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Abstract

In this article, we consider abstract linear conservative systems and
their time-discrete counterparts. Our main result is a representation for-
mula expressing solutions of the continuous model through the solution
of the corresponding time-discrete one. As an application, we show how
observability properties for the time continuous model yield uniform (with
respect to the time-step) observability results for its time-discrete approx-
imation counterparts, provided the initial data are suitably filtered. The
main output of this approach is the estimate on the time under which we
can guarantee uniform observability for the time-discrete models. Besides,
using a reverse representation formula, we also prove that this estimate
on the time of uniform observability for the time-discrete models is sharp.
We then conclude with some general comments and open problems.
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1 Introduction

1.1 Setting

Assume that A is a skew-adjoint unbounded operator defined in a Hilbert space
X with dense domain D(A) C X and compact resolvent. We consider the
equation

Y =Ay, teR, y0)=14"cXx. (1.1)

This equation is well-posed for ¢t € R and, A being skew-symmetric, solutions
y(t) of (1.1) have constant norms ||y(t)||,. Often ||y(t)||§(/2 is referred to as
the energy of the system.

Several classical systems fit this abstract setting, as for instance the wave
equation, Schrédinger’s and Maxwell’s equations, among many others.

Our primary goal is to establish a link between the solutions y of (1.1) and
the solutions of time-discrete versions of (1.1). Since the solutions y of (1.1)
have constant energy, we will reduce our analysis to time-discretization schemes
which preserve the X-norm ||-||, of the solutions. Of course, similar questions
arise also for dissipative or viscous numerical schemes, but our methods do not
apply in those cases in a straightforward manner, see Section 6.1.

To state our results precisely, we need to introduce filtered spaces of solu-
tions. For, we write down the spectral decomposition of the operator A, which
is given by a sequence of purely imaginary eigenvalues (i), corresponding to
an orthonormal basis of X constituted by the eigenvectors ®;. For § > 0, we
define the filtered space

€(0) = span{®; corresponding to eigenvalues |p;| < d}. (1.2)

One easily checks that this space is left invariant by the equation (1.1), and thus
we will identify the space of trajectories y solutions of (1.1) lying in €(4) with
the space of initial data 3 lying in €(6).

Let us now describe the time-discretization schemes under consideration.
We assume that the time-discretization of system (1.1) discretized with a
time-step 7 > 0 takes the form

Yt =Tk, keZ,  y)=1y". (1.3)

Here, yf denotes an approximation of the solution y of (1.1) at time k7, and T,
is assumed to be an approximation of exp(7.A).

To be more precise, we assume that T, is a linear operator which has the
same eigenvectors as the operator A, and such that, for some function f,

L f (). (1.4)

T,®; = exp(ip; 7)®;, where p;, = —
-

Actually, this operator may also be written as
T, =exp (if(—iAT)).

Let us now make precise the assumptions we impose on f.
First, we assume that f is C>° and satisfies

f(0)=0, f(0)=1, fisodd. (1.5)



The assumptions f(0) =0, f'(0) = 1 are satisfied for most of the time-discrete
approximation schemes: Roughly speaking, they are equivalent to the consis-
tency of the time-discretization.

We also assume f to be odd to simplify notations and avoid technical devel-
opments. This is not necessary in our arguments, but in practice, most of the
time-discretization schemes modeled by (1.3) fit in this class.

We also assume that f is real valued and

f : (_RaR) - (_71—77()7 (16)

where R € R* U{oo} may be infinite. The fact that f is real-valued is equivalent
to the fact that the norms of solutions of (1.3) are constant in the discrete time
k € Z and ensures the stability of the numerical scheme. The range of f is
limited to (—m,7) to avoid aliasing since one cannot measure oscillations at
frequencies higher than /7 on a discrete mesh of mesh-size .

In particular, for (1.3) to be well-defined, we always consider solutions of
(1.3) with initial data lying in some class of filtered data at the scale 7, namely
€(/7) for some 6 € (0, R).

We also assume that for all § < R,

inf{f'(a); |a| <6} >0 (1.7)

to ensure the invertibility of f.

We finally define g : (—f(R), f(R)) — R as the inverse function of f on
(=R, R). This can be done due to assumption (1.7).

Before going further, let us point out that several classical time-discretization
schemes fit the abstract setting provided by Assumptions (1.5)—(1.6)—(1.7), see
Section 2 for several examples.

1.2 A representation formula

We are now in position to state the following result, whose proof can be found
in Section 3:

Theorem 1.1. Let f be a smooth function describing the time discrete operator
T, as in (1.4), assume (1.5)=(1.6)—(1.7), and fix 6 € (0, R).

Let x be a C* function compactly supported in (—f(R), f(R)) and equal to
1in (= f(9), f(5)). For T >0, define then p.(t,s) fort € R, s € R as

1 ig(per)t s
pr(t,s) = 7/ exp (—g(u)> X (pr7) €47° dpir. (1.8)
i 771./7_ T

Then, if y° € €(§/7) and y* is the corresponding solution of (1.3), the function
y(t) defined by
y(t) =7y pr(t, kr)yk (1.9)
keZ
is the solution of (1.1) with initial data y°.

Remark 1.2. Note that when f is bijective from (—R, R) to (—m,m), the above
representation formula does not require the use of the cut-off function x and
allows describing all solutions y of (1.1) for all initial data in y° € €(R/T), see
Remark 3.2 for further details.



Remark 1.3. The kernel p, is such that the discrete Fourier transform of
pr(t,-) at scale T (see Section 8.1 for a precise definition) is Fr[p-(t,-)](pur) =
exp(—ig(pr)t/7)x(1r7). As for allt € R and 7 > 0, this function is smooth
and compactly supported, the sum in (1.9) converges.

We now give some informal arguments motivating the representation formula
in Theorem 1.1.

First, we remark that under the assumptions on the operator A, solutions y
of (1.1) admit the following spectral decomposition:

y(t) = 3 ageta;, (1.10)
J
where (a;) are the coefficients of the initial datum on the basis ®;:

v =) a0 (1.11)
J

Similarly, due to (1.4), the solutions y, of the time-discrete system (1.3) with
initial datum y° as in (1.11) can be written as

y’: = Zajei““]”q)j7 (1.12)
J

where the p; - are defined by (1.4). Obviously, we can then extrapolate a time-
continuous version z, of y,:

zr(s) = Zajei‘””s(l)j. (1.13)
J

Here, we use the notation s for the continuous time-variable corresponding to
the a priori time-discrete dynamics, and z, for the new state variable to avoid
confusion with time ¢ and state y of the continuous dynamics.

Transmutation or subordination refers to the possibility of expressing one
semi-group as a function of another one. In our context, this simply consists
in writing the solutions y of (1.1) as a function of z,(s) by means of a kernel
pr = pr(t, s) under the form

y(t) = /RﬁT(t, s)zr(s)ds, teR. (1.14)

For this to be done, using the explicit expressions (1.10) and (1.13), the kernel
pr(t, s) has to be built so that

ettt — / pr(t,s)e7°ds, teR, peR. (1.15)
R

Interpreting the right-hand side of (1.15) as a Fourier transform in s and taking
into account that u; , = f(u;7)/7 with f invertible, naturally leads to

pelt ) = 5 /R exp (—Zg(“f)t) e dy, (1.16)

where this identity has to be understood in the sense of distributions. This
formula is a simplified version of the one of p, in (1.8), in which the above
time-continuous function z, in (1.13) has to be replaced by the time-discrete
function y, in (1.12) and the filtering operator x has been introduced.



1.3 Application to observability

As an application of Theorem 1.1, we consider an observation problem for the
equation (1.1) and its time-discrete counterparts for (1.3). This problem, in-
spired in control theoretical issues, concerns the possibility of recovering the
full energy of solutions out of partial measurements. The question is relevant
both in the continuous and in the time-discrete frame, and in the later, a natu-
ral question arising in numerical analysis is to know whether the observability
property is uniform with respect to the time-step. Indeed, this problem is the
dual version of the classical controllability one and the uniformity (with respect
to time-step) of the observability inequality is equivalent to the convergence of
numerical controls towards the continuous ones as the time-step tends to zero
(see e.g. the review articles [51, 15] and the references therein).

We thus consider an observation operator B taking value in some Hilbert
space U and assumed to belong to £(D(AP),U) for some p € N. To be more
precise, we assume that there exists C}, > 0 such that

1Byl < €2 (14715 + lyll% ) . ¥y € D). (1.17)

We furthermore assume that equation (1.1) is observable through B at time
To > 0, meaning that there exists a constant Cy such that, for all y° € D(AP),
the solution y(¢) of (1.1) with initial data y° satisfies

To
19°]I% < Co / 1By (]2 d. (1.18)

Estimate (1.18) is the so-called observability estimate for (1.1). As it has been
established in the classical works [9, 26], this property is essentially equivalent
to the controllability of the adjoint system:

y; = Ayc + B*Ua te (OaT)v yc(O) = ygv (119)

where v is a control function in L?(0,T;U). Actually the control for (1.19)
can be built by minimizing a suitable quadratic functional over the class of
solutions (1.1). We do not give details on these links in this article and we refer
the interested reader to [26, 50]. Also note that the observability property is
also closely linked to some inverse problems, see e.g. the work [1] for precise
statements in a setting similar to ours and the references therein.

We are thus interested in deriving discrete versions of (1.18) for solutions y,
of (1.3). Namely, we are asking if, given ¢ € (0, R), there exist a time 7' > 0 and
constants C' > 0 and 79 > 0 independent of 7 > 0 such that for all = € (0, 7o),
solutions y, of (1.3) with initial data y° € €(6/7) satisfy

1% <o Y |IBykly,- (1.20)
kTe(0,T)

This is a discrete observability estimate for the time-discrete equations (1.3)
which is uniform with respect to the time-discretization parameter, provided the
initial state is suitably filtered. As it is well-known, see e.g. the survey articles
[51, 15], this is needed to derive algorithms to compute convergent sequences of
discrete controls approximating the control of the continuous dynamics.

Our second main result, whose proof is given in Section 3, is the following
one:



Theorem 1.4. Assume that B € £(D(AP),U) for somep € N andU an Hilbert
space, and that B satisfies (1.17) with constant C,.

Assume that equation (1.1) is observable through B at time Ty with constant
Co, i.e. for all y° € D(AP), the solution y(t) of (1.1) with initial data y°
satisfies (1.18).

Let f be a smooth function describing the time discrete operator T, as in
(1.4), assume (1.5)—(1.6)—(1.7), and fix 6 € (0, R). Then, for all

Ty
inf {f"(a)}’

lo| <6

T> (1.21)

there exist positive constants C and 79 > 0 depending on f,T,d,p, Cp, Co, Ty such
that for any T € (0,79), solutions y, of (1.3) lying in €(§/7) satisfy (1.18).

Theorem 1.4 was already proved in [13] under an additional admissibility
property for the operator B (see [26] for a definition, or Section 4.2 in our
context), but with an estimate on the observability time which is worse than
the one we prove here in (1.21).

Indeed, the technique in [13], based on a resolvent characterization of ob-
servability due to [4, 34], does not yield explicit estimates on the time of ob-
servability. A variant of this strategy was developed in [11] for time-discrete
approximations of Schrodinger equations in a geometric setting in which the
corresponding wave equation is observable, where it was proved that the time-
discrete approximations of Schrédinger equations are uniformly observable in
any time 7' > 0. In that case indeed, the resolvent estimates behave much
better at high-frequencies, see e.g. [50], and the low frequency components of
the solutions can be handled following the arguments of [18]. These resolvent
estimates were also used to derive observability estimates for space semi-discrete
conservative systems in filtered classes of initial data, see [10, 12, 37], but still
with non-explicit estimates on the time of observability.

The new ingredient introduced in this article that allows us to improve the
results in [13] is the representation formula (1.9) and careful estimates on the
kernel p, in (1.8). This will be done using classical techniques of harmonic
analysis, and in particular the oscillatory phase lemma. In particular, Proposi-
tion 3.4 shows that, for all € > 0, p, is polynomially small with respect to 7 > 0
to any arbitrary order in the set

{(t,s) €(0,T) xR, st. t+e<s inf {f(a)}ors sup {f(a)} <t75}.
la|<d+e |a|<é+e

To give some insights on this result, let us again consider the informal arguments
given above and remark that z(s) in (1.13) formally solves

0f zr = Az,

where 07 is the operator defined on the Fourier basis by

VpeR, O] (e™) = iMei“s. (1.22)
T

Thus, the kernel g, in (1.16) formally satisfies the transport-like equation
Oupr —OTpr =0, (t,s)€ERxR, (1.23)



with an initial data p,(t = 0,s) = do(s) where do(s) is the Dirac function, since,
according to (1.16), p.(t = 0,-) is the Fourier transform of the function taking
value 1 identically.

Note that the solution of (9; —95)p. = 0 with initial data p,(t = 0) = do(s) is
simply the Dirac delta transported at velocity one: p.(t,s) = d;:(s). Of course,
for the kernel under consideration, 07 is not a classical differential operator,
but it is nevertheless very close to the classical derivation operator Js at low
frequency since ¢’(0) = 1. We can thus interpret (1.23) as a transport equation
with some added dispersion effects at frequencies of the order of 1/7.

Let us also point out that the representation formula in (1.9) given through
the kernel p, in (1.8) is not far from a Fourier integral operator - see e.g.
[49] - with the phase ¢(t,s, 1) = prs — g(pr)t, and similar techniques can
be employed. In particular the above localization result can also be seen as a
counterpart of the fact that the kernel of a Fourier integral operator with phase
¢ is regularizing outside of the set in which d,, ¢ = 0.

Next, in Theorem 4.1, we discuss a reverse representation formula giving
solutions of the time-discrete equation (1.3) in terms of solutions of the contin-
uous equation (1.1). This allows us to prove admissibility results for solutions
of (1.3) uniformly with respect to the time-discretization parameter 7, see The-
orem 4.5, and the optimality of the time estimates in (1.21), see Section 4.3. In
particular, we will show in Theorem 4.9 that the estimate (1.21) on the time of
uniform observability is sharp with this level of generality.

Let us also point out that, similarly as in [13], our approach can also be
applied in the context of fully-discrete schemes: Indeed, to derive observability
estimates for fully discrete approximations of (1.1) that are uniform in both time
and space discretization parameters, our approach shows that it is sufficient
to prove observability estimates for time-continuous and space semi-discrete
approximation schemes that are uniform in the space discretization parameter,
see Section 5.2 for precise statements. Also note that our results can be used to
recover discrete Ingham inequalities in a slightly different setting as the ones in
[41, 23], see Section 5.3. We also explain how our strategy applies in the case
of weak observability estimates in Section 5.4.

1.4 Related results

Our approach is inspired by several previous works which establish represen-
tation formulas for solutions of one equation through the solution of another
equation. As we have already said, this technique is called subordination (in
particular in the context of functional analysis, see e.g. [44] and references
therein) or transmutation. For instance, the work [21] provides estimates on
the heat kernel thanks to an analysis of the corresponding wave equation and
the so-called Kannai transform expressing solutions of the heat equation in
terms of solutions of the wave equation, and the work [22] proposes a study of
singular problems based on a representation formula adding one dimension to
the problem.

In the context of control theory in which we focus here, the so-called Fourier
Bros Tagnoniltzer transform, linking solutions of the wave equation to a suitable
elliptic operator, provides an efficient tool to prove quantified unique continua-
tion properties, see e.g. [46, 47, 43].



Similarly, using a suitable transform linking the wave and heat equations,
Miller in [35, 36] derived estimates on the cost of controllability of the heat
equations in small time, later improved in [48]. Similar estimates, related to
the characterization of the reachable set for heat equations, can be found in
[14]. The main difference between the transforms in [35, 36] and [14] is that,
whereas the articles [35, 36] express solutions of the heat equations in terms of
solutions of the wave equation, [14] is based on a transform expressing solutions
of the wave equation in terms of the solutions of the heat equation. Note that
the robustness of the transformation of [14] is illustrated by the fact that the
weak observation properties derived in [43] for the waves in general geometric
setting (not necessarily satisfying the geometric control conditions) can be used
to recover control properties for the heat operator. Let us also point out that
these transmutation techniques can also be used to derive numerical schemes to
compute approximate controls for the heat equations [38].

We also emphasize that Theorem 1.4 states observability results for the time-
discrete schemes (1.4) observed through an observation operator B provided the
continuous model (1.1) is observable through B. Hence the first step is to check
the observability property for the continuous model, and these observability
properties have to be checked in each situation. When the continuous model
(1.1) stands for a wave equation and B is a distributed observation operator or
a boundary observation, the necessary and sufficient condition for observabil-
ity is the so-called geometric control condition, see [2, 3]. For what concerns
plate or Schrodinger’s equations, the geometry still plays a role, but due to the
infinite speed of propagation the situation is more intricate: for these models,
observability holds when the geometric control condition is satisfied (see e.g.
[33] where this result is derived using transmutation techniques), but other less
restrictive geometric settings still enjoy observability properties, see e.g. [4].

1.5 Outline

The article is organized as follows. In Section 2, we give several instances of
classical time-discretization schemes that fit the abstract setting (1.4) with a
function f satisfying Assumptions (1.5)—(1.6)—(1.7). Section 3 is devoted to the
proofs of Theorem 1.1 and Theorem 1.4. In Section 4 we present a reverse rep-
resentation formula and discuss its application to uniform admissibility results
and use it to prove the optimality of the time estimate (1.21). In Section 5, we
present some further comments. In Section 6, we end up discussing some open
problems.

2 Some admissible time-discretization schemes

In this section, we provide several classical time-discretization schemes that fit
the setting (1.3)—(1.4) and satisfy assumptions (1.5)—(1.6)—(1.7).



2.1 The midpoint scheme

Perhaps the simplest time-discretization of (1.1) which preserves the energy is
the midpoint scheme: for 7 > 0, the time-discrete equation is given by:

A 4 yk + it
T 2

>, keZ, =4y (2.1)

Thus, if ®; is an eigenvector of A with eigenvalue iu;, the solution y, of
(2.1) with initial data y° = ®; is given by

k
=1 iujT/2> ®; = exp(ipj kT)®;,

14 dp;7/2
where 1} - is defined by exp(iy;.7) = %,
yielding

pj~T = 2arctan(u;7/2).

Hence the midpoint scheme (2.1) fits the assumptions of Theorem 1.4 by
setting f(a) = 2arctan(a/2) and thus R = co.

2.2 The fourth order Gauss Method

Let us present the so-called fourth order Gauss method for discretizing (1.1),
which enters the frame of Runge-Kutta methods, see for instance [17].
It reads as follows:

2
K= A y’:—i-TZaijn? , 1=1,2,
- J=1 (2.2)
Y = gk Db ), (i ¥
0 0 2 (cvij) = 1, V3 1
Yr =19y EXglven, Z+T 1

An easy computation shows that, for any k € Z,

rA A2\ T

DO | =

which allows to rewrite (2.2) as

A r2A2\ TA  T2A2
bl (g — T2 d+ 2 koo kel
g < > T2 ) ( Tyt )y FE

The spectral decomposition of the semi-discrete scheme (2.2) can easily be
performed. If y° = ®;, we obtain

y* =exp iMkT y°,  where f(a) = 2arctan _Ga )
T 12 — a2

Hence the discretization (2.2) fits the assumption of Theorem 1.4 by setting

f:(=2v3,2V3) = R;  f(a) = 2arctan (126_aa2> :

Note that, here, the function f is limited to the threshold R = 2v/3.



2.3 The Newmark method for second order in time equa-
tions

The Newmark method is designed for second order in time equations such as, in
particular, the wave equation. Namely, let Ag be a self-adjoint operator defined
on an Hilbert space Xy with dense domain D(Ap) and with compact resolvent,
and consider the following equation:

O+ Ay =0, teR, (0, 0)(0) = (¢°, ") € D(AY?) x Xy, (2.3)
The Newmark method yields, for 5 > 1/4, the following time-discrete scheme:

307'+1 + Sok 1— 2%07'

5 + Ao (BT + (1 - 28)¢k + Bei™1) =0,
WOl ol 0 1 , (2.4)
T T T T — X .
(g o) - o) e
System (2.4) is conservative and preserves the discrete energy:
k+1 k+1 E||2
k12 _ || 4172 (P77 Pr s
o (7)o
X() XO
okt kN |2
L -1 HA”Q (‘”) (2.5)
T X0

System (2 3) fits the abstract setting (1.1) by setting X = D(Al/Q) x Xy,
where D(AO %) is endowed with the scalar product <A1/ 2 .Al/ %) x, and

0o I
a=( % o)

But another way to write (2.3) under the form (1.1) is to set X = A,

;s al/2 ral)2 ZA1/2 0
1 =¢ +id) o, Y= —iA) "o, A= 0 A | (2.6)

This formulation will be preferred to study (2.4) since the eigenvectors are now
given as tI>+ (¥;,0), ;7 = (0,T,) where ¥; are the eigenvectors of Ay, and
A@f = iz\ﬁq)j , Wlth AoV, = \;¥;. (At this step, remember that Ay is
assumed to be a self-adjoint positive definite operator, so its spectrum is given
by a sequence of positive real numbers going to infinity.)

Now, setting
48 —1 !
Aor = (I—i— ( 54 )T2A0> Ao,

considering
k+1 k+1
- +
Yoy o7 - oF LAy <<PT 2@ ) 7
(2.7)
R A 2 AL/2 oF 4+ Pt
y277‘ - f - 2 )

10



system (2.4) can be written as

k+1/2 k—1/2 k—1/2 k+1/2
pr oy =A (yT /+yT+/> kel

T 2
. 1/2
. iAy; 0
with A, = ( 07 —2A1/2 ) . (2.8)

Under this form, one easily sees that another energy for solutions of (2.4) is

given by
2
()
Xo 2

As one easily checks, it turns out that the energies E¥t1/2 and EF+1/2 (defined
n (2.5)) are equivalent when working within a filtered class €(d/7) at scale 1/,
thus making of no particular relevance to our purpose the fact that they do not
coincide.

Now, one can easily show that if y!'/? = &, where ® is an eigenvector of A
given by (2.6) corresponding to the eigenvalue i, then the solution y, of (2.8)
is given by

yl:+1/2 exp ( fur) kr) @,

with f(a) = 2arctan (

FR+1/2 5 ‘yk+1/2

T

_ Hsof“ — ok

T

(2.9)
X2 Xo

1
2/1+ (8- 1/4)a2

>7 R=o00. (2.10)

Hence the Newmark approximation scheme (2.4) fits the assumptions of
Theorem 1.4.

Also note that the observation B+ Bag’ for (2.3) can be discretized in two
different ways:

e A natural discretization consists in taking

1 1k
B, (W) 1B, (“) (2.11)

for system (2.4), which corresponds to
BTny/Q B A—1/2< k+1/2 yk+1/2)Jr 2B, (yzlct1/2+ k+1/2) (2.12)

in the formulation (2.8).

e A less natural discretization is as follows

k+1 k+1 k
B Ay A <‘PT +2“0 >+82 <90’ = ¢T>, (2.13)

which corresponds to

Byt+1/2 = B A—1/2( k+1/27yk+1/2) " B (yftl/2+y§tl/2) (2.14)

T

in the formulation (2.8).

11



Note that Theorem 1.4, as stated, can only handle the second formulation
(2.13) in which the observation operator does not depend on 7 > 0, though it
corresponds to a time-discrete observation operator of the form (2.13) for (2.4),
which seems less natural than (2.11).

Whether or not system (2.4) is observable through (2.11) for general obser-
vation operators B, By when the corresponding continuous system is observable
is an open problem.

Though, if Bo = 0, a trick allows us to get the same result as in Theorem 1.4
for an observation operator of the form

k k+1
B, (% +2<p7 ) .

Indeed, first apply Theorem 1.4 to the observation (2.14). There we obtain, for
§ >0, T as in (1.21), and initial data in €(&/7) back in the variable @, :

2 2

pr — 07 12 (92 + 7
T T + 'AO,T rT T
T Xo 2 Xo
k 1\ |2
_ +
<or Y ’BIAOWA&(E (@T 2“’7 ) .
kre(0,T) u

1/2

T

Now, applying this identity to .A(l)/ QA(; -, which is still a solution of (2.4)

with initial data in €(6/7),

2 2

2

<Cr Z

kT€(0,T)

T

1 0 0 1
_ +
1(1)/2/40"1[_/2 (SDT g07_> H 1(1)/2 (SDT gp’r)

Xo Xo

2

k k+1
‘ B, (soT +2</>T )

u

But easy spectral computations show that, in the class €(d/7), there exists a
constant C' > 0 depending only on § such that

2

X0> .

Bl < <H A2 A2 (wl - ga?) . H A2 <go9 +s0i>
’ T
3 A representation formula, properties of the

2
kernel p, and applications

2

Xo

We will first recall basic facts on the discrete Fourier transform. We will then
prove Theorem 1.1 and give some estimates on the kernel p, in (1.8), which we
use in Section 3.5 to prove Theorem 1.4.

3.1 Discrete Fourier transforms

Let us introduce the definition of the discrete Fourier and inverse Fourier trans-
forms:

12



Definition 3.1. Given any function u, defined on TZ, we define its discrete
Fourier transform F lu;] at scale T as:

Frlur)(pr) = TZUT(IW) exp(—ipu k), pr € (—7w/7,7/7). (3.1)
kEZ

For any function v € L?(—m/7,7/7), we define the inverse Fourier transform
F 1] at scale > 0 as:

T

1 /T
F ) (kr) = 5/ ) v(pr) exp(ipkt) dpr, k€ Z. (3.2)

According to Definition 3.1, one easily checks that these transforms are in-
verse one from another, so that,

{ FoFur))(k7) = ur(k7), k€ Z, 53)

]:T[]:T_l[v]](uT) = U(MT), b € (—7T/T, 7T/7'),

Similarly as for the continuous Fourier transform, we also have the following
Parseval identity:

1 /T

o | 1 F ()P dpr = 7Y fur (k). (3-4)

These properties will be used in the sequel.
In the following, for a Hilbert space H, the space L?(7Z; H) is the set of
discrete functions u, defined on 7Z with values in H endowed with the norm

2 2
a2y = ™ 3 llur Ghr) 2
kEZ

3.2 Proof of Theorem 1.1
Proof of Theorem 1.1. Expand 3° as
= Z a;®;.
s lpgl<é/7
Then, for all k € Z, according to (1.4),
vi= > a;®;explipy k),

s lpl<é/7

and thus y(t) defined by (1.9) can be written as

y(t) = TZpT(t,k‘T) Z a; O, exp(ip; kT)

kez J lnjl<8/7

Z aj(I>jTZ,oT(t,k;T) exp(ip; - kT).

Jy lmsl<é/7 keZ

= > O F o ()] (—pin)- (3.5)

3 lmil<é/T

13



According to (1.8), for all u, € (—n/7,7/T),

T

Folpe(t, )] (ur) = exp (—g(“)t) X (rT).

Due to the definition of g, for all j such that |u;| < /7, g(uj,-7) = p;7. It then
follows from (3.5) that

y(t) = Y a;®; exp(ipt)x(uy,7)-
i I 1<8/7

But the choice of x implies that

y(t) = Z a; ®; exp(ip;t).
Jy lmsl<é/7

Hence y(t) solves (1.1) with initial data y°. O

Remark 3.2. When the parameter R € R* U{oo} in (1.6) is such that f(R) = m
if R is finite or Uimf = 7, i.e. when [ is bijective from (—R, R) to (—m,7), then
there is mo need of introducing a cut-off function to get Theorem 1.1. To be
more precise, we have the following result:

Proposition 3.3. Under the assumptions of Theorem 1.1, if we further assume
that f is bijective from (—R, R) to (—m, ), then we can take the function x in
Theorem 1.1 to be identically one. In other words, if for T > 0 we define pro(t,s)
by

1 /T . . ¢ )
prolt,s) = —/ exp <_zg(ur)) e du,, (t,s) € R?, (3.6)

21 ) _n)r T

we have the following result: for all y° € €(R/7) and y* is the corresponding
solution of (1.3), the function y(t) defined by (1.9) with p. ¢ instead of p; is the
solution of (1.1) with initial data y°.

Indeed, under the additional assumption that f is bijective from (—R, R) to
(—m, ), the function g is defined on the whole interval (—m, ).

Remark that all the numerical schemes presented in Section 2 fit the as-
sumptions of Proposition 3.3 and thus Proposition 3.3 applies for a wide range
of numerical schemes.

But even under this additional assumption, the localization properties of the
kernel function pro may be very rough and are not suitable to derive good es-
timates on the time of uniform observability for solutions y, of (1.3) as in
Theorem 1.4.

3.3 Localization of p,

We now analyze the function p, in (1.8):

Proposition 3.4. Let f be a smooth function describing the time discrete op-
erator T, as in (1.4), assume (1.5)—(1.6)—~(1.7), and fix § € (0, R).

Let € > 0 such that § + ¢ < R, and choose the function x in Theorem 1.1
supported in (—f(§ +¢), f(6 +¢€)) and real-valued.

14



Let T >0 and (t,s) € (0,T) x R be such that

t+e<s inf {f'(a)} or s sup {f'(a)} <t—ce. (3.7
la|<é+e la|<d+e

Then for alln € N, there exists a constant C,, . independent of (t,s) € (0,T) xR
such that for all (t,s) satisfying (3.7),

Cn’a,r2n71

(t,8)] < — , 3.8
e o (39
where p, is the kernel function given by (1.8).
Proof. Recall that p, is given by (1.8). Hence
1 T )
pr(t,s) = or | exp (T (ars — g(aT)t)) x(ar) do. (3.9

Remark then that

dfz (o0 (£ (s =gt )

(712(3 —g'(ar)t)® + ig”(ar)t> exp (i (ars — g(ar>t>) :

For (t,s) € (0,T) x R satisfying (3.7) or, equivalently,

{g'(ar)} =&, (3.10)

t sup {¢(ar)}+E<s or s<t inf
lar|<f(5+e) lar|<f(6+e)

for some small € > 0, the right hand-side of this identity does not vanish, and
then we can write, for all o, with |a,| < f(§ + ¢),

exp (i (ors — g(af)t)) = T2G‘r(a7’)d(f72_ (exp (i (ors — g(%ﬁ)))
1

with G,,.(Ol-r) = (S _ g/(aT)t)Q + iTg//(O(T)t.

(3.11)

Hence, using the fact that x is compactly supported in (—f(d+¢), f(d +¢)), we
get

A . (j (a5 — g(a»t))T L (Crlan)x(ar)) da.

—T

e / " exp (j (ars —g(aT)t)) (df;@(ar)»)nx(a»daﬁ

27 -7 T

where n € N and ( 4 (GT(aT)-)) denotes the operator %(GT(aT)) iterated

2
da?

n times.

15



We finally remark that, since y is smooth and compactly supported on
(—f(6+¢),f(6 +¢)) and due to the explicit form of G, given by (3.11), for
any n € N, there exists a constant C,, . such that for all o, and (¢, s) satisfying
(3.10),

Che

(455Gt aan)| < b

This immediately yields (3.8). O

<

3.4 The transmutation operator

We then prove that the transmutation operator is bounded as an operator from
L3(7Z) in L*(R).

Proposition 3.5. Let f be a smooth function describing the time discrete op-
erator T, as in (1.4), assume (1.5)—(1.6)—~(1.7), and fiz § € (0, R).

Let € > 0 such that § + ¢ < R, and choose the function x in Theorem 1.1
supported in (—f(§ +¢), f(6 +¢€)) and real-valued.

For 7 > 0, set I, the operator defined for discrete functions w, compactly
supported on TZ with values in some Hilbert space H by

- (wr)(t) =7 Z pr(t, kT)w, (kT), (3.12)
kEZ

where p; is the kernel function given by (1.8).
Then the operator I, is bounded from L*(tZ,H) to L*(R,H) and

12

er2(rzsyre@) < Xl ‘ |SEZIQF (). (3.13)
(OIS g

Proof. For w, in L?*(7Z;H) and z € L?(R, H), both compactly supported in
time, using Fubini’s formulas, we compute

/ (T (w:)(£), 2(8)) g dt
R

1 /T . . .
H

keZ —7/T

w/T ) )
= 72177 x(pr7) <T E wT(kT)e“‘T]”,/ z(t)elg(“”)t/T dt> dr
—m/T kez R "
I ~(_9ue)
== T T TI\T M1 )y - d T
o 7W/Tx(u T)<f [w( M)Z< = )>H i
1T ~(9(pr7)
= —HMT T Wr T)s d T
5 _ﬂ/TX( uT)<f [w](u)2< = s
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where 2z denotes the Fourier transform of z. Hence, using (3.4),

/ <L<w7><t>,z<t>>Hdt]

1/2
o s 7| Wr[\lr )l g CHr

1/2
1 /Tr/T o ||= (9(krT) ’
— [ x(-p) ( djir
(27r - T H

SHwellporzimy Ixlloo | sup f/(@) |21l L2 sy -
|| <d+e

where the last line is justified by the change of variable ur = g(p,7), which is
valid due to Assumption (1.7) and the fact that x is supported in the interval

(=f(0+2), f(6+¢)):
()]

w/T
! (=)
I ) P f (ur)du

% —m/T

1 @+e/T

27 ) _(s54eyr

1 -G
< (s F@) g [ IR de

o <b+e 2T J—(5+e)/7
< 2 y 1 2(0I2 d
<xll% | sup f(e) o 1Z(0) 7 die
la|<é+e ™ JRr

2 2
<l ( sup £(@) 121 -
la|<é+e

This concludes the proof of (3.13). O

3.5 Proof of Theorem 1.4

Proof of Theorem 1.4. Let y° € €(§/7) and y* the corresponding solution of
(1.3). Using Theorem 1.1, and setting y(t) as in (1.9) with x compactly sup-
ported on (—f(0 4+ €), f(6 +¢€)) for € > 0 small enough so that § + £ < R, we
obtain the solution of (1.1) with initial data y°.

Using the observability (1.18) of the continuous system (1.1), we thus obtain

2
dt.  (3.14)
u

T Z pr(t, kT)By”
keZ

Wl <c [ By a<c [
[ ; 1By ()l dt < |

Estimate (3.14) is the center of our argument. Now, we only have to check that
the right hand-side of (3.14) can be bounded by the right hand-side of (1.20).
To do this, we set

Tle

S .= ¢, 1
, W {7(a)] +e and 5 (3.15)
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and write

2
To
/ TZPT(t7 kT)By7]f dt < BOStl,s + 3Ot1,57T1,5 + 3OZT1,sa (316)
0 keZ u
where
Ty 5
O<t,. = / T Z p-(t, kT)By"|| dt, (3.17)
0 kr<ty. u
Ty 5
O4n.m. = / T Z pr(t, kT)By"||  dt, (3.18)
0 t1,e<kT<Ti. u
Ty e
Osp,. = /0 T > peltkT)Byk G (3.19)

kT>Ty .
Now, using Proposition 3.4 and Proposition 3.5, we prove the following facts:

e There exists a constant C' independent of 7 > 0 such that

On.m.<Cr 3 |BIL,. (3.20)

t1,5<kT<T1,E

e For all n € N*, there exists a constant C;, = Cy,  » s independent of 7 > 0
such that )
O<t, .+ Ospy . < Cprin2720 ||yOHX. (3.21)

Indeed, estimate (3.20) can be deduced immediately from Proposition 3.5
by choosing w, (k) = By¥ for kT € (t1,,T1,c) and 0 for k7 ¢ (t1,,T1c).
Let us then focus on (3.21). According to Proposition 3.4, we have

2

To
O<i,. < / <iug||6y’:l}i,> T lpr(t k)] dt, (3.22)
0 €

kTStl,z

Using that the discrete semi-group (1.3) is conservative in norms X and D(AP),
preserves €(§/7), and that B satisfies (1.17), we immediately have that

2
Cp,ﬁ
T2P

sup B 7, < 55 (15[ (323)
EZ

Besides, according to Proposition 3.4, for all ¢t € (0,Tp), and n > 1,

CnTQn—l
T Y etk <7 o
kr<t: . k<t . ( inf |f'(«)kT — t|)
|| <d+e
Cn 2n—1
<7 T — < C,7>"h, (3.24)
i (t— o {p )
kr<ti, (t \a|1£§+s{f (o) }kr

for some constant C,, depending on n > 1.
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Similar estimates can be done to bound O>7, _, yielding (3.21) immediately.
We now conclude the proof of Theorem 1.4. Estimates (3.16) together with
(3.20) and (3.21) show that

T 2
/0 Ty ot k)BYE | dt< O ST ||Byky,
0 kez u ty o <kT<Ti .
+ Ot 0|2, (3.25)
Thus (3.14) implies
Il @ = Curtm 22y <0r 3T Bkl (3.26)

t1,e<kT<Ti e

Since the discrete semigroup (1.3) is conservative, we can shift the time in (3.26),
and obtain

|15 0= Curt 2y <er 3T IBukl, 320)

0<kT<Ti.c—t1,e

Taking n > 1+ p and 7 > 0 small enough, we obtain (1.20) with

Ty
T.=T—t1e= —————— 1+ 2¢.
’ ’ inf "
il {P)
This concludes the proof of Theorem 1.4 by taking € > 0 small enough. O

4 A reverse formula and its applications

4.1 A reverse formula

In this section, our aim is to explain that the representation formula derived in
Theorem 1.1 allowing to write the solutions of the continuous abstract equation
(1.1) as functions of those of the time-discrete one (1.3) can be reversed:

Theorem 4.1. Let f be a smooth function describing the time discrete operator
T, as in (1.4), assume (1.5)~(1.6)—(1.7), and fix 6 € (0, R).

Let f be a smooth function describing the time discrete evolution as in (1.4),
and assume (1.5), (1.6) and (1.7).

Let x be a C function compactly supported in (—R, R) and equal to 1 in
(=0,0). For T >0, define then q.(t,s) for (t,s) € R? as

qr(t,s) = %/}Rexp (W) X (ur) e " dp. (4.1)

™

Then, if y° € €(§/7) and y(t) is the corresponding solution of (1.1), the function
y, defined for k € Z by

ﬁ:A%@thﬁ (4.2)

is the solution of (1.3) with initial data y°.
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Proof. The proof is similar to the one of Theorem 1.1: Write the solution y(t)
of (1.1) on the basis of eigenfunctions of A, and remark that for all 4 € R
satisfying |u| < &/7, due to the definition of ¢, in (4.1), for all s € R,

/RqT(t7 s) exp(ipt) di = x(uT) exp (WT)S) = exp (W) .

Details are left to the reader. O

Remark 4.2. Similarly as in Remark 3.2, if R in (1.6) satisfies R = oo,
Theorem 4.1 still holds when taking x = 1, which consists in replacing q, in
(4.1) by ¢r o defined by

1 ) )
dro(t,s) = — / exp (Zf(/”)s) et dy,
’ 21 Jr T

Note that this definition has to be understood in the sense of D'(R?) as the
integrand is not integrable.

Similarly, one can prove the following:

Theorem 4.3. With the notations and assumptions of Theorem 4.1, if 0 < §; <
§2 < R and y° € €(02/7)NE(61/7)L, the same result holds for a smooth function
x compactly supported in (—R, R) and equal to 1 in (—d2, —d1) U (01, d2).

Remark 4.4. The notation L in €(53/7) N€(d/7)* stands for the orthogonal
complement with respect to the X scalar product, so that €(d2/7) N €(6y/7)*
stands for the set Span{®; : 61 < p;7 < d2}.

Proof. The proof of Theorem 4.3 is the same as the one of Theorem 4.1. O

As we will see below, these transmutation formula also yield non-trivial
informations, for instance when dealing with uniform hidden regularity results
or the optimality of the time-estimate (1.21) in Theorem 1.4.

4.2 Uniform hidden regularity results

In this section, we are interested in the admissibility property - also called hidden
regularity property - for system (1.1).

To be more precise, if B € L(D(AP),U) for some p € N and Hilbert space
U, system (1.1) is said to be admissible for B if there exist a constant Cy and
a time T > 0 such that any solution y(t) of (1.1) with initial data y° € D(AP)
satisfies

To
/0 1By(O)IZ < Colls|[% - (43)

Note that, when p = 0, i.e. B € L(X,U), this property is straightforward
since the energy of solutions y of (1.1) is preserved. However, when p > 0,
this property is not at all granted and comes from subtle properties of the
system under consideration, requiring suitable assumptions on B and in partic-
ular an adequate interaction of B with the free dynamics generated by A. The
paradigmatic example of such situation concerns the wave equation in a bounded
domain with homogenous Dirichlet boundary conditions observed through the
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flux on the boundary. In this case indeed, the operator B is not bounded on X
but is still admissible, see [26]. This additional property then allows to define
solutions in the sense of transposition for (1.19), see e.g. [50].

Let us also remark that by the semi-group property, it is straightforward to
show that if the admissibility estimate (4.3) is true for some Ty with a constant
Cy, it is true for all T with constant C(T') = Co(1+ |T/To]).

Finally, we point out that the estimate (4.3) is the reverse of the observability
estimate (1.18), and we may therefore expect that the strategy developed for
getting uniform observability estimates for time-discrete approximations of (1.3)
also applies in the context of admissibility. This is indeed the case:

Theorem 4.5. Assume that B € £(D(AP),U) for some p € N and U an Hilbert
space, and that B satisfies (1.17) with constant Cp,.

Assume that equation (1.1) is admissible for B at time Ty with constant Cy,
i.e. for all y° € D(AP), the solution y(t) of (1.1) with initial data y° satisfies
(1.18).

Let f be a smooth function describing the time discrete operator T, as in
(1.4), assume (1.5)~(1.6)—~(1.7), and fix 6 € (0, R).

Then, for all time T > 0, there exists a constant C(T) so that for all T >0
small enough, solutions y, of (1.3) lying in €(§/7) satisfy

w3 1Bl <l (44)
kT€(0,T)

Similarly as in Theorem 1.4, Theorem 4.5 is derived by careful estimates on
the kernel function ¢, in Theorem 4.1.

Note however that Theorem 4.5 can be found in [13, Theorem 6.5]. There,
it is proved using an equivalent form of the admissibility property (4.3) in terms
of packets of eigenfunctions, in the spirit of [45] for the observability of waves
(see also [50]). Though, we will provide a short proof of Theorem 4.5 by using
the kernel ¢, given by Theorem 4.1 to show the flexibility and efficiency of our
strategy. The proof of Theorem 4.5 is postponed to the end of the section.

We first show that the kernel function ¢, given by Theorem 4.1 is mainly lo-
calized in some parts of R? when we choose the function x compactly supported
in (—d—¢,d+¢), foree (0,R—9):

Proposition 4.6. Let f be a smooth function describing the time discrete op-
erator T as in (1.4), assume (1.5)~(1.6)—~(1.7), and fir 6 € (0,R). Let e > 0
such that § + ¢ < R, and choose the function x in Theorem 4.1 supported in
(=0—¢,0+¢).

Let T >0 and (t,s) € Ry x (0,T) be such that

t>s |a\S;l§)+e{f/(a)} +e or t<s |a|i£§+6{f/<a)} — €. (4.5)

Then for alln € N, there exists a constant C,, . independent of (t,s) € Rx(0,T)
such that for all (t,s) satisfying (4.5),

Cn767_2n71

inf {|f"(a)s — ]}

|| <+e

lg-(t,s)| < (4.6)

where q, is the kernel given in (4.1).
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Proof. Again, we only sketch the proof which can be done following the one of
Proposition 3.4.
By a change of variable, similarly as in (3.9), rewrite ¢, as

ir(t:5) = 5 [ e (L (fla)s ~ ) ) x(@) o

T

As in (3.11), we then remark that, for (¢,s) € Ry x (0,T) satisfying (4.5) and
o] <(6+€)/7,

v (£ (@)s = at)) = —rF (@) (exp (L (sla)s —ar)) )

1
ith F(a) = .
W ) = ey 1 e
The rest of the proof follows line to line the one of Proposition 3.4. O

Proposition 3.5 also has a counterpart:

Proposition 4.7. Let f be a smooth function describing the time discrete op-
erator T, as in (1.4), assume (1.5)~(1.6)—~(1.7), and fir 6 € (0,R). Lete > 0
such that § + ¢ < R, and choose the function x in Theorem 4.1 supported in
(=0 —¢e,64+¢).

For 7 > 0, set J. the transformation defined for functions w(t) compactly
supported on R with values in some Hilbert space H by

Frw)lhr) = [ arttkryu(t) . (4.7)

where ¢, is the kernel given in (4.1).
Then J, is a bounded operator from L?(R; H) to L*(7Z; H):

X oo
Hj’r||L(L2(R;H);L2(7'Z;H)) S A . (48)
inf f/(«)
|a|<d+e
Again, the proof is similar to the one of Proposition 3.5. Details are left to
the reader.

Proof of Theorem 4.5. Theorem 4.5 can be derived similarly as Theorem 1.4 by
applying Theorem 4.1, Proposition 4.6 and Proposition 4.7. O

4.3 Optimality of the time-estimate (1.21)

Our goal here is to prove that the time-estimate (1.21) is sharp.
Let us begin with the following result:

Theorem 4.8. Let f be a smooth function describing the time discrete operator
T, as in (1.4), assume (1.5)-(1.6)—(1.7), and fix § € (0, R).
Assume that there exist p > 0 and a constant C, > 0 such that (1.17) holds.
Also assume that there exist a time Ty and a constant C such that for any
T > 0, solutions y, of (1.3) lying in €(6/7) satisfy (1.20).
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Then, for any 0 < 81 < dg < 6, for any time T satisfying

T>T sup {f'(a)}, (4.9)
0(6(51,52)

there exist positive constants C and 19 > 0 such that, for oll 7 € (0,70), all
solutions y of (1.1) with initial data y° € €(62/7) N E€(61/7)* satisfy (1.18).

Proof. Let 0 < d1 < d2 < 6, consider a smooth even function y compactly
supported on (—dy —e,—01 + &) U (01 —g,02 + ¢) for some € € (0,6 — J2), and
set ¢, as in Theorem 4.3.

Then, similarly as in Proposition 4.6, one can prove that for (¢,s) € R x
(0,T7) such that

t>s sup {f'(a)}+e or t<s inf {f'(a)} —e, (4.10)
51 —e<|a|<d2+e d1—e<|a|<dz+e

for all n € N, there exists a constant C,, > 0 such that
CnT2n71

inf__ {[f(a)s — [}

61 —e<|a|<da+e

(4.11)

lg- (¢, 8)] <

Similarly, Proposition 4.7 still holds.
Hence, following the proof of Theorem 1.4 and in particular of estimate
(3.16), we obtain that

T18UPs, _e<|al<syt+e 1S (@)} +e
DI 7 /Rl IBYOIE
—e

kT€(0,T1)

+ Ot 0|, (4.12)

Applying (1.20) and taking 7 > 0 small enough, (1.18) follows with T =
Ty sups, o<jaj<s,+e f' (@) + 2.

Since € can be chosen arbitrary small, the observability estimate (1.18) holds
for any solution of (1.1) with initial data in €(d2/7) N €(d1/7)* and time T as
in (4.9). m

We are now in position to prove that the estimate (1.21) is sharp. In order
to show this, we specify the abstract system (1.1) to the simplest case fitting
the assumptions, namely the transport equation at velocity 1 on the 1-d circle
denoted by S and identified with the interval (0,1) with periodic boundary
conditions. In this case, the equation reads:

Oy +0;y =0, (t,z) eRxS. (4.13)

This correspond to an operator A = —0,, defined on X = L%&(S), the space of
periodic functions of period one in L?(0,1), with domain D(A) = H#(S)

We consider the observation operator By = y(0), which is continuous on
D(A) = Hy(S) and takes value in i = R .

Since the solutions of the transport equations (4.13) can easily be solved with
characteristics, we get y(t,z) = y°(x —t). It is thus completely straightforward
to show that

' Oﬂ? 2 Xr = ' 2 . .
/Om )2 /O|y<t,o>| dt (4.14)
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In particular, applying Theorem 1.4 for some discretization scheme corre-
sponding to f satisfying (1.5)—(1.6)—(1.7), taking § < R, for all T' satisfying

1

la|<d

there exist a constant C' and 7y > 0 such that for all 7 € (0, 79) and y, solution
of

yitt = exp(if (—iAD))yE, keZ,  y) =1y,
with A= —0,, D(A)=H4®S), X=L%(S), (4.16)

with initial data y° € €(5/7),

Hy0||ii(S)SCT > Eo)P (4.17)
kT€(0,T)

To prove the sharpness of the time estimate (4.15), we are thus going to
show the following:

Theorem 4.9. Assume that f satisfies (1.5)~(1.6)—(1.7) and take § < R.
There is no time T > 0 satisfying
1

T < o (0] (4.18)

|| <6
and constants C > 0 and 19 > 0 such that for all 7 € (0,79), solutions y, of
(4.16) with initial data y° € €(5/7) satisfy (4.17).

Proof. We argue by contradiction and assume that there exist a time T satisfy-
ing (4.18) and positive constants C' > 0 and 79 > 0 such that for all 7 € (0, 79),
solutions y, of (4.16) with initial data y° € €(5/7) satisfy (4.17).

Since T satisfies (4.18), we can find [01, d2] C (0, ) such that

I
sup  f'(a)’

a€[dy,02]

T<

According to Theorem 4.8, choosing

T e sup  f'(a),1],
a€[51,52]

we get the existence of a constant C' such that for all 7 > 0 small enough, all
solutions y of (4.13) with initial data y° € €(82/7) N €(61/7)* satisfy

1 T
/ (@) dz < C / (£, 0)[2 dt. (4.19)
0 0

Now, we show that this cannot be true for T < 1. In order to do this, let us
remark that the spectrum of the operator A = —9,, with domain D(A) = H#(S)
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on X = Li(S) simply is given by the Fourier basis (®;(z) = exp(2ijmx)) ez
and corresponds to the eigenvalues (ip; = 2ij7);ecz.
Besides, using that solutions of (4.13) are simply given by y(t, z) = y°(x—1),

T 1
| weora= [ wrwpa.
0 1-T

so that (4.19) can be rewritten as

/ 130 ()] da < C/ (z)|* da. (4.20)

We thus have to prove that (4.20) cannot be true uniformly with respect to
7> 0 for y° lying in €(d/7) N &(dy /7)*+

This can be proved by an explicit construction as follows. We choose &g €
(61,02), a smooth compactly supported function x with support in (—1,1) and
with unit L?(R)-norm, and z¢ € S such that x9 € (0,1 —T).

We then set, for g € S to be chosen later on,

Yz) = ZTI/4X <ﬁ2j7r — \2) exp(2ijm(z — x0)). (4.21)

JEZ

First, let us note that the coefficients of y2 in the basis ®;(z) = exp(2ijmz)
vanish for

1
> — 4.22
> (4.22)
This implies in particular that for all 7 > 0, the sum in (4.21) is finite and thus
makes sense, and that for 7 > 0 small enough, y¥ indeed belongs to €(§2/7) N
€(01/7)*

We can also compute the Li(S)—norm of 4% by Parseval’s formula:

'2j7r é
.

2

7)

2 —_
" 27r/|X ) da = o (4.23)

/ @) dr =7y |x

JEZ

(\f 2jm —

since the sum is a Riemann sum.
We now claim that ¥ is concentrated around zg. In order to show this, for
a function v = v(j) defined for j € Z, we introduce the discrete Laplacian

Agu(j) =v(i+1) +v(j — 1) — 2v(j),
and remark that

—Agexp(2ijn(x — x0)) = exp(2ijm(x — x0))4sin’®(7(x — 20)).

25



Thus, for ¢ > 0 and |z — zg| € (¢,1 — &),

yg(z) = 27.1/4X <\/;2]7T o \2) e2ij7r(a:7:vo)

jez
1 1/4 ( ; 0 ) 2ijm(x—x0)
= 2 I _A n ] Tr—xo
e o X VT 77 ) () (¢ )
1 1/4 < < . J )) 93 (2—z0)
= . THYH =A™ [ x [ V72jm — —= | | 2™ @ %0),
pree D DU 7
so that
sup |yl (@) < Cp oA, (4.24)

|lz—x0|E(e,1—¢)

where we used that

a0 (x (vrzim = 52) ) < G
1/2

and that the number of non-vanishing terms in the sum is of order 77/, see
(4.22).

In particular, considering (4.23) and (4.24) with ¢ > 0 such that {x €
S, ds(z,z0) > €} C (1 —T,1), where dg is the geodesic distance on S, we have
found a sequence y° € €(J2/7) N €(81/7)* such that

1 1
1
/ 12@) Pz < C2 7212 while / W0 (@) dr — —,
1-T 0

thus contradicting (4.20). O

5 Further comments

5.1 Filtering and convergence

Let us first remark that, when applied to unbounded operators A, Theorem 1.4
necessarily requires the data to be in a filtered space for being valid. Indeed,
if not, even in the case R = oo, any function f in (1.4) satisfying (1.5)—(1.6)
cannot satisfy

inf{f'(a); « € R} > 0.

As the time T in (1.21) is sharp (recall Theorem 4.9), uniform observability
property cannot hold without filtering the data. Note however that this claim
applies only to unbounded operators as for bounded operators, €(§/7) = X for
7 small enough and/or § large enough.

We shall also emphasize that these filtering conditions do not interfere with
the convergence of the numerical scheme. Indeed, one can read the convergence
of the numerical scheme (1.3) on the function f in (1.4) and in particular on its
derivative at « = 0. Using (1.5), we look at the second non-zero coefficient in
the Taylor expansion of f at a = 0: for some odd integer r > 3,




(Straightforward computations indicate that » = 3 for the midpoint scheme and
the Newmark method, and » = 5 for the fourth order Gauss method.) Then
we can compare the solutions y, of the discretized equations (1.3) and y of the
continuous model (1.1) taking an eigenvector ® corresponding to an eigenvalue
1 as an initial datum. We get:

y(t) = "' ®, yr(k7) = e/ WRT/7

Identifiying y, with the time continuous function y, (t) = e/ mmt/7PH we easily
derive that, for all T' > 0, there exists C'r > 0 such that

sup [ly(t) —yr (D) = sup | DT et
te[0,T] te[0,T]

Crlf () |pm "t = Cr| T (0)7 [P/l pcary

IN

while

1
sup [ly(@)llx < — 12l pary -
t€[0,T) H

Therefore, the order of convergence is r — 1, while the error 77! is larger than
1/ for p>1/71-1r,
As the filtering process in Theorem 1.4 is done at the scale 1/7, the con-

vergence of the numerical schemes under considerations is not affected by the
filtering requirement on the initial data in Theorem 1.4.

5.2 Fully discrete approximation schemes

Our approach also applies in the context of fully-discrete approximation schemes
for (1.1), or more generally, to time-discrete approximations of a family of time
continuous equations depending on a parameter.

Following [13], we introduce the following class:

Definition 5.1. Letp € N, C, > 0, Cy > 0 and Ty > 0 be constant parameters
and define the set S(p, Cp, Co,Tp) as the set of elements (A, X, B,U) such that:

e X and U are Hilbert spaces;

o A is a skew-adjoint unbounded operator defined in X with dense domain
D(A) and compact resolvent;

o B e £(D(AP),U) and satisfies (1.17) with constant Cp;

o System (1.1) is observable through B in time Ty and satisfies (1.18) with
constant Cy.

Theorem 1.4 can then be reformulated as follows:

Theorem 5.2. Letpe N, C, >0, Cy >0 and Ty > 0. Let also f be a smooth
function describing the discretization process as in (1.4) satisfying (1.5)—(1.6)—
(1.7) and fiz 6 € (0,R). Then, for all T satisfying (1.21), there exist positive
constants C' and 79 > 0 such that for any T € (0,79), solutions y, of (1.3) lying
in €(6/7) satisfy (1.20) uniformly for (A, X,B,U) in S(p,Cp, Co,Tp).
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In particular, Theorem 5.2 allows to decompose the study of the observability
properties of a fully-discrete approximation scheme in two steps.

Indeed, if (A, X, B,U) belongs to some S(p, Cp, Co, Tp) and X is an infinite
dimensional vector space, the usual strategy to construct a fully discrete ap-
proximation of ' = Ay is to first design a space semi-discrete approximation
scheme. If A > 0 denotes the space semi-discretization parameter, these approx-
imations are defined on finite-dimensional Hilbert spaces X}, and can be written
as ¥, = Apyp. Similarly, the observation, originally given by By on the time and
space continuous model ' = Ay, is approximated by By, for some operator
B}, defined on A}, and with values in some Hilbert space U}, approximating U in
some sense.

Theorem 5.2 then states that, if we can find some p € N and constants
Cp, Co, Ty such that for all A > 0, (Ah,Xh,Bmuh) € S(p, Cp,CmT()) then,
taking f satisfying the assumption (1.5)—(1.6)—(1.7) and fixing § € (0, R), the
solutions gy 5 of the fully discrete schemes

yitt = exp(if(—iAnm)yly, kEN, g, =y (5.1)
satisfy
2 2
W, <cr S I8k, 52)
kT€(0,T)

provided 49 € €,,(§/7), where €5, (§/7) is the vector space spanned by the eigen-
functions of Ay, corresponding to eigenvalues of modulus smaller than 6/7.

Note in particular that the space € (d/7) simply coincides with the full space
X}, provided the Courant Friedrichs Lax type condition

T Al ex,) < 6 (5.3)

is satisfied. In other words, if the time continuous and space semi-discrete
approximation models y;, = Ay, are uniformly observable with respect to
h > 0 through By, then the solutions of the fully discrete models (5.1) satisfy
the observability property (5.2) for all initial data in &}, uniformly with respect
to both parameters h > 0 and 7 > 0 provided the CFL type condition (5.3) is
satisfied.

Thus, in many practical situations, proving observability properties for fully-
discrete approximations of (1.1) uniformly with respect to both space and time
discretization parameters is reduced to proving observability properties for time
continuous and space semi-discrete approximations of (1.1).

We do not give further details on this strategy as we have already developed
it in [13, Section 5] - except for the estimate (1.21) on the time which is new.

Also note that our strategy applies to derive uniform admissibility estimates
for fully discrete approximations of (1.1) - where uniform means with respect
to both space and time discretization parameters - provided uniform admissi-
bility estimates are proved for the corresponding space semi-discrete and time
continuous approximations of (1.1) - here, uniform means with respect to the
space semi-discretization parameter.

In both situations, our approach successfully reduces the study of observ-
ability /admissibility issues for the time and space discrete approximations of
(1.1) to the study of the observability /admissibility properties for the underly-
ing time-continuous and space semi-discrete approximations of (1.1), for which
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a large literature is available, see e.g. [19, 5, 6, 39, 40] and the survey articles
[51, 15].

5.3 Discrete Ingham inequalities

As a by-product of our analysis, we proved the following discrete Ingham in-
equalities:

Theorem 5.3. Let I =N or Z and (u;)er be an increasing sequence of real
numbers such that, for some v > 0,

inf |11 — pyl = . (5.4)
Jjer

Let f be a smooth function describing the time-discrete operator T, as in (1.4),
assume (1.5)—(1.6)—~(1.7) and fix 6 € (0, R).
Then for all time
27

T -
” 5k f(a)’

lor| <8

(5.5)

there exist two positive constants C' and 19 > 0 such that for all 7 € (0,79), for
all (a;)jer € C3(I) vanishing for j € I such that |p;|T > 4,

2
éZ\angT S S eE <03 (5.6)

JerI kTe(0,T) |jel jerl

Theorem 5.3 has to be compared with the results of [41] (see also [23]),
which derived a discrete Ingham lemma. Indeed, [41] gives assumptions on an
increasing sequence (A;);er of real numbers under which one can guarantee for
all 7 € (0,79) and (a;),er € 0*(I),

2
éZ|(LJ‘|2§T Z Zajei’\j’” SC’Z|aj|2. (5.7)

jeI kTe(0,T) |j€l JjeI

It is proven in [41] that (5.7) holds when assuming the existence of a gap 4 > 0
such that
inf [Aj 11 — Al > 7, (5.8)
Jjel

and provided that the sequence \; satisfies, for some p € (0,1/2),

2r — 7P

sug) |Ae — | < (5.9)

)

When both (5.8) and (5.9) hold, see [41], for any time T > 27 /7, there exists a
constant C' > 0 depending only on 4 and p such that (5.7) holds.

Of course, the result in [41] is thus very similar to Theorem 5.3 as one can
check by setting

A = f('lj_jT)7 J € I such that |p;|T <4,
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which satisfies (5.8) with ¥ = vinf|, <5 f'(«) and (5.9) due to the assumption
0 < R.

Nevertheless, our approach yields various discrete Ingham inequalities from
the ones known in the continuous setting, for instance the ones in [29, 30].

For completeness, we briefly explain below how Theorem 5.3 follows from
Theorem 1.4 and Theorem 4.5.

Proof of Theorem 5.3. Let us consider X = ¢2(I), set ®; = (as,j)eer With azj =
d¢,5, and define the operators A and B by A®; = iu;®;, and B®; = 1, which
is continuous on D(A) = ¢?(ue, I) (i.e. the set of sequences (ar) such that the
norm ||(a¢)||%(A) = > lag[*(1447) is finite) since 1/(1+ p3) is summable under
the assumption (5.4).

According to Ingham’s lemma [20], for all T > 27 /~, there exists a constant
C > 0 such that for all (a;) € ¢%(1),

2

T
é2|aj|2§/ Zaje“‘jt dtSC’Z|aj|2.
J

jer 0 jeI

This can be rewritten as follows: for all y° = 37 a;®; € £*(I), the solution y of
1y = Ay with initial data y° satisfies

1 T
&0y < [ 1Bu Pt < € P

Hence we can apply Theorem 1.4 and Theorem 4.5 immediately to A and B and
the corresponding discretizations described by (1.4) and satisfying assumptions
(1.5)—(1.6)—(1.7). Theorem 5.3 then follows from the explicit form of the solu-
tions of y**+1 = T,y with initial data y0 = Zj a;®;, which is simply given by
yl"f o Zj ajeif(HjT)k@j. D

5.4 Weak observability estimates

In this section, we briefly focus on the case of weak observability estimates. To
be more precise, we consider an observation operator B € £(D(AP),U) and we
assume the following: there exist a norm |||, a time T, > 0 and a positive
constant C,, such that for all solutions y of (1.1) with initial data y° € D(AP),

Tw
Is°]1? < Ci/o 1By (t)|l7, dt. (5.10)

This property is a weak observability property for the system (1.1). Roughly
speaking, this property appears as soon as solutions y of (1.1) satisfy the fol-
lowing unique continuation property:

By(t) =0o0n (0,T) =y =0, (5.11)

since then one can simply define ||-||, as
2 T 9
I9°12= [ 1BuCol, . (5.12)
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Of course, defining ||-||, as in (5.12) does not provide any other information than
the unique continuation property (5.11).

When trying to quantify unique continuation properties, it is then natural
to try to find a norm ||-||, which can be compared to the norms constructed on,
for instance, the iterated domains of the operator A.

To be more precise, we introduce the family X, of Hilbert spaces indexed by
r € R as follows: for n € N, we set X,, = D(A"); for r € R, we take n € N such
that r € [n,n + 1], and we define X, as the interpolate between X,, and X, 41
of order 7 — n. We then define X,. for r < 0 as the dual spaces of X,. (Xy = X
is identified with its dual). The corresponding norms |||, on &, are then the
following ones: for y = > a;®;,

2 r
Iyll? = la; (1 + p3)".
J

We thus assume that there exist a constant » € R and C. > 0, such that for
all y € &},
lyll, < Crllyll, - (5.13)

Note that this definition makes sense for all y € &), since the weak observability
estimate (5.10) guarantees that ||y||, is finite for y € X),. Actually, estimate
(5.10) and B € £(D(AP),U) also imply r < p. Also note that when r >
0, inequality (5.10) is stronger than the one in (1.18). We are thus mainly
interested in the case r < 0.

We then have the following variant of Theorem 1.4:

Theorem 5.4. Assume that B € £(D(AP),U) for somep € N andU an Hilbert
space, and that B satisfies (1.17) with constant C,,.

Assume that equation (1.1) is observable through B at time T, with constant
Cw and norm ||-||,, i.e. for all y° € D(AP), the solution y(t) of (1.1) with
initial data y° satisfies (5.10). Also assume that there exist a constant C,. > 0
and r < p such that (5.13) holds.

Let f be a smooth function describing the time discrete operator T, as in
(1.4), assume (1.5)—(1.6)—(1.7), and fix 6 € (0, R). Then, for all

> T
inf {f'(a)}’

la| <8

(5.14)

there exist positive constants C and 19 > 0 depending on f, T, 6, p, Cp, Cy,

Ty, Cr, r such that for any T € (0,79), solutions y, of (1.3) lying in €(&/7)

satisfy

2 . k2

Pcor Y IELE 519
kT€(0,T)

(|42

Proof. The proof of Theorem 5.4 is very close to the one of Theorem 1.4, see
Section 3.5. Indeed, we first introduce € > 0, a function x compactly supported
on (—f(d +¢), f(0+¢)) and taking value one on (—f(d), f(0)) and the kernel
function p, given by Theorem 1.1. Then setting ¢t;. = —¢ and Ty, = ¢ +
Ty /inf|q)<s{f ()}, we get the counterpart of (3.25): for some constants C, Cy,
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independent of 7 > 0,
Tw
/

Using then Theorem 1.1 and the fact that y(¢) defined by (1.9) is a solution
of (1.1), we have

2

wsor Y B

u t1,e<kT<Ti,

T Z pr(t, kT)ByF

kEZ

T T

L e S < Al
t1,e<kT<Th.

instead of (3.26).
One then uses that, since y° € €(6/7), there exists a constant C' > 0 inde-
pendent of 7 € (0,1) and 3" such that

HyOH2 < CT2THyOHi if r <O7
C’HyOH if » > 0.

Using then (5.13), estimate (3.25) implies

HyoHi (1 _ Cn7_4n—2—2p+2min{r,0}> <Cr Z HBnyZ (5.16)

t1 o <kT<Ti .

Thus, taking n > 1 + p — min{r,0} and 7 > 0 small enough, we obtain (5.15)
with

T,
T.=T,—tie=——2 4+ 2¢.
T T ()
|a|<é+e
This concludes the proof of Theorem 5.4 by taking € > 0 small enough. O

Among the typical cases fitting our assumptions, let us quote the case of the
wave equation on (0, 1) observed from a point zg € (0,1) \ Q. In that case, the
equation reads:

Opty — Opzy = 0, for (¢t,x) € (0,T) x (0,1),
y(t,0) = y(t,1) =0, for t € (0,T), (5.17)
(¥(0,-),0y(0,-)) = (y%y") in L?(0,1) x H1(0, 1),

and the observation is given by y(t, zo).
Equation (5.17) indeed fits the abstract setting of (1.1) by setting

_( v \_(1 (0 Id
=(an )= ) 4= (al 0)
with X = L?(0,1) x H~%(Q), D(A) = H}(0,1) x L*(0,1).

and the point-wise observation operator is given for smooth Y by

BYB( 2 ) — Vi (o).
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Sobolev’s embedding easily shows that B is continuous from D(A'/?¢) to R for
any € > 0.
Besides, expanding solutions y of (5.17) in Fourier, one easily checks

y(t,z) = \/iz (aj exp(ijmt) + b; exp(—ijwt)) sin(jrx),
i>1

where the coefficients (a;), (b;) can be characterized from the expansion of the
initial datum (y°, y!): if (y°, y!) are given by

W (2) = V2D aysin(jrz),  y'(x) = V2 B;sin(jra),

Jj=1 Jj=1

the coefficients (a;), (b;) are given by

1 B; 1 B
aj—z(ajzj;r>7 bj_2<04j+lj7jr).

In particular, using Parseval’s identity, one easily gets

2 2
[ 1By ®lde= [ taoPd = 23 (o + ) sin®(Gmzo)
0 0

Jj=1

2 |ﬁj|2 s 20
Z o +j27r2 sin” (jmrag).

j=21

Of course, if zg ¢ Q, one easily checks that sin(jmzo) cannot vanish for j € N,
hence unique continuation holds. In particular, this implies that the semi-norm

defined for
v < Y; ) _ \/5221 ajsin(jmax)
Ya \/52321 Bjsin(jmz)
by
2
12 = 3 (losP + 2 ) s

Jj=1

is a norm satistying (5.10) for T, = 2 and C,, = 1.
Besides, one easily checks that the norms ||-||, in that case are simply given

by
/8‘ 2 . r
W12 = 3 (1ol + 25 ) (4 Gy
i>1 o
Thus, if one wants to apply Theorem 5.4, one should verify condition (5.13), i.e.
that there exist r > 0 and C > 0 such that for all j € N|
(14 (jm)?)/? < C'sin®(jra). (5.18)

It turns out that condition (5.18) is satisfied for a large set of irrational numbers
xo ¢ Q, that we will denote by S in the following.

Indeed, S contains the irrational numbers zg € (0,1) whose expansion
[0,21, 22, ,Zn, -] as a continuous fraction is given by a bounded sequence
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(), see [24, p.23], for which the following property holds: there exists a positive
constant C such that for all k£ € N,

c
inf —pt > 2. 1
érézﬂqxo pl} > p (5.19)

Since condition (5.19) is stronger than (5.18), we deduce in particular that S is
uncountable.

Besides, S also contains all the irrational algebraic numbers according to
Liouville’s theorem: If zy € (0,1) is an algebraic number of degree d on Q,
there exists ¢ > 0 such that for all ¢ € N,

C
inf > =
;IEIZ{Iqxo pl} = 7

Theorem 5.4 applies when g € S, and yields for instance the following
observability result, corresponding to the Newmark method (2.4) with 8 = 1/4:
for all 6 > 0 and T > 2(1 + 6%/4), there exists a constant C' > 0 such that for
all 7 > 0 small enough, solutions ¥y, of

) 1
S (0 2+ ) - O <4 (™ + 297 + y£_1)> -0
for (k,x) € Z x (0,1), (5.20)
04 o1 L0
% =0, YT ol for 2 € (0, 1),
T

with initial data

2
(°,y") € (Span{\/isin(jmc), with 7 € N satisfying jm < 6/7’})

()

We conclude this paragraph by pointing out that similar weak observation
properties often appear in the models for wave propagation on networks ([8]).
Nervertheless, condition (5.13) is sometimes violated as in the case of the wave
equation observed through a subset which does not satisfy the geometric control
condition, see [47, 25].

all satisfy

2
<Cr Y |yl (5.21)
* kT€(0,T)

6 Open problems

6.1 Non-conservative time-discretization schemes

In this article, we focused on time-discretization schemes that preserve the en-
ergy of the solutions, which is a natural class since the continuous model (1.1)
also preserves the energy of the solutions.

However, in many situations, it may be interesting to consider dissipative nu-
merical schemes, adding some numerical viscous effects to avoid instabilities. A
very simple scheme introducing such dissipation properties is the Euler implicit

method, which approximates (1.1) as follows:
k+1 _ k
% = Ayt k>0, oyl =y (6.1)

T i
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If 40 = ®;, one easily checks that the solution y¥ is given by

k
1
k
o (1—”#;') !

Thus, when considering only eigenvectors such that 7|u| > dp > 0, solutions y*
decay exponentially. In particular, this implies that the observability inequality
(1.20) may be not appropriate and may be replaced by the following weaker
one: for all y, solutions of (6.1),

We emphasize that, though the observability inequalities (1.20) and (6.2) are
completely equivalent when the time-discretization schemes preserve the energy,
it is not anymore the case when considering the Euler implicit method (6.1),
and estimate (6.2) is indeed weaker than the observability property (1.20) in
that case.

This seems to indicate that a representation formula similar to (1.9) would
involve kernels similar to the ones obtained to link the wave equation to the
heat equations, see the ones proposed in [32, 14] for instance.

Let us rapidly explain what is the new difficulty occurring when considering
non-conservative schemes by transposing the formal arguments we developed
in the introduction to the Euler implicit equation (6.1). Similarly as in (1.12),
solutions y, of (6.1) with initial datum y° as in (1.11) can be written as

= Sty (7).
J

2
S VT S 1774 (6.2)

kT€(0,T)

-
but this time f is a complex-valued function given by
f(a) = arctan(«) + %log(l +a?).

Hence, similarly as in (1.13), one can introduce the formal continuous version
of y, given by
S (i7)
zr(8) = a;®;e 1———=5 .
)= Sty e (122

But this solution does not belong to the set S'(R; X') of tempered solutions due
to the presence of exponentially growing modes as s — —oo. We are thus led
to look for some kernel function g, = p-(t,s) defined for ¢t € R and s > 0 such
that for all y € R and t € R,

ezp,t — /
R

where the domain of integration has been modified into R’} instead of R as in
(1.15). Also note that, to derive observability properties for the time-discrete
model (6.1), we actually need the identity (6.3) only for ¢ in a bounded set of
time and |p| < 6/7, which might help deriving appropriate kernels.

pr(t,s) exp <if (k) 5> ds, (6.3)

* T
+
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But we do not even know if equation (6.3) is solvable. It may be the case
but probably to the price of involving more singular kernels, as for instance
in [14] where the kernel was only defined for bounded sets of time, and allows
to express solutions of the conservative model (wave-type model) in terms of
solution of the dissipative models (heat-type model).

In some sense, this problem could also be thought as follows: given an
observable conservative system, can we guarantee nice observability properties
for viscous versions of it? With that respect, it is worth pointing out the works
[7, 16, 27] considering the controllability properties of the transport equation

{ Oy + Oy — 0,y =0, (t,z) € (0,T) x (0,1), (6.4)

y(t,O) = U(t)a y(tv 1) = for t € (O7T)a

with vanishing viscosity parameter ¢ > 0, which illustrate the difficulties one
encounters when considering control issues for vanishing viscosity systems (see
also [31] for another example). Indeed, to our knowledge, it is still not known
what is the best time T" guaranteeing that the systems (6.4) are uniformly (with
respect to € > 0) null-controllable, though the critical time is expected to be 1,
i.e. the time needed to control the underlying transport equation obtained by
setting € = 0 and dropping the boundary condition at z = 1.

The complexity of this singular limit problem is one more evidence of the
intrinsic complexity of passing from strongly dissipative dynamics to conserva-
tive ones. But the reverse problem is simpler. Indeed, in [28] for instance (see
also [42]), it was proved that, under some appropriate geometric condition, the
null-controllability and the observability of the heat equation

yt_Ay:()v

can be obtained as a limit, when ¢ — 0, of the corresponding wave-like properties
for the one-parameter family of wave equations

€Yt +yr — Ay = 0.

This is also in agreement with the results in [35] allowing to write down
solutions of the heat equation in terms of solutions of the wave equation. In
our context, this corresponds to writing the solutions of the time-discrete im-
plicit Euler schemes in terms of the time-continuous conservative dynamics. As
one can easily check, this can be done with the same formula as in Theorem
4.1 This allows obtaining interesting results about the uniform (with respect
of time-step) admissibility properties or the optimality of the possible uniform
time-discrete observability results. But, unfortunately, the key issue of getting
uniform observability results for the time-discrete dynamics out of the contin-
ues ones, requires a transformation expressing the solution of the conservative
dynamics in terms of the dissipative one, and thus requires further analysis.

6.2 Variable time-steps

In many applications, it is important to allow the time discretization parameter
to change in an adaptive manner. The precise study of such case seems to be
out of reach by using our method which strongly relies on the use of discrete
Fourier analysis.
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