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RESCALED MOURRE’S COMMUTATOR THEORY,
APPLICATION TO SCHRODINGER OPERATORS WITH
OSCILLATING POTENTIAL

GOLENIA, SYLVAIN AND JECKO, THIERRY

ABSTRACT. We present a variant of Mourre’s commutator theory. We apply it
to prove the limiting absorption principle for Schrédinger operators with a per-
turbed Wigner-Von Neumann potential at suitable energies. To our knowledge,
this result is new since we allow a long range pertubation of the Wigner-Von
Neumann potential. Furthermore, we can show that the usual Mourre the-
ory, based on differential inequalities and on the generator of dilations, cannot
apply to our Schrédinger operators.
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1. INTRODUCTION

Since its introduction in 1980 (cf., [M]), many papers have shown the power of
Mourre’s commutator theory to study the point and continuous spectra of a quite
wide class of self-adjoint operators. Among others, we refer to [BFS| [CGH,
[DJ [FH], [GGol [HuS| [TMP], [Sa] and to the book [ABG]. One can also find
parameter dependent versions of the theory (a semiclassical one for instance) in
[RoT), (W1, [WZ]. Recently it has been extended to (non self-adjoint) dissipative op-
erators (cf., [BG, [Roy]).

In [G]], we introduced a new approach of Mourre’s commutator theory, which is
strongly inspired by results in semiclassical analysis (cf., [Bul [CJ [J2]). In
[GE), Gérard gave a very close approach to ours. These approaches furnished an
alternative way to develop the original Mourre Theory and do not use differential
inequalities.

The aim of the present paper is to present a new theory, which is quite close to
Mourre’s commutator theory but relies on slighly different assumptions. It is in-
spired by the approaches in [GJ] and in [G. Tt is actually a new theory since we
can produce an example for which it applies while the strongest versions of Mourre’s
commutator theory (cf., [ABG] [Sa]) with the generator of dilations as conjugate
operator cannot be applied to it.

Our example is a pertubation of a Schrodinger operator with a Wigner-Von Neu-
mann potential. Furthermore we can allow a long range pertubation which is not
covered by previous results in [DMR] ReTT1L[ReT2]. A similar situation is considered
in [MU] but at different energies.

Let us now briefly recall Mourre’s commutator theory and present our results. We
need some notation and basic notions (see Subsection 2] for details). We consider
two self-adjoint (unbounded) operators H and A acting in some complex Hilbert
space . Let || - || denote the norm of bounded operators on J#. With the help
of A, we study spectral properties of H, the spectrum o(H) of which is included in
R. Let Z, J be open intervals of R. Given k € N, we say that H € C"}(A) if for all
X € C°(R) with support in 7, for all f € 7, the map R 3 t — e"AX(H)e "4 f €
J has the usual C* regularity. Denote by E7(H) the spectral measure of H above
Z. We say that the Mourre estimate holds true for H on Z if there exist ¢ > 0 and
a compact operator K such that

(1.1) Er(H)[H,iA|EZ(H) > Ez(H) (¢ + K) Ez(H),

in the form sense on J# x 5. In general, the Lh.s. of (II]) does not extend, as a
form, on J# x 7 but it is the case if H € C;(A) and Z C J (cf., [Sal [GJ]). We say
that the strict Mourre estimate holds true if the Mourre estimate (ILI]) holds true
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with K = 0. In the first case (resp. the second case), it turns out that the point
spectrum of H is finite (resp. empty) in compact subintervals Z' of Z if H € C% (A)
and Z C J. The main aim of Mourre’s commutator theory is to show, when the
strict Mourre estimate holds true for H on Z, the following limiting absorption
principle (LAP) on compact subintervals Z’' of Z. Given such a 7’ and s > 1/2, we
say that the LAP, respectively to the triplet (Z', s, A), holds true for H if
(1.2) sup [[(A) T (H — 2)TH{A) 7| < o0,

RezeZ’ ,Imz#0
where (t) = (1+[t|>)’/2. In that case, it turns out that the spectrum of H is purely
absolutely continuous in Z’ (cf., Theorem XIII.20 in [RS4]). Notice that (I.2]) holds
true for s = 0 if and only if Z' N o (H) = 0.
In [ABG! [Sa], such LAPs are derived under a slighly stronger regularity assumption
than H € Ct17(A) with Z C J. Actually, stronger results are proved. In particular,
in the norm topology of bounded operators, one can defined the boundary values
of the resolvent:
(1.3) T 5 A lim (A) "5 (H — X\ —ig) 1 (A)~*

e—0+

and show some Holder continuity for them.
Implicitely in [GJ] and explicitely in [G&], one can derive, using H € C%(A) with
I C J,the LAP (L2) on I’ = 7’ € T from the Mourre estimate (1)) with K = 0
via a strict, rescaled Mourre estimate:

(1.4) Er(H)[H,ip(A)Ez(H) > cBr(H)(A)™' " E7(H),

where € > 0 and ¢ is some appropriate nonnegative, bounded, smooth function on
R. Note that the Lh.s. of (4] is a well defined form on # x . It seems that
the use of such kind of inequality to derive resolvent estimates appears in [J1] for
the first time.

Our new idea is to take the strict, rescaled Mourre estimate (L4) as starting point,
instead of the strict Mourre estimate. This costs actually less regularity of H w.r.t.
A. Precisely, we show

Theorem 1.1. Let Z be a bounded, open interval of R and assume that H € C1(A).
Assume that, for some eg > 0, for any € € (0;e¢|, there exists some real borelian
bounded function ¢ such that the strict, rescaled Mourre estimate, i.e. (L4l), holds
true. Then, for any s > 1/2 and for any closed subinterval T' of T, the LAP (I.2)
for H respectively to (Z',s, A) holds true.

Remark 1.2. Notice that the LAP ([L2]) for H respectively to (Z/, s, A) implies the
LAP (2) for H respectively to (Z',s’, A), for any s’ > s. Therefore, it is enough
to prove Theorem [[T] for s close to 1/2.

Remark 1.3. Using Gérard’s energy method in [Gé], we can upper bound the size of
the Lh.s. of (2]) in terms of the constant ¢; appearing in ([4)). See Corollary B

Actually Theorem [L.T] will follow from the more general result obtained in Theo-
rem 3.4l The new theory that we present here and that we call “rescaled Mourre
theory” is essentially a part of the variant of the Mourre theory in [G&, [GJ]. As
such, it is simplier than the usual Mourre theory (it does not use differential in-
equalities). However, we do not know if such approach gives continuity results on
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the boundary values of the resolvent (L3]). We shall give two (almost equivalent)
ways to view the new theory (cf., Subsections and B.3)).

As announced above, we want to derive the LAP (L2) (for some A) on carefully
chosen intervals Z’ for a certain class of Schrodinger operators. Let d € N* and let
Hy be the self-adjoint realization of the Laplacian —A, in L2(R%). Given ¢ € R*
and k > 0, the function W : R — R defined by W (z) = ¢(sin k|z|)/|z| is called
the Wigner-Von Neumann potential. We consider another real valued function V'
satisfying some long range condition (see Section Ml for details) such that the opera-
tor Hy := Hy+ W +V is self-adjoint on the domain of Hy. This is our Schrodinger
operator with a perturbed Wigner-Von Neumann potential. It is well known that
its essential spectrum is [0; +-00[. Now we look for an interval Z’ C]0; +o0c[ on which
we can get the LAP ([[2). As operator A, it is natural to choose the generator of
dilations Aj, the self-adjoint realization of (z -V, + V, -)/(2i) in L2(R%). Indeed,
when W is absent, such LAPs have been derived. As mentioned above, the pure
point spectrum o,,,(H;) of Hy has to be empty in Z'.

There are many papers on the absence of positive eigenvalue for Schrodinger op-
erators: see [K| [Si [Al [FH, LT, [CFKS]. They do not apply to the
present situation because of the behaviour of the Wigner-Von Neumann W. One
can even show that k%/4 is actually an eigenvalue of H; for a well chosen, radial,
short range potential V (cf., [RS4] p. 223 and [BD]).

In dimension d = 1, the eigenvalue at k?/4 is preserved under suitable pertubation
(see [CHM]). Furthermore it is proved in [FH| that, if || < k, the usual
Mourre estimate (1)) holds true on compact intervals Z CJ]0;+oo[ and there is
no eigenvalue in ]0; +oo|, and otherwise that, on compact Z C]0; +oo[\{k?/4}, no
eigenvalue is present and the usual Mourre estimate (1) holds true. Actually if
k?/4 is an eigenvalue of H; then the usual Mourre estimates cannot hold true on
a compact neighbourhood of k?/4, with the generator of dilatation as conjugate
operator. This follows from the arguments of the proof of Corollary 2.6 in [FHJ.
Thus the eigenvalue k2 /4 is a threshold.

In dimension d > 1, we focus on compact intervals Z C]0; k?/4[. Using pseudodif-
ferential calculus and recycling arguments from [FH|, we prove the usual Mourre
estimate (II)) on such Z, the operator A being A;, the generator of dilations, yield-
ing the finitness of the pure point spectrum op,(Hi) in Z. Then, in Theorem [£.14]
we derive a strict, rescaled Mourre estimate ([L4) and show that Theorem [L1] ap-
plies, leading to the LAP (L2). For short range pertubation V', we partially recover
results from [DMR] [ReT1l ReT2] but, in contrast to these papers, we are able to
treat a long range pertubation V. In [MU]|, the LAP for long-range pertubations of
a larger class of oscillating potentials is obtained at high enough energies. Applying
this result in our situation gives the LAP on intervals above some energy e > k2 /4.
Finally we show that H; does not have the required regularity w.r.t. the generator
of dilations A; to apply the usual Mourre theory from [ABG] [GGMI], [Sa]. For the
same reason, the derivation of our strict, rescaled Mourre estimate (4] for H;
from the corresponding strict Mourre estimate, i.e. () with K = 0, along the
lines in [Gd], is not allowed.

We did not optimize our study of Schrédinger operators with oscillating potential.
We believe that we can handle more general pertubations. Because of a difficulty
explained in Remark below, we did not consider intervals Z above k?/4 for
d > 1. However we believe that a variant of the present theory is applicable in this
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case. We think that a general study of long range pertubations of the Schrédinger
operator with Wigner-Von Neumann potential is interesting in itself and hope to
develop it in a forthcoming paper.

The paper is organized as follows. In Section B we introduce some notation and
basic but important notions. In Section Bl we show a stronger version of Theo-
rem [[LT] namely Theorem B4l In Section @ we study Schrodinger operators with
perturbed Wigner-Von Neumann potentials. In Subsection 3] we derive usual
Mourre estimates below the “threshold” k2?/4. In Subsection B4l we essentially
apply Theorem [L.T] to our Schrodinger operators. In Section Bl we prove that they
cannot be treated by the usual Mourre theory in [ABG] [Sal. ITn Appendix [A] we
prove a key pseudodifferential result to control the behaviour of the Wigner-Von
Neumann potential (extending a result by in dimension one). In Appendix Bl
we review fonctional calculus for pseudodifferential operators (cf., [Bol]). In Appen-
dix [C], we establish the boundedness of some operator using interpolation. Finally,
in Appendix [D], we present, in dimension one, a simplier proof of Lemma [5.4] this
lemma being used to show that the regularity assumption of the usual Mourre
theory is not satisfied by our Schrodinger operators.

Acknowlegment: We thank Jean-Michel Bony, Vladimir Georgescu, Ira Herbst,
Andreas Knauf, Nicolas Lerner, and Karel Pravda-Starov for fruitful discussions.

2. BASIC NOTIONS AND NOTATION

In this section, we introduce some notation and recall known results. For details,

we refer to [ABGL [DG| [GJ] [Sa] on regularity and to Boll, Bo2, BC, ] on

pseudodifferential calculus.

2.1. Regularity. In the text, we always use the letter Z to denote an interval
of R. For such Z, we denote by Z (resp. I) its closure (resp. its interior). The
scalar product (-,-) in . is right linear and || - || denotes the corresponding norm
and also the norm in B(J#), the space of bounded operators on .. Let A be a
self-adjoint operator. Let T be a closed operator. The form [T, A] is defined on
(D(A) ND(T)) x (P(A) N'D(T)) by

(2.1) (f,11,Alg) = (T"f, Ag) — (Af, Tg).

If T is a bounded operator on # and k € N, we say that T € C*(A) if, for all

f € s, the map R > t s e ATe "4 f € J# has the usual C* regularity. The
following characterization is available.

Proposition 2.1. ([ABGl). Let T € B(7). Are equivalent:

(1) T € CH(A).

(2) The form [T, A] defined on D(A) x D(A) extends to a bounded form on
X A associated to a bounded operator also denoted by ad}4 (T) := [T, Alo.

(3) T preserves D(A) and the operator TA — AT, defined on D(A), extends to
a bounded operator on F.

It follows that T € C¥(A) if and only if the iterated commutators ad(T) :=
[ad”,” ! (T'), Al are bounded for p < k. In particular, for T € C'(A), T € C*(A) if
and only if [T, A, € C(A).
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Let H be a self-adjoint operator and Z be an open interval. As in the Introduction
(Section [), we say that H is locally of class C*(A) on I, we write H € C¥(A), if,
for all ¢ € C(T), (H) € CF(A).

It turns out that T' € C*(A) if and only if, for a z outside o(T), the spectrum of T,
(T — 2)~! € C*¥(A). It is natural to say that H € C*(A) if (H — 2)~! € C¥(A) for
some z ¢ o(H). In that case, (H — z)~! € C¥(A), for all z ¢ R. This regularity is
stronger than the local one as asserted in the following

Proposition 2.2. ([ABG]) If H € C*(A) then H € C5(A) for all open interval T
of R.

Next we recall Proposition 2.1 in [GJ] which gives a sufficient condition to get the
CY(A) regularity for finite range operators.

Proposition 2.3. ([G]]) If f,g € D(A), then the rank one operator |f){g| : h —
(g,h)f is in C*(A).

For p € R, let 8” be the class of functions ¢ € C*°(R) such that

(2.2) VE €N, Ci(p) :=sup () 7TFp® ()| < cc.
teR

Here o) denotes the kth derivative of ¢. Equipped with the semi-norms defined
by ([2.2)), S” is a Fréchet space. We recall the following result from [DG] on almost
analytic extension.

Proposition 2.4. ([DG]) Let ¢ € S” with p € R. There is a smooth function
¢€: C — C, called an almost analytic extension of ¢, such that, for all | € N,

(2.3) ¢Clr = o, |0:6%(2)| < e1(Re(2))"~ ' HIm(z)]",
(2.4) supp o© C {z + iy; |y| < c2(z)},
(2.5) ©"(x +iy) =0, if z & supp .

for constants ¢, ca depending on the semi-norms (Z2) of ¢ in S°.

Next we recall Helffer-Sjostrand’s functional calculus (cf., [HeS| [DG]). For p < 0
and ¢ € S”, the bounded operator ¢(A) can be recover by Helffer-Sjostrand’s
formula

(26) o) = 5= [ () - A) Mz A

where the integral exists in the norm topology, by ([23) with [ = 1. This can be
extended as shown in

Proposition 2.5. ([G]]) Let p > 0 and ¢ € S”. Let X € C°(R) with X = 1 near 0

and 0 < X <1, and, for R> 0, let Xg(t) = X(t/R). For f € D((A)*), there exists
_— T

(2.7) Rgrfw 5 /Cag(gaXR) (2)(z—=A)" " fdzNdz.

This defines the r.h.s. of 28] on D((A)?). On this set, 26l holds true (in par-

ticular (ZX) does not depend on the choice of X).
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Notice that, for some ¢ > 0 and s € [0; 1], there exists some C' > 0 such that, for
al z=z+iye€{a+ib|0<|b <c{a)} (like in [24)),
(2.8) [{(4)*(A=2)"H| < Cla)” - [yl

Observing that the self-adjointness assumption on B is useless, we pick from [GJ]
the following result in two parts.

Proposition 2.6. ([G]]) Let k e N*, p < k, ¢ € §°, and B be a bounded operator
in Ck(A). As forms on D((A)*~1) x D((A)k~1),

29) e8] = Y e (Aad(B)
(2.10) + / 0% (2)(z — A)"Fad% (B)(z — A)~dz A dz.
27T C

In particular, if p <1, then B € C'(¢(A)).

The rest of the previous expansion is estimated in

Proposition 2.7. ([G]]) Let B € C*(A) bounded. Let ¢ € S°, with p < k. Let
I () be the rest of the development of order k Z9) of [¢(A), B], namely (ZI0).
Let s,8" > 0 such that 8" < 1, s < k, and p+ s+ s < k. Then, for ¢ staying
in a bounded subset of S, (A)Y*Ir(p)(A)* is bounded and there exists a A and @
independent constant C > 0 such that |(A)* I (p)(A)* || < C|lad’(B)].

We refer to [BG] for some generalization of Propositions and 27 to the case
where B is unbounded and [A, B], is bounded.

2.2. Pseudodifferential calculus. In this subsection, we briefly review some ba-
sic facts about pseudodifferential calculus that we need in the treatment of our
Schrodinger operators. We refer to [H3][Chapters 18.1, 18.4, 18.5, and 18.6] for a
traditional study of the subject but also to [Boll Bo2, BC| ] for a modern and
powerfull version. Two other results are presented in Appendix [A] and [Bl respec-
tively.

Denote by S(M) the Schwartz space on the space M and by F the Fourier transform
on R? given by

Fu(§) = (27‘()7(1/ e" " Sy(z) dr

Rd
for £ € RY and u € S(R?). For test functions u,v € S(RY), let Q(u,v) and Q' (u,v)
be the functions in S(R??) defined by

Qu,v)(2,€) = T(a)Fu(§)e™*,
V(wo)w§) = @0 [ a2+ y/2e ey,
R4
respectively. Given a distribution b € &’(T*R?), the formal quantities

2m) [ e b ola)uty) dudyds.

(27T)—d /de ei(w_y)fb((:v +14)/2, u(z)u(y) dedydE
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are defined by the duality brakets (b, Q(u,v)) and (b, ' (u,v)), respectively. They
define continuous operators from S(R?) to S’(R?) that we denote by Opb(z, D)
and b*(z, D, ) respectively. Sometimes we simply write Op b and b*, respectively.
Choosing on the phase space T*R? a metric g and a weight function m with ap-
propriate properties (cf., admissible metric and weight in [L]), let S(m,g) be the
space of smooth functions on T*R? such that, for all k € N, there exists ¢, > 0 so
that, for all x* = (z,£) € T*R%, all (tq,--- ,tx) € (T*RYF,

(2.11) () - (b, )] < ewmi(a®)gon (8)2 - gon (8) V2

Here, a®®) denotes the k-th derivative of a. We equip the space S(m, g) with the
semi-norms || - ||¢,s(m,q) defined by maxo<y<¢ c, where the cy are the best constants
in II). S(m,g) is a Fréchet space. The space of operators Opb(x, D,) (resp.
b*(x, D,)) when b € S(m, g) has nice properties (cf., [L]). We stick here to the
following metrics

dr?  dg? d¢?
2.12 ‘= ——= + —= and = dz? + —,
242 SRR TR ) e
and to weights of the form, for p,q € R,
(2.13) m(x*) := (2)P(€)?, where x* = (z,€) € T*R%.

The gain of the calculus associated to each metric in ([2.12)) is given by
(2.14) h(x*) = (z)7H(€) 7" and ho(x*) = (€)1,

respectively. We note that S(m,g) C S(m,go) with continuous injection. Take
weights my, mso as in (ZI3), let § be g or go, and denote by & the gain of §.
For any a € S(mq,g) and b € S(mg, g), there are a symbol a#,b € S(mimaz,g)
and a symbol a#tb € S(mima,g) such that OpaOpb = Op (a#,b) and a*b* =
(a#b)*. The maps (a,b) — a#,b and (a,b) — a#b are continuous and so are
also (a,b) — a#,b— ab € S(mymah,§) and (a,b) — a#b — ab € S(mimah, ). If
a € S(mq,§), there exists ¢ € S(m1, §) such that a® = Opc. The maps a — ¢ and
a—c—ac S(mlmgﬁ, g) are continuous. If a € S(1,§), * and Opa are bounded
on L2(R%). For a € S(1,7),

(2.15) Opa is compact <= a" is compact <= lim a(x*)=0.

|x*|—00

3. RESCALED MOURRE THEORY.

In this section, we present our new strategy to get the LAP ([L2). As in [GJ] (see
also [CGH]), we consider a more general version of the LAP, namely the LAP for the
reduced resolvent (see (BI]) below). First we make use of a kind of weighted Weyl
sequence introduced in [GJ], that we call “special sequence”. Then we present an
adapted version of the method introduced in [Gé] and based on energy estimates.
Both methods are quite close, the latter having the advantage to give an idea of

the size of the Lh.s. of (L2) (resp. (31)).
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3.1. Reduced resolvent. Let P be the orthogonal projection onto the pure point
spectral subspace of H and P+ =1 — P. For s > 0 and Z’ an interval of R, we say
that the reduced LAP, respectively to the triplet (Z’, s, A), holds true for H if
(3.1) sup [[{(A) 7 (H — 2) 7 PH(A) | < oo

Rez€Z’,Imz#0
Let Z be an interval in R containing Z’ in its interior. Since (H — 2)~(1 — Ez(H))
is uniformly bounded for Re(z) € Z’ and Im(z) # 0, BJ)) is equivalent to the same
estimate with P+ replaced by Ez(H)P*. If no point spectrum is present in Z’,
then (H — 2) " 'Ez(H)P+ = (H — 2)~! for Rez € Z and () is equivalent to the
usual LAP (2)).
In [CGH]| and more recently in [FMS2], it is shown that the reduced LAP can be
derived from the Mourre estimate (II)). In this case, it is well known that the point
spectrum of H is finite in Z (but non empty in general, see [ABGLM]). In [G]], the
reduced LAP is deduced from a projected version of this Mourre estimate, namely

(3.2) PLYE;(H)[H,iA|Er(H)P* > cEz(H)P* + P*K P,

for some compact operator K. In the proofs, one uses the compacity of K and the
fact that the strong limit

(3.3) s — lim Epx_sato(H)PT =0,
—0

to derive from ([B.2)) a strict Mourre estimate (with K = 0) on all small enough
intervals inside Z. Notice that the traditional theory (cf., [ABGL [M]) performs the
same derivation. So both methods rely on some strict Mourre estimate. Here, to
get the reduced LAP (B) as shown in Theorem B below, we also starts from a
convenient strict estimate namely a strict, rescaled, projected Mourre estimate like
(T4). We discuss the possibility to derive it from a more general one in Subsec-
tion B4l Since we work with projected estimates, we need some regularity of P+
w.r.t. A.

3.2. Special sequences. We work in a larger framework.

Definition 3.1. Let C be an injective, bounded, self-adjoint operator. Let Z’ be
an interval of R.

(1) A special sequence (fn,zn)nen for H associated to (Z7,C) is a sequence
(fns2n)n € (D(H) x C)N such that, for some n > 0, Re(z,) € I/, 0 #
Im(z,) = 0, |Cfull = 1, P fo = fa, (H—2,)fn € D(C™1), and |C~(H —
zn) fnll = 0. The limit 7 is called the mass of the special sequence.

(2) The reduced LAP, respectively to (Z',C), holds true for H if

(3.4) sup  ||C(H —2)"'PLC| < .
RezeZ’ ,Imz#0

Notice that (34) for C' = (A)~° with s €]1/2;1] gives the LAP (&I, thanks to
Remark [[2]

Proposition 3.2. Let 7' be an interval of R. Let C be an injective, bounded,
self-adjoint operator such that, for some X, a bounded, borelian function on R with
X =1 near I', the operator OX(H)P+C~! extends to a bounded operator. Let 6 be
a borelian function on R such that 0X = X. Then the reduced LAP [B4) holds true
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if and only if, for all special sequence (fp, zn)n for H associated to (Z',C) such that
O(H) fn = fn for all n, the corresponding mass is zero.

Proof. Assume the LAP true on Z’. Then, for any special sequence (f,,, z,)n for H
associated to (Z7, C),

ICFall < ICH — 2) " PEC|| - |OTHH — 20) ful,
yielding = 0. Now assume the LAP false. Then there exists some sequence
(2,) such that Rez, € 7', Tmz, — 0, and |C(H — 2,)"'P+C| — oo. Since
(H — z,)"Y(1 — X)(H) is uniformly bounded, we can find nonzero u,, € H and
0 < Ky, — 0 such that
|C(H — Zn)ilx(H)PLCUnH = |lunll/tn-
We set f,, == kin(H — 2,) " 'X(H)P*+Cu,/||u,]||. Notice that (H)f, = P+ f, = fn
and ||Cf,| = 1. Since CX(H)P+C~" is bounded, X(H )P+ preserves D(C~!), the
image of C. Thus (H — z,)fn, € D(C™!) and
ICTHH — za) fall < fn - |CTX(H)PC|| = o(1). O

Proposition 3.3. Let Z',C be as in Proposition [3.2.  Let (fn,2n)n be a special
sequence for a self-adjoint operator H associated to (Z',C). For any bounded
operator B, such that CBC™! extends to a bounded operator,

nlingo<fn7 [Ha B]fn> =0.

Proof. Since (fn,zn)n is a special sequence and CBC~! is bounded, ((H —
2n0) fn s Bfn) = o(1) and ((H — 2,)fn, fan) = o(1), thus 2ilmz,||f,||* = Im((H —
2n) fn s fn) = o(1). Therefore

<fn7 [Hv'LB]fn> = <(H _Z)fnv 'LBfn> - <B*fn; Z(H_Zn)fn>
= —2ilmz, - (fn, iBfn) — 2Im{(H — 2,) fn, Bfn)
= o(1). O

Theorem 3.4. Let T be an open interval and I' be a closed subinterval of T.
Let B,C be two bounded self-adjoint operators, C being injective. Assume that,
for some bounded, borelian function X on R with X = 1 on Z' and suppX C Z,
CX(H)P+C~' and CBC~! extend to bounded operators. Assume further that the
following strict rescaled projected Mourre estimate

(3.5) PLYE7z(H)[H,iB|Ez(H)P+ > PLE;(H)C*Ez(H)P*

holds true. Then the LAP BA)) on ' holds true.

Proof. Let (fn,zn)n be a special sequence for H associated to (Z’,C) such that
Ez(H)fn = fn for all n. By Proposition [B:2] it suffices to show that the mass 7 of
the special sequence is zero. Letting (3.5) act on both sides on f,,, we get

. 2
(3.6) (fus [H,iB]fn) > ||Cfaf”
Now Proposition B.3] yields n = 0. O

Proof of Theorem [[1l: Thanks to Remark [[2] we may assume that s €]1/2;1]
with € := 25 — 1 €]0;e¢]. If, for f € D(H) and for E € Z, Hf = Ef then, by (I4),
0> ¢||(A)~(F9)/2f|2 and f = 0. Thus Ez(H)P+ = Ez(H) and (I4) may be
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rewritten as (F5) with B = ¢(A4) and C = /e1(A)~(1+9)/2 = /&7(A)~*. Notice
that the function of A CBC~! extends to a bounded operator. Let x € C.(Z) such
that x = 1 on Z'. Since X(H)P+ = X(H)Ez(H)P+ = X(H)Ez(H) = X(H) and
H € CX(A), X(H)P+ € C'(A). By Proposition 28, [X(H)P*, (A)®] extends to a
bounded operator. Thus, so does (A)*X(H)P+(A)* = (A)~*[X(H)P*,(A)*] +
X(H)P*. This is also true for CX(H)P+C~'. By Theorem B4l (34) holds true.
Since Bz (H)P*+ = Ez(H), (H—2)"'P+ = (H —z)~! for Rez € Z’. Therefore (3.4
yields (L2]). O

3.3. Energy estimates. Here we extend a little bit Gérard’s method in [G&]. We
work in the general framework of SubsectionB.2land get the following improvements
of Theorem [34] and Theorem [Tl

Theorem 3.5. Under the assumptions of Theorem[3, let o € {—1;1} and choose
a real p such that cB' > 0 with B’ := B + . Then

(3.7) sup |C(H - 2)~tPLC||
Rez€Z’,—elmz>0

< 24 |CBCTH|ICTIX(H)PEC| 4+ d7 - [1 = Xl - ICIP

where | - |oo is the L norm and d is the distance between the support of 1 — x and
7.
Remark 3.6. Note that, for ¢ and B as in Theorem B one can always take
= ol||B] to ensure o(B + u) > 0.
Proof of Theorem[3.3: By functional calculus,
(3.8) ICH —2)"' (1 = X)H)PHC| < d Y1 = x|os - O]
For f € H and z € C with —oImz > 0, let u = (H — 2)"'x(H)P+Cf. Notice that
Ez(H)Ptu = u. By 33) and a direct computation,

[|Cul|? (u, [H,iB'lu) = 2Im(B"u, (H — 2)u) + 20Imz(u, 0 B'u)
2Im(B'u, (H — z)u),

since 0B’ > 0. Recall that OX(H)P+C~! is bounded. Thus (H — z)u € D(C~1).
In particular, since CB'C~' = CBC~! 4 u is bounded,

<
<

[Cul|* < 2Im(CB'C™'-Cu,C *(H — 2)u)
< 2|CB'CTH| - [|Cull - |CTHH — 2)ull,
and [[Cul| < 2(|CB'CTH|-[|CTHH — 2)ul
(3.9) < 2CB'CTY|-|lCT X H)PEC] - ]

Now B follows from ([B.8) and (39). O

Corollary 3.7. Under the assumptions of Theorem[I1, take s > 1/2, 0 € {—1;1},
and x € CX(Z) with x = 1 on I'. Choose a real p such that B’ > 0 with
B’ := p(A) + p. Then the Lh.s. of [L2) is bounded by the r.h.s. of BI) for
C = Jer(A) with1/2 <8 <1,28 —1<¢eg, and s’ < s.

Proof. Combine the proof of Theorem [[T] at the end of Subsection with Theo-
rem O
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3.4. Application. In practice, it is natural to try to derive a strict, rescaled, pro-
jected Mourre estimate ([4]) from a similar estimate containing some compact
pertubation. Precisely (L4) should follow from
(3.10) PrEr(H)[H,ip(A)Er(H)P*

> Br(H)PH(A)y~ 92 (c + K)(A)y~ 92 pLE(H),
for some compact operator K and ¢ > 0. But to remove the influence of the

compact K using ([3.3)), we need to commute P+Ez(H) (or a regularized version of
it) through the weight (4)~(1+2)/2 We are able to do this in the following situation.

Corollary 3.8. Let T be an open interval. Assume that, for all 6 € C°(Z;C),
PLO(H) € CL(A). Let gy €]0;1]. Assume further that, for all ¢ €]0;e¢], there exist
¢ > 0 and a compact operator K such that, for all R > 1, there exists a real bounded
borelian function ¢r such that the rescaled projected Mourre estimate
(3.11) PTEz(H)[H,i¢r(A/R) Ez(H)P*

> PYEr(H)(A/R)~ 92 (c + K)(A/R)""T9)/2EL(H) P+
holds true. Then, for any s > 1/2 and for any compact subinterval T' of I, the
reduced LAP B for H respectively to (I',s, A) holds true.

Proof. By Remark[[.2] we may assume that s €]1/2; 1] such that € := 2s—1 €]0; g¢].
By compacity of Z’, it is sufficient to show that, for any A € 7', (B1) holds true
with Z’ replaced by some open interval containing X. It is enough to get (B]) with
A replaced by A/R, for some R > 1. Let A € Z’. Since K in (BI1]) is compact, we
can use [33) to find X € C°(Z; R) such that X = 1 near \ and |P-x(H)K| < ¢/8
(where ¢ appears in (B.11))). Let Z; be an open subinterval of Z' containing A. From
BII), we get, for all R > 1,
(3.12) P+ Bz, (H)[H,ipr(A/R)|Ez,(H)P* >

P Bz, (H)(A/R)~ U972 (3¢/4 + (1 - PAX(H))K(1 — PAX(H)))

(A/R)y~ U+ 2B, (H)P,

Since 1 — P+x(H) = (1 — X)(H) + PX(H),

P Bz, (H){A/R)~ 92 (1 — PEX(H))

= —PYEq(H)[(A/R)~(F9)/2 Pl X(H)]
= —P BEr (H){A/R)” 1+5’/2<A/R>(1+"' 2[(A/R)= U2 PEX(H)]
= —PYEr,(H)(A/R)""H9)/%. By,

where ||Br|| = O(1/R) by Propositions and 27 (with k£ = 1). Taking R large
enough (but fixed), we derive from (BI2) the strict, rescaled, projected Mourre
estimate

P*Ex, (H)[H,ipr(A/R)|Exz, (H)P*
> 5 PEr, (H)(A/R) ™= By, (H)P*,

By Theorem B4 we obtain (84) with C'= (A/R)~* on some neighbourhood of A,
yielding (8] there with A replaced by A/R. O
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4. PERTURBED WIGNER-VON NEUMANN POTENTIALS.

In this section, we apply our new theory to some special Schrodinger operators
(see Theorem [LT4). As explained in Section [[I we want to derive, on suitable
intervals, a usual Mourre estimate (in Subsection [3)) and a rescaled, projected
Mourre estimate (in Subsection ) for the Schrédinger operator Hy, see ([).

4.1. Definitions and regularity. Let d € N*. We denote by (-,-) and || - || the
right linear scalar product and the norm in L?(R%), the space of squared integrable,
complex functions on R?. Recall that Hy is the self-adjoint realization of the Laplace
operator —A in L2(R?) and that the Wigner-Von Neumann potential W : R — R
is defined by W(z) = q(sin k|x|)/|x|, with k¥ > 0 and ¢ € R*. Now we add to W
the multiplication operator by the sum V' = V; 4+ V; of real-valued functions, V; has
short range, and V4 has long range. Precisely we require

Assumption 4.1. The functions Vy, (x)Vs, and the distribution x - VVy(z) belong
to L (R?).

Under this assumption, the operator

sin(k] - [)
|-

is self-adjoint on the domain D(Hy) of Hy, namely the Sobolev space H?(R¢). Let

P, be the orthogonal projection onto the pure point spectral subspace of H; and

Pi-=1-P.

Consider the strongly continuous one-parameter unitary group {W; }cr acting by:

(4.2) W, f)(x) = e/ f(eta), for all f e L2(RY).

This is the Cy-group of dilations. A direct computation shows that

(4.3) W H2(RY) ¢ H3(RY), for all t € R.

The generator of this group is the self-adjoint operator Ay, given by the closure of
(Dy -z + - D;)/2 on C*(R?) in L2(RZ). For these reasons, the operator A; is
called the generator of dilatations.

The form [W, i A;] (defined on D(A1)xD(A1)) extends to a bounded form associated
to the multiplication operator by the function W — W7, where

(4.4) Wi(z) = qk(cosklz]) = (gk/2)- (e*1=] 4 e~iklzly,
In particular, W € C*(A;) by Proposition Bl Furthermore we have
Proposition 4.2. Hy € C*(A1). Under Assumption[{1, Hy € C'(A).

(4.1) Hy:=Hy+W+V=-A+gq +Vi 4V

Proof. We use Section As form on D(A;) N D(Hy), [Ho,iA1lo = 2Hy. In
particular, (2] holds true with A = Ay and H = Hy. By (@3) and Theo-
rem B2 Hy € C'(Ay) and [Hy,iA1]o = 2Hy. For z ¢ R, Ro(z) = (Hp — )"
belongs to C'(A;). Using (E3) with A = A; and H = Hy, we see that
the form [[Ro(2),iA41]o,7A1] on D(A;) N D(Hp) extends to bounded one. Thus
Ro(z) S CQ(Al) and Hy € C2(A1)

Since D(H;) = D(Hy) by Assumption Il H; € C!'(A;) follows from ([@3) and
Theorem if (52) holds true with A = A; and H = H;. We consider the
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form [Hy,7A1] on D(A;) N D(Hp). It is the sum of the terms: [Ho,iA1]o = 2Ho,
[VV, iAl]o =W — Wl, [w,iAl]o =X V‘/g, and

(f,[Vs,iAilg) = (Vif,iArg) — (A1 f,iVsg)
= (Vaf, (- Ve +d/2)g) + (& - Vo + d/2) [, Vig)
= ((@)Vaf ()7 (z - Vo +d/2)g)
(@) "M@ - Vo +d/2) [ (2)Vig) .
for f,g € D(A1) N D(Hp). By Assumption I we obtain (2.2)). O

4.2. Energy localization of oscillations. To prepare the derivation of Mourre
estimates, we take advantage of some “smallness” of energy localizations of W7 of
the form 0(Hy)W160(Hy), extending a result by [FH] in dimension one. As seen in
[FH], this term is not expected to be small if  is localized near k2 /4. Using pseudo-
differential calculus, one have the same impression if d > 2 and if 6 is supported in
|k?/4; +00] (see Remark LH). However, if 6 lives in a small enough compact interval
T C]0;k?/4], then the same smallness as in [FH] is valid as stated in Lemma E3]
below. The proof combines an idea in [FH|] with pseudodifferential calculus (see
Subsection 2] for notation). In the sequel, we shall write & for z/|x|.

Lemma 4.3. Let A €]0;k%/4[. Recall that g is given by @I2) and Wy by @E2).
Take x1 € C®(R?) such that x; = 0 near 0 and x1 = 1 near infinity, and set
e+(x) = x1(x)eT*l. For § € C°(R) with small enough support about X, there
exist symbols by, bj , € S(x) &)L, g), for j € {1;2} and o € {+, —}, such that

(45) H(HO)W19(H0) = bﬁ+6+ —|— bwy_ef —|— 9(H0)(6+b5)7+ —|— E,bgi_) —|— bg) .
In particular, (A1)50(Ho)W160(Hy) is compact on L2(R?), for e € [0;1].

Remark 4.4. Since TW; € C*(RY), if 7 € C°(R?) with 7 = 1 near 0, Lemma 3]
holds true when W is replaced by (1 — 7)Wj.

In dimension d = 1, this result is proved in [FH] and it also holds true if A > k?/4.
Our proof below covers also this case.

Proof of Lemma [{.3 We note that 0(Hp)(1 — x1)W10(Hy) = by with
bo € S({z)~1(¢)"t,g). By @A) and the proof of Proposition [AJl we can
find x3 € C>®(R?) such that x3 = 0 near 0 and x3 = 1 near infinity, and
bjo € S((z)~1{&)1, g), for j € {0;2} and o € {+, —}, such that

2(qk) ™' 0(Ho)xaW16(Ho)

0(Ho) ((9(1¢ — kal*)xa(@)) "e. + (8(1€ + ki) xs (x)) e )

+60(Hy) (b per+by_e_ +eiby  +e- bwf)
z))

(01€1)0(I¢ = k21*)x3(2)) “er + (B(EHO(IE + k2|*)xs(x)) e
(4.6) FOU ey +BY e+ O(Ho)(esby, +e bY_),

by composition. Now we choose the support of § small enough about A such that
0(1€12)0(|¢ — k2[?) = 0 = 0(]€]?)0(]€ + kz|?), for all 2 # 0 and ¢ € R This is
possible since 0 < X\ < k?/4, see Figure[l This yields (&H).



RESCALED MOURRE THEORY 15

supp (| - ) supp (| - —kz|?)

0 ki /2 ki

FIGURE 1. supp ¢ C|0,k%/4].

supp (] - QKUW o(| - —ki|?)
0 gz i

FIGURE 2. supp ¢ C|k?/4,+o0].

By Appendix [ (A4;)°(D,)"¢(x)"° extends to a bounded operator. For b €
S{(z)7HE) 7, g), there exists b € S((x)*71{€)*71, g) such that (D,)(x)sb* = bY
and bY is compact by ([ZI5). This implies that (A;)°0(Ho)W160(Hy) is compact
since we can write 6(Ho)ey by , = 0(Ho)(x) 'eq (x)by, with (x)by, bounded and
O(Ho)(z)~" = b with b€ S({x)~(6) 1, g). 0
Remark 4.5. If XA > k?/4 and d > 1, the first two terms on the r.h.s. of (8] do not
vanish anymore, see Figure 2l In this case, our proofs of the Mourre estimate (cf.,

Proposition .g]) and of the strict, rescaled Mourre estimate (cf., Subsection [£4]) do
not work.
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In dimension d = 1, we note that the first two terms on the r.h.s. of {@6) do vanish
as soon as A # k?/4. See Figures [[l and 2] and recall that £ € (02). We recover a

result in [FH].

4.3. Usual Mourre estimate. Now we derive the Mourre estimate (1) below
k2 /4 under the following strengthening of Assumption ELTt

Assumption 4.6. The functions Vy, (x)Vy, and the distribution x - VVy(x) belong
to L°(RY) and, as operator of multiplication, compact from H2(RZ) to L2(R2).

Lemma 4.7. Under Assumption[J.0, ¢(H1) — ¢(Hy) is compact from H?(RZ) to
L?(RY), for ¢ € C®(R;R).

Proof. Using (2.0)), one has (¢(H1) — ¢(Ho)) (Ho) =
i /<c 9z 0 (2)(z — HY)“YH,) (H) YW + Vo + Vo) (2 — Hy) " (Hy) dz A dz.

For z ¢ R, the integrand is compact. Using (2.])), the integral converges in norm.
Hence it is also compact. 0

Proposition 4.8. Under Assumption [[-6, for any open interval T with T C
10;k%/4], the Mourre estimate (1) holds true for H = Hy and A = A;. In
particular, the point spectrum opp(H1) of Hy is finite in Z.

Proof. 1t suffices to show the Mourre estimate on some compact neighborhood of
any A € Z. Take such a A € Z and let § € C2°(Z; [0, 1]) such that = 1 near \. By
Lemma 3] we can choose the support of 6 such that 8(Hy)W160(Hp) is compact.

Like in the proof of Proposition 2] as form on D(Hy) ND(A1) x D(Hy) N D(Ay),

[Ho+ V,iA] =2Hy — - VV, = V- x(z) " (2)V, — (2)Vi{z) 'z - V.

We recall that [W,iA]o = W — Wi. Hence [Hy,iA1]s is bounded from D(Hy)
to D(Hp)*. Moreover, using Lemma L7 we get that the bounded operator
O(H,)[Hy,iA1]o0(Hy) is equal to O(Hy)(2Ho—W1)8(Hyp), up to some compact oper-
ator. Then, by choice of the support of 8, there exist ¢ > 0 and compact operators
K, K’ such that

0(H1)[Hq, A1]o0(H1) > cO(Ho)?* + K' > cO(H1)* + K.
This yields the Mourre estimate near . O

As explained in Subsection B we need some information on possible eigenvalues
embedded in the interval on which the LAP takes place. Recall that P; denotes
the orthogonal projection onto the pure point spectral subspace of H;.

Proposition 4.9. Under Assumption[7.6, take an open interval T with T C|0;k? /4]
such that, for all p € T, Ker(Hy; — pu) C D(A1). Then Ex(Hy)Py € CH(Ay).

Proof. The validity of the usual Mourre estimate on Z (obtained in Proposition [L.8])
ensures that the point spectrum is finite in Z. Thus Ez(H;)Py € C!'(Ay), by
Proposition O

We now explain how to check the hypothesis Ker(H; — ) C D(A;). The abstract
Theorems given in [C| [FMS1] do not apply here because of low regularity of H;
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with respect to Ay, see Proposition 53 and the inclusions (5.6). For j € {1;--- ;d},
x; denotes the multiplication operator by x; in L?(R%). As preparation, we show,
using a Lithner-Agmon type equality, the following

Lemma 4.10. Letn € N. Ifv € C3(RY)NH2(RE) ND((z)?") then Vv € D({z)™).

Proof. Define ®(x) = nln(z) for € R? and let R > 1. Using Green’s formula, we
can show that

(4.7) / |V(eq’v)|2d:1: =a(R) + Re/ e**v(—Av + |VO[*v)dz,
lz|<R lz|<R
where the term a(R) contains surface integrals on {|z| = R} and tends to 0 as

R — 00, thanks to v € D((x)?") and v € C*(R?). Since v € H?(R%), the last term
in (@) converges as R — oo, yielding V(e®v) € L2(R%). Since e®vV® € L2(RY),
(z)"Vv = Vv € LE(RY). O

Lemma 4.11. Under Assumption[J.6, let u € C3(RY) NH2(RY) and \ €]0; k2 /4]
such that (Hy — N)u=0. Then u € D(A1). Moreover, if V; =0, then u = 0.

Proof. By Proposition L8 the usual Mourre estimate holds true near A. Thus,
one can apply Theorem 2.1 in [FH|. Therefore v € D((z)"), for all n € N. By
Lemma 10, D% € D({z)"), for all n and all a € N? with |a| < 1. In particular,
r-Vu € L2(RY) and u € D(A;). If Vi = 0, we can apply Theorem 14.7.2 in [H2] to
u yielding u = 0. 0

Remark 4.12. If the potential V' = V; + V; belongs to C™(R%) for some integer
m > d/2 then, by elliptic regularity, any eigenvector u of H; belongs to C?(R%).
In particular, by Lemma [ATI1] Proposition applies to any open interval Z such
that Z CJ0; k2/4].

4.4. Rescaled Mourre estimate. Here we establish for H; a projected, rescaled
Mourre estimate like (BI1)) in order to prove a limiting absorption principle (cf.,
Theorem ELT4)). To this end, we use the following assumption, which is stronger
than Assumption

Assumption 4.13. For some pg €]0, 1], the functions (z)P°V,, (z)1TPoV, and the
distribution (x)Pox - VVy(x) belong to L=°(RZ).

Now we take an open interval Z C]0; k%/4[ such that, for all u € Z, Ker(H; — u) C
D(A;). Let 0,x,7 € C(]0;k*/4]) such that 7x = x, x0 = 0, and 6 = 1 near
Z. Later we shall ajust the size of the support of x. By Proposition and
G, x(Hy) € CH(Ay). Since Ez(Hy)P; € CY(A;) by Proposition 29, x(H;)Pi- =
x(H1) — x(H1)Ez(H1)P; belongs to C1(Ay). We claim that, for e € [0; po],

(4.8) (0(Hy) — 0(Ho))(A1)® is compact .

For 2 € R, (z— Hp) ™! = r¥ where r, satisfies (B.3) with m = (£)?. By composition,
we can find, for all £ € N, Cy > 0 and Ny € N such that, for all z ¢ R,

(@)~ # 7 # (@) () s ((x)er0 (g —2.9) < Ce2)VFHIm(2)[ 7N
By Lemma [CT] (x)~¢(D,) ¢(A1)¢ is bounded. Now since §(H;) — 6(Hy) =

QL/%HC(Z)(Z—Hl)‘I(WJrVS+Vg)(z—H0)‘1dz/\dz,
T Jc
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we see that (0(Hy)—0(Hp))(A1)® is equal to a norm convergent integral of compact
operators, thanks to Assumption 13 2T15), @3), @4), and &3). This yields
E3).
Let s €]1/2;1[ and ¢ : R — R be defined by

t

(4.9) b(t) = / ()~ du.

— 0o

Note that ¢ € 8°. Let R > 1. As forms, using the fact that H;7(H;) is a bounded
operator and belongs to C*(A4;) and using (2.3,

F = P{0(H))[Hy,iv(Ay/R)|0(H,) P
= P.lLe(Hl)[HlT(Hl)aiw(Al/R)]e(Hl)PlL
- = / O0C(2)PLO(H, ) (= — Ay /R) " [Hy7(Hy),iA1/R]
T Jc
(z— Ay /R)"'0(H,)Pj-dz A dZ .
Since x(H; )P € CH(Ay),
[X(H1)P{, (2 — A1/R)™"] = (2 — Ay/R) ' [x(H1)Pi", A1/R]( — A /R) ™"

Using (23), 24)), and 2.38]), for some uniformly bounded By,

o= g [0t PoH) (e = A /R () () i/
X(Hy)Pi(z = Ay /R)™'0(Hy) Pi-dz N dz
(4.10) + Pi0(Hy)(A1/R) " R™>Bi (A1 /R)"*0(H1)P;" .
Let € = min(pg/2;1/2) €]0;1[. Using ([@.8]),
G = P{x(H\)[Hi7(H)),iA1/R]x(H)Pj*

|
= Pi"x(Hy)[Hy,iAy/Rlx(Hy) P
= P{X(HA)[Hy i Ay /RIX(Ho) P + Pix(Hy ) Ky R™ By (Ay/R) ™ P

where K1 = T(Hl)[Hl,ZAl](X(Hl) — X(Ho))<A1>E is compact and B2 =
(A1/R)¢(Ay)~¢ is uniformly bounded. Similarly,

G = Pi"x(Ho)[H:,iA1/R]x(Ho)Pj" + Pi-x(H1)K\R™ "By (A1 /R) “P;-
(4.11) + Pi-(A1/R) "By KR~ x(Ho) Pi-,

with Ky compact. Now we take the support of 7 small enough such that
T(Ho)WhT(Hp){A1)¢ is compact. Writing

T(Ho)Wt(Ho){A1)® = 7(Ho)W(z) - b" - (2) (D) “(A1)°
with b € S{z)s D,y 1), 7(Ho)Wr(Hp)(A1)® is compact by (EIH) and
Lemma [CIl Using V-2 =d+x- Vg,
T(H())[‘/S, ZAl]T(HQ) = T(Ho)‘/slf . va(HQ) + dT(H())‘/ST(Ho)
+T(H0)vm . VS,TT(H()) .

Thus 7(Ho)[Vs, 1A1]7(Hp){A1)¢ is also compact. Therefore, there exist a compact
K3 and uniformly bounded Bs such that

X(Ho)[W + Vi,iA1/R]x(Ho) = R™'x(Ho)KsBs(A1/R) *x(Ho).
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Inserting this information in @II) and wusing x(Ho)[Ho,iA1/R]x(Hy) =
2R~YHyx?(Hy), we rewrite [{I0) as

)
F o= / Oz (2)PO(H, ) (2 — A1 /R) ' P-2R™  Hox? (Hy)
C
Pl (z — A1 /R)"'Y0(H,)Pj-dz A dz
(4.12) + PO(H ) (A /R) (R 2By + R™'Ky) (A1 /R) ™ *0(H,)Pi-,
with compact K4 such that, for some ¢; > 0,
(4.13) [Kall < er(| P x(H) K|+ [[Kax(Ho)|| + [ x(Ho) Ksl]) -

Now we commute (z — A;/R)~! with Pr2R~1Hyx?(Hy)Pi- and use previous ar-
guments to arrive at
F = PMo(H)Y (A1/R)P2R™ Hox?(Ho) Pi-0(H, ) Pi-
+ P{O(H1){Ay/R)™*(R™?By + R~ K1) (A1 /R) " 0(H1) Pi"

—2s

where By is uniformly bounded. Using ¢’(t) = (t) and commuting again, this

yields
F = P{0(H.)(A1/R) 2R Hox*(Ho)(A1/R)*6(Hy) Pi"
+ PrO(H) (A1 /R)™*(R™*Bs + R™1K4)(A1 /R)*0(H)) Py,
with a uniformly bounded Bs. Denoting by co the infimum of Z, which is positive,
F > 2R™'e;P{0(Hi)(A1/R)°x*(Ho)(A1/R)*0(H1)Pi-
+ P{0(Hy)(A1/R)™*(R™*Bs + R~"K4)(A1/R)~0(H,) P},
Using ([AJ) again, we get, with K5 = x2(Ho) — x*(H1) compact,
F > 2R ‘e P{0(H1){A1/R)™*X*(H1){A1/R)~*0(Hy) Pi"
+ P{0(H,)(A1/R)"*(R™?Bs + R K4+ R K5))(A1/R)*0(Hy) P;-
F > 2R™'e;P{0(Hi)(A1/R)"*6(Hy)P* + Pi0(H1)(A1/R)™" -
(R™2B; + R™'K4 + R Kysx(H,)Pi")(Ay /R) ™ *0(H, )P .
Now we possibly decrease again the support of x to ensure that |[K4| +
| Ksx(H1)Pit|| < co (see (@I3)). Then we choose R > 1 large enough such that
F > (2R) caPit0(Hy) (A1 /R)~20(H,)Pi-. Letting act on both sides of this in-

equality the projector Ez(H;) and recalling the definition of F', we get the pro-
jected, rescaled Mourre estimate (83) with H = Hy, P = Py, B = ¢(4;/R), and

C = /ca/(2R)(A1/R)~*. By Theorem B4 we obtain

Theorem 4.14. Let A\ €]0;k?/4[ and suppose that Assumption [[.13] is satisfied.
Take a small enough, open interval T C]0;k?/4[ about \ such that, for all p € Z,
Ker(Hy — p) C D(Ay). Then, for any s > 1/2 and any interval ' C T' C Z, the
reduced LAP (B1)) for Hy respectively to (7', s, A1) holds true.

Remark 4.15. Of course, a compactness argument shows that we can remove the
smallness condition on 7.

In dimension d = 1, the proof of Theorem 14 works also if A > k?/4, thanks to
Remark [2.4]

If 7 contains an eigenvalue p of Hy, the condition Ker(H; — p) C D(A7) is satisfied
if V.=V, + V4 is smooth enough (cf., Proposition .9 and Remark [A.12)).

We also can show an estimate like in ([B.7) in Theorem B35
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5. USUAL MOURRE THEORY.

In this section, we explain why the usual Mourre theory with conjugate operator
A;q cannot be applied to Hy, our Schrédinger operator with oscillating potential.
We have proved that H; € C'(A1) and established a Mourre estimate for H; w.r.t.
Ay, see Propositions and [L8). However, in order to apply the standard Mourre
theory, one has to prove that H; is in a better class of regularity w.r.t. A;. In this
section, we prove that this is not the case. On the other hand, a consequence of
Theorem[£T4lis that under the Assumption[ZI3] the operator H; has no singularly
continuous spectrum. By abstract means, see ﬂm, there exists a conjugate
operator A, such that H; € COO(A) and such that a strict Mourre estimate holds
true for Hy, w.r.t. A, on every interval that contains neither an eigenvalue nor

{0,k%/4}. Tt seems very difficult to find explicitly A.

We first continue the description of different classes of regularity appearing in the
Mourre theory that we began in Subsection 211 We refer again to [ABGL [GGMI]
[GGE for more details. Recall that a self-adjoint operator H belongs to the class
CY(A) if, for some (hence for all) z ¢ o(H), the bounded operator (H — z)~*
belongs to C!'(A). Lemma 6.2.9 and Theorem 6.2.10 in [ABG] gives the following
characterization of this regularity:

Theorem 5.1. ([ABG]) Let A and H be two self-adjoint operators in the Hilbert
space H. Forz ¢ o(H), set R(z) := (H—z)"1. The following points are equivalent:

(1) H € CY(A).
(2) For one (then for all) z ¢ o(H), there is a finite ¢ such that
(5.1) [{Af, R(2)f) = (R(2)f, Af)] < cl|fII*, for all f € D(A).
(3) a. There is a finite ¢ such that for all f € D(A)ND(H):
2) [(Af, HE) = (HE AR < c(LHFIP +11F1%).-

b. The set {f € D(A); R(z)f € D(A)and R(2)f € D(A)} is a core for
A, for some (then for all) z ¢ o(H).

(5.2

Note that the condition (3.b) could be uneasy to check, see [GGE. We mention
[GM][Lemma A.2] to overcome this subtlety. Note that (5.1]) yields the commutator
[A, R(z)] extends to a bounded operator, in the form sense. We shall denote the
extension by [A, R(2)]o. In the same way, from (5.2]), the commutator [H, A] extends
to a unique element of B(D(H), D(H)*) denoted by [H, A],. Moreover, when H €
Cl(A),
(53) [AH-2)7' = (H-z)" [H, Ao (H—2)"".

—_——— —— —_———

< D(H)* DH)*DH) D(H)«H
Here we use the Riesz lemma to identify 5 with its antidual sZ7*. It turns out
that an easier characterization is available if the domain of H is conserved under
the action of the unitary group generated by A.

Theorem 5.2. ([ABG]) Let A and H be two self-adjoint operators in the Hilbert
space H such that e*AD(H) C D(H), for allt € R. Then H € C'(A) if and only

if 62) holds true.
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We need to introduce others classes inside C'(A). Let T € B(s#), the space
of bounded operators on . We say that T € CY%(A) if the map R > t
et ATe~"A € B() has the usual C! regularity. We say that T € C11(A) if

1
(5.4) / T 4], 41| 2 dt < oo
0
We say that T € C1*0(A) if T € C(A) and
1
(5.5) / €A1, Ale=#4|| [t} dt < oo.
—1

It turns out that
(5.6) C*(A) c CMO(A) c ¢t (A) cch(A) c cH(A).

Given a self-adjoint operator H and an open interval Z of R, we consider the corre-
sponding local classes defined by: H € CE] (A) if, for all ¢ € C°(T), p(H) € Cl1(A).
We say that H € CIl(A) if, for some z € o(H), R(z) € CIl(A). Proposition 22 also
works for the new classes: for all open interval Z of R and all ¢ € C*(Z),

(5.7) Hecl(a) = o(H)ec(a).

In [ABG], the LAP is obtained for H € C*!(A) and this class is shown to be optimal
among the global classes (see the end of Section 7.B). In [Sal, for H € C;7%(A), the
LAP is obtained on compact subinterval of Z. Tt is expected that the class Cy' (A)
is sufficient. Section 7.B in [ABG] again shows that one cannot use in general a
bigger local class to get the LAP. Now we explore the regularity properties of H;
under Assumption From Proposition 2 we know that H; € C'(Ay). If Hy
would belong to C1(A;) then, by (58) and (51), H; would belong to C;™*(A;) for
any open interval Z C]0; +oo[. If H; would belong to C+™(A;) or even to Cy' (A1),
for some open interval Z C]0; +oc|, then H; would belong to Cy*(A;) by (&8). In
both cases, this would contradict:

Proposition 5.3. Assume Assumption[{.0] For any open subinterval I of ]0; +o0],
1,u
Hy ¢ C77(Aq).

Proof. Take such an interval Z and ¢ € C2°(Z). By Proposition[d.2l (5.6), and (5.1,
©(Hp) € CH*(A1). Assume that o(H;) € C1%(Ay). Then K := o(Hy) — ¢(Ho) €
CH*(Ay) and K is a compact operator on L?(R¢), thanks to Lemma 7l Thus

[K.iAi]o =limt ' (e "M Ked — K)
t—0
in B(L2(R%)) and [K,iA;], is also compact. So is B[K,iA;],B’, for any B, B’ €
B(L%(R%)). This contradicts Lemma [5.4] below. O

Lemma 5.4. Assume Assumption [{-6 For any open interval T C]0;+occ[, there
exist a function ¢ € CX(Z) and bounded operators B,B’ on L?(R%) such that
Blo(Hy) — ¢(Hp),iA1]B’ is not compact on L?(RZ).

We refer to Appendix [D] for a proof of this Lemma for d = 1, which does not rely
on some pseudo-differential calculus.
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Proof of Lemma[5.7) Let Z C]0;+4o00] and ¢ € C°(Z). By Proposition and
GO, By = [p(Hi) — ¢(Hp),iA1] is bounded. Furthermore, thanks to (2.9)
and (ZI0), in norm, we have

B = %/%wc(Z)[((Z—Hl)’l—(Z—Ho)’l)aiAﬂodzAdfv
58) = %/a;gpc(z)[(z—Hl)*l(WJrV)(z—Ho)*l,ml}odmdz,

by the resolvent formula. For C, D € B(L2(R%)), we write C ~ D if C — D is
a compact on L2(R%). Since Hy, W,V € C(A;), we can expand the previous
commutator and get

[(Z — Hl)il(W + V)(Z — Ho)il, iAl]o ~ (Z — Hl)il[W + V, iAl]o(Z — Ho)il,

see the proof of Proposition Furthermore the contribution in (58) of the
compact correction is absolutely integrable in norm thanks to Assumption [4.6]

@3), 4), and Z3A). This leads to
> o [~ H) W Vi — Ho) e Az,
T Jc

By Assumption [L.6] and (IEI) we obtain (z — Hy) ' [W + V,iA1]o(z — Ho) ™! =~
—(z—Hy)~ 1W1(2—H0 , thus

i /8—90 Yz — Hy)'Wi(z — Hy) tdz AdZ.
T
Using again the resolvent equation, we arrive at:
(5.9) By ~ ;—Z/ Oz (2)(z — Ho) " *Wi(z — Ho) " tdz A dZ.
T

At this point, we use pseudodifferential technics and, in particular, results in Ap-
pendix [Al We point out that, in dimension d = 1, one may follow elementary
arguments (without pseudodifferential calculus) that we give in Appendix
Since (z)~¢(Hy) ¢ is compact for € €]0; 1], so is also

(5.10) 2_—;/(%@C(z)(z—Ho)_lC(z—Ho)_l dz Ndz,

if C(x)® is bounded, thanks to (Z3)), 24), (Z3), and [2]) with A replaced by Hj.
Therefore

—1
(5.11) By ~ %/(%gpc(z)(z—Ho)_llel(z—Ho)_l dz Ndz

with x; € C®(R%), x1 = 0 near 0, and y; = 1 near infinity. For z € RY, let
ex(z) = x1(x)e™*=l In particular, by @A), (x1W1)(z) = kg2~ (e (z) + e_(x)).
Now we apply Proposition [AT] to a(x,£) = |¢> € S((£)%,9). By the proof of
Proposition[A] a4+ can be chosen real and a¥ is self-adjoint. Using the resolvents
of ay and a", for all z ¢ R,

ei(z—Ho)_l = ei(z—aw)_l = (z—ai)_lei

(5.12) +(z —ay) Hexby + cYer)(z —a®) "t
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supp (| - +kz|?) supp (| - ?) supp (| - —kz|?)

ki ’ 0 ’ i
supp bo

22-£+ k| <e 22 -6 — k| <e

FIGURE 3. supp by

Using the same argument as in (5I0), we obtain from (&IT])
By ~ Z — / Oz (2)(z — Ho) Yz — a¥) Le, dz A dzZ .
o—t 2w C

According to [Bol] (see Appendix[B), (z—Ho)™" = p¥ and (z—a¥)~" = p¥_ where
the symbols p.,p,.. belong to S((£)72,g) and satisfy (B3) with m = (£)2. Using
the continuity of the map S((€)72,9)% > (r,t) = r#t —rt € S(h{€)72,g), we can
find, for all / € N, Cy > 0 and Ny € N such that

1P2#Po,2 — PPo.zlle.s(hie)-1,9) < Celz)N T Im(z)]~Nemt.

Using (23), 4), and (23]), we see that, for o € {+; -1},
—1
by / aE@C(Z)(pz#po,z - pzpcr,z) dz AN dz
T Jc
converges in S(h{€)~%,g) = S((x)~1{¢)7%, g). Thanks to ([ZI5),

b= 32 ([0t~ )7~ ol ) oz e

We take b € S(1, g) such that by; = b. By the previous arguments,

w

DY ( [ o @)z — 1) — ol )z cr)

"t piokla|

27

Now we choose ¢ with a small enough support near some A\ € Z and b € S(1,g)
such that b(z, £) = x4(2)bo(2, ), xa € C°(R?) with x4 = 0 near 0 and y4 = 1 near
infinity, ©(|€]?)bo(2,€) = 0 = o(|€ + kZ|?)bo(%, ), bp = 0 near £ - & = +k/2, and
such that ¢(|¢ — k2|?)bo(%, ) is nonzero, see Figure 3l In the last requirement, we
use the fact that Z C]0; +o00[. Note that, on the support of by(Z, £) and for |z| large

(5.13)
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enough, [£]? — |€ + okZ|? does not vanish, for ¢ € {+;—}. In particular, in this
region,

(= =€) (= — ao(2,€))~"
= (1g? — lg+ okal) (= — €2 THE — 1€ + ok ?)(z — ag(w, €))7
= (6 ~ g+ k) (=~ )~ (=~ an( ) 7).
Inserting this in (E.I3]) and using the support properties of b and ¢,

By = 27t Y (b ) (g — ¢ + okif?)
o=%+

(p(1€l*) = (€ + aka}|2)))wei0k\z\
= _2_1(b($a§)(|§|2 — € - k£|2)_1<p(|§ _ ki-|2)>we—ik‘m‘ '

Setting B = b* and B’ = e*I?l, we see that BB;B' ~ ¢* where the symbol
c € 8(1,¢9) and does not tend to 0 at infinity. By ([ZI5), ¢* and also BB1 B’ are
not, compact. O

APPENDIX A. OSCILLATING TERMS.

In our study of Schrodinger operator with a perturbed Wigner-Von Neumann po-
tential (see Section M), we need a good understanding of operator compositions
like a¥x1 W1, where a € S(m,g), g given by 2I2), m given by EI3), W
given by @), and where x; € C®(R?) such that x; = 0 near 0 and x; = 1
near infinity. More precisely, we are looking for an explicit operator A such
that a“x1W1 = A + 0By + Baby, where B, By are bounded operators and
bi,ba € S(m{z)~HE)7, g0) (9o given in [ZIZ)). Notice that a € S(m,go) and
x1W1 € S((x)71, go). But the symbolic calculus associated to go is not well suited
for our analysis, in particular to guarantee by,by € S(m(x)~1{(¢)71, go). Taking
into account the special form of Wy, we provide the previous decomposition with
bi,by € S(m(z)~1{€)~1, g), using standard arguments of pseudodifferential calcu-
lus. In Appendix [D] we give a simplier result in dimension d = 1 that essentially
follows from facts used in [FHJ.

For m of the form (2I3), we denote by S(m(x)~°°, g) the intersection of all classes
S(m(x)*, g) for k € Z. We denote by S(—o0, g) the intersection of all classes S(m, g)
with m satisfying @I3). Tt suffices to study a“e+ where ex () = x1(x)e™**l. To
this end, we shall use the oscillatory integrals defined in Theorem 7.8.2, p. 237,
in [HI], which actually works for symbols in the classes S(m, g) we consider here.
We also can view them as tempered distributions. Note that usual operations on
integrals (like integration by parts or change of variable) are valid for oscillatory
integrals.

Proposition A.1. Let a € S(m,g) with m given by ZI3) and g given by (Z12).
Let ey be the functions defined just above. Then there exist symbols ay € S(m,g),
by € S(m(x)~>°,g), and cx € S(mh,g) (with h defined in (2I4)), such that
era” = a¥esrtesrb+c¥ey and such that ay(x,€) = a(x, EFk|z|~1z), if x1(x) # 0.
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Proof. Let x2,Y2 € C*®°(R?) such that x2 = 0 and Y2 = 0 near 0, X2x1 = X1, and
X2(1 — x2) = 0. Notice that xax1 = x1. Writing exa® = exa®(x2 + 1 — x2) =
exa”xaeTH*les +exxpa® (1 — x2), we get

(A1) era’ = era®yoeT Pl + e b

where b := Yo#ta#(1 — x2) € S(—00, g), since Ya(1 — x2) = 0. For f € .7 (R%), the
Schwarz space on R?, using an oscillatory integral in the & variable,

filz) = (exa®xae¥MIf)(2)
= (27)7d/ei@”*y’@a((x+y)/2;§)x1(x)eiik|m|
- x2(y)e T f(y) dydé
= (%)*d/ei<mfyys>iik(|m|—|y|)a((x+y)/2;§)
- x1(z)x2(y) f(y) dyd§ .

We take € €]0;1/4[ and 7 € C2°(R) such that 7(¢) =1 if |¢t| <1—4e and 7(t) =0 if
[t| > 1—2¢. Weinsert 7(|z—y|(z) 1) +1—7(|z—y|(x) ') into the previous expression
of f1 and call fy (resp. f3) the integral containing 7(|z — y|(z) 1) (resp. 1 — 7(|z —
yl(z)~1)). On'the support of x1()x2(u)r(1z — y1(@) ), |z — 9] < (1 — 2¢)(z). We
can choose the support of y; such that, on the support of x1(z)x2(y)7(|z—y[{(z) 1),
|z —y| < (1 —é&)|x|. In particular, on this support, 0 does not belong the segment
[z;y] and, for all ¢ € [0; 1],

(A.2) u(t; z,y) = [te + (1 =yl = x| = (1 = )|y — x| > efz].

FOI' x€X 7é y7 LwUD£€i<I_y’£>iik(|m|_|y|) = ei(w—y,ﬁ)ﬂ:ik(l;ﬂl—lyl) fOI' LﬁyDg = |x .
y|72(z — y) - De. Thus, for all p € N,

fa(x) = (2m)7¢ / e/ OERIED ) () x2 () (1 = 7 (|2 = yl(2) ™)
(L3 y.0.)" (al(x +9)/2:€)) f (y) dydé
(A3) = (0§ )(@),
with bs € S(—00, g).
Lemma A.2. Take z,y € R? such that 0 does not belong the segment [x;y]. Then,
(A4) 2l = [yl = (W(1/22,9) +r(z,y),z —y)

where v(t;x,y) = (tx + (1 — t)y)/|te + (1 — t)y| fort € [0;1], and where
(A.5) r(z,y) == /((1 — t)]][l/g;l] (t) — t]l{o;l/Q](t))Btv(t;x,y) dt

satisfies |r(x,y)| < 2.

Proof. 1t suffices to use the Taylor expansion with integral rest for the function
u(-;x,y) defined in (A2) between 0 and 1/2 and between 1/2 and 1. O
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By Lemma [A2] we can rewrite f2(z) as

fa(z) = (27T)_d/6“””_”’&’“(”(1”””’”*“””’””xl(fC)Xz(y)T(Iw—y|<w>_1)
~a((z +y)/2:€) f(y) dyd§
(27T)_d/€i<m_y’">X1($)X2(y)T(|x —y|(z)™)

ca((z+y)/2mF k(v(1/252,y) +r(z,y))) f(y) dyds

after the change of variable n = £ + k(v(1/2;z,y) + r(z,y)). Now we use a Taylor
expansion of a with integral rest in the £ variable:

a((x +y)/2im F k(v(1/2;2,y) +r(z,9)))
= a((z+y)/2;nF kv(1/2;2,y))

1
+ / dt (Vea((z + )/2i0 F (o(1/2;2,9) + tr(z,y))), kr(z,y)) .

According to this decomposition, we split fo(z) in fa(x)+ f5(x). Since there exists
some § > 0 such that, on the support of x1(z)x2(y)7(|z—y[(x)~1), |(z+y)/2| > §|x],
we can find a function y3 € C*°(R%) such that x3 = 0 near 0 and

x1(@)x2 ()7 (lz = ylle) 7 (1 = xa((z +3)/2)) = 0.

Setting ay(x,n) = xs(x)a(z,n F ki), we obtain that

fol) = (2m)~¢ / Ty (@)x2 (y) 7 (|2 — yl{z) )
cax((z +y)/2m) f(y) dyd§ + f5(x)
= xi(@)(a¥x2f)(x) + fs5(x)
(A.6) (af f)(z) + (b5 f)(z) + f5(x),

with by € S(m{x)~>,,g). Using the fact that, for all # # 0 and all n in RY,
[ln + k&| — n|] <k, we see, by a direct computation, that ax € S(m, g).

Now we study f5. Given a vector v € R% let A(v) = I — (v,-)v (where I denotes
the identity on R?). If 0 does not belong to the segment [z;y], dv(t;z,y) =
(u(t;z,y)) TA(v(t;z,y)) - (x — y), where v(t;x,y) (resp. u(t;z,y)) is defined in
Lemma [A2] (resp. (A2)). Thus, using (AI) with s(s) := (1 — s)1j3/2.1)(s) —
slos1/2)(s),

1
falz) = (@m)d / @1\ (@) xa () (| — vl () ) / dt
(Veal(x 4+ 1)/2 0 F k(12 2,3) + tr(e.y)))

1
k/ ds k(s)(u(s;z,y)) T A(v(s;z,y)) - (x — y)>
0

- f(y) dyds .
Denoting by A(v)T the transposed of the linear map A(v) and setting n; = n F
k(v(1/2;2,y) + tr(z,y)),

(Veal(z +y)/2m), A(v(s;2,y) - (= y))
= (A@(s;2,9) Veal(z +y)/2m) , (x —y)).
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Integrating by parts in the n variable,

filw) = @0 [ @ -yl / dt / ds

- (i{A(v(s;2,y))Ve, Ve)a )((x +y)/25m),

kr(s)(u(s; z,y)) " fly) dydé .

Writing f(y) = (2m) ¢ [ &) (Ff)(£)d¢, where F f denotes the Fourier transform
of f,

AT ) = @0 [ @S Oa@OFNEE = (Opas))

where ¢q is defined by the oscillatory integral (in the 7 variable)
(A8) ofa,) = [ IOy dydn with

p(z,y;n) = x1(x)x2(y)m(|z — y[(z /dt/ ds (u(s;z,y)) "

(A.9) +iki(s) ((A(v(s;2,9)) Ve, Ve)a) (@ +y)/2ime) -

Now we inset in [AS) 7(|n —&[(E)71) + 1 —7(|n —&|(€) ™) and split ¢ into ¢1 + ca.
In particular,

afey) =[O (1 =y = €e) ) ple i) dyd
= /e“w‘y’"‘£> (1 =7(n =€) ") (Li..p, )" (pla, y;m)) dydn

for all p € N. By direct computations, we see that co € S(—00, g) and ¢; € S(mh, g).
Since for any symbol 7, there exists a symbol s in the same class such that Opr =

s, the equations (A1), (A3), (A6), and (A7), yield the desired result. O

APPENDIX B. FUNCTIONAL CALCULUS FOR PSEUDODIFFERENTIAL OPERATORS.

Here we present a result on the functional calculus for pseudodifferential operators
associated to the metric ¢ in ([2I2). This result is probably not new but we did
not find a proof in the litterature. It follows quite directly from arguments in [Bol]
(see also [[]). However we sktech the proof for completeness. We use notions and
results from Subsection

Recall that, for p € R, we denote by S” the set of smooth functions ¢ on R such
that sup,cp(t)*?|0Fp(t)| < oo. If we take a real symbol a € S(m,g), then the
operator a¥ is self-adjoint on the domain D(a®) = {u € L2(R%);a%u € L}(R%)}.
In particular, the operator ¢(a™) is well defined by the functional calculus if ¢ is a
borelean function on R. We assume that m > 1. A real symbol a € S(m, g) is said
elliptic if (i —a)™! belongs to S(m™1, g).

Theorem B.1. Let m > 1 and a € S(m,g) be real and elliptic. Take ¢ € SP.
Then @(a) € S(m”, g) and there is b € S(hm”, g) such that

(B.1) ¢(a”(z,D)) = (p(a))” (x,D) + b"(z, D).



28 GOLENIA, SYLVAIN AND JECKO, THIERRY

Proof. Let p' € R, ¢ € S, and k € N large enough such that 2k > p/. Then
W(t) = (t)(1 +t2)~F belongs to S”'~2¥ with p’ — 2k < 0. If the result is valid for
p < 0, then there exists b € S(hm? ~2¥g) such that

pa”) = P(a)1+(a*)*)" = ((%(a))” +0*)(1 + (a*)*)"
= (V@@ +a*)")" + ¢+ (0#(1+a*))" = (p(a))” +d”

with ¢,d € S(hm”/,g), by the composition properties. So it suffices to prove the
result for p < 0. Since we can write any function ¢ € §°, with p < 0, as @192 with
01 €8% (-1 <6 <0)and p; € SIPIHL (where [p] denotes the interger part of p)
and use the previous composition properties, we see by induction that it suffices to
establish the result for —1 < p < 0.

Let 2 € C\ R. Using the resolvent formula (z —a)™! = (i —a) (1 + (2 — i) (2 —
a)~1), we observe that |(z —a)™!| < m~1{z)[Im(z)|~!. Thus, for all £ € N, there
exists Cy > 0 and Ny € N such that, for all z € C\R, [[(z — a) rsim-1,9) <
Co(z)NeH Im(2)|~Nem L. Let ¢, = (2 — a)"'#(2 — a) — 1 € S(h, g). By an explicit
formula given in [Bo2], ¢, only depends on the derivative of (z — a), which are
independent of z. Thus one can find, for all ¢, Cj; > 0 and N; € N such that, for
all z € C\R,

(B-2) lg:lle.s0.0) < Colz) N |Im(z)] i1

According to [Boll, one can prove from the boundedness of commutators of (z —
a®)~! with appropriate pseudodifferential operators that this resolvent is equal to
7%, where the symbol 7, belongs to S(m ™1, g). Furthermore, the system ||- lle.s(mg)>
¢ € N, of semi-norms is equivalent to another one constructed with the help of the
previous commutators. Using this, one can find, for all ¢, C}/ > 0 and N;/ € N such
that, for all z € C\ R,

(B.3) 72lle,5(m-1,9) < Cé/<Z>N2,+1|Im(z)|*N2L1 .

Using (B.2) and (B.3)), we can find, for all ¢, C}” > 0 and N;” € N such that, for
all z € C\R,

(B.4) @42 le,shm-1,g) < Co"(2) N+ Im(2)| 7V 1

Now we take ¢ € §” with —1 < p < 0 and consider some almost analytic extension

©C. Thanks to (B.4), Z3), and 24,
b= — / 8ggoc(z)qz#rz dz Ndz
27T C

converges in S(hm~1g), since p < 0. According to the definition of ¢., ((z —
a) )% (z —a¥) = Id + ¢¥, therefore ((z —a)™1)% = (z — a®) ™ + (q.#r.)". Us-
ing Helffer-Sjostrand formula 28], (¢(a))¥ = ¢(a®) + b¥ with b € S(hm~1g) C
S(hmrg), since —1 < p. O

APPENDIX C. AN INTERPOLATION’S ARGUMENT.

By pseudodifferential calculus, A%(D,)~2?(z)~? extends to a bounded operator on
L2(R%). What about (A;)"(D,)""(z)~" with 7 > 0? The same argument is not
clear since A; is not elliptic. Indeed its symbols (z,&) — = - £ can vanish when
& # 0. Using interpolation, we show
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Lemma C.1. For real v > 0, (A1) (D) "{(x)~" extends to a bounded operator on
L2(Rg).

Proof. We prove that, for r > 0,
(C.1) 30, > 0; Vf € LA(RY), [[{A1)" fIl < Crll(2)™(Da)" £

If r is an integer then (A + )" (D,) "(z)~" extends to a bounded operator by
the pseudodifferential calculus with the metric g in (2I2). Since (A;)"(A; +1i)~"
is bounded, (1) holds true when r € N. For t,#/ > 0, let H = {f €
L2(R%); [(2)!(D,)! f|| < oo}. Now, using [Be], we infer that the space H. is also
the complex interpolated space [Hg,Hmr/m, where m > r. To be precise, use
[Be][(1.7)] and notice that [Be][Theorem 3.7] gives that H(m,g) = H!, where g
given as in (Z12) and m(z, &) = (z)"(£)". We deduce that (CJ)) is true for all s > 0
by the Riesz-Thorin Theorem. 0

APPENDIX D. A SIMPLIER ARGUMENT IN DIMENSION d = 1.

Here we present a more elementary proof of Lemma [5.4] in dimension d = 1. It
relies on the following

Lemma D.1. For z ¢ R, as bounded operators on L2(R,),
(D.1) (z = D2)~leFike — ke (o (D, +k)?) 7.

Proof. As differential operators, D,e*™** = e***(D, + k). Thus, on H%(R,),
(D? — 2)etke = eFke (D, + k)2 — 2). Multiplying on the left and on the right by
the convenient resolvent, we get the result. O

We first follow the general proof until formula (5.3). By (D),

By~ > = [ 0:0%2)(z — D)7z — (Dy + 0k)?) "V dz Adz et
— 4 C v

Choosing the support of ¢ small enough, we can find 6 € C(R) such that 6
vanishes near —k/2 and k/2, ¢(£2)0(€2) = 0 = ¢((£ + k)?)0(£?), for all £ € R, and
such that the function & — ¢((€ — k)?)0(£?) is nonzero (using that Z C]0; +o0]).
Set B = 6(D?2). Since €2 — (£ +k)? and &2 — (¢ — k)? do not vanish on the support
of 0(¢?),

BB, ~ 2;—?9(D§)(D§—(Dm+k0)2)l /C 0:4(2)(2 — D2)~1

(D% — (D, + ko)?)(z — (Dy + ok)*) "L dz Adz ek
By the resolvent formula and (2.46)),
—q - iockx
BBy ~ Y  —0(D)(DI — (Dx +k0)*) ™ ((D}) = (D + ko)?)) €757
o=+
Using the support properties of 6, we obtain
BBy ~ 27'¢0(D2)(D2 — (D, — k)*) to((Dy — k)?) e

Denoting by B’ the multiplication operator by ¢*** BB B’ is, modulo some com-
pact operator, a self-adjoint Fourier multiplier. The spectrum of the latter is given
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by the essential range of the function & — 271¢0(£2)(£2 — (€ —k)?) " Lo((€—k)?) (see

[RS1]).

Since this function is non constant and continuous, the spectrum contains

an interval and the corresponding operator cannot be compact (cf., [RST]). Thus
BB, B’ is not compact. This finishes the proof of Lemma [5.4] in dimension d = 1.
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