ON THE A.C. SPECTRUM OF THE 1D DISCRETE DIRAC OPERATOR

SYLVAIN GOLENIA AND TRISTAN HAUGOMAT

ABSTRACT. In this paper, under some integrability condition, we prove that an electrical perturbation of
the discrete Dirac operator has purely absolutely continuous spectrum for the one dimensional case. We
reduce the problem to a non-self-adjoint Laplacian-like operator by using a spin up/down decomposition
and rely on a transfer matrices technique.
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1. INTRODUCTION

We study properties of relativistic (massive or not) charged particles with spin-1/2. We follow the
Dirac formalism, see [Di]. We shall focus on the 1-dimensional discrete version of the problem. In the
introduction we stick to the case of Z and shall discuss the case of Z, :=Z N [0,00) in the core of the
paper, see Section 5.1. The mass of the particle is given by m > 0. For simplicity, we re-normalize the
speed of light and the reduced Planck constant by 1. The Dirac discrete operator, acting on £2(Z, C?), is

defined by
d
D = < :iz -m ) ’

where d := Id — 7 and 7 is the right shift, defined by 7f(n) = f(n+1), for all f € £2(Z,C). The operator
D,, is self-adjoint. Moreover, notice that

A+m? 0
2 _
Dm(O A+m2>’
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2 SYLVAIN GOLENIA AND TRISTAN HAUGOMAT

where Af(n) := 2f(n) — f(n+ 1) — f(n — 1). This yields that o(D2,) = [m?,4 + m?]. To remove the
square above D,,, we define the symmetry S on ¢?(Z,C) by Sf(n) := f(—n) and the unitary operator
on (*(Z,C?)

(1.1) U= ( RO )

Clearly U = U* = U~'. We have that UD,,U = —D,,. We infer that the spectrum of D,, is purely
absolutely continuous (ac) and that

0(Dm) = 0ac(Dm) = [—Vm2 + 4, —m] U [m, /m?2 + 4].

We shall now perturb the operator by an electrical potential V = (Vi, Va)! € £°°(Z,R?). We set

— i 0
(1.2) H.Dm+< i ‘/2)

Here, V; denotes also the operator of multiplication by the function V;. Clearly, the essential spectrum of
H is the same as that of D,, if V tends to 0 at infinity. We turn to more refined questions. The singular
continuous spectrum, quantum transport, and localization have been studied before [CaOl, PrOl, COP,
PrOl12, OIPr, OIPr2]. The question of the purely ac spectrum seems not to have been answered before.
This is the purpose of our article.

We recall the following standard result for the Laplacian (the non-relativistic setting). For completeness
we sketch the proof in Section 6.

Theorem 1.1. Take V € {*(Z,R) and v € Z4 \ {0} such that:

limy, s oo V() = 0,
(1.3)

Vi, = ™V}, € ({(Zy,R),

Ly

then the spectrum of A+ V is purely absolutely continuous on (0,4).

In the case of Z, and for v = 1, the result has been essentially proved in [Wei] (in fact in the quoted
reference, one focuses only on the continuous setting). The proof for the discrete setting can be found in
[DoNe, Sim]. For v > 1, it seems that it was first done in [Sto]. Note that for instance, (1.3) is satisfied
by potentials like V(n) = (—1)"W(n), where W is decay to 0. We refer to [GoNe| and to [KaLa] for
recent results in this direction.

An amusing and easy remark is the difference between Z and Z. In the latter, it is enough to assume
the decay hypothesis on the right part of the potential. This reflects the fact that the particle can
always escape to the right even if the left part of the potential would have given some singular continuous
spectrum in a half-line setting.

We now turn to the main result of the paper. For simplicity we present the case of Z with electric
perturbations. We refer to Section 3 for the main statements.

Theorem 1.2. Take V € (*°(Z,R?) and v € Z, \ {0} with:

limy, 100 Vi(n) = 0,

Vi, =7

zy |z,

€ £1 (Z+? R2)7
then the spectrum of H is purely absolutely continuous on (—\/m2 + 4, —m) U (m, vVm? + 4),

To study H we reduce the problem to a non-self-adjoint Laplacian-like operator which depends on
the spectral parameter. This is due to a spin-up/down decomposition, see Proposition 4.2. This idea
has been efficiently used in the continuous setting, e.g., [DES, BoGo, JeNe| and references therein, and
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seems to be new in the discrete setting. Then, we adapt the iterative process to the non-self-adjoint
Laplacian-like operator and follow the presentation of [FHS]. We refer to [FHS2] for a recent survey
about this technique.

Finally we present the organization of the paper. In section 2 we recall general facts about the free
discrete Dirac operator and about hyperbolic geometry. Then in Section 3 we present the main results.
Next in Section 4, we reduce the problem to a kind of Laplacian and adapt the transfer matrices technique.
After that in Section 5, we prove the main results about absolutely continuous spectra. Finally we discuss
briefly the case of the Laplacian.

Notation: We denote by B(X) the space of bounded operators acting on a Banach space X. Let
Zy :=ZN[k,+oo[for k € Z and Z_ :=Z\Z4. For A,B C C, we set A € B if clA C intB, where cl and
int stand for closure and interior, respectively.

Acknowledgments: We would like to thank Serguei Denisov, Stanilas Kupin, Christian Remling, and
Hermann Schulz-Baldes for useful discussions. We would also like to thank Leonid Golinski for comments
on the script. The research is partially supported by Franco-Ukrainian programm ”Dnipro 2013-14”

2. GENERAL FACTS

2.1. The spectrum of the discrete Dirac operator. Let Zy := ZN[k, +oo[for k € Z and G € {Zy,Z}.
We define d € B (¢*(G,C)) by

vf € (G,C) df(n) := f(n) = f(n+1).
Clearly d is bounded. Its adjoint is given by

" | fn) if G=7Z; and n =k,
d"f(n) = { fn)—f(n—-1) otherwisle:,

for all f € £2(G,C). Now for m > 0 we define the Dirac discrete operator on ¢?(G, C?) by

G ._(m d
b= (2 4.

It is easy to see that D) is self-adjoint. Let A(®) be the Laplacian on £2(G,C) defined by

_ ) f(n)=f(n+1) if G =Zk and n =k,
@1) OB { 2f(n) — f(n—1)— f(n+1) otherwis:,

for all f € £?(G,C). We study first the Dirac discrete operator on Z, we have

2 AD) 4 m? 0
(zZ)) —
(P?) ( 0 A(Z)+m2>'

By Fourier transformation, we see that A is non-negative and that its spectrum is [0,4]. Therefore,

2
the spectrum of (D%)) is [m?,4 + m?]. Relying on (1.1), we obtain:

Proposition 2.1. We have

o (D%)) = Oess (D%)) =0 (fo*)) = Oess (fo*)) = [—\/ m2 + 4, —m] U [m, m2 + 4} )

Proof. We have (—D%) . A)fl U (Dﬁ? - A)fl U so o (—D%)) — Uy (DL?) U, for all o Borel

measurable. Therefore, o (D,@) = [-Vm?+4,—m] U [m,vm? +4]. By writing Z = Z_ UZ,, we

see easily that aeSS(D%)) = JeSS(D%Jr)). To conclude, a direct computation shows that D%“ has no

eigenvalue. O
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2.2. A few words about the Poincaré half-plane. We shall use extensively some properties of the
Poincaré half-plane. It is defined by:

dz? + dy?
H:= {x+iy |z € R,y > 0}, endowed with the metric ds* = Lzy,
)
Recall that the geodesic distance is given by:
_ 121 — 222 |21 — 2o
2.2 dp(z1, 2 :cosh1<1—|— < .
22 e 29%-82) = \/SE)V5G)

We turn to the study of (hyperbolic-)contractions.

Lemma 2.2. Given a,b € cl(H) and ¢ > 0, we set:

(2.3) Gabelz) = — (a —(b+ c,z)*l)_1 .

1t is a contraction of (H,dy).
Moreover, if a,b € H, then @qp.c is a strict contraction of (H, du). More precisely, we have

1
)dH (Z17 ZZ) P

(2.4) dy (‘Pa,b,c(zl)v¢a,b,c(z2)) < m

for all z1,zo € H. Moreover we have

d]HI (@a,b,c(zl)a 500,7670(22)) S

for all z1, 29 € H.

Proof. First, since z — cz is a hyperbolic isometry, it is enough to consider ¢, := @q.,1. Then, using
that z — z + w is a contraction when w € cl(H) and that z — —1/z is an isometry, we obtain that ¢, p
is a contraction.

We turn to the second statement. A direct computation yields that if A € H then

_ i 1
2. —(h+H) ' =B (s, =— | CH
(25) (h+H) =B (2%(h)’ 2%(11)) “
Given C > 0, as in the proof of [FHS][Proposition 2.1}, if 21, ze € H with min (|z1], |22]) < C note that
C
du(z1 + a, 22 + a) < mdﬂ(zh 29).

Since z + —2z~ 1 is an isometry of H and z — —(b+ z)~! is a contraction of H, we use (2.5) for h = b to
have that

diz (ap(21). @up(2)) = ds (a = (b 2) " oa = (b4 2)7")

< (a)dH (— (b+21)_1,—(b+22)_1)

< du (21, 22)

for all 2,2, € H. So we obtain (2.4). By (2.5) for h = a we know that — (a + H) ™" is an Euclidean ball
of diameter 3(a)~*, hence

|Pab(21) = Pap(z2)] < (S(a) ™
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for all z1,29 € H. Given C > 0, if z € H with |z| < C' we have

3 ( L > > Sl
a+z) " (C+lal)?
So if z € H, by (2.5) for h="b, | — (b4 2)" 1 < (S(b)) ", so
S(a)
)

COR

S (pap(2) =

So we obtain that

— cosht 1 |@ab(21) = pap(z2)? |ab(21) — ap(22)]
st (Pap(#1), Pap(22)) = cosh (1+N(%’b(zﬂ)g(%’b(@ )< el gl

for all 21, 29 € H.
We shall also need the following technical lemmata.

Lemma 2.3. Suppose that a,b € cl(H), ¢ > 0, and z € H. We have:

du (‘Pu,b,c(z) i)

IN

<(|b| Fel)? 1) (b1 + ciel) (Jal + (320 ")
Sz S (2)

Proof. First we have:

|‘Pa,b,6(z)‘ =

1 1 1 b+ eczl* _ (bl +clz])’
< < = < .
a— (b+cz)_1| g (a— (b—l—cz)_l) S (_ (b—|—cz)_1) Sh+ecz) = S(2)

Then we obtain:

S (Pape(z)) :%<_ 1 ) _ %(a—(b—l—cz)_ ) (— (b+cz)” )

_1 2
a—(b+ez) ‘a—(b+cz 1‘ (|a|+\b+cz|_1)
b -2
> 7( +c2) (|a\ + (b +cz) 1) > c3 (Z) 5
o+ ezl (1ol + clz)* (lal + (¢3 (2)) ")
Finally with (2.2) we infer:
“Pabc( )| + 1

dH(Sﬁa,b,c(z) ) |90a b C( ) B 1|

_\/\S <pabc \/(\ (pabc

which yields the result.

Lemma 2.4. For all n € Z1 there exist
Anana Cn7Dn S R[Xla Y17 Zla ] 7X7la Yna Zn]a
such that Cy(w) + Dy (w)¢ # 0 and

. An(w) + Bn(w)c
Pr1,y1,21 © " C Py yn,zn (C) - _Cn(W) + Dn(w)c’

or all w := (T1,Y1,215-+-,Tn,Yn,2n) € (C X an € ol
for all I(H)? x R%)" and ¢ € H
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We point out that the continuity of A,,, B,,C,, and D,, with respect to the coefficients will be crucial
in Proposition 4.8. The proof is straightforward. We give it for completeness.

Proof. We prove the result by induction. Let n = 1, we have

1\ ! + z Ai(x,y,2) + Bi(x,y, 2z
Pa,y,2(C) = — (:r — (y+20) ) = g 1 +C$ZC = _Cl((x,fi//, z;+D1§x,Z,z;§
with
Ai(z,y,2) ==y, Bi(z,y,2) :=2z, Ci(x,y,z) :=xy—1, and Dy(x,y,2) := zz.
Moreover

Ci(z,y,2) + Dia,y,2)¢ = 2y — 1+ 22C = (y + 2() <x_ yjz() 70

for all (z,y,2) € cl(H)? x R% and ¢ € H because this is the product of two elements of H.
Now suppose that we have proved the existence of A,, B,,,Cy, D, and prove the existence of A, 1,
x 7t
Bpi1, Cpyt1, and Dyy. Let w = (21,41, 21, - -+, Tnt 1, Ynt1s Znt1) € (cl(H)? x R+)n and ¢ € H. Let
@ = (T1,Y1, 21, -+, Tn, Yn, Zn), We have

Priyi,z1 © O Prpi1,Ynt1,2n41 (C) = Pri,y1,21 © 7 C Payyn,zn (¢$n+17yn+1,zn+1 (C))

A,(@) — Bo(@) A1(ZTrt1, Ynt1s Znt1) + Bi(@ng1, Ynt1, Zng1)6
_ Cr(@n+1, Ynt1, 2nt1) + D1(@ni1s Ynr1 Znr1)C _ Ang1(@) + Buga (W)€
Cn(@) _ Dn(@) A1($n+17 Yn+1, Zn+1) + B ($n+1, Yn+1, Zn+1)C Cn+1(w) + DnJrl(W)C7
Cl (xn—o—la Yn+1, Zn—i—l) + Dl (xn—O—la Yn+1, Zﬂ+1)C
with
Apt1(w) = Ap(@)C1(Tnt1, Ynt1, Zny1) —

) ) B (@)A1 (%1, Ynt1, Zni1)s
Bn+1(w) = A, @)D1($n+1,yn+1, Zn+1) - Bn(N)Bl(xn+17yn+la Zn+1)’
) ) D

n(aj)Al (‘rn+17 yn+17 Zn+1)7

Finally since 0z, 1 ,y,41,204, 15 @ contraction by Lemma 2.2, we have that ¢z, 4.1z, (¢) € H and
Crny1(W) + Dpyr(w)¢ = (On(a’) + Dn(‘z’)@xn+1,yn+1,zn+1 (Q)

X (Cl (anrlv Yn+1, ZnJrl) + D ($n+1, Yn+1, Zn+1)§) 7’é 0,
by induction. This finishes the proof. O

3. MAIN RESULTS

In this paper, we study a Jacobi-like version of Dg;(f) + V, given V = (V1, V)t € £°(G,R?) and
W = (Wl,Wg)t S EDO(G,(CZ), let

V; d
1 e =™ TN
(3 ) m,V,W < d* —m 4+ V2 ’

where d := d + Wy + War with 7f(n) := f(n + 1). We stress that we allow W, to have non-purely
imaginary values. This is not merely a magnetic perturbation.
We start with the main result on Z,. It will be proved in Section 5.1.

Theorem 3.1. Take V € (*°(Z,,R?) and W € (**(Z,C?) with:
(3.2) lim V(n) = ILm W(n) =0,

n—oo
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then O’ebh(HffJ{/)W) = [-Vm? +4,—m] U [m,vVm? + 4]. Assuming also that there exist v1,vy € Zy \ {0}
such that

Wi(n) # —1 and Wa(n) £ 1, for alln € Z.,
(3.3)
V-1V € (MZ4,R%) and W — 72 W € (1(Z,,C?),

then the spectrum of H,, Z” 18 purely absolutely continuous on (—\/m2 + 4, —m) U (m, vVm? + 4),
We discuss briefly the necessity of the first line of (3.3).

Remark 3.2. Assume that there is ng such that Wa(ng) = 1, then the operator is a direct sum of H(Z:;)E/V
and of a finite matrixz. Therefore, it is easy to construct embedded eigenvalues for this operator and this
is an obstruction for the result of the theorem.

We turn to the case of Z, we have this important symmetry of charge:

(z) g
(3.4) UH,, vwU = m7( SVa,—SWi)t,(SWr,rSWa)"

where U is given by (1.1).
Theorem 3.3. Take V € (>°(Z,R?) and W € (>°(Z,C?) with:
hm V(n) = nll)rfoo W(n) =0,

n—+oo
then O_ess(HT(nZ_’)Vyw) = [-Vm? +4,—m] U [m,vVm? + 4]. Assuming also that there exists vy, v, € Z \ {0}
such that
Wi(n) # —1 and Wa(n) # 1, for alln € Z,
(3.5)

Z

Ve, =7 Via, € (1(Z,,R?) and Wy, —77W,, € M(Z,,C?),

then the spectrum of Hq(nz_,)v,w is purely absolutely continuous on (f\/m2 + 4, fm) U (m, vVm? + 4),
Remark 3.4. Note that in Theorem 3.3, supposing alternatively
(3.6) v, —1™ € (NZ_,R?) and W}, —7"*W,, €/ (Z_,C?),

z_ lz_

gives the same result by using the transformation U.

4. A LAPLACIAN-LIKE APPROACH

4.1. Another form for the resolvent. The objective is to reduce the analysis of the operator H,, (€) Vo
on £?(G,C?) to that of two operators which are similar to a Laplacian. Take A € H, V = (4, Vg)
(G, R?), and W = (W7, W)t € £°(G,C?), we define

©) g1 o+
Al,m,)\,V,W = dmd — ()\ —m — Vl)

and

G o 1 5

We first check their invertibility.

Proposition 4.1. Let A € H, V = (V;,Va)! € (2°(G,R?), and W = (W1, Wa)t € (>°(G,C?), then

G G . .
A§ ,3L \vw end Ag Tzl \yw are invertible.
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Proof. For b € B ((*(G,C)), X,Y € {*(G,R) and p € H let A, x,y := b* (u— X)"'b+7Y, then
2
<0,

(4.2) S(f, Appxy ) = =S(n) H —x

for f € £2(G,C). With the Numerical Range Theorem (e.g., [BoGo|[Lemma B.1]) we derive that we have
H C p(Aus,x,v), the resolvent set of A, 5 x,y. Since

(G) _ ~ (G) _ .
Al,m,A,V,W = A)\,d*,Vg—m,Vl—i-m —A and A2,m,A,V,W = A/\,d,Vl-l-m,Vg—m —A
G G . .
we get Ag 731 \v and Ag n)l \.v are invertible. O

We give a kind of Schur’s Lemma, so as to compute the inverse of the Dirac operator, see also [DES],
[BoGo], and [JeNe] for some applications in the continuous setting.

Proposition 4.2. Let A\ € H, V = (V1, V)t € £°(G,R?), and W = (Wy, Ws)! € £°(G,C?). Then :
G _ ~
(H(G%/W _ )\)_1 _ (Agm)z,)\,V,W) ! © 0 B 11 dm '
mn 0 (AQ,m,A,v,WV1 A - 1

Proof. We set (Hff:%,’w — A)f = g. This gives:

{ Vi=A+m)fi+dfs = g h = Vi _1>\+m(gl_df2)
i+ (Va=A=—m)fs = go ~ - = (go—d*
f2 Vg—)\—m(92 f1)
[ N d———— (g~ d" 1)
LT a2
1 ~ 1 ~
= — —d"—(g1 — d
f2 Vo A —m \% Vl—)\—i—m(gl f2)
- 1 - -
dmd —A=—m-NV) | i = 91+d>\+ 1,92
. 1 . . 1
f———d— (A - = dfF—
)\—m—Vl ( tm VQ) f2 )\—m—Vlgl+92
Since Ag(i)u AV and A;(;ZL’ AV are invertible, we obtain the result. O

4.2. Study of the truncated operator. Note that in (4.1), if we forget about the terms in A, V, and
W, we obtain a Laplacian on Z,. Moreover, motivated by the results of Sections 5.1 and 5.2, it is enough
to focus the analysis on the study of Agr;?A,V,W' Therefore, we stress that we will not study A%;’))\VV’W
at all. In fact, the latter leads to some technical complications and is less natural, i.e., it is not a direct
analogue of the Laplacian on Z, . }

As in [FHS], we reduce the problem to Zj for k € Z,.. We define the truncated operator d™ ¢
B (éz(Zn,(C)) by

d™ f(k) == (1 4+ Wi(k)) (k) + (=1 + Wa(k)) f(k + 1)

for all k > n. Now we define A", |\ € B (((Zn, C)) by

(n) — (i) 1 i) _ _
Ay v (d ) P —— d Atm—V;, )

We point out that:

(0) _ AZy)
Am,A,V,W = AQ,m,)\,V,W'
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Proposition 4.3. Let A € H, V = (V1,V2)! € £°(Z,,R?), and W = (W, W)t € £°(Z,,C?), then
AE:Z)/\_VW is invertible for allm € Z.

Proof. This is essentially the same proof as for Proposition 4.1. O

We study the related Green function:

Q= <5n, (ASZ,)/\,V,W)_I 5n>,

where 0, (m) := 1 if and only if n = m and 0 otherwise. The objective is to bound «q independently of
A. We give the first property of a,.

Proposition 4.4. Take A € H, V € (*(Z,,R?), and W € (*°(Z,C?) then

oy = <5n, (Afv?,)k,v,w>_1 5n> e H,

foralln e Z,.
Proof. We have

1 n n -1 ?
ot =900 (| gy ()
Z?’I,

-1
S0 S(an) > 0 because A € Hand (A7 1) 8, 0. O

We follow the strategy of [FHS] and express «,, with the help of a;, 1. The aim is to use a fixed point
argument in order to recover some bounds on ag.

Proposition 4.5. Take A € H, V € (*°(Z,R?), W € £>*(Z,C?) with W1(k) # —1 for allk € Z, and
n € Z4. By setting
—1
D, (2) := Qay, byen (72) = — (an — (bn + cnz)_l)
ap :=A+m—Vy(n) eH

(4.3) bpi=(A—m—Vi(n)|l+Wi(n)| 2 € H
A
Cp = ‘HVVl(n) e Ry,

we obtain oy, = @y (Qny1)-

Proof. We define in ¢?(Z,,,C) and in ¢?(Z,1,C)

f= (Afg))/\y’w)il 0, and g¢g:= (A:;;,l‘)/)w)il Ont1,

respectively. Clearly a,, = f(n) and a,, 11 = g(n + 1). By definition f is the unique solution in ¢?(Z,, C)
of A\ U f =0, e,
14+ Wi(k)

A—m — Vl(k)
1 —Wa(k 1)

A—m—Vi(k—-1)

(4.4) (L +Wi(k) f(k) + (=1 +Wa(k) f(kE+ 1))

(L=Wa(k =) f(k) + (=1 =Wi(k = 1)) f(k = 1)) = A+ m = Va(k)) f(k) =0,
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for all k > n+1 and

1+ Wi(n)
A—m—Vi(n)
We see that f|Zn+l is solution of (4.4) for all k > n + 2 and

(4.5) (L+Wi(n)f(n) + (=1 + Wa(n))f(n+1)) = (A+m = Va(n)) f(n) = 1.

)y iﬂléﬁi 1)1) (A+Wi(n+ 1)) f(n+1) + (=14 Wa(n+ 1)) f(n +2))

—A+m—=Va(n+1))f(n+1)

= % (1 +Wi(n) f(n) + (=1 + Wa(n)) f(n +1)).
So we obtain that -
Af:j,l\)/,wflznﬂ = /% (L+Wi(n)f(n) + (=1 4+ Wa(n))f(n+1)) 6pp1.

1
Because AE,::;)‘)/,WQ = dp4+1 we have

A+D 1 —Wa(n)

st T, = 3y (L Wi () 4+ (~1 4 Wa(m))f (n 4+ 1) AR g

But AT w is invertible, so

m,A\,V,
1 — Wy(n)

i T A M=) (L+Wi(n))f(n) 4+ (=14 Wa(n))f(n+1))g.

fiz

Note that
1 —Wa(n)
)= ———— (1 + W; -1+ W- 1 1).
Fln+1) = 2 (L Wa) () + (=1 + Walm)) £+ 1) g + 1)
Straightforwardly, using (4.5) we conclude that a,, = f(n) = @, (9(n+ 1)) = @ (an41). O
4.3. An iterative process. The key to the process relies is the fact that ®,, is a strict contraction.

Proposition 4.6. Given A€ H, n € Z,, V € {*°(Zy,C?), and W € (>°(Z,C?) with Wy(n) # —1 and
Wa(n) # 1. Then ®,, is a strict contraction. More precisely, we have

1
(4.6) g (Pn(21), Pn(22)) < -
L+ (SO (1L + Wi flee) ™
for all z1,z0 € H and n € Z4.. Moreover we obtain
(1+ ||anH00an||OO)2 (1+ ||W1H00)2
(SO

du (21, 22)

dH ((bn(zl)a (I)n(ZZ)) S

)

forall z1,z0 e H and n € Z.

Proof. Using Lemma 2.2, we obtain that ®,, = @a,, p,.c, is a strict contraction. More precisely, we get

1 1
di (P (21), Pr(22)) Smdﬂ (21,22) < T (%()\))2 A+ Wil

—du (21, 22)

~

for all z1, 2o € H, and

?

dis (B (21), B (22)) (L4 SGalan))® _ (1 llanllocllballoe)® (14 Wil )®
n s *n\~2 _(

S(bn)S(an)” (S()*
for all 21, 29 € H. O
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Now we have an asymptotic property. That is an analogue of [FHS][Theorem 2.3]. It relies strongly
on the fact that ®,, is a strict contraction.

Corollary 4.7. Take V € (*°(Z4,R?), and W € (°°(Z,C?) with W1(n) # —1 and Wa(n) # 1 for all
n € Zy. Then for all A € H and (¢,)n € H2+ we have

dH—li_{n Dgo---0P,(() = .

Proof. With Proposition 4.4, for all n € Z, we have «,, € H. With Proposition 4.6 there exist § € (0,1)
and n > 0 such that

dig (Pn(21), Pn(22)) < min (6dy (21, 22) ,m)
for all n € Z4 and 21,20 € H. So, using that «,, = &, (1) for all n € Z, we obtain that for n € Z,
dg (Poo -+ 0P,(Cn),a0) = du (Poo---0Ppn(Cn), oo+ 0Pp(any1))
Therefore, dgdim,, oo Po o -+ 0 P, (¢,) = ap. O
From now on, set
V=1V Vy.

Now unlike in [FHS][Lemma 4.5] or in [FHS2|[Proposition 3.4] we shall not rely directly on a fixed point
of ®,, but on one of ®,,0---0®,,,_1. The proof is unfortunately more complicated but the improvement
is real as we can treat potentials satisfying V — 71V € ¢!, Recall that with the approach of [FHS], one
covers only the case v = 1. We localize in energy and introduce:

(4.7) Ky, 40e = (21,22) +1(0, ).

Proposition 4.8. Tuke v € (—vVm? +4,—m) U (m,vVm? +4), v € Z; \ {0}, and assume that (3.2) and
(3.3) hold true, then there exist x1,x2 € R such that x € (x1,22) and My,e > 0 so that

—1
di (ov,1) = dy <<50, (AS}L?,\’VW) 50> ,i) < M,

for all X € Ky, 2, . In particular there exists My > 0 such that

s (80 a0 <

forall A € Ky, 2, -
Proof. Using Lemma 2.4, there exist some polynomials A, By, Bo,C € R[X1,..., X3,] such that

®,0---0 (I)nJrV*l(Z) = Pan,bn,cn ©° "0 Panty_1,bntr—1,Cntr—1 (Z>
_ C(wn,n) + Ba(wn,n)z
B1 (wn)\) + A(wn,)\)z,

for all A € H and n € Z,, where

Wn\ = (ana bn,cCn, ... y An4v—1, bn+y—17 Cn+u—1)7

and where By (w) + A(w)z # 0 for all w € (cI(H)? x R%)” and z € H.
We now work in a neighbourhood of z. First notice that the fixed points of ¢y m »—m 1 are given by:

_ 1 —
(4.8) _romy i\/x T4+ m2 - 22),
xr+m

2 2
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Then
o _ C(weos) + Ba(woos)-
Pr+m,z—m,1 Prt+m,z—m,1 B (Woo@) T A(woo’m)- ,
v times
where weor == (z +m,z —m,1,...,x + m,z — m, 1), has at least (4.8) as fixed points. As it is a

homography it has exactly at most two fixed points. Note also that A(wee,.) 7# 0, because there are two
different fixed points.
Now we would like to study the fixed points of
C(w) + B2(w)z
 Bi(w) + A(w)z
with respect to z, for w being in a neighbourhood of we; ;. As the Inverse Function Theorem does not

seem to apply we rely on a direct approach. Since A is continuous, there exists a neighbourhood ; of
Woo,s Such that A(w) # 0 for all w € ;. We define on Oy

(4.9) Z(w) = B & Balw) 1-\/4C(w) B (Bl(w)+32(w)> |

2Aw) 2\ AW A)

where we have chosen the square root in order to guarantee that:

Cw) (Buw)+ Ba(w)\
4 — >
" \/ o (P =0
for all w € ;. A direct computation gives that Z(w) is a fixed point of R(w,-) on €;. Since A, By, and

By are polynomials with real coefficients, we infer that $(Z(weo,5)) > 0, by the choice of the square root.
On the other hand Z(ws ;) belongs to (4.8). Therefore we infer that

R(w, z) :=

r—m 1 r—m
4.1 Z oco,x) — — —i 4 2 g2 H.
(4.10) (Woo,z) 5 +21\/x+m( +m? —a?) €

In particular, since A, By, Ba, and C are polynomials with real coefficients,

C(woo,:r) o Bl (woo,a:> + B2(woo,a:)

A(Woo,m) A(WOOJ?)

Therefore there exists a neighbourhood Qs C € of we » such that
Clw) (Bi(w)+ Bz (w)
Aw) Aw)

We infer that we can take the principal value of the square root in the definition of (4.9) when w € Qs.

In particular, Z € C*°(Qs, C). Hence, recalling (4.10), there exists a compact neighbourhood Q3 C Q5 of
Woo,z and 1y, My > 0 such that

4

2
) :w+m(4+m2—x2)>0.
X m

4

2
> g R_, for all w € Qs.

$(Z(w)) >m and |Z(w)] < My,
for all w € Q3. Now there exist x1,22 € R, € > 0, and ng € Z4 such that x € (21, z2) and wy € Q3, for
all A € K, 4, and n > ng. We define now

Zn(A) = Z(wp, )
for all A € K, 2, and n > ng. Notice that
(4.11) S(zn(N)) > m1 and |z, ()| < My,
for all A € K, 2, and n > ng. Moreover, by definition of Z we have
(4.12) D0 0D,1,1(2n(N) = 2, (N)
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for all A € K, 2, and n > ng. Next, there is My > 0 such that
(lar — agso| + [k = brgo| + e — chro]) < Mo ([[V(K) = V(E+ )|+ W (k) — W(k +v)]])

for all A € Ky, 5, and k € Z;. Now since Z is C*({23,C) and Q3 is compact, there exists a Lipschitz
constant M3 > 0 such that

|20t (A) — 22 (AN)] < M3||wn+l/,>\ — wn |l
< M3 (|antv(N) = an(N)] + [bn i (A) = bn (M| + [engn (A) = cn(A)| + -
+|an+2y,1()\) - anJerl()‘)l + |bn+2l’fl()‘) - anerl()‘)l + |Cn+2vfl<)‘) - CnJerl()‘)D

(4.13) < My Mjy i (Wn+k+v)=Vn+k)|+[[Wh+k+v)—-W(n+k)|)
k=0

for all A € K, 2, and n > ng. By Corollary 4.7, for all A € K, », ., we have:

dH(iv Oéo) = nll)ngo d]HI(iy Pgo---o0 ®n0+u(n+1)71(2no+un()\)))

n— oo

no+r—3
S hm <dH(l, (130(1)) —|— Z dH(q)O O-+++-0 (bk(l), (I)O O-+++0 (I)k+1(l))
k=0
+ dH(q)O ©---0 (I)no+u—2(i)7 Ppo---o0 (I’no+u—1(zno))

n—1
+ Z du(®o o0 Ppitvkt1)—1(Znotvk), Poo---0 ‘I>n0+u(k+2)1(Zn0+u(k+1)))>
k=0

no+rv—2

(414) < > dul, Pu(i) + dull Pag+v—1(2n0))
k=0

+ Z dH(Zn0+Vk7 (I)n0+u(k+1) 0---0 (I)n0+u(k+2)—1(an+l/(k+1)))

k>0
no+r—2
(415) - z dH(iv (pk(l)) + dH(iv (I)no-'rl/—l(zno)) + Z dH(an—i-vk, Zno+l/(k+1))
k=0 k>0
no+r—2

‘Z’I’Lo-'rl/k - Zn0+u(k+1) |

/2"

(416) < 3 dinli, @) + diali, Pugsi(200)) + D
k=0

1/2
120 (3o +k) " (SCngsuin)
Here in (4.14) we have used the fact that ®,, is a contraction, in (4.15) we exploited (4.12), and in (4.16)
we relied on (2.2).
Coming back to (4.3), one finds easily My, n4 > 0 such that

max(|an|, |b7l|) S M4 and Ny < Cp S M4a

for all A € K, 4, and for all n € Z;. Then, Lemma 2.3 ensures that

(My + My|z])? N 1) (Mylz| + My) (My + (aS(2)) 1) .

n43(2) 14 (2)

(4.17) ey (B,,(2). 1) < (
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forall z € H, A € K, 4,6, and n € Z,. Finally combining (4.16) and estimates (4.11), (4.13), and (4.17),
we infer:

. L (2My)? oMy (Mg +n; ")
daton.) <o+ — 1) (220 41) L

(My + MyMy)? (My M, + My) (M4 + (774’71)_1)
* < Tam * 1) V14

Mo M.
+ =2 (IV=7VIi +IW = W),
for all A € K, 4,.. The second point comes by recalling that Ag?A’V’W = Agﬂfb?)\’v’w. ]

5. THE ABSOLUTELY CONTINUOUS SPECTRUM
We recall the following standard result, e.g., [ReSi][Theorem XIII.19].
Theorem 5.1. Let H be a self-adjoint operator of H, let (x1,x2) be an interval and f € H. Suppose

(5.1) limsup sup |{f,(H — (z +ie)) "' f)| < 400,

el0t  z€(wy,x2)

then the measure (f,1.y(H)f) is purely absolutely continuous w.r.t. the Lebesgue measure on (xy,z).

5.1. The case of Z, . In the previous section we have estimated the resolvent of Aéz;l)/\ Vv Keeping in

mind Proposition 4.2, we explain how to transfer the result to H (Z+)

to a unique vector.

Lemma 5.2. Given A C C\R bounded, V € (>°(Z,,R?), and W € £>°(Z,,C?) with W1(n) # —1 and
Wa(n) # 1 for alln € Zy. Suppose that there exists C1 > 0 such that

() )" (1))

for all X\ € A. Then for all x1,y1,x2,y2 € C and ni,ne € Z4 there exists Cy > 0 such that

T @)\ [ 72 <
(o) om (i =)™ (37 ) o <

g (B -X) ( ) )50.

s =[{(2) o) (1))

for all A € A. By definition, f is the unique solution in ¢2(Z,C?) of

{ (m +Vi(n) = N fi(n) + (1 + Wi(n)) f2(n) + (=1 + Wa(n)) fa(n +1) = 0
(1+Wi(n))fi(n) + (=14 Wa(n — 1)) fi(n — 1) + (=m + Va(n) — A) f2(n) =
for all n > 1 and of

{ (m +V1(0) = M) f1(0) + (1 + W1(0)) £2(0) + (= 1+W2( ) fa(1) =

viw- We start by reducing the study

g Cla

for all X € A.
Proof. Let

We have clearly

(1+ W1(0)) f1(0) + (—m + V2(0) — X) f2(0)



ON THE A.C. SPECTRUM OF THE 1D DISCRETE DIRAC OPERATOR 15

So by induction on n € Z, there exists D,, > 0 such that

for all A € A and i € {1,2}. Therefore we obtain that

0 (Z4) 2 _ T2 @) 3\ (0
‘<< 1 > 607 (Hm VW A) Y2 5"2 - Y2 6”27 (Hm,V,W - )\) 1 50

= |zaf1(n2) + yafo(ne)| < (|| + |y2])Dn, =: Co.

g = (Hff;?w —)\>_1 ( ;z )%,

s =[((2)o o) (2} <

for all A € A. By definition, g is the unique solution in ¢?(Z, ,C?) of

{ (m+Vi(n) = Agi(n) + (1 + Wi(n))ga(n) + (=1 + Wa(n))g2(n + 1) = 220, (n)

(1+Wi(n))gi(n) + (=1+ Wa(n —1))g1(n — 1) + (=m + Va(n) = A)ga(n) = y20n,(n)
for all n > 1 and of
{ (m +V1(0) = A)g1(0) + (1 + W1(0))g2(0) + (=1 4+ W>(0))g2(1) = 26n, (0)
(1+W1(0))g1(0) + (=m + V2(0) — A)g2(0) = y20,,(0).
So by induction for all n € Z, there exists D], > 0 such that
lgi(n)| < D,
for all A € A and i € {1,2}. Therefore we obtain that
—1

(0 ) o (B0 =0) (52 ) 8 )| = beasn() + g < (bl + DD, = o
for all A € A. This concludes the proof. O

for all A € A. Now let

we have

We are now in position to conclude with our main result.

Proof of Theorem 3.1. Since D) H(Z”W is compact, then Weyl Theorem gives the first point. We

prove the second one. Take z € (—v'm? + 4, —m) U (m, vVm? + 4). By Propositions 4.2 and 4.8 we have
that there exists €,C' > 0 and z1, 22 € R such that z € (x1,22) and

‘<< (1) ) do, (anz}?w - /\)_1 ( (; ) 5O> - ‘<60’ (A%Z?)\?V’W)_WOM sC

for all A € K, 2,,.. Then Theorem 5.1 and Lemma 5.2 conclude by density. O

5.2. The case of Z. Now we express AZ(.’ZW)W\A’V’W with the help of Afg?/\’,’_.

Lemma 5.3. Take A\ € H, V € (*(Z,R?), W € £>°(Z,C?) with W1(0) # —1 and Wa(—1) # 1. Set:

D(21,29) = — (a —(b+en) =0+ 0’22)71) '

a:=X+m—V5(0) € H,

bi=A=—m—-Vi(0)[1+W1(0)| 2 €H, V:=\-m—Vi(=1)]1—-Wy(-1)|"2€cH,
1— Wy (0)]?

e R}, c = ‘
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we have

<50, ( 2, 13@ A VW)il 50>

(0)
<60’ m,\ (TV)‘ (TW)\ZJr 60> <50’ Am. A (T28Vq, TSVQ) zy ('rf'l'QSWg,77’25W1)ItZJr 6O>> :

/\

Proof. We define
-1
z
f= (A(Qﬂ)n,k,\/,W) do,

-1 -1
(0 — (0
(Am MV, (TW)%) do and h := (Am A (r28Va, TS V), (TT2SW2,T2SW1)TZ+> %.

Clearly

3o (AZ) )715 = £(0), (8,AC 5o ) = g(0)
’ 2,m,\,V,W 0 ’ 05 m)\(‘rV)‘ (‘rW)lZ+ 0 9

<60’ m,\,(T25V1, TSVQ) (TfrZSWQ,f‘rQSWl)TZ_F 6O> = h(O)

By definition f is the unique solution in £2(Z,C) of A( smavw] =00, L.e,

1+ Wi(n)

X—m—Vi(n) ((1+Wi(n) f(n) + (=1 + Wa(n))f(n + 1))

1—Wa(n—1)
—m Vi =1 (L~ W= D))+ (-1 =Wi(n=1))f(n - 1))

— (A+m—=Va(n))f(n) = do(n),
for all n € Z. Let [/ := (7'f)|Z+7 we see that f’ is solution of

(5.2)

1+ Wl(n + 1) ’ ’
ity 1) (Wi D) () 4+ (L4 Wa(n £ 1)f(n 4 1))
% (1 =Wa(n)) f'(n) + (=1 = Wi(n))f'(n — 1))
—(A+m—=Va(n+1))f'(n) =0
for all n > 1 and
% (L+ WD) f'(0) + (=14 Wa (1) (1)) = (A +m — Va(1)) f'(0)

_ % (1 + W1(0)£(0) + (—1 + Wa(0))£(1)) .
So we obtain that

- m (1 +W1(0)£(0) + (=1 4 W2(0)) £(1)) AS?A,(TVM w9
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Since Af’g?’\v(TV)l (W), is invertible, we get
(5.9 T (0 WHODFO) + (14 Wa(0)£(1)(0) = £/0) = F(1),
Now let f” := (TSf)lZ+ We see that f” is solution of
S A o (U WA = 1))+ (=1 Wa = 1) (0= 1)
1—Wa(-n—2)

N Vin gy (L Walon = 2)f" () + (-1 = Wi(=n = 2)) /" (n+ 1))
—A+m—=Vo(-n—-1))f"(n)=0
for all n >1 and

1 _W2(_2) " " "
f—y ) (1= Wa(=2)) f7(0) + (=1 = W1 (=2)) f"(1)) = (A +m — V(1)) f7(0)
14+ WA(-1)
b p—— | (1= Wa(=1))f(0) + (=1 = Wi(=1)) f(-1)).
By setting A := A"(”’OI?A,(TsthTSV2)TZ+ a(TszsW2’*T2SW1)‘tZ+ , we obtain
A" = B (1= Wal-1)F(0) + (-1 = Wi (-1 (D)
1+ WA(-D) .
D P— g (1 =W (=1))f(0) + (=1 = Wi (=1))f(-1)) Ah.
Since A is invertible, we infer
) s (= Wa(~1)(0) 4 (-1 = WAC-DM (D) RO) = £(0) = F(-1).
Straightforwardly, using (5.2) for n =0, (5.3) and (5.4) we have that f(0) = ®(g(0), h(0)). O

-1
Now with this Lemma we can obtain that <50, (Aézzl /\’V7W> 50> is bounded independently of A
with the Proposition 4.8.

Corollary 5.4. Take x € (—vVm? +4,—m) U (m,vVm? +4), V € (*(Z,R?), and W € (>(Z,C?) with
Wi(n) # —1 and Wa(n) # 1, for all n € Z. Suppose that there exists v € Z \ {0} such that (3.5) or
(3.6) holds true. Then there ezist Cye > 0 and x1,22 € R such that x € (x1,22) and

'<50, (Agr)n,/\yw)il 50>‘ <C

forall A € Ky, 2, c-
Proof. Let

._ (0)
)y = <50, Am,)\,(rv)‘ ’(TW)\Z+ (50> e H,

Zy

o (0)
Q) = <6O’Am,)\,(72$’V1,TSV2)TZ ,(T*TstQ,szswl)‘t’Z 60> € HL.
+ +
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With Lemma 5.3 we have

<507 <A(2%31,)\,V,W)71 50>’ = ‘a — (b4 can) = (b + c’ag\)_l‘

<in (3 (= 0+ can™)) (3 (-0 ™)) ).

Now if Vi, — 7"V, W}, —72W), ¢€ 01(Z,,C?) with Proposition 4.8 there exist Cy,e > 0 and
x1, 22 € R such that x € (z1,22) and dg(ay,i) < Cy for all A € K, 4, ¢, so there exists Ca > 0 such that

(AR e o

forall A € Ky, 4,... Nowif Vi, —77V,, W, —72W,, € (*(Z_,C?) with Proposition 4.8 there exist
Ci,e > 0 and z1,z2 € R such that z € (z1,22) and du(a),i) < C; for all A € K, 4, ¢, so there exists

Cy > 0 such that
(et Oy

for all A € Kz 29 ]

-1

Finally we conclude with the help of the symmetry of charge.

Proof of Theorem 3.3. Since D%) - Hﬁ)v)w is compact, then Weyl Theorem gives the first point. We

turn to the second one. Let n € Z, let x € (—\/m2 +4, —m) U (m, v'm? —|—4). Proposition 4.2 and
Corollary 5.4 ensure that there exist 1, C; > 0 and z1, 22 € R such that © € (21, 22) and

0 (z) “1/0 B 0 () -1/
()i ([ (1)
= ‘<50’ (Aéi)n,/\,T"V,T"W)il(so>‘ < G,
for all A € K, 2,.¢,- Then, Theorem 5.1 yields that the measure

(2 oz (1))

is purely absolutely continuous on (z1,z2). Now we use U, see (3.4). Let

V' = (=ST"Va, —ST”Vl)t and W' := (ST”Wl, ST"_lm)t,
there exist €5,Co > 0 and x3, x4 € R such that x € (z3,24) and

()00 () w3 (1))
(2 ) - (2)

= [(0. (A%, 5y <o

2,m,

for all A € Ky, 2,.,- Again Theorem 5.1 gives that the measure

(3 Yoz (1))

is purely absolutely continuous (z3,x4). Finally, remembering that x is arbitrary and by an argument of
density, we infer that HffJ{/)W has pure ac spectrum (f\/m2 + 4, fm) U (m, m2 + 4). O
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6. THE CASE OF THE LAPLACIAN

In this section we explain briefly how to adapt our proofs in order to prove Theorem 1.1. For the sake
of clarity, we stick to the case A 4+ V and compare our proof directly to [FHS].
We start by the case of Z .

Theorem 6.1. Take V € {*°(Z1,R) and T € Z; such that:

lim, s o0 V(1) = 0,
(6.1)
V -7V € (MZy,R),

then the spectrum of A+ V is purely absolutely continuous on (0,4).

Apart from Proposition 6.3, our presentation is very close to that of [FHS]. We start with the truncated
case. Set:

= <5n, (™ +v, - )\)71 5n> € H,

where A(") is the Laplacian on Z,, see (2.1). As in Proposition 4.5 we have a,, = ®,,(ap41) with

@u(2) = r-vimaa(d) = — (A= Vi) = (1+2)7)

Note that ®,, is a contraction of H. However, unlike in Proposition 4.6, this is not a strict contraction.
However, ®,, o &, is a strict contraction, see also [FHS][Proposition 2.1]. This infers:

Proposition 6.2. Take V € (>(Z,,R), then for all A € H and ((,), € H*+ we have

dH_h_{n Pgo---0 ‘I)n(Cn) = Q.
Proof. See the proof of Corollary 4.7 and [FHS][Theorem 2.3]. O

Now unlike in [FHS][Lemma 4.5] or in [FHS2|[Proposition 3.4] but as in Proposition 4.8 we use the
fixed point of &, 0---0®,,,, 1. We obtain:

Proposition 6.3. Take z € (0,4), V € £*°(Z4,R), and v € Z; \ {0} with lim,, 1 V(n) = 0 and
V — 7YV € (Y(Zy,R). Then there exist 1,29 € R such that x € (x1,22) and My, > 0 so that

dp (v, 1) < My
forall A € Ky, 2, c-
Recall that K, 4, - is defined in (4.7).

Proof. This is the same proof as in Proposition 4.8. We study the fixed points of &, 0---0®,,, in a
neighbourhood of

Wooz = (2,1,1,...,2,1,1).
The fixed points of ¢, 1,1 are

The rest remains the same. O

Finally Theorem 5.1 concludes the proof of Theorem 6.1.
We turn to the case of the line. As in Lemma 5.3, we reduce the problem to the case of Z because

’<50, (a® 4 v - A)A 50>

= \(A —V(O0)—(1+a) = (1+ ai\)’l)_l‘

<
= S(-(T+an))’
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where

SYLVAIN GOLENIA AND TRISTAN HAUGOMAT

-1
ay = <51, (A(Zl) + Vi, - )\) 51> cH

al = <5_1, (A(*Zl) +Vi,, — )\>71 5_1> € H,

with A1) and A(=%1) the Laplacian on Z; and —Z; respectively. This gives Theorem 1.1.
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