THE PROBLEM OF DEFICIENCY INDICES FOR DISCRETE SCHRODINGER
OPERATORS ON LOCALLY FINITE GRAPHS

SYLVAIN GOLENIA AND CHRISTOPH SCHUMACHER

ABSTRACT. The number of self-adjoint extensions of a symmetric operator acting on a complex Hilbert
space is characterized by its deficiency indices. Given a locally finite unoriented simple tree, we prove that
the deficiency indices of any discrete Schrodinger operator are either null or infinite. We also prove that
all deterministic discrete Schrodinger operators which act on a random tree are almost surely selfadjoint.
Furthermore, we provide several criteria of essential self-adjointness. We also address some importance
to the case of the adjacency matrix and conjecture that, given a locally finite unoriented simple graph,
its deficiency indices are either null or infinite. Besides that, we consider some generalizations of trees
and weighted graphs.
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1. INTRODUCTION

The spectral theory of adjacency matrices acting on graphs is useful for the study, among others, of
some gelling polymers, of some electrical networks, and in number theory, e.g., [CDS, DS, DSV, MO]. In
quantum physics, proving that a symmetric operator is self-adjoint is a central problem. To characterize
all the possible extensions, one studies the so-called deficiency indices.

We start with some definitions to fix notation for graphs and refer to [CdV, Chu, MW] for surveys on
the matter. Let V be a countable set. We equip V' with the discrete topology. Let £ :=V x V — [0, 00)
and assume that E(x,y) = E(y,z), for all z,y € V. We say that G := (E, V) is an unoriented weighted
graph with vertices V and weights E. In the setting of electrical networks, the weights correspond to
the conductances. We say that x,y € V are neighbors if E(x,y) # 0 and denote it by x ~ y. We say
there is a loop in x € V if E(x,x) # 0. A graph G is simple if it has no loops and E has values in
{0,1}. The set of neighbors of x € E is denoted by Ag(x) :={y € E |z ~ y}. Given X CV we write
Na(X) == U,ex Aa(x). The degree of x € V is by definition dg () := [A4&(x)|, the number of neighbors
of . The graph is of bounded degree, if sup,cy de(z) is finite. A graph is locally finite if dg(z) is finite for
all z € V. A graph is connected, if for all x,y € V, there exists an z-y-path, i.e., there is a finite sequence

Date: Version of May 12, 2011.
Key words and phrases. adjacency matrix, discrete Laplacian, deficiency indices, locally finite graphs, self-adjointness,
spectral graph theory, trees, random trees, discrete Schrédinger operators, Carleman condition.

1



2 SYLVAIN GOLENIA AND CHRISTOPH SCHUMACHER

(71,...,7,) € VN*1 such that x1 = x, zy41 = y and @, ~ 2,41, for all n € {1,..., N}. In this case,
we endow V' with the metric py defined by py (z,y) := inf{n € N | there exists an z-y-path of length n}.
Note that in this paper we use N for the set of nonpositive integers, i.e., 0 € N. In the sequel, all graphs
are supposed to be locally finite, with no loops and unoriented.

We associate to G the complex Hilbert space ¢2(V). We denote by (-,-) and by ||| the scalar product
and the associated norm, respectively. By abuse of notation, we denote the space simply by ¢2(G).
The set of complex functions with compact support in V' is denoted by C.(G). One often considers the
Laplacian defined by

(1.1) (Agof)(x) =Y E(x,y)(f(x) - f(y), with f € Ce(G)

y~zx

and the so-called adjacency matrix:

(1.2) (Ag,of)(@) ==Y E(z,y)f(y), with f € Ce(G).
Yyn~x

Both of them are symmetric and thus closable. We denote the closures by Ag and Ag, their domains by
D(A¢) and D(Ag), and their adjoints by (Ag)* and (Ag)*, respectively. In [Woj], see also [Jor], it is
shown that the operator Ag is essentially self-adjoint on C.(G), when the graph is simple. In particular,
one has that Ag = (Ag)*. In contrast, even in the case of a locally finite tree G, A may have many
self-adjoint extensions, see [MO, Mii, Gol] and Proposition 1.2 for concrete examples. We mention also
the work [Aom], where a characterization in terms of limit point — limit circle is given.

In this note, we are also interested in the discrete Schridinger operators Ag +V and Ag + V with
potential V := V — R, where V also denotes the operator of multiplication with the function V. The
operators are defined as the closures of Ag . +V and of Ag o, + V on C.(G), respectively. Note that Ag,
up to sign, is in fact a discrete Schrodinger operator formed with the help of Ag:

(1.3) Ag =V — Ag, where V(z) := Z E(z,y).
y~x

In the sequel, we investigate the number of possible self-adjoint extensions of discrete Schrodinger oper-
ators by computing their deficiency indices. Given a closed and densely defined symmetric operator T’
acting on a complex Hilbert space, the deficiency indices of T are defined by 14 (7T') := dimker(T* F1i) €
N U {+oo}. We recall some well-known facts. The operator T' possesses a self-adjoint extension if and
only if ny (T) = n_(T). If this is the case, we denote the common value by n(T"). T is self-adjoint if and
only if n(T) = 0. Moreover, if n(T) is finite, the self-adjoint extensions can be explicitly parametrized by
the unitary group U(n) in dimension n = (7). Using the Krein formula, it follows that the absolutely
continuous spectrum of all self-adjoint extensions is the same.

Since the operator Ag + V commutes with the complex conjugation, its deficiency indices are equal,
e.g., [RS, Theorem X.3]. We denote by n(G) the common value, when V = 0. This means that Ag + V
possesses a self-adjoint extension. Remark that n(Aqg + V) = 0 (resp. n(Ag + V) = 0) if and only if
Ac +V (resp. Ag + V) is essentially self-adjoint on C.(G). We give the following criteria for essential
self-adjointness:

Proposition 1.1. Let G = (E,V) be a locally finite graph and ¥V : V. — R be a potential. Then, the
following assertions hold true:

(1) Provided that V is bounded from below, Ag +V is essentially self-adjoint on C.(G).

(2) Let zg € V, set b; :==sup{}_, , E(z,y) | pv(zo,2) =i and pv(zo,y) =i+ 1}, and take V : V —
R. If Y, 1/bi = +o0, then Ac+V and Ag + V is essentially self-adjoint on C.(G).

(3) Suppose that sup, maxy~ |dg(xz) — da(y)| < oo, E is bounded, and sup,cy |V(x)/da(x)] < oo,
then Ag +V is essentially self-adjoint on C.(G).

(4) Suppose that dg is bounded, sup, max,~, |E(z) — E(y)| < oo, where E(z) := maxy, E(z,y),
and that sup,cy |V(x)/E(x)| < 0o, then Ag +V is essentially self-adjoint on C.(G).

(5) Suppose there is a compact set K C V., such that Y., E?(x,y)dg(y) < V*(z) for all x ¢ K.
Then Ag +V is essentially self-adjoint on C.(G).

(6) Suppose there is a compact set K C V., such that >, .
x ¢ K, then Ag +V is essentially self-adjoint on C.(G).

Y~

E%(z,y)(1 + da(y)) < V(z) for all

We prove the result in Section 2.2. The first point is the discrete version of the fact that given a non-
negative potential V € L (R™), one has that —Agn + V is essentially self-adjoint on C.(R"), e.g., [RS,
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Theorem X.28]. It is essentially a repetition of [Woj, Theorem 1.3.1]. The second point is a Carleman-
type condition, see for instance [Ber, Page 504] for the case of Jacobi matrices. We stress that this result
holds true without any hypothesis of size or of sign on the potential part. In particular, the Schrédinger
operators could be unbounded from below and from above, see [Gol] for instance. Unlike in [Ber], we rely
on an commutator approach, see [Wol, Wo2] for similar techniques. The points (3) and (4) follow by
application of the Nelson commutator Theorem. The two last ones are an application of Wiist’s Theorem
by considering A and A as perturbation of the potential. We mention the works of [CTT, KL, Ma] on
related questions.

Concentrate a moment on the case of the adjacency matrix for simple graphs. Keep in mind, it is no
gentle perturbation of the Laplacian, see Proposition 2.1. In [MO, Mii], adjacency matrices for simple
trees with positive deficiency indices are constructed. In fact, it follows from the proof that the deficiency
indices are infinite in both references. We recall that a tree is a connected graph G = (E, V') such that
for each edge e € V x V with E(e) # 0 the graph (E,V), with E := E x Lieye, ie., with e removed, is
disconnected. As a general result, a special case of Theorem 1.1 gives that, given a locally finite simple
tree (G, one has

(1.4) n(G) € {0, +00}.

This is a new result to our knowledge, although the literature on trees is extensive. We believe that,
given a simple graph G = (E, V'), or more generally, a graph with bounded weights, (1.4) should be true.
In Remark 2.2, we explain that it is enough to prove (1.4) for simple bi-partite graphs. We recall that
a bi-partite graph is a graph so that its vertex set can be partitioned into two subsets in such a way
that no two points in the same subset are neighbors. Trees are bi-partite for instance. We stress that
this conjecture is false if one takes unbounded weights, see for instance counter-examples of adjacency
matrices given by Jacobi matrices in [Gol, Remark 2.1] and also in [MO].

We now point out that the self-adjointness of the adjacency matrix, acting on a simple locally finite
tree G, is linked with the growth of the offspring, i.e., of the number of sons. (We refer to Section 3.1
for precise definitions concerning trees.) When the latter grows up to linearly, Proposition 1.1 gives that
n(G) = 0. On the other hand, if the growth is “exponential”, Proposition 3.1 assures that n(G) = co. In
Section 3.2, using invariant spaces, we prove the following sharp result:

Proposition 1.2. Let @« > 0 and G be a tree with offspring [n®] per individual at generation n. Then,

one obtains:
0, if a <2,
n(G) = )
+o00, ifa>2.

We come back to the general question for Schrodinger operators and give our main result in the
context of trees. We prove it in Section 3.5 and generalize it in Theorem 4.1 to a family of graphs
obtained recursively.

Theorem 1.1. Let G = (E,V) be a locally finite weighted tree, where E is bounded, and let V : V — R
be a potential. Then one has:

(1.5) n(Ag +V) € {0, +o0} and n(Ag + V) € {0, +oo}.
In particular, one obtains n(G) € {0, +oo}.

Moreover, in Section 3.4, we prove some generic results for random trees and their deterministic
Schrédinger operators. We obtain:

Proposition 1.3. Let G = (E,V) be a random tree with independent and identically distributed (i.i.d.)
offspring. Suppose that the offspring distribution has finite expectation. Then for almost all trees, the
Schridinger operators Ag +V and Ag +V are essentially self-adjoint on C.(G), for all potentials V :
V — R. In particular, almost surely, one gets n(G) = 0.

We refer to Section 3.4 for definitions, a proof of this result and also for Proposition 3.2, which treats
the case of random offspring at a given generation.

We now present the structure of the paper. We start by proving, in Section 2.1, that the domains of
the Laplacian and of the adjacency matrix are different for simple graphs of unbounded degree. Then, in
Section 2.2, we prove Proposition 1.1. Next, we present our main tool in Section 2.3. Subsequently, after
giving a few definitions in Section 3.1, we discuss the setting of trees. We start by explaining in Section
3.2 how to reduce in some cases the analysis of adjacency matrices to the one of Jacobi matrices. After
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that, in Section 3.3, we provide an example of tree G with “exponential growth” such that n(G) = occ.
Then, we prove Proposition 1.3 in Section 3.4. Next, in Section 3.5, we prove the first main result of
the introduction, namely Theorem 1.1 and generalize it in Section 4. Finally in Appendix A, we recall
a general result of stability of deficiency indices, proposition A.1, and deduce a criterion for essential
self-adjointness of Jacobi matrices, which possess unbounded diagonals.

Notation: The set of nonpositive integers is denoted by N, note that 0 € N. Given a set X and Y C X
let 1y : X — {0,1} be the characteristic function of ¥, namely 1;,'{1} = Y. We denote also by Y¢ the
complement set of Y in X.

Acknowledgments: We would like to thank Hermann Schulz-Baldes, Vladimir Georgescu, Andreas
Knauf, and Mathias Rafler for helpful discussions.

2. GENERAL RESULTS

2.1. Comparison of domains. In view of Proposition A.1l, it is tempting to try to prove that the
adjacency matrix Ag is self-adjoint by comparing it to the discrete Laplace operator Ag. (Remember
that the latter is always essentially self-adjoint on C.(G) by Proposition 1.1.) But, as a matter of fact, if
the graph G is simple and has unbounded degree, we prove in this section that this is impossible.

Given a locally finite graph G = (F,V) and a potential V : V — R, we set Hg := Ag + V. We first
recall that the domain of the adjoint is given by

D((Hg)*) = {f € *(G),x — (ZE z,y)f ) +V(z)f(x) EEQ(G)}.

y~w

Then, given f € D((Hg)*), one has:

(He)* f (ZE x,y)f ) +V(z)f(x), for all z € V.

y~zx

We prove the result:

Proposition 2.1. Consider G = (E, V') and suppose there is a sequence (xy)nen of points in'V, so that

2
> ~,, E(y,xn)

(2.1) lim Z F?(y,2,) = 0o and lim ( Y ) = oo0.
n—0oo n—0oo Eywa:” (yaxn)

Y~Tn

Then, D(Ag) # D(Ag). In particular, the conclusion holds true when G is simple and has unbounded
degree.

Proof. We suppose that D(A¢g) = D(Ag). Therefore, the uniform boundedness principle ensures that
there are a,b > 0 such that

(2.2) 1A fII? < al Ac fII* + bl f]?, for all f € D(Ag).

We note now that one has that [|Ag(1,,1)[* = >y~ E2(y,x,) + (Engn E(y,acn))2 and also that
[Ac (L )II? = 22,00, B*(y,2,). Taking f = 1(,,y in (2.2) leads to a contradiction.

Finally, when G is simple and has unbounded degree, consider a sequence (z,)nen, so that dg(z;,)
tends to infinity. O

2.2. Essential self-adjointness of discrete Schrédinger operators. We prove some criteria of self-
adjointness for Schrodinger operators.

Proof of Proposition 1.1. We start with the first point and mimic [Woj, Theorem 1.3.1]. Using Proposi-
tion A.1, it is enough to suppose that V is non negative. Take f € D((AG —|—V)*) so that (Ag+V)*f = —f.
Since Ag + V is non-negative, it is enough to prove that f = 0. Notice that one has, for all z € V|

ZEa:y (1—|—V +ZEacy)
y~ Y~
Therefore, given = € V, there exists y ~ x with |f(y)| > |f(z)|. This is in contradiction to the fact that
I € 2(G).
We turn to the second point. As there is no restriction on V), it is enough to consider the case of
H = Ag +V. We denote by S; := {z € V, py(zo,x) = i} the sphere of radius i € N around z € V. For
n € N, consider a,, : N — [0,1] with finite support and set X,, := >,y an(i)1s, and X;, := 1 —X,,. We



DEFICIENCY INDICES FOR DISCRETE SCHRODINGER OPERATORS 5

see immediately that X,,D(H*) C D(H) C D(H*). Then, the commutator [H*, X,,], defined on D(H*),
is well defined (in the operator sense). Easily, it extends to a bounded operator, which we denote by
[H*,X,]o. We take f € D(H*) and will prove that it is also contained in D(H) by approximating it with
fn ==X, f. We have

[ = full +IH(Fm = F)ll < 1 = X)) I+ 1 (X = X ) H £
N Xl £l 4 ITHS X 1)

We now choose a,, in order to make (f,),en a Cauchy sequence with respect to the graph norm of H.
Set

(2.4) an (i) == {

(2.3)

1, for i <mn,
min{1, max{0,1 — %Z;:m_l 1/b;}},  fori>n.
Notice that a,, has finite support, since ZjeN 1/bj = 4o00. This gives that X,,f and X,,H* f tend to f

and H*f, respectively. It remains to control the commutator in (2.3). By the Schur test and (2.4), we
have:

I[H*, Xolo || < sup > Moy [H Xalo L)l = sup Y (Lo, [Ac, Xnl1(u))]
VeV eV VeV wev
1
= sup Z E(v,w)|Xn(w) = X, (v)] = sup Z E(v,w)|X,(w) = X, (v)] < —
VeV wev UEVwGV,pV(U},U):l

Returning to (2.3), this implies that f,, is a Cauchy sequence in D(H). Let g be its limit. Since H is
closed, g € D(H) and g = f.

We turn to (3) and (4). Taking in account the contribution of the potential, we essentially rewrite
[Gol, Proposition 1.1]. Take f € C.(G). For dg bounded let .#(x) := E(x) and for E bounded let
M (x) = dg(z). Let .4 be the operator of multiplication by .#(-), too. We denote all constants, which
are independent from f, by the same letter C'. We have:

(e + W71 <230 Bl ) fw)| + 2012 <23 da@)B@) Y 15w +2vs 1P

T Yy~ x Yy~

< 2ch max(dg (y NE? ()| () + 2V
<2ZE2 2)(C +dg(2))|f(@)]* + 2V II* < C|l. 4 fI*.

Moreover, noticing that the potential V commutes with .Z, we get

(f [ Ag, |—\Zf )Y Bl y) (A (y) — A (@) f(y)| < 32 3 CIEY2(@)f(@)] |E2(5) ()

Yy~ T Y~z

< chG ) EV2(2) f(a)? < O 21|,

Then, using [RS, Theorem X.36], the result follows.
We deal now with the fifth point. As a potential is essentially self-adjoint on C.(G), thanks to Wiist’s
Theorem, e.g., [RS, Theorem X.14], it is enough to prove that there is b > 0 so that,

(2.5) [AGfII* < IVFI* +blIf|I?, for all f € Ce(G).

As x — V(2)1x(z) is bounded, it is enough to prove (2.5) with b = 0 and under the stronger hypothesis:
> yee B2 (x,y)da(y) < V?(z) for all z € V. The statement is now obvious as, for all f € C.(G), one has

AP =Y 1E@ ) f@)) < D> da@)E>@,y)|lf))* =Y > da)E*(,y)|f(z)]*.
eV y~zx xeV y~x €V y~x

Finally, by using the last inequality and by taking into account the diagonal part of the Laplacian, one
has, for all f € C.(G),

1AafI? < 3 (3 daw) B2z, ) + E*(,y) ) | (@)

zeV y~zx

Wiist’s Theorem gives the last point. O
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Remark 2.1. Given a € [0,1), note that if one strengthens the assumption in the fourth point to
Z E?(z,y)da(y) < aV?*(x), for allz ¢ K
y~T

the previous proof and the Kato-Rellich theorem (or more generally Proposition A.1) ensures D(Ag+V) =
D(V), too. In the same spirit, if one supposes that >, . E*(z,y)(1+da(y)) < aV?(z) for allz ¢ K in
the fifth point, one gets also D(Ag + V) =D(V).

y~w

2.3. Bounded perturbations of graphs and deficiency indices. In this section, we compute the
deficiency indices, in the case one adds up to a given number of edges per vertex to a countable union of
graphs. We slightly improve the surgery Lemma of [Gol].

Lemma 2.1. Given a sequence of graphs G, = (E,, V), forn € N, let G° := (E°,V°) := U, ey Gn be
the disjoint union of {G, | n € N}. Choose E : V° x V° — [0,00), so that E is symmetric, with support
away from the diagonal. Set G := (E,V) with V. =V° and E := E° + E. Suppose that:

(2.6) sup Z da(y ) < 00,
yEV

where JG(x) = {y € V,E(:v’y) # 0}|. Consider a potential ¥V : V. — R. Set Hg = Ag +V and
G, - Then, one obtains

n(He) = > n(Ha,)-

neN

In particular, n(G) = >, cny1(Gh).
Proof. Take f € C.(G) = Cc(G°). Set Hgeo := @,,cy Ha,, - Notice that:

(Mo ~Hao) fIP = |2 B )] < X 3 da@) B )l 70)P

zeV yeV zeV yeV
=3 (X dew B, y) I ().
zeV yeV

We infer, there is a finite M, so that ||[(Hg — Hge ) f|| < M| f]], for all f € C.(G) = C.(G®°). Then, the
closure of (Hg — Hge) is a bounded operator and Proposition A.1 can be applied.

Alternatively, one can conclude using an argument of [Gol]. Since the closure of (Hg — Hge) is a
bounded operator, the graph norms of H¢ and of Hge are equivalent when restricted to C.(G). By taking
the closure, we infer D(H¢g) = D(Hege ). Moreover, using again the boundedness of the difference and the
definition of the domain of the adjoints of Hg and of Hge, one gets directly D((Hg)*) = D((Hage)*).
Finally, since the deficiency indices ni(Hg) of He are equal (and of Hge, resp.), (A.1) gives that
n(He) = n(Hee). O

Example 2.1. Given a locally finite graph G := (E,V) with bounded weights E and a set of vertices
X CV, such that supdg(X) < oo, then the induced graph G' = G[V \ X|, obtained by removing the
vertices in X, has deficiency index n(G") = n(G).

2.4. Tensor products and deficiency indices. For the sake of completeness and motivated by Re-
mark 2.2 (see below), we discuss shortly the tensor product of graphs regarding the computation of
deficiency indices. We recall that given two graphs G; = (E;,V;), i = 1,2, one defines the tensor product
G := (E,V) of Gy with G5 by setting V := V; x V5 and E((a:l,xQ), (yl,yQ)) = E(x1,y1) - E(x2,y2). One
sees that Ag,eq, = Ac, ® Ag,. We turn to the question of deficiency indices. It is well-known that
n(G1 ® G2) = 0if n(G1) = n(G2) =0, e.g., [RS, Theorem VIL.33]. One has also that n(G; ® G2) = 0o
when 7(G1) = co and n(G2) > 0. In fact, in the general case, one obtains easily a lower bound on the
deficiency indices:

Lemma 2.2. Given two symmetric operators S, T acting on the Hilbert spaces 7 and J& , respectively.
Let n = max;c (4} (7:(S) - n;(T)), with the convention 0-oco = 0. Then, ns(S®T) > 1.

Proof. We recall that, given a symmetric operator H, z — dimker(H* — z) is constant on the upper and
lower open half-planes of C. Therefore it is enough to give a lower bound for dimker(S* @ T* — 2?2), for
z = em(/2F/40)  Take f € D(S*) and g € D(T*), so that S*f = zf and T*g = zg. One has:

S*RT*(f®g) —2"fRg=(S"f—2f)@T* g+ 2f ® (T*g— zg) = 0.
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This concludes the proof. O
It is however more important to obtain the exact value of the deficiency indices. We recall the following
elementary fact:

Lemma 2.3. Let G be a locally finite graph and K be a finite graph. Then, one deduces
n(G @ K) =n(G) - dim(Im(Ag)).

Proof. As Ak is self-adjoint in a finite dimensional Hilbert space, we can decompose it with the help of

its eigenspaces. We have Ax = @l Ailg,, where E; is the eigenspace associated to the eigenvalue A;.

Note that (Acex)* = @; Mi(Ac)* @ 1g,. To conclude, we notice that dim (ker((Ag)* @ 1, +1i)) =

dim (ker((Ag)* +1)) x dim1g,. O
We now come back to the conjecture mentioned in the introduction following (1.4)

Remark 2.2. The complete graph Ko = (Eq,Va) is defined by Vo := {0,1} and E2(0,1) = 1. Note that
Ag, is injective. Its spectrum is {—1,1}. Given a locally finite graph G, the previous lemma states that
n(G ® K3) = 2n(G). Moreover, note that G @ Ky is bipartite. Therefore if (1.4) is true for all bipartite
simple graphs, then it is true for all simple graphs.

3. THE CASE OF A TREE

3.1. Some definitions related to trees. It is convenient to choose a root in the tree. Due to its
structure, one can take any point of V. We denote it by e.

We define inductively the spheres S, by S_1 = 0, Sy := {e}, and S,+1 = AG(Sn) \ Sn—1. Given
neN xeS,, and y € A5(z), one sees that y € S,,_1 U Sy,+1. We write 2 ~> y and say that x is a son
of y, if y € S,,_1, while we write x <~ y and say that x is a father of y, if y € S,,41. Notice that € has no
father. Given z # €, note that there is a unique y € V with z ~> y, i.e., everyone apart from ¢ has one
and only one father. We denote the father of z by . Given z € S,,, we set £(x) := n, the length of x.
The offspring of an element x is given by off (z) := |[{y € AG(z),y ~> x}|, i.e., it is the number of sons
of . When ¢(z) > 1, note that off (z) = dg(x) — 1.

3.2. Diagonalization in the case of an offspring depending on the generation. In this section,
we define a certain family of trees. Then, we explain how to explicitly diagonalize the adjacency matrices
on them. We start with a definition.

Definition 3.1. A simple tree G = (E, V) with offspring sequence (by,)nen s a simple tree with a root
such that b, = off (x), for each x € S,, and n € N.

In Proposition 3.2, we consider a family of trees with random offspring per individual and generation.
At the moment, we focus on the deterministic case and give a concrete example:

€ SO

N
SR

Ezample of a tree with by =2 and by = 3.

S1

S

Now we adapt the decomposition of a tree given in [AF], see also [GG], in order to write the adjacency ma-
trix as a direct sum of Jacobi matrices. We consider the tree G = (E, V') with offspring sequence (b, )nen.
We define:

(UN@) = 10,518,3(2) ——— f(%), for f e *(G).
o)
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Easily, one get ||Uf|| = ||f]|, for all f € ¢2(G). Moreover, it is a completely non-unitary isometry, i.e., it
is an isometry, such that the strong limit %—hm(U *)¥ = 0. The adjoint U* of U is given by
—00

! > fy), for f e *(G).

U*f)(x) :=
(U f)(z) e

Note that one has:
(Acf)(@) = \/buz) (Uf)(@) +/be) (U f)(2), for f € Ce(G).

Supposing now that b, > 1 for all n € N, we construct invariant subspaces for Ag. We start by
noticing that dim ¢2(S,) = [T,_, . ,_y bn, for n > 1 and dim £*(S) = 1. Therefore, as U is an isometry,
Ul(S,) = £?(Sp41) if and only if b, = 1. Set Qg0 := £2(Sp) and Qo x := U*Qq,o, for all k € N. Note
that dim Qg = dim ¢2(Sy) = 1, for all k € N. Moreover, given f € £2(Sy), one has f € Qq, if and only
if f is constant on S. We define recursively Q,, ., for k,n € N. Given n € N, suppose that Q,, p4 is
constructed for all £ € N, and set

® Q41,n+1 as the orthogonal complement of @,_, ,, Qi pnq1 in 2(Sna1),

] Qn+1,n+k+1 = Uan+17n+1, for all k € N \ {0}
We sum-up the construction in the following diagram:

?2(Sp) 02(Sy) £2(S5) (2(S3)
Qo,o% g Qo1 v Qo,2 v Qo,3

lj_ €L L

U U
Q11 Q1,2 Qi3

|+ .

U
Q2,0 Q23

iL
Q33

We point out that dim Q11 n+1 = dim Q41 n4k+1, for all £ € N and stress that it is 0 if and only
if b, = 1. Notice that U*Q,,,, = 0, for all n € N. Set finally M,, := @keN Qn,n+r and note that
(@) = @,.cn M. Moreover, one has that canonically M,, ~ P(N;Qppn) ~ 2(N) ® Qppn. In this
representation, the restriction A, of Ag to the space M, is given by the following tensor product of

Jacobi matrices:
0 b, 0 0
Vb 0 Vbar o 0

Ay . ® 1g,. .-

0 Voi 0 Jors

.....

Now Ag is given as the direct sum @,y An in @penM,. In particular, n(G) = >, .y 1(An). Note that
if b, = 1, for all n € N, we recover the case of the adjacency matrix of the simple graph N.
We now turn to the case of b, := [n®], for some a > 0.

Proof of Proposition 1.2. The sum Y . 1/v/b, is finite if and only if @ > 2. Then [Ber, page 504]
yields that A, = (A,)* for @ € [0,2] and n € N. One infers that n(G) = 0. Now, easily one sees that
bi—1biy1 < b2, for i > 1. Thus, [Ber, page 507] gives that n(A,) = dim(Q,,). This completes the
proof. O

3.3. Trees with exponential growth and non-essential self-adjointness. In the previous section,
we focused on trees with given offspring per individual for each generation. We now replace this hypothesis
by a control on the maximum and on the minimum of the offspring of individuals for each generation.
We turn to the result, see also [MO, Mii].
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Proposition 3.1. Let G = (E,V) be a locally finite simple tree, endowed with an origin. Supposing

maXges, Oﬁ(l‘) 1
1
(3.1) e mingeg, off () € L),

one has that n(G) = oo.
Condition (3.1) can be interpreted as an “exponential growth”.
Proof. We construct f € £2(G) \ {0}, so that (Ag)*f =if and
f@)=f), 7 =Y, (ryeV\{e)

i.e, for all z € V, f is constant on off (z). We denote the constant value by f(~> ). With this notation,
we have

(3.2) off(z) f(~>z) + f(T) =if (=),
for all € S,,, with n > 1. We denote by || f||s, the £>-norm of f restricted to S,. Then we have:

Il = D > D F@F= > > > Ift~>yl

TESp 1 Y~>T 2>y TESp 1 Y~>T 2 >Y

I Oﬁf(y) (W +1F @), by (32)

TESy_1 Yy~>T 2>y

2
minzesn Oﬂ(l‘)

maxges, _, off (z)

I£11%, -

By induction, one sees that sup,,cy||f||% is finite. Finally using (3.1), we derive that f € ¢*(G). Theo-
rem 1.1 concludes that the deficiency indices are infinite. 0

2
mingeg, off (z) 11, +

3.4. Discrete Schrodinger operators and random trees. In this section we discuss certain random
trees. Before dealing with random trees in the sense of Definition 3.2, we start with trees with random
offspring sequence, see Definition 3.1.

We recall some well-known notions from probability theory. The left shift on NV is 7: NN — NN,
T((:cn)neN) = (Zpi1)nen. We assign the discrete topology to N and the product topology to NY.
Therefore, 7 is continuous. An N-valued stochastic process X := (X,,)nen, is called ergodic, if for all
Borel-measurable A C NY, one has

P(XeAand 7(X) ¢ A)+ P(X ¢ Aand 7(X) € A) =0 = P(X € A) € {0,1}
and stationary, if
P(X eA) = P(T(X) € A)
for all Borel-measurable A C NV, For example, if X,,, n € N, are i.i.d. random variables then the process
(Xn)nen is stationary and ergodic.

Proposition 3.2. Let G = (E,V) be a tree with offspring sequence (by,)nen, where (by)nen is a stationary
and ergodic stochastic process. Then for almost every G, the Schridinger operators Ag +V and Ag +V
are essentially self-adjoint on C.(G), for allV : V — R.

Proof. Take m € N, so that P(by = m) > 0. Since (b, )nen is a stationary and ergodic N-valued stochastic
process, there is, almost surely, a subsequence (b, )ren with b,, = m for all k € N. Consider now the
forest of finite trees obtained by removing all edges between S, and S,, 11, for all n € N. Note that,
for each element of S,,, 1, there is at most one edge connecting it to S,,,. The Schrédinger operators,
restricted to the finite trees, are all essentially self-adjoint. Lemma 2.1 gives the result. O

Next we consider random trees. Denote by W := [J, y(N*)" the set of all finite words over the
alphabet N* := N\ {0}. The length of a word w = (w1, ...,w,) € W is {(w) := n.

Definition 3.2. Let (Xy)wew be a family of i.i.d. random variables with values in N. We construct a
graph G = (E, V) as follows:

V= {(wh coywpn) EW [ wmer < Xwn,...qwp) Jor allm € Nym < n} and
B, w) = 1 if {é(v).,f(w)} ={n,n+1} and (vo,...,vn) = (wo, ..., wy)
0 otherwise,

forv = (v1,..., ), w = (w1,..., W) € V. We call G random tree with i.i.d. offspring. The law of
X, is called offspring distribution of G.
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Note that a random tree is a tree with the empty word € as root. Words of length n correspond to .S,,,
the n-sphere. Hence, the notation ¢ of the length is consistent with the one given in Section 3.1.

Proposition 3.3. Let G = (E,V) be a random tree with i.i.d. offspring, such that its offspring distribu-
tion has finite expectation. Then almost surely there are M > 1 and a family (G;)ien of disjoint finite
subtrees G == (E;, V;) of G, so that V = ;e Vi

(3.3) sup max off(x) < M,
icV; vemax(V;)

where max(V;) :={zx € V;,(y ~>z inG) = y ¢ V;}, for alli € N.

Proof. Since the offspring distribution has finite expectation, there is M € N such that
(3.4) me mP(X.=m) < 1.
Let G:=G \ L be the forest one gets by deleting all the edges in
L:={(v,w) e VxV|Lv) <lw),offg(v) < M}
from G. FEach connected component in G is a random tree with 1ndependent offspring. Denote by
G = (E V) a connected component of G. The expected number of sons in G is given by the Lh.s.
n (3.4). It is well known that such family trees almost surely get extinct, see e.g., [Kle, Theorem 3.11].
T herefore all the connected components of G are almost surely ﬁnitAe. We present a proof here. .
The tree G has a root wo € V with £(i) = min{(w ) \ b € V}. We define the n-sphere of G to
be S, = {w e V | L) = n + E(wo)} and denote by Xy := off 5(w) the number of sons of w € V
in G. The random variable Yn = |S | fulﬁlls Y, = > bed,
the o-algebra fn =0 ( @ ) Therefore the stochastlc process (f’n)neN is adapted to the
filtration (ﬁn)new With (3.4), for all n € N we have

(3.5) E[Yi1 | Fu] = Zuﬁeé‘n E[Xy | Fo] = Zuﬁeén E[Xp] = VoE[Xg,] < Yi.

Hence, the process (}A’n)neN is a supermartingale. Since Y, > 0, the martingale convergence theorem

X » and is hence measurable with respect to

guarantees that Y,, converges almost surely. We denote its limit by Y. With (3.5) we entail
0 <E[Y,] =E[E[Y, | Fooi]] = E[Yao1E[Xs,)] = EYa_1]E[Xs,] = (E[X4,))"

In view of (3.4), Fatou’s Lemma ensures that E[Y] = 0 and therefore that ¥ = 0 almost surely. Finally,

since Y assumes only integer values, for almost every realization of ( n)neN there exists N € N with

,,—OforalanN. O
It remains to prove the announced result.

Proof of Proposition 1.3. Almost surely, Proposition 3.3 gives a forest of finite trees G; = (E;,V;). On
each of them, the restriction of the Schrodinger operator is essentially self-adjoint, as ¢2(G;) is finite
dimensional. Moreover, as (J;cy Vi = V and (3.3) holds true, the hypothesis of Lemma 2.1 are satisfied
and the result follows. 0

3.5. The possible indices. We now prove our main result in the context of trees and improve it in
Section 4. This is a proof by contradiction.

We start with some notations about subgraphs. The connected component C(x) of € V' is the graph
Ca(x) := (B, Vy) with V,, := {y € V, there is an a-y-path} and E, := E|y,«v,. A graph G’ := (E', V")
is called a subgraph of G, if V! C V and F'(x,y) € {0,E(z,y)}, for all z,y € V'. The subgraph
G[V'] := (Elv/xvr, V') is called the induced graph of G by V! C V. Given a set S C V x V, we denote
Seym = {(z,y), (y, ) | (z,y) € S} and by S, its complement in V' x V. The graph G\ S := (E\Scym V)

is obtained by deleting the edges in Sgym from G.

Proof of Theorem 1.1. Suppose that G = (E,V) is a locally finite tree with bounded weights. In view
of (1.3), it is enough to consider a discrete Schrédinger operator Hg of the form Ag + V for some
potential V : V' — R. Suppose that Hg has finite and positive deficiency index n(Hg) > 0. Given a
subgraph G’ = (E’, V') of G, we denote by Hg+ the Schrodinger operator given by Ag + V|y.

We construct inductively a sequence (vg)ren of points of V', so that v ~ vg41 for all k € N. Along the
way we also define a sequence of subgraphs (G)ien of G, such that Gy := (Ey, Vi) is a tree, satisfying
vy € Vy and n(Hg,) > n(Ha,,,) > 0. Start with G := G and some vy € V. For each k € N we first
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remove the edges connected to vy, and obtain G}, := Gj, \ ({vk} X A&, (vg)). Using Lemma 2.1 and the
fact that Gy, is a tree, we find

0 <n(Ha,) =nHa) =

Therefore there exists w € Ag, (vy) with n(He, (w)) > 0. Set vpt1 := w and Gry1 == Cgy (w). As
k

H w))-
wGJVGk (Uk) 77( CGL( ))

announced the graph Gjy1 is a tree.
Since k — n(Hcg, ) is decreasing, positive, and has integer values, there is K € N so that n(Hg, ) is
constant for all k£ > K. Now consider Gy, := Gg[Vi \ Vit1].

The dashed line at the bottom shows the constructed path (vi)ken. The graphs G, can extend infinitely,
as indicated with the dots. For all k € N the graph Gy, is the union of all Gy with k' > k plus the dashed
bottom line starting at vy,.

Again by Lemma 2.1, we infer

n(Hék) = U(HGk) - U(HGde) =0, for k > K.

By one more application of Lemma 2.1, we obtain

0<n(Hae) =Y n(Hg,) =0.

k=K
This is a contradiction. O

4. RECURSIVE GRAPHS

In this section we generalize the previous approach to graphs which satisfy a certain recursive property.
We shall use the notation related to subgraphs, which were introduced in section 3.5. To simplify notation,
given a potential V : V' — R and the Schrodinger operator H¢ := Ag + V acting on G = (E, V'), we shall
write 1 (G) = n(Hea). As above, if G’ is a subgraph of G obtained by removing edges, we denote by
He: the Schrodinger operator Ag + V.

Definition 4.1. Let G = (E,V) be a locally finite graph. Given M >0 and V : V — R, we say that G
has the property R(M,V), if
e cither ny(G) =0 or
e we can find a partition {B,U,, W,, | n € N} of V such that
(P1) m(G[B]) =0, i }
(P2) {U,,W,, | n € N} is pairwise disjoint, where Uy, := BN A5 (U,) and W,, := BN Ae(W,).
(P3) Form,n €N, E(U,,W,,) =0 and E(U,,U,,) =0, EOW,,,W,,) =0 if m #n,
(P4) Vz € B: |AMg(x)NU,| < M and Vx € Uy, : |Aa(xz) N B| < M for alln € N,
(P5) Yo € W, [Aa(x) N (B\W,)| < M and Yz € B\ W,,: |Aa(x) N B| < M for alln €N,
(P6) G[U,] and G[W,, UW,,] have the property R(M,V|y,) and R(M, V‘WnUWn)f respectively.
We explain in words, what the sets B, U,, and W, are. The set of vertices B C V stands for the
base of the graph G. We recall that, by definition, G[B] is the restriction of the graph G to B, see
the Introduction. In the case of trees, for the k-th level of recursion we use B = {vi}. We allow
more complicated situations here: for instance, ny(B) = 0 if B has bounded degree and weights, see
also Proposition 1.1. The graphs G[U,] and G[W,, U W,] correspond to subgraphs that we want to
cut out and to study in the next recursive step. The condition (P4) ensures that each element of the
subgraph G[U,] is linked by at most M edges to the base. On the other hand, the graph G[W,] could
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be linked to the base by a large number of edges, like in the previous case for trees. In this situation, we
shall not consider G[W,,] in the next recursive step but G[W,, U W,,], which contains a part of the base.
Notice that B\ U,,cy
sure that each element of the subgraph G[W,, U W,,] is linked to the remaining part of the base with at
most M edges. Condition (P2) ensures that the subgraphs G[U,] and G[W,, U W,,] are not too close to
each other. Condition (P3) tells that there are no edges between the U,, and W,,. This condition can be
relaxed with Lemma 2.1, by asking that each vertices is linked with at most M other ones.

Definition 4.1 is motivated by the fact that the recursive process splits the deficiency indices in a
conservative way.

W,, is empty in the previous setting of a tree. Note that condition (P5) makes

Lemma 4.1. Suppose that G is a locally finite graph with bounded weights satisfying (P2) — (P5). Then,
using the notation of Definition 4.1,

(4.1) (@) = (GIBAU, _ Wl ) + 3 e GIUW]) + e (GIWo UW,]).

neN
Moreover, if G obeys (P1),

(4.2) T (G B\U,_, Wn]) —0.

Proof. Equation (4.1) is a direct consequence of Lemma 2.1. By the same argument
0=nr(B)=nn (G[B \ UneN Wn]) + %nn (G[Wn]> :
ne

Equation (4.2) follows, since deficiency indices are nonnegative. O
Finally, we prove:

Theorem 4.1. Suppose that G is a locally finite graph with bounded weights satisfying property R(M,V),
for a certain potential V. Then n(Ag + V) = nn(G) € {0,00}.

Proof. Let G be a graph fulfilling all assumptions and having finite and positive deficiency index. As in
the case of trees we construct a sequence of nested subgraphs (Gg)ren of G such that for all K € N

* 1(Gr) = n(Gri1) > 0,
e (i} satisfies property R(M).

We set Gy := G and construct Gj41 inductively from Gj. We use now Lemma 4.1. Taking advantage
of (4.2) in (4.1), there is a subgraph of Gy, among the family {Gy[U,(k)], Gx[W, (k) U W, (k)] | k € N}
with positive deficiency index. We call it Gi41. By (4.1) we have n((Gy) > 71¢(Gr41). Thanks to (P5),
G+1 satisfies also property R(M).

As in Theorem 1.1 we conclude that there is K € N so that n(G}y) is constant for all £ > K. Now
consider G}, := G¢[Vi \ Vip1]. By Lemma 2.1, we infer 13 (Gr) = n3(Gr) — n#(Grs1) = 0, for k > K.
By construction there are at most M connections per vertex between Gy and G11. By a last application
of Lemma 2.1, we obtain 0 < 13(Gr) = Yoo s 71(Gx) = 0. This is the desired contradiction. O

We finish by mentioning a possible generalization.

Remark 4.1. In the previous result, we do not suppose more than having bounded weights. The main
examples we have in mind are simple graphs. However if one considers weighted graphs such that
inf(E(V x V) \ {0}) = 0, using (2.6), one can relaz the hypothesis on the uniformity in M, which
is implemented in Definition 4.1.

APPENDIX A. STABILITY OF THE DEFICIENCY INDICES OF A SYMMETRIC OPERATOR

Given a closed and densely defined symmetric operator S, one has the obvious inclusion D(S) C D(S*).
In fact, given z € C\ R, one gets the topological direct sum

(A1) D(S*) = D(S) @ ker(S* + 2) @ ker(S* — 7).

One also knows that z — dim (ker(S* — 2)) is constant on the two connected components of C\ R. Note
also that dim (D(S*)/D(S)) = n—(S) + n4(S). We refer to [RS, Section X.1] for an introduction to the
subject.

For the convenience of the reader and as we were not able to locate a proof in the literature, we recall
the following useful and well-known fact. It is essentially due to Kato and Rellich.
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Proposition A.1. Given two closed and densely defined symmetric operators S,T acting on a complex
Hilbert space and such that D(S) C D(T'). Suppose there are a € [0,1) and b > 0 such that

(A.2) ITfII < allSfII+0llf[l, for all f € D(S).

Then, the closure of (S+T)|p(s) is a symmetric operator that we denote by S+T. Moreover, one obtains
that D(S) = D(S + T) and that ne(S) =nL (S +T). In particular, S+ T is self-adjoint if and only if S
18.

Note that if S is self-adjoint, i.e., n4(S) = 0, the above result is the standard Kato-Rellich theorem, e.g.,
[RS, Theorem X.12]. In the proofs of this article, we use this result in the case a = 0 and n_(S) = n4+(S5).
In this setting, one can avoid this general result and repeat a shorter argumentation, coming from [Gol].
We explain this alternative approach at the end of the proof of Lemma 2.1. Finally, we point out that all
the results about deficiency indices of this article are stable under the above class of perturbation, i.e.,
(A.2) with a € [0,1).

Proof. Let 0 € [—1,1]. Note that Wy|ps) := (S +0T) |p(s) is symmetric and closable. Its closure is
denoted by Wy. Using (A.2), one sees that the graph norms of S and of Wy are equivalent on D(S). Then,
we infer that Wy is closed, symmetric and with domain D(Wy) = D(S). In particular, D(S+T) = D(S).

We concentrate on the deficiency indices. It is enough to consider the case a € (0,1) and b > 0. Notice
first that, for f € D(S) and e > 0, one obtains ||Tf||?> < a?(1+ €)||Sf||* + b%(1 + 1/¢)|| f||* for all £ > 0.
Then, since S is symmetric, we derive that

(A:3) ITFI? < @®||(S £ iy) fII, for all f € D(S)

and where o? = (1 +¢)a? and v = \/b?/(ca?). Taking € small enough, we reduce to the case a € (0,1)
and v > 1. Take now

1—
(A4) 91,92 S [—1, 1]7 so that ‘91 — 92| < ( aa).
We now prove:
(A.5)  ker((Wp,)" £iy) N (ker((Wp,)" £ i'y))l = ker((Wy, )" £iv) Nran(Wy, Fiy) = {0}.

Given H a closed symmetric and densely defined operator, by considering Im(y, (H £ i7v)y), one sees that
[(H £ iv)y|l > ~v|ly|| for all y € D(H) and that the range of (H =+ iv) is closed. Hence, the first equality
of (A.5) holds true.

Take z € D((Wp,)*)\{0} and in the intersection in the Lh.s. of (A.5). We finish the proof for the minus
sign. The other case is done analogous. We infer that there is z € D(S) \ {0}, such that (Wy, +iv)z = «.
Then,

(A.6) 0= ((Wo,)" — i)z, 2) = (x, (Wo, +17)z) = ||lz[|* + (02 — 01)(z, T2).

Now, with (A.3), we infer (1 — a)||Tz|| < «f(Wy, + iv)z|. Using the latter with (A.4) and (A.6), we
derive:

]l <161 = b - [ T2]] < [(Wo, +iv)z]| = ||=],

which is a contradiction. This proves (A.5) and therefore dim ker(Wp,* +iy) > dim ker((Wy, )* £iv), under
the hypothesis (A.4). One deduces easily that dim ker((Wy)* £ivy) = dimker(S* £iv), for all 6 € [-1,1].
To conclude, we recall that, given a symmetric operator H, one has that z +— dim (ker(H = z)) is
constant on the two connected components of C \ R.

We now give a direct application to Jacobi matrices, which act on ¢?(N). Given A, the closure of a
three-diagonal symmetric Jacobi matrix with a,, € R on the diagonal and b,, > 0 on the upper diagonal,
it is well known, e.g., [Ber, Page 504], that if ) _1/b, = oo and with no condition on the sequence
(@n)n, then A* = A. We give a generalisation in Proposition 1.1 (2). With again no condition on the
diagonal elements, we prove now:

Proposition A.2. Let A be the closure of a (2N + 1)-diagonal (complez-)symmetric matriz acting by
Af(n) = renarnf (k) for f: N — C with compact support and where ay,, € C, for k,n € N. If

liminf e, < oo, where ¢, := max |ap_1—j.n—
noa M ) n 0§l<k§K‘ n l,n l+k‘7

forn > K, then A = A*.
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Proof. Let (cu, )nen be a bounded subsequence of (¢, )nen and set By, == Ly, u,yi—1] A Ljup upir—1]-

Set B be the closure of @, B,,. Note that the deficiency indices of B are (0,0), since B,, are finite
dimensional matrices. Then, remembering that sup,,cy|cu,| < 0o, we see that (B — A)|¢, ) extends to
a bounded operator. Therefore, Proposition A.1 entails that A is self-adjoint.
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