is to use Theorem n Hence we introduce an operator Aa;
such that the solution of ((1.17)) coincides with the solution of the linear system

Skl _ ok Sk k1 o

e G N, )
This can be done defining the action of the operator Aa; on each eigenfunction:
Ape®j = ikae(p;)®;, (3.8)

where hwA)

2 wAt
kat(w) = ~ tan ( 5 ) (3.9

Indeed, if

zZ0 = Z ajCIDj,
then the solution of (1.17)) can be written as
F =) ajé;exp(iNkAt) =) ajé; exp(ih(p; At)k)

and the definition of Aa; follows naturally.
Obviously, when the scheme (|1.17)) under consideration is the one of Section
that is (1.6]), the operator Aa; is precisely the operator A.

Then would be a straightforward consequence of Theorem if we
could prove the resolvent estimate for Ax;. We will see in the sequel that a weak
form of the resolvent estimate holds, and that this is actually sufficient to get
the desired observability inequality. In the sequel, ¢ is a given positive number,
determining the class of filtered data under consideration.

Step 1: A weak form of the resolvent estimate. By hypothesis (|1.5)),
M ||[(A —iw)z|% +m? |B2lly > |12[%» 2 € D(A), w € R. (3.10)
For z € C&/At, that is

2= > aid;, (3.11)
luj| <8/ At
one can easily check that

(A - i)l = Y a2 (g — )
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and
. 2 2 2
I(Ane = i)zl = lag 2 (ki) - )

Especially, for any w € R, this last estimate takes the form

(e~ ikad@)2l% = 3l (kad) — hacw))

with ka; as in (3.9). Thus, taking € > 0, it follows that for any w < (& + ¢)/At,

2
(Ane = ika@)als > (it { s @)I}) 1A = i)l
Hence, setting

d+e¢ . -1
QAL = km( " ), Cse = (mf{k’m(u}) D |wlAt < 6+6}) , (3.12)

which is finite in view of (3.3)), we get the following weak resolvent estimate:
2
c2_M? H (Am - z'w)zHX +m? |B2|2 > 2%, 2 €Csinn | < anie. (3.13)

Our purpose is now to show that this is enough to get the time-discrete observabil-
ity estimate. We emphasize that the main difference between (3.13) and (1.13]) is
that (1.13) is assumed to hold for all w € R while (3.13)) only holds for |w| < aaye.

Step 2: Improving the resolvent estimate (3.13). Here we prove that (3.13)) can be
extended to all w € R. Indeed, consider w such that |w| > aa.e and z € Cs/nt as

in (3.11)). Then

n—i)ele > 3 (haaln) —kar(SE5)) a2

|/ At

S (kar(zp) —raulF0))

g |<8/ At

e (5 (Ll ) 1

Using the explicit expression (3.9) of ka;, we get

v

. 2 3 2 . 7 2 2
— > — . .
(Ase i)l 2 (5;) 7 it (K m)?]e] (3.14)

Therefore, for each € > 0, in view of (3.3) and (3.12), there exists (At). > 0 such
that, for At < (At)e

2
2 M H (AN - iw)zHX +m?|Ba|2 > ||2|%, 2€Csnn, weR.  (3.15)
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Step 3: Application of Theorem [L.3} First, one easily checks from (3.8)-(3.9) that
At Apezllx <012l 5 » z € Cs/nts (3.16)

with & = 2tan(h(6)/2).
Second, we check that there exists a constant Cp s such that

|Bz|ly <CBhsllAaez| 2 € Cs/nts (3.17)
where Cp is as in (2.1). Indeed, for z € Cs5/ a4,

kA w
sl < sup {|E2 N gz
|w|At<S w

and therefore one can take
Cp,s = BsCp, (3.18)

= s {Zoan (M50}

which is finite from hypothesis and .

Third, the resolvent estimate holds.

Then Theorem [I.3] can be applied and proves the observability inequality
for the solutions of with initial data in Cs;a¢. Besides, we have the
following estimate on the observability time 75 :

where

54q1/2

i)

In the limit ¢ — 0, T5. converges to an observability time Ts. Besides, using the
explicit form of the constants 0575,5 and (s one gets . O

52\ 2
Ty, — 77[(1 T Z) M2C2_ +m>C3 32

3.2. The Newmark method for second order in time systems
In this subsection we investigate observability properties for time-discrete schemes
for the second order in time evolution equation .

Let H be a Hilbert space endowed with the norm ||-|| ;; and let Ay : D(Ap) —
H be a self-adjoint positive operator with compact resolvent. We consider the
initial value problem , which can be seen as a generic model for the free
vibrations of elastic structures such as strings, beams, membranes, plates or three-
dimensional elastic bodies.

The energy of (|1.18) is given by
2
. 1/2
B(t) = i)l + |45 *u)|| . (3.19)

which is constant in time.
We consider the output function

y(t) = Bru(t) + Bau(t), (3.20)
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where B; and B; are two observation operators satisfying By € £(D(Ay),Y) and
B, € £(D (Al/ %),Y). In other words, we assume that there exist two constants
Cp,1 and Cp 3, such that

|Bruly < Cpalldouly s 1Bavlly < Craf|ai™|.  G21)

In the sequel, we assume either By = 0 or By = 0. This assumption is needed for
technical reasons, as we shall see in Remark [3.3] and in the proof of Theorem

System (L.18)—(3.20) can be put in the form (1.I)—(T.2). Indeed, setting

z1(t) = w+iA, L2y, 29(t) —u—zAl/2 (3.22)
equation (1.18) is equivalent to
12
P=Ax, 2= ( A1 ) A= o .01/2 , (3.23)
22 0 —14;

for which the energy space is X = H x H with the domain D(A) = D(A(l)/2) X

D(A(l)/ %). Moreover, the energy E(t) given in coincides with half of the norm
of z in X.

Note that the spectrum of A is explicitly given by the spectrum of Ag. Indeed,
if (,u?)jeN* (i > 0) is the sequence of eigenvalues of Ay, i.e.

Aogj = 1305, j €N,
with corresponding eigenvectors ¢;, then the eigenvalues of A are +ip;, with cor-
responding eigenvectors

() wa() e
¢, = < 0 ) o_; = 6, ) je NN (3.24)
Besides, in the new variables (3.22)), the output function is given by
i29(t) — 121 (t t t
y(t) = Bz(t) = B Ay 1/2(7222( ) . Gl )> +BQ<7Z1( )_2”2( )>. (3.25)

Recalling the assumptions on B; and Bs in (3.21)), the admissible observation B
belongs to £(D(A),Y).

In the sequel, we assume that the system ([1.18)—(3.20) is exactly observable.
As a consequence of this we obtain that system (3.23)—(3.25) is exactly observable
and therefore the resolvent estimate (| . ) holds.

We now introduce the time-discrete schemes we are interested in. For any
At > 0 and 8 > 0, we consider the following Newmark time-discrete scheme for

system ((1.18):
uF L k=1 gk
(At)?
(uo + uw ul —u
VAN

Ao (Bt 4 (1 28)u + put 1) =0,

. (3.26)

) = (uo,v0) € D(AG) x H
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The energy of (3.26) is given by

2 2
preva | gy ()7t
0 2 At
(At)2 k+1 k

2
1/2(U —Uu
+@s-1 1 |4 ( Nt )’
which is a discrete counterpart of the continuous energy . Multiplying the
first equation of ([3.26)) by (u**' —u*~1)/2 and using integration by parts, it is easy
to show that ([3.27) remains constant with respect to k. Furthermore, we assume in
the sequel that 5 > 1/4 to guarantee that system is unconditionally stable.
The output function is given by the following discretization of :

, kez, (3.27)

k+1

k k+1 k
u” +u
yk:+1/2 Bl( 5

) + Bg(%), (3.28)

where, as in ([3.20]), we assume that either B; or Bs vanishes.
For any s > 0, we define C, as in (|1.10). Note that this space is invariant under
the actions of the discrete semi-groups associated to the Newmark time-discrete

schemes ((3.26]).

We have the following theorem:

Theorem 3.2. Let § > 1/4 and 6 > 0. We assume that either B; =0 or By = 0.

Then there exists a time Ty such that for all T > Ty, there exists a positive
constant kr s, such that for At small enough, the solution of with initial
data (ug,vo) € C5/n¢ satisfies

2
krsEY? < nt Y Hy’f“/?H , (3.29)
kAte(0,T) Y

where y*+t1/2 is defined in ([3.28)) and By, By satisfy (3.21)).

Besides, Ts can be chosen as

Ts1=m [(1 + B362)? (1 n (ﬂ - 3)52)21\42 + mQCglf;] v (3.30)
if Bo =0 and as

Tso = w{(1 + 662)2(1 + (ﬁ - %)52)M2 v m2C]23’2%] v (3.31)
if By = 0.

Remark 3.3. This result, and especially the time estimates and on
the observability time need further comments.

As in Theorem we see that, if we filter at a scale smaller than At, for
instance in the class C5/(a¢)e, with a < 1, then the uniform observability time Ty
is given by Ty = wM, which coincides with the value obtained by the resolvent
estimate in the continuous setting.
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Note that the estimates and do not have the same growth in §
when § goes to co. This fact does not seem to be natural because the observability
time is expected to depend on the group velocity (see [21]) and not on the form of
the observation operator.

By now we could not avoid the assumption that either By or Bs vanishes,
the special case 8 = 1/4 being excepted. However, we can deal with an observable
of the form

k1 _ gk

1/2 k k+1

Y2 = By (T4 (8- 1/9)(00)24) / () (), 63
with both non-trivial By and Bs. Indeed, in this case, the operator Ba; arising in
the proof of Theorem does not depend on At and therefore the proof works as
in the case By = 0, and yields the time estimate (3.31). However, this observation
operator, which compares to the continuous one when § — 0, does not seem

to be the most natural discretization of .
When 8 = 1/4, both and have the same form. Besides, one can
easily adapt the proof to show that when 8 = 1/4, we can deal with a general

observation operator B as in (3.20). Actually, the Newmark scheme (3.26)) with
3 =1/4 is equivalent to a midpoint scheme, and therefore Theorem [2.1| applies.

Proof. Step 1. We first transform system (3.26) into a first order time-discrete
scheme similar to (3.23)). For this, we define

Ag.nr = Agll + (8 — 1/4)(At)*Ag] 1. (3.33)
Then (3.26)) can be rewritten as

S IR S B W Wkl 4 2k 4 kL
Ao, )=o. 3.34
(At)2 + Ao, At 1 ( )
As in (3.22), using the following change of variables
k+1 k k k+1
k+1/2 U —U . .1/2 u” +u
2z r_*  —% +’Ao,/m<7>v
i - (3:35)
2 W W g2 (%)
2 At 0,At 2 ’
system (3.26)) (and also system (3.34))) is equivalent to
Sh+1/2 _ L k—1/2 Sk=1/2 4 k+1/2
— () (3.36)
t 2
with
. 41/2 Zk+1/2
1A 0 1
Ape=( 7080 N ), A2 = : (3.37)
0 —iAy A z§+1/2
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Consequently, the observation operator y*+1/2 in ([3.28) is given by
k+1/2 k+1/2 k+1/2 | _k+1/2
_1/2/(1% — 1z z +z
Y2 = BiAg Y ( — ) + B ( — )

B 2F 12, (3.38)

(1>

Step 2. We now verify that system f satisfies the hypothesis of
Theorem [L.3

We first check (H1). It is obvious that the eigenvectors of Aa; are the same
as those of A (see (3.24)). Moreover, for any ®; we compute

Api®; = 6;®;, with (; = N j’f/;l O (3.39)

In other words, we are close to the situation considered in Subsection [3.1} and
the time semi-discrete approximation scheme ([3.36)) satisfies the hypothesis (3.1)),

(13-2), (3.3)), (3.3) and (3.4) with the function h defined by

h(n) = 2 arctan (2 — (61 1/4)772). (3.40)

In particular, this implies that (3.16|) holds in the class C5,a¢, and takes the form
)

At Apez|| v < zllx zelC . 3.41
|| At HX— 1+(571/4)52 H HX 8§/t ( )
Second, we check hypothesis (H2):
1Baszly < llAsezlly (o [A0dg )|
’ L(Cs/nt,H)
+Ca.2 45245 L )
b2 08 llo(es)ar )

IN

lAsezly (4 (6= 1/05)Cra + /14 (B~ 1/4)52Cs.5)
CpsllAnez g - (3-42)

The third point is more technical. Following the proof of Theorem [3.1] for
any € > 0, we obtain the following resolvent estimate:

IN

2
2 M H (AN - iw)zHX +m?|Ba|2 > 2%, 2€Csnn weR, (3.43)

where Cj . is given by (3.12)), with
kat(w) =

VI+(B—1/4)(wAt)?

Straightforward computations show that, actually,

3/2

Cs.e = (1 F(B-1/8)+ 5)2) : (3.44)
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Our goal now is to derive from (3.43)) the resolvent estimate (H3) given in (1.13]).
Here, we will handle separately the two cases By = 0 and By = 0.

The case By = 0. Under this assumption, Bo; = B, and therefore, (3.43) is
the resolvent estimate (H3) we need.

The case By = 0. In this case, we observe that
AM2Zp-1/2 0
Bpiz = BRayz, where Ray = ( 0 TOA e 1ja | = AAgL;
0 Ay AO,At

Note that the operator Ra; commutes with Aa¢, maps Cs/a; into itself, and is
invertible. Then, applying (3.43) to Rz, we obtain that
2
C2 M? HRN <Am - iw)zHX +m? | Baez|® > | Racel
Vze Cé/Ah w € R. (345)
We now compute explicitly the norm of Ra; and RE in the class Cs/ - Since
AoAg by =1+ (8 1/4) (A1) Ao,
one easily checks that
2
IRadlly =1+ (8-1/99%,  ||R3H|, =1, (3.46)
where ||-||5 denotes the operator norm from Cs,; into itself. Applying (3.46) into
(13.45)), we obtain
2
c§,5M2(1 +(8— 1/4)52) H (Am - iw)zHX +m? | Bagzl> > 2]1%
Vze Cé/Am w € R. (347)

Thus, in both cases, we can apply Theorem which gives the existence
of a time T}, such that for T > Tj ., there exists a positive k7 s such that any
solution of ([3.36) with initial data z'/2 € C; /¢ satisfies

T/At
2 2
ks HZl/zHX s Z HBNZICH/QH)/'
k=0

Besides, the estimates of Theorem@allow to estimate the observability time T} .:

(14 (8—-1/4)(0+¢)?)3 5 4q1/2
TG oyne M Chagg ]

7|1+ 86%) ,
Zf BQ = O,
(1+ (3= /46 +2)?)° 5
(11 (3 - 1/4)52)? MmOy ]
if By =0.

Letting € — 0, we obtain the estimates (3.30))-(3.31]).

T&,s =

w[(l + 36%)?

)
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To complete the proof we Check that if the initial data z'/2 is taken within
the class Cs/ ¢, the solution of satisfies

HZ1/2H1 _ H 1@+1/2H > WEMAD’

which can be deduced from the explicit expression of the energy (3.27) and the

formula (3.35)). ¢

4. Applications

4.1. Application of Theorem
4.1.1. Boundary observation of the Schrodinger equation. The goal of this subsec-
tion is to present a straightforward application of Theorem 2. to the observability
properties of the Schrédinger equation based on the results in [13].
Let Q C R™ be a smooth bounded domain. Consider the equation
{ uy = Agu, (t,z) € (0,T) x Q,
u(0) = ug, z € Q, u(t,z) =0, (t,x) € (0,T) x 0.

where ug € L?(1) is the initial data. Equation obviously has the form
with A = —iA, of domain D(A) = H}(Q) N H2(Q).

Let 'y C 92 be an open subset of 92 and define the output

ou(t)
y( ) - ay FO'
Using Sobolev’s embedding theorems, one can easily check that this defines a
continuous observation operator B from D(A) to L?(Ty).

Let us assume that I'g satisfies in some time T the Geometric Control Condi-
tion (GCC) introduced in [I], which asserts that all the rays of Geometric Optics in
Q touch the sub-boundary I'y in a time smaller than 7. In this case, the following
observability result is known ([I3]) :

(4.1)

Theorem 4.1. For any T > 0, there exist positive constants kr > 0 and K1 > 0
such that for any ug € L*(RY), the solution of . satisfies

Ju(t
bl < [ [ |20 drode < Ke oy 42)
We introduce the following time semi-discretization of system (4.1)):
uk 1l _ ok uk L ok
'7:Am(7), Q, keN
? AL 5 HARS S
uF(z) =0, 2 €0, keN (4.3)
u’(z) = uo(x), x € Q,
that we observe through
R Ouf
vy = ov Ity
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Then Theorem implies the following result:

Theorem 4.2. For any § > 0, there exists a time Ts such that for any time T > Ty,
there ezists a positive constant kr s > 0 such that for At small enough, the solution

of (4.3) satisfies

2 auk 2
kr lluollz2 ) < At Z ’g dl'o (4.4)
ke(0,T/At) Y Fo

for any ug € Cs/n¢-

Note that we do not know if inequality (4.4]) holds in any time 7' > 0 as in
the continuous case (see (4.2])). This quesion is still open.

Remark 4.3. Note that in the present section, we do not state any admissibility
result for the time-discrete systems under consideration. However, uniform (with
respect to At > 0) admissibility results hold for all the examples presented in this
article. These results will be derived in Section [6] using the admissibility property

of the continuous system (|1.1)-(1.2).

4.1.2. Boundary observation of the linearized KdV equation. We now present an
application of Theorem to the boundary observability of the linear KdV equa-
tion.

We consider the following initial-value boundary problem for the KdV equa-

tion:
Ut + Upge = O, (t,z) € (0,T) x (0,2m),
u(t,0) = wul(t,2m), t e (0,7),
ugy(8,0) = wu,(t,2m), te (0,7), (4.5)
Upz(£,0) = Uga(t,2m), te(0,7),
u(0,2) = wup(x), x € (0,2m).

For any integer k we set
Hk 2 {ue H"0,27); 0u(0) = 0u(2r) for 0<j<k—1}, (4.6)
where H*(0,27) denotes the classical Sobolev spaces on the interval (0,27). The
initial data of (4.5) are taken in the space X 2 HZ2(0,2m), endowed with the
classical H?(0, 2 )-norm.
Let A denote the operator Au = —d3u with domain D(A) = H7. As shown in
[23], A is a skew-adjoint operator with compact resolvent. Moreover, its spectrum
is given by o(A) = {ip; with p; = j3, j € Z}. The output function y(¢) and the
corresponding operator B : D(A) — Y is given by
A u(t,0)
y(t) = Bu(t) = ug(t,0) ,
Uy (t,0)

with the norm || Bull} = [u(0)|? + |us(0)[? + |uzs(0)]. Note that B € £(HS, R®).
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The following observability inequality for system (4.5 is well-known (Prop.
2.2 of [22]):

Lemma 4.4. Let T > 0. Then there exist positive numbers kr and Kt such that
for every ug € sz((), 2m),

T
br ol < [ (Ju(t 0P + ot )P + ot 0P ) dt < K ol (4.7
p 0 p

We now introduce the following time semi-discretization of system (4.5]):

I S N R

TTX TTX — 2
N + 5 0, z€(0,2m), keN
uk(0) =k (27), keN
k k (4.8)
WE(0) = ub(2m), keN
iy, (0) = g, (2m), keN
u’(z) = uo(), x € (0,2m).

It is easy to show that the eigenfunctions of A are given by {®; = €%}y
with the corresponding eigenvalues {ij*};cz. Hence, for any § > 0, we have

Cs/n¢ = span {<I>j,j3 < 0/At}. (4.9)

As a direct consequence of Theorem [2.1] we have the following uniform observability

result for system (4.8):

Theorem 4.5. For any § > 0, there exists a time Ty such that for any T > Ty, there
exists a positive constant kr s > 0 such that for /At small enough, the solution u®

of (4.8)) satisfies

brgluolds <o S (WHOP + AP + 1k, ), (410)
kAte(0,T)
for any initial data u® € Cs/nt-

As in Theorem [4.2] we do not know if the observability estimate (£.10) holds
in any time 7' > 0 as in the continuous case (see Lemma [4.4)).

4.2. Application of Theorem

Let us present an application of Theorem to the so-called fourth order Gauss
method discretization of equation (see for instance [§]-[9]). This fourth order
Gauss method is a special case of the Runge-Kutta time approximation schemes,
which corresponds to the only conservative scheme within this class.

Consider the following discrete system:

2
Ki=A<Zk+AtZaini), 1=1,2,
j=1

A (4.11)
PRl — Gk 7(51 + K2),

=

=

>3
~——

(vij) = (

=
+

o

=

20 e Cs/nt given,
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The scheme is unstable for the eigenfunctions corresponding to the eigenvalues
w; such that pu;At > 2v/3 ([8]-[9]). Thus we immediately impose the following
restriction on the filtering parameter :

§ < 2V/3.

To use Theorem 3.1} we only need to check the behavior of the semi-discrete scheme
([#.11)) on the eigenvectors. If 20 = ®,, an easy computation shows that

2t = exp(il; At)2°,

where

VAN

{; = — arctan (M]—) (4.12)

In other words, {; At = h(p;At), where

n

h(n) = 2arctan (5" ).
(n) arctan { 5— 776

Then, a simple application of Theorem [3.1] gives :

Theorem 4.6. Assume that B is an observation operator such that (A, B) satisfy

and B € £(D(A),Y).

For any 6 € (0,2V/3), there exists a time Ts > 0 such that for any T > Ts,
there exists Aty > 0 such that for all 0 < At < Aty, there exists a constant
ks > 0, independent of At, such that the solutions of system satisfy

9 2
ol N N S 124 (N Sy (4.13)
ke(0,T/At)
Note that Theorem also provides an estimate on Ts by using (3.6)).
In particular, this provides another possible time-discretization of (4.5)), for

which the observability inequality holds uniformly in At provided the initial data
are taken in Cs/ ¢, with § < 21/3, where Cs/nt is as in (4.9)).

4.3. Application of Theorem

There are plenty of applications of Theorem We present here an application
to the boundary observability of the wave equation.

Consider a smooth nonempty open bounded domain © C R? and let Ty be
an open subset of ). We consider the following initial boundary value problem:

U — Agu = 0, re, t>0,
u(z,t) =0, z€ed, t>0, (4.14)
u(z,0) =up, w(z,0)=1vy, x€Q
with the output
_ Ou

= 5ol (4.15)

y(t)
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This system is conservative and the energy of (4.14)

B(t) = ;/Q [lwe(t, ) + [Vut, )] da, (4.16)

remains constant, i.e.
E(t) = E(0), Vite [O,T}. (4.17)
The boundary observability property for system (4 is as follows: For some
constant C' = C(T,Q,Tg) > 0, solutions of - satzsfy

) < 0/ /F '81/’ dTodt, Y (ug,vo) € HE(Q) x L2(Q). (4.18)

Note that this inequality holds true for all triplets (T, 2, T'g) satisfying the Geo-
metric Control Condition (GCC) introduced in [I], see Subsection In this
case, is established by means of micro-local analysis tools (see [I]). From
now, we assume this condition to hold.

We then introduce the following time semi-discretization of :

kL k1 oy k B
(At)?

A, (61/”1 + (1 -23)u* + ﬁuk71>, in QxZ,
uk =0, in 90N x Z, (4.19)
ul +ul ul =
( 2 7 At
where [ is a given parameter satisfying § > i.
The output functions y* are given by

Yk = 8“ (4.20)

0
System (4.14)— (or system (4.19 can be written in the form
(1.18) (or (3.26)) w1th observatlon operator 1_' by setting:
H=12Q), D(Ay)=H*Q)NHQ), Y =L*Ty),
Aoy = —Aw Vip € D(Ao),

) = (’LLO, Uo) S H&(Q) X LQ(Q)7

0
Bip=—=| ,¢ € D(Ap).

|
ovir,
One can easily check that Ay is self-adjoint in H, positive and boundedly invertible
and
DA = Hy(Q), DAY = HT(Q).

Proposition 4.7. With the above notation, By € £(D(Ao),Y) is an admissible
observation operator, i.e. for all T > 0 there exists a constant K > 0 such that:

If u satisfies - ) then

/ / ‘ ‘ dlodt < KT(”“OHHl(Q) + ||’Uo||L2(Q))
for all (ug,vo) € HY () x L3(Q).
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The above proposition is classical (see, for instance, p. 44 of [I5]), so we skip
the proof.
Hence we are in the position to give the following theorem:

Theorem 4.8. Set 3> 1/4.

For any § > 0, system is uniformly observable with (ug,vo) € Cs/n¢-
More precisely, there exists Ts, such that for any T > Ty, there exists a positive
constant kr s independent of At, such that for At > 0 small enough, the solutions

of system (4.19) satisfy
kT,é(HVUO||2+||UoH2) / ‘ ’dFm (4.21)
To

ke(O T/ At)
for any (ug,vo) € Cs/nt-

Proof. The scheme proposed here is a Newmark discretization. Hence this result
is a direct consequence of Theorem O

Remark 4.9. One can use Fourier analysis and microlocal tools to discuss the
optimality of the filtering condition as in [27]. The symbol of the operator in
, that can be obtained by taking the Fourier transform of the differential
operator in space-time is of the form (see for instance [16])
m o (7) ~[ef (a8 (557)).

Note that this symbol is not hyperbolic in the whole range (7, &) € (—7w/At, w/At)x
R". However, the Fourier transform of any solution of is supported in the
set of (7,&) satisfying 1 — 43 sin?(7/At/2) > 0, where the symbol is hyperbolic.

As in the continuous case, one expects the optimal observability time to
be the time needed by all the rays to meet I'yg. Along the bicharacteristic rays
associated to this hamiltonian the following identity holds

\T|:larctan €At !
ot 2 I+ (B-1/9ER(AY? )

These rays are straight lines as in the continuous case, but their velocity is not
1 anymore. Indeed, one can prove that along the rays corresponding to || < §/At,
the velocity of propagation is given by
‘ ' - 1 1 1
L+ B(E[At)? 1+ (8- 1/4)(§At)2 T (14 802)\/1+ (B —1/4)6%
In other words, in the class Cs/a¢, the velocity of propagation of the rays concen-
trated in frequency around §/At is (1+62/4)~! times that of the continuous wave

equation. Therefore we expect the optimal observability time T in the class Cs/a;
to be

Ty =Ty (1+ B8%)y/1+ (8 - 3)52, (4.22)
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where 1§ is the optimal observability time for the continuous system. According
to this, the estimate T2 in (3.31]) on the time of observability has the good growth
rate when § — oo. Besides, when § goes to oo, we have that

Tsa =~ mM(1+ B5%)\/1 + (ﬁ - 3)52. (4.23)

Recall that wM = Tj is the time of observability that the resolvent estimate (1.5
in the continuous setting yields (see [I7]). The similarity between and (4.23
indicates that the resolvent method accurately measures the group velocity.

Note however that wM is not the expected sharp observability time T in
in the continuous setting. This is one of the drawbacks of the method based
on the resolvent estimates we use in this paper. Even at the continuous level
the observability time one gets this way is far from being the optimal one that
Geometric Optics yields.

5. Fully discrete schemes

5.1. Main statement

In this section, we deal with the observability properties for time-discretization
systems such as (L.1)-(L.2) depending on an extra parameter, for instance the
space mesh-size, or the size of the microstructure in homogenization.

To this end, it is convenient to introduce the following class of operators:

Definition 5.1. For any (m,M,Cg) € (R} )3, we define €(m, M,Cp) as the class

of operators (4, B) satisfying:

(A1) The operator A is skew-adjoint on some Hilbert space X, and has a compact
resolvent.

(A2) The operator B is defined from D(A) with values in a Hilbert space Y, and
satisfies with Cp.

(A3) The pair of operators (A, B) satisfies the resolvent estimate with con-
stants m and M.

In this class, Theorems [2.1}3.1}{3.2] apply and provide uniform observability
results for any of the time semi-discrete approximation schemes —, ,
and . Indeed, this can be deduced by the explicit form of the constants Ty
and k7 s which only depend on m, M and Cp. Note that this definition does not
depend on the spaces X and Y.

When considering families of pairs of operators (A4, B), it is not easy, in
general, to show that they belong to the same class €(m, M, Cg) for some choice
of the constants (m, M, Cg). Indeed, item (A3) is not obvious in general. Therefore,
in the sequel, we define another class included in some €(m, M,Cp) and that is
easier to handle in practice.

Definition 5.2. For any (Cp, T, kr, Kr) € (R})?, we define D(Cp, T, kr, Kr) as
the class of operators (A, B) satisfying (A1), (A2) and:
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(B1) The admissibility inequality

T
Anmmwﬂ@ﬁggwm, (5.1)

where exp(tA) stands for the semigroup associated to the equation
s=Az, 2(0)=2"€X. (5.2)
(B2) The observability inequality

T
mwmg/ummmwmm. (5.3)
0

As we will see below, assumptions (B1)-(B2) imply (A3):

Lemma 5.3. If the pair (A, B) belongs to D(Cp, T, kr, K;), then there exist m and
M such that (A, B) € €(m, M,Cp).
Besides m and M can be chosen as

[2T | Kt
M=T 4
kr’ 2%k (54)

Proof. We only need to prove (A3). This is actually already done in [17] or in
[25]. Indeed, it was proved that once the admissibility inequality (1.3) and the
observability inequality hold for some time T, then the resolvent estimate
hold with m and M as in .<>

Note that assumptions (B1)-(B2) are related to the continuous systems (5.2).

Now we consider a sequence of operators (A,, B,) depending on a param-
eter p € P, which are in some £(X,) x £(D(A4,),Y,) for each p, where X, and
Y, are Hilbert spaces. We want to address the observability problem for a time-
discretization scheme of

i=A,2, 2(0)=2"€ X, y(t) = Bpz(t) € Y,. (5.5)

In applications, we need the observability to be uniform in both p € P and
At > 0 small enough. The previous analysis and the properties of the class
D(Cp, T, kr, K1) suggest the following two-steps strategy:

1. Study the continuous system for every parameter p and prove the uni-
form admissibility and observability (5.3).

2. Apply one of the Theorems and to obtain uniform observability
estimates for the corresponding time-discrete approximation schemes.

This allows dealing with fully discrete approximation schemes. In that setting
the parameter p is actually the standard parameter h > 0 associated with the
space mesh-size. In this way one can use automatically the existing results for
space semi-discretizations as, for instance, [3], [6], [7], [I0], [19], [20], [28] and [29],
etc.
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5.2. Applications

5.2.1. The fully discrete wave equation. Let us consider the wave equation (4.14])
in a 2-d square. More precisely, let Q = (0,7) x (0,7) C R? and Ty be a subset of
the boundary of 2 constituted by two consecutive sides, for instance,

A
To={(z1,m): 21 € (0,m)} U{(m,z2) : 22 € (0,m)} =T UT5.
As in (4.15), the output function y(t) = Bu(t) is given by

_Oup 9 ( ) _|_i ( )
T ov Fo_axguxl’ﬂ- I 8x1U7r’x2 2

Let us first consider the finite-difference semi-discretization of (4.14)). The
following can be found in [28]. Given J, K € N we set

Bu

- ™ h— m
VRS TE+1

We denote by u;x(t) the approximation of the solution v of (4.14) at the point
zji = (jh1,khe). The space semi-discrete approximation scheme of (4.14) is as
follows:

hi

(5.6)

. Uj1k + Uj—1k — 2Ujk Ujk41 + Ujk—1 — 2Ujk
. " ) " -

O<t<T, j=1,-,J k=1, K (5.7)
up =0, 0<t<T, j=0,J+1; k=0K+1

ujk:(o) :ujk,Oa ujk:(o) :ujk?,h .7: 1u 7J7 k= 17 7K

System (5.7)) is a system of JK linear differential equations. Moreover, if we
denote the unknown

U(t) = (ull(t)a u21(t)7 e ,qu(t)a e ,UlK(t), UQK(t), ) uJK(t))Ta
then system (5.7) can be rewritten in vector form as follows

{ U(t)+ AgpU(t) =0, 0<t<T.

U(0) = Uno, U(0)=Upy, (5.8)

where (Up0,Un,1) = (Wjk,0,Wjk1)1<j<J1<k<K € R2’K are the initial data. The

corresponding solution of is given by (Un, Up) = (wjk, ttjk)1<j<s1<k<x- Note

that the entries of A, belonging to Mk (IR) may be easily deduced from (5.7).
As a discretization of the output, we choose

Bl = ((%)je{l,m,J}’ (%)ke{LmK})' (5.9)

The corresponding norm for the observation operator By, is given by

K
+ ho usk(t)
> |

2 2
| b

J
2 u; (t)
LECIENIDY 5
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Besides, the energy of the system (5.8]) is given by

K
>l @+

k=0

hihg

En(t) = 5

J
=0

J

‘uﬁlk(til— i (t) ’2 . ‘ug‘ku(tg ujn (1) ‘2) (5.10)

As in the continuous case, this quantity is constant.
En(t) = En(0), V o<t<T.

In order to prove the uniform observability of (5.8), we have to filter the high
frequencies. To do that we consider the eigenvalue problem associated with (|5.8)):

Ag np = M. (5.11)

As in the continuous case, it is easy to show that the eigenvalues \-*"1:72 are
purely imaginary. Let us denote by 7*1:"2 the corresponding eigenvectors.

Let us now introduce the following classes of solutions of (5.8) for any 0 <
v <1
a(h) = span {p?F"h2 quch that (AR P1R2 max(hy, he) < 20/}
The following Lemma holds (see [28]):

Lemma 5.4. Let 0 < v < 1. Then there exist T, such that for all T > T, there
exist kry > 0 and Kt ., > 0 such that

T
Fr En(0) < / IBLU )2, dt < Ko, F4(0) (5.12)
0

holds for every solution of (5.8)) in the class a(h) and every hy, ha small enough

satisfying
hy [0
Sup ‘ ho ‘ < 4—~

Now we present the time discrete schemes we are interested in. For any At >
0, we consider the following time Newmark approximation scheme of system ([5.8):

Uk+1 + kal _ 2Ulc
(At)?
(Uo +Ut Ut -u°
2 7Nt

+ Ao (BUM 4 (1 200 4 pUM) =0,
(5.13)

) = (Un0,Un,1),

with 8 > 1/4.
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The energy of (5.13)) given by

1 N k k+1. (12 k+1 77k (12
g1 Aéh(U +U ) L|\u U

' 2 At

(At)?

2 2

+(48-1)——

: Cﬂﬂglﬂ)2,kez (5.14)

Ag,h A

which is a discrete counterpart of the time continuous energy and remains
constant (see as well).

In view of (5.12), conditions (B1) and (B2) are satisfied. Besides, conditions
(Al) and (A2) are straightforward. Therefore the following theorem can be ob-
tained as a direct consequence of Theorem

Theorem 5.5. Set 3 > 1/4. Set 0 < v < 1. Assume that the mesh sizes hy, hy and
At tend to zero and

hl Y max{hl,hg}
= N — — L =< .
sup‘h2‘<@/4_fy, A <, (5.15)

where T is a positive constant.
Then, for any 0 < 0 < 2./7/7, there exist Ts > 0 such that for any T > Tj,
there ewists kr s~ > 0 such that the observability inequality

kr s B < At HBhUkH
kAte(0,T)

holds for every solution of (5.13) with initial data in the class Cs g for by, ho, At
small enough satisfying (5.15)).

Proof. We are in the setting given before and thus Lemma applies. Hence, to
apply Theorem |3.1} we only need to verify that Cs;a; C C, ~(h ) But

) Vi Val
— <2 <2
‘)\| < At = ‘)\| TAt — maX{hth}

and this completes the proof. ¢

5.2.2. The 1-d string with rapidly oscillating density. In this paragraph, we con-
sider a one-dimensional wave equation with rapidly oscillating density, which pro-
vides another example where the model under consideration depends on an extra
parameter.

Let us state the problem. Let p € L*°(IR) be a periodic function such that
0 < pm < p(z) < py < 00, ae. z € R. Given € > 0, set p°(x) = p(z/e) and
consider the one-dimensional wave equation

p° ()i — 3535’“5 =0, (z,t) € (0,1) x (0,T),
uf(0,¢) = u(1,t) = 0, te(0,7), (5.16)
u®(2,0) = ug(x), u°(x,0)=vo(z), z € (0,1).
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We consider the observation operator
Buf(t) = 0,u®(1,t). (5.17)

The mathematical setting is the same as in Subsection [£.3] and therefore we do not
recall it.
The eigenvalue problem for (5.16)) reads

PR @5, + 07,87, =0, e (0,1);  &;(0) =P (1) =0. (5.18)
For each ¢ > 0, there exists a sequence of eigenvalues
O<AT <A<+ <A < = 0

and a sequence of associated eigenfunctions (®¢), which can be chosen to consti-
tute an orthonormal basis in L?(0, 1) with respect to the norm

1
ol = [ @l e
In [4], the following is proved:

Theorem 5.6 ([4]). There exists a positive number D > 0, such that the following
holds:

Let T > 2,/p, where p denotes the mean value of p. Then there exist two
positive constants kr and Kp such that for any initial data (ug,vg) in

5D/5 =span{®; : n < D/e},
the solution u® of (b.16) verifies

T
2 2
b o, o) g oo < [ TG0 OPdE < K o, 00) g0y

Given B > 1/4, let us consider the following time semi-discretization of ([5.16])

< T A 2 ek ek—1 4 g ek+l
P (-T)( (At)Q ) - amm((l - 2ﬁ)u + ﬂ(u Tu )) =0,

(z,k) € (0,1) x N, (5.19)

completed with the following boundary conditions and initial data

UEC((?) :g?k(l) =0, o k€N,
(%)(@ = uo(7), (%)(m) = vo(2), e (0,1).

(5.20)
Since conditions (A1)-(A2)-(B1)-(B2) hold, we get the following result as a
consequence of Theorem [3.2

Theorem 5.7. Let 6 > 0 and 8 > 1/4. Assume that the parameters At and € tend
to zero.
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Then there exists a time Ts such that for any T > Ty, there exists a positive
constant kr s such that the observability inequality

2
ks 11 (w0, vo) 1 0,1y x 22 (0,1) < D > )P (5.21)
kAte(0,T)

holds for every solution of (5.19)-(5.20) with initial data (uo,vo) in the class
Cs/nt NCpye, independently of At and e.

6. On the admissibility condition

The goal of this section is to provide admissibility results for the time-discrete
schemes used throughout the paper. These results are complementary to the ob-
servability results proved in Theorems and [3.2] when dealing with control-
lability problems (see [15]).

6.1. The time-continuous setting

Let us assume that system ([1.1)-(1.2) is admissible. By definition, there exists a
positive constant K7 such that :

T
/||y<t>||idtSKT|\ZO||§< ¥ 2 € D(4). (6.1)
0

The goal of this section is to prove that this property can be read on the
wave packets setting as well.
Proposition 6.1. System (1.1)-(L.2)) is admissible if and only if
There exists >0 and D >0 such that
for allm € A and for all z = Z a®: ||Bzlly <Dz, (6.2)
leJr(pun)
where

Jr(1) = {l € N, such that | — p] < r}. (6.3)

Proof. We will prove separately the two implications.

First let us assume that system ([1.1])-(1.2)) is admissible.
Denote by
V(w,e) = span{®, such that |p; —w| < e}.
Then the following lemma holds:
Lemma 6.2. Let us define K(w,¢€) as
K(w,e) = ||B(A—iwD) ™| oy (mepy) -
Then for any € > 0, K(w,€) is uniformly bounded in w, that is
K(e) = sup K(w,€) < 0. (6.4)
weR
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Besides, the following estimate holds

K(e) < /#&_D(l + %) (6.5)

where K1 is the admissibility constant in (1.3)).

Proof of Lemma[6.3
Let us first notice these resolvent identities:
(A—iwl)— 1 = A—-(1+iw)l,
(A— (A +iw)) ' I - (A—iwD)™ = (A—iwl)™.
Hence

K(w,e) <[|B(A-(1 +W)I)71Hs(x,y) (7 — (A iwj)il)”ll(V(w,e)*,X) :
Obviously

L 1
H(I—(A—zw[) §1+g

1
) ||2(V(w,6)*,X)
Hence we restrict ourselves to the study of

|B(A-(1 Jriw)I)*lH):(ny) .
Let us remark that for all z =>"a;®; € X,

(A—(Q+iw)) 'z = Zi( !

pj — w)
= /0 exp(—(1 +iw)t)z(t) dt,

where z(t) is the solution of (1.1)) with initial value z. This implies that

—1% %

|B(A = (1+iw) )~ 2|3 = H/Om exp(—1 — iwt)Bz(t) dt i

< /OOO ‘exp(—l —2iwt)( dt (/0

Y
oo

exp(~1) | B=(0)[}. dt)

< [ exnnlBa0l

But using the admissibility property of the operator B, we obtain

o k+1
/ exp(—1) | Bz(t)lly dt < ZeXP(*k)/ 1B=(0)]5 dt
0 keN k
< (D exp(—k)) K 2%
kEN
Kl 2
m”znx-

The estimate (6.5)) follows.¢
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Let us now consider a wave packet zp = > ;¢ T () ¢;®P;. Then taking ¢ = 1
in Lemma [6.2] one gets that

1Bzlly < 1B =il = DD | gy 2,11 1) 104 = it = 2)D2]
< K1) (maxies, o i — il + 1) |21
< 3K(1) 4.

Now we assume that estimate (6.2)) holds for some r > 0 and D > 0. Set
z0 € D(A), and expand zj as

zZo = E Zks ZE = E Clq)l.

keZ leJ,.(2kr)

We need a special test function whose existence is established in the following
Lemma:

Lemma 6.3. There exists a time T and a function M satisfying

M(t) >0, t| > T2,
M >1 ] <T) (6.6)
Supp M C (—2r,2r).

The proof is postponed to the end of this section. Note that functions sat-
isfying similar properties appear naturally in the proofs of various Ingham’s type
inequalities, see [11] and [25].

Taking Lemma [6.3|into account, we estimate

T
/ 1Bz(t)]y < /M(t—T/2)HBZ(t)II§ dt
0 R

< Z / M(t —T/2) < Bzy, (t), Bz, (t) >yxy dt.
ki,k IR

But these scalar products vanish most of the time. Indeed, if |k; — ko| > 2, from

7 we get

/ M(t — T/Q) < szl (t),BZk2 (t) >y dt
R

- Z M('U‘ll - Ul2) < al1B(I)llaalgB‘I)l2 >y=0.
(l1,12)€Jr (2k17) X Jr (2k2r)
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This implies that

T
/0 Bz(t)nf,g/]RM(t —T/2) zk: (||sz(t)||§ + 2Re < Bzy(t), Bz (1) >yXy>dt

< 3/]RM(t—T/2)§||BZk(t)|§/ dt
< 3D /R M(H/mguzk(t)nx dt
< 3DNI(0)]|z0]|% -

This completes the proof, since admissibility at time T is obviously equivalent to
admissibility in any time.{

Proof of Lemmal[6.3

In this proof, we do not care about the value of the parameters » and T that
can be handled through a scaling argument.
Let us consider the function

ft) = %Sinc(t) = sir;it).

It is well-known that its Fourier transform is f(T) = X(=1,1)(7), where x(_1 1
denotes the characteristic function of (—1,1).
Hence, the function

M(t) = f(t) = ——
satisfies the following properties
.
4 )

and the proof is complete. For instance, for > 0, one can take the function M, (t)
as

M) > 2 M@t)>0, teR; Mr)=@2—|)., reR

25 <

2
M. (t) = gsinc2 (rt) (6.7)

which satisfies with T =n/2r.

Remark 6.4. In the context of families of pairs (A, B), according to Proposition
the uniform admissibility condition (5.1) is equivalent to a uniform wave packet
estimate similar to (6.2). To be more precise, if (®7);ecn denotes the eigenvectors

of A, associated to the eigenvalues (\7);ew, that is A4,®% = AY®¥, the uniform
admissibility condition is equivalent to:

There exists 7 >0 and D > 0 such that for all p, n € N

and for all z = Z a® 1Bpzlly, <Dz, -
1€, (A])
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6.2. The time-discrete setting

This subsection is aimed to prove that if the continuous system (L.I)-(1.2) is
admissible, in the sense of Definition[I.1] then its time semi-discrete approximation
will be admissible as well under suitable assumptions. In this part, we will focus
on the particular discretization given in Subsection but everything works as
well in all the time semi-discretization schemes considered in the article.

More precisely, we assume that the continuous system (L.1)-(1.2)) is admissi-
ble, that is, from Proposition the wave packet estimate (6.2) holds.

Then we claim that, under the assumptions , (13.1), , and
7 the following discrete admissibility inequality holds:
Theorem 6.5. Assume that system — is admissible. Set § > 0. For any
T > 0, there exists a constant Krs > 0 such that for all At small enough, the
solution of equation with initial data in Cs/py satisfies

T/ At )
oty B < Krs |l - (6.8)
k=0

Proof. The proof follows the one given in the continuous case. First of all, let us
remark the following straightforward fact: There exists rs > 0 such that for all
n € 7 satisfying At|A, a¢] <6, for all At > 0, the set

Jrs(An.nt) = {1 € Z, such that [N\ ar — An.as| < 7als
where \j A is as in , is a subset of J,.(u,) (recall ) Besides, one can take:
rs = rinf{|W'(n)], In| < ).
Note that condition implies the positivity of the right hand side.

Given At > 0, assume that there is a time 7' and a function Mt € 12(AtZ)
such that
MAYE >0, kAt > T/2,
MAYE > 1, [t < T/2, (6.9)
Supp M4t C (=2rs,2r5),

where this time M2t denotes the discrete Fourier transform at scale At defined in
Definition One can easily check that we can take M“t = M, for all At >0
where M, is as in (6.7).

With this definition, the proof of inequality consists in rewriting the
one of Proposition by replacing the continuous integrals and the Fourier trans-
form by their discrete versions. Since all the steps are independent of At, the
admissibility inequality holds uniformly. ¢

Note that this proof can be applied to derive uniform admissibility results for
families of operators (A, B) within the class ©(Cp, T, kr, Kr) for the fully discrete
schemes. Indeed, in the setting of Section [5| according to Remark the proof
presented above directly implies uniform admissibility properties for operators in
the class ©(Cp, T, kr, Kr) when the initial data are taken in the filtered class
Cs/nt-
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7. Further comments and open problems

1. The resolvent estimate is a useful tool to analyze time-discrete approxi-
mation schemes, as we have seen in this paper. However, although this method
is quite robust, it does not allow to deal with observability inequalities with loss,
arising, for instance, when dealing with networks (see [5], Chapter 4) or for the
wave equation in the absence of the Geometric Control Conditions (see [12], [14]).
In those cases one only needs a weaker version of the observability inequality ,
in which the observed norm is weaker than |-|| ;. Actually, this question is also
open at the continuous level.

2. As said in Remark we are not able to recover the optimal value of the
time of observability for systems f and their time-discrete approximation
schemes. This is a drawback of the method based on the resolvent estimate. Indeed,
even in the continuous setting, to our knowledge, this method does not allow to
recover the optimal time of observability.

3. There are several different methods to derive uniform observability in-
equalities for systems (4.19). In [27], a discrete multiplier technique is developed
to derive the uniform observability of the time semi-discrete wave equation in a
bounded domain. There, the same order of filtering parameter 6/(At) is attained
but a smallness condition on § is imposed. Theorem [3.2] generalizes this result to
any 0 > 0, as the dispersion diagram analysis in [27] suggests.

4. Along the paper, we derived uniform observability inequalities and admis-
sibility results for time-discretization schemes of abstract first order and second
order (in time) systems. As it is well-known in controllability theory, they imply
uniform controllability results as well. For instance, in the context of the time-
discrete wave equation analyzed in [27], combining the duality arguments in it
and the results of this paper, one can immediately deduce the uniform (with re-
spect to At > 0) controllability of projections on the classes of filtered space Cs;a¢,
for T > T large enough and 6 > 0 arbitrary. This improves the results in [27] that
required the filtering parameter § > 0 to be small enough.

The same duality arguments combined with the uniform observability and
admissibility results we have presented in this paper allow proving uniform con-
trollability results in a number of other cases including the time-discrete KdV and
Schrodinger equations, the fully discrete wave equation, the time-discretization of
wave equations with rapidly oscillating coefficients, etc.
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