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Motivation

Asymptotic completeness in QFT attracted much attention during the
last two decades:

@ Relativistic QFT: [Lechner 08, Tanimoto-W.D. 11, Gérard-W.D. 12]
© Non-relativistic QFT:

(a) Confined case: [Spohn 97, Derezinski-Gérard 99, Fréhlich-Griesemer-
-Schlein 01, De Roeck-Kupiainen 11, Faupin-Sigal 12, De Roeck -
Kupiainen-Griesemer 13]

(b) Translationally invariant case: [Fréhlich-Griesemer-Schlein 04/05]
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Motivation

Asymptotic completeness in QFT attracted much attention during the
last two decades:

@ Relativistic QFT: [Lechner 08, Tanimoto-W.D. 11, Gérard-W.D. 12]
© Non-relativistic QFT:

(a) Confined case: [Spohn 97, Derezinski-Gérard 99, Fréhlich-Griesemer-
-Schlein 01, De Roeck-Kupiainen 11, Faupin-Sigal 12, De Roeck -
Kupiainen-Griesemer 13]

(b) Translationally invariant case: [Fréhlich-Griesemer-Schlein 04/05]

In this talk we aim at asymptotic completeness results for massive
translationally invariant models for arbitrary coupling constants.
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Outline

© The class of models

© The energy-momentum spectrum
© Main result

@ Outline of the proof

© Conclusion and outlook
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The class of models

Nelson model

Q H =K ®Tl(h), where £ = L2(R”, dy), h = L2(RY, dk).
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The class of models

Nelson model

Q H =K ®T(h), where K = L2(R”, dy), h = L2(R", dk).
Q@ H=0Q(-iV,)®1+1®dl(w) + (a(G,) + a*(G,)), where
(a) Q(p) = £ or Q(p) = \/p? + M2.

(b) w(k) =+vk?+ m? m>0.
(c) Gy(k) =e ™ G(k), G € S(R), rotationally invariant.
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The class of models

Polaron model

Q H =K ®TI(h), where £ = L2(R3,dy), h = L?(R3, dk).

Q H=Q(-iV,)®1+1®dl(w) + (a(Gy) + a*(G,)), where

2
(a) Q(p) = -
(b) w(k) = const > 0.
(c) Gy(k)= e_"ky%‘l(), G € S(R?), rotationally invariant.
Remark: Polaron model describes interaction of an electron with
optical phonons in a dielectric cristal.
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The class of models

The fiber Hamiltonians

@ H commutes with the momentum operators
P=—-iV,®1+1®dl (k).

The joint spectral measure will be denoted by E( ).
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The class of models

The fiber Hamiltonians

@ H commutes with the momentum operators
P=—-iV,®1+1®dl (k).

The joint spectral measure will be denoted by E( ).
© Therefore, H has a fiber decomposition

H = I*(/@de(g))l,

where [ is a unitary transformation.
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The class of models

The fiber Hamiltonians

@ H commutes with the momentum operators
P=—-iV,®1+1®dl (k).

The joint spectral measure will be denoted by E( ).
© Therefore, H has a fiber decomposition

H = I*(/@de(g))l,

where [ is a unitary transformation.
@ The fiber Hamiltonians have the form

H(&) = Q¢ — dIi(k)) + dlM(w) + a*(G) + a(G)

and act on H¢ = I'(h).
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The energy-momentum spectrum

The energy-momentum spectrum

O(H(E))

g
The joint spectrum X of (P, H) can be decomposed as follows
Y=Y, UXa UXy,

where ¥; = {(£,\) e R"*Y X € 0;(H(€))}, i€ {pp,ac,sc}.
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The energy-momentum spectrum

Thresholds

O(H(E))

T = inf{ZOE - K +wli}
Y@ = inf {TO(E— ki — ko) +wlk) +w(k) }-
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The energy-momentum spectrum

The structure of continuous spectrum

o(H(E)
i

Theorem (J.S. Mgller, M.G. Rasmussen, 2011)

The set
R:={(&\) e RPN < £?)(¢)}

has trivial intersection with >s.. Hence it is contained in X, U Xpp.
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Main result

Main Result: General formulation

o(H(E))
=

Main result: Asymptotic completeness holds in R.
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Main result

Preliminaries on extended objects

Extended objects are defined as follows

H™ = HoT(b),
He* H®l+1®dl(w),
P = P®1+1edl(k).

The joint spectral measure of (P, H°*) will be denoted by E°*(-).
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Main result

Preliminaries on extended objects

Q@ Let U:T(h@bh) — I'(h) ®(h) be the canonical identification:

uj0) = 10) @ |0),
Ua*(h1, h2) = (a"(h1) ® 1+ 1® a*(h2)).
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Preliminaries on extended objects

Q@ Let U:T(h@bh) — I'(h) ®(h) be the canonical identification:

uj0) = 10) @ |0),
Ua*(h1, h2) = (a"(h1) ® 1+ 1® a*(h2)).

@ Let gy, go be bounded operators on K ® . We define operators
G:Koh—= K (haeh) by:

GV @ h) == (qo(V @ h), geo(V @ h)).
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Preliminaries on extended objects

Q@ Let U:T(h@bh) — I'(h) ®(h) be the canonical identification:

uj0) = 10) @ |0),
Ua*(h1, h2) = (a"(h1) ® 1+ 1® a*(h2)).

@ Let gy, go be bounded operators on K ® . We define operators
G:Koh—= K (haeh) by:

GV @ h) == (qo(V @ h), geo(V @ h)).

© We define I'(§) : H — H™ by () := UT(g).
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Main result

Main result

© There exists the wave operator Qs : E™(R)H+ — E(R)H given by

o —
Qf = s-tingoe’“"r(l,l)*e it

where Hy := E(X,,)H @ ['(h).
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Main result

Main result

© There exists the wave operator Qs : E™(R)H+ — E(R)H given by

o —
Qf = s-tingoe’“"r(l,l)*e it

where Hy := E(X,,)H @ ['(h).
Q Qf is a unitary, ie.,

Q" Q% EZ(R)la
QLQE = E(R).
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Outline of the proof

Mourre theory

Theorem (J.S. Mgller, M.G. Rasmussen, 2011)
Let (&0, Mo) € R, (Ao outside of some discrete set). Let ag, have the form

1 . .
g, = E{Vgo Vi + iV - Vfo}?

where vg, € C§°(R¥\{0}; R) is a suitable vector field.
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Outline of the proof

Mourre theory

Theorem (J.S. Mgller, M.G. Rasmussen, 2011)
Let (&0, Mo) € R, (Ao outside of some discrete set). Let ag, have the form
1 . .
g, = E{Vgo Vi + iV - Vfo}?
where vg, € C§°(R¥\{0}; R) is a suitable vector field.

Then there exist a neighbourhood Ny of &y, a neighbourhood Jo of A,
and a constant ¢, > 0 s.t. for any £ € Np:

175 (H(€))ITH(E), dT (ago 117, (H(E)) = em1.7,(H(E))
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Outline of the proof

Mourre theory

Theorem (J.S. Mgller, M.G. Rasmussen, 2011)
Let (&0, Mo) € R, (Ao outside of some discrete set). Let ag, have the form
1 . .
g, = E{Vgo iV +iVy - Vfo}?

where vg, € C§°(R¥\{0}; R) is a suitable vector field.
Then there exist a neighbourhood Ny of &y, a neighbourhood Jo of A,
and a constant ¢, > 0 s.t. for any £ € Np:

175 (H(€))ITH(E), dT (ago 117, (H(E)) = em1.7,(H(E))

1, (HO(E)ITHM(€),1® ag JL7, (HD(€)) > el (HV(€))

where HY) = H® 1+ 1 ® w.
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Outline of the proof

Mourre theory

Theorem (J.S. Mgller, M.G. Rasmussen, 2011)
Let (&0, Mo) € R, (Ao outside of some discrete set). Let ag, have the form

1 . .
g, = E{Vgo Vi + iV - Vfo}?

where vg, € C§°(R¥\{0}; R) is a suitable vector field.
Then there exist a neighbourhood Ny of &y, a neighbourhood Jo of A,
and a constant ¢, > 0 s.t. for any £ € Np:

17, (H(£))i[H(€), T (ag, )17 (H(€)) = cnlz (H(E))
L7 (HO(€))iIHD(€), 1 ® ag, |17 (HM(€)) > anlzy (HY(6))
where H) = H® 14+ 1 ® w.

Remark: For future reference we fix open set @ s.t. @ C Ny x Jo.
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Outline of the proof

Main steps of the proof of AC

@ Given the small region of spectrum O C R, in which the Mourre
estimate holds with the conjugate operator dI'(ag, ), we set

- 1 ) )
3¢ 1= §{V£° (iVk—=y)+ (iVk—y)- v&,}.
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Outline of the proof

Main steps of the proof of AC

@ Given the small region of spectrum O C R, in which the Mourre
estimate holds with the conjugate operator dI'(ag, ), we set

- 1 ) )
3¢ 1= §{V£° (iVk—=y)+ (iVk—y)- v&,}.

© We choose qg, goo as smooth approximate characteristic functions of
(=00, 6] and [cg, 00), where 0 < g K G, S:t. go + goo = 1. We
set g := qo(3g, /1), G5 = Goo(dg,/1)-
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Outline of the proof

Main steps of the proof of AC

@ Given the small region of spectrum O C R, in which the Mourre
estimate holds with the conjugate operator dI'(ag, ), we set

- 1 ) )
3¢ 1= §{V£° (iVk—=y)+ (iVk—y)- v&,}.

© We choose qg, goo as smooth approximate characteristic functions of
(=00, 6] and [cg, 00), where 0 < g K G, S:t. go + goo = 1. We
set g := qo(3g, /1), G5 = Goo(dg,/1)-

© Using minimal velocity estimates, which follow from Mourre theory,
we show that

Wh* = s- Jim et (gt)e M E(O) exists.
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Outline of the proof

Main steps of the proof of AC

@ Given the small region of spectrum O C R, in which the Mourre
estimate holds with the conjugate operator dI'(ag, ), we set

- 1 ) )
3¢ 1= §{V£° (iVk—=y)+ (iVk—y)- v&,}.

© We choose qg, goo as smooth approximate characteristic functions of
(=00, 6] and [cg, 00), where 0 < g K G, S:t. go + goo = 1. We
set g := qo(3g, /1), G5 = Goo(dg,/1)-

© Using minimal velocity estimates, which follow from Mourre theory,
we show that

Wh* = s- Jim et (gt)e M E(O) exists.

Q Then QEWS* :=s-lim;_, o ™1 (1,1)*T(q*)e ™M E(O) = E(O).
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Outline of the proof

Structure of the proof of time-convergence

The proof relies on Mourre theory and the method of propagation
estimates (PE)

Heisenberg derivatives

1

Minimal velocity PE

1

Existence of asymptotic observables (e.g. W3*).
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Outline of the proof

Preliminaries on extended objects

@ We recall that H* = H® 1+ 1 ® dl'(w) has a fiber decomposition

52}
HeX — (/ex)*(/ d€ Hex(g))/ex,

where /** is a unitary transformation.
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Outline of the proof

Preliminaries on extended objects

@ We recall that H* = H® 1+ 1 ® dl'(w) has a fiber decomposition

53]

HeX — (/ex)*(/ d€ Hex(g))/ex,

where /** is a unitary transformation.
© The fiber Hamiltonians, acting on Hg* = '(h) @ I'(h), are given by
H™ (&) = Q& — dI™(k)) + dI'*(w) + (a*(G) + a(G)) @ 1.
Here we set

drex(b) := dr(b) ® 1 + 1 @ dr(b).
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Outline of the proof

Preliminaries on extended objects

@ We can decompose He™ as

HE = 6_90%2") = e]_ao(ra;) ® F(p)),
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Outline of the proof

Preliminaries on extended objects

@ We can decompose He™ as

EB’H‘”) GB (h) @ " (n)),

n=0
@ H*(§) can be decomposed analogously:

oo

H™(&) = EPH"(©),

n=0

HO(E) = Q¢ —dr(k) +dr(w) + (a*(G) + a(G)) @ 1.
In particular H©(¢) = H(¢).
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Outline of the proof

Key lemma

Let x € C5°(R) be supported below ¥(?)(¢). Then
X(H(€)) = X(H(€))Po & x(HP(€)) Py,
where P, are projections on ’Hé").

Proof. One notes that spectrum of H(®)(¢) is contained above X(?)(¢).
This follows from the formulas:

D
HOE) = / dky ke (H(E — ko — ko) + wi(ke) + w(ka)),

nf (ZO(E =k — ko) + w(ke) + w(ky)). O

ML
N
—
783
~
Il
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Outline of the proof

Remark

The geometric inverse of the wave operator can be decomposed as:

W = s fim (ol [1)e HE(O)

=s lim (/6*)*( / ’ dge"fH“(ﬁ)r(a(a&/t))e"fH@))/E(O).

t—o0

Thus it is enough to prove convergence of asymptotic observables at
fixed momentum &.
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Outline of the proof

Heisenberg derivatives

Q Let R> t+— &, € B(I'(h)) be uniformly bounded. We set
Dd)t = 8t¢t + I[l"/(é\)7 cbt]
Q@ LetR3ts oM e B(I'(h) ® h) be uniformly bounded. Then

DWoM = 9,0 + i[HD(€), o).

Wojciech Dybalski Asymptotic completeness in the massive Nelson model



Outline of the proof

Heisenberg derivatives

Fix £ € R and suppose that:
Q@ x € C§°(R)g supported in (—oo, Zgz)(é)).

Then
D(xdl(g*)x) = FO(H) xIDD (1 ® ¢*)xDTIM(j*) + O(t72),

where we set x = x(H(£)), x\9) := x(H®)(&)) and q* := q(a¢, /1)
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Outline of the proof

Heisenberg derivatives

Fix £ € R and suppose that:
Q@ x € C§°(R)g supported in (—oo, 282)(5)).
Q@ g€ C®°[R)g s.t. ¢ € C§°(R) and q = 0 near zero.

Then
D(xdl(g*)x) = FO(H) xIDD (1 ® ¢*)x DI (j*) + O(t72),

where we set x = x(H(£)), x\9 := x(H®)(&)) and q* := q(a¢, /).
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Outline of the proof

Heisenberg derivatives

Fix £ € R and suppose that:
Q@ x € C§°(R)g supported in (—oo, 282)(5)).
Q@ g€ C®°[R)g s.t. ¢ € C§°(R) and q = 0 near zero.

Q j07.joo S COO(R)R St J(I)v./éo € COOO(R)V 0 SjOmjoo S 1: jO =1 near
zero and j2 + j2 = 1.

Then
D(xdl(g*)x) = FO(H) xIDD (1 ® ¢*)x DT (j*) + O(t72),

where we set x = x(H(£)), x\9) := x(H®)(&)) and q* := q(a¢, /t)-

Wojciech Dybalski Asymptotic completeness in the massive Nelson model



Outline of the proof

Heisenberg derivatives

Proposition 1

Fix £ € R and suppose that:
Q@ x € C§°(R)g supported in (—oo, Zgz)(é)).
Q@ g€ C®°[R)g s.t. ¢ € C§°(R) and q = 0 near zero.
Q Jo.joo € C®(R)r s.t. j, 45 € C°(R), 0 < jo,joo <1, jo =1 near
zero and j2 + j2 = 1.
© suppjo Nsuppq = 0.
Then

D(xdl(g%)x) = FO(H) xIDD (1 ® ¢*)xDTIM(j*) + O(t72),

where we set x = x(H(£)), x\9) := x(H®)(&)) and q* := q(a¢, /t)-
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Outline of the proof

Heisenberg derivatives

Fix £ € R and suppose that:
Q x € C§°(R)r supported in (—oo, )282)(5)).
Q g€ C®R)g s.t. ¢ € (g°(R) and q = 0 near zero.

Q Jo.Jjoo € C®R)r s.t. j§, 5 € C°(R), 0 < jo,joo <1, jo =1 near
zero and j + j2 = 1.
Then

D(xdr(g“)x) = Ug)D(xdr (g*)x)r (o)
+ O XODO (1 ® ¢ ) xDID(*) + 0(t72),

where we set x = x(H(£)), x\9) := x(H®)(&)) and q* := q(a¢, /t)-
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Outline of the proof

Heisenberg derivatives

Proposition 2

Fix £ € R and suppose that:
Q@ x € C§°(R)g supported in (—oo, Zgz)(é)).

Q@ ge C®[R)rst. ¢ €C°(R),0<g<landg=1lina
neighbourhood A of zero.

Q Jo.joo € C®°[R)r s.t. j,jlo € C°(R), 0 < jo,joo <1, jo=1in A
and j3 +j% = 1.
Then
D(xT(q")x) = FM () ¥ (M(g") ® NDD (1 ® ¢*)xPDTW(j*) + O(t72),

where we set x := x(H(¢)), X := x(H)(€)) and q* := q(ag, /).
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Outline of the proof

Heisenberg derivatives

Fix £ € R and suppose that:
Q X € C°(R)r supported in (—oo, £ (¢)).

Q@ ge C®[R)rst. ¢ €CP(R),0<g<landg=1lina
neighbourhood A of zero.
o jOv.joo € COO(R)R s.t. J(l)v./éo € C(?O(R)r 0 SjOvjoo S 1r jO =1linA
and j& +j2 = 1.
Then

D((a ) = ;TG XD Gl @ gD + 0(2),

where t — C; satisfies C,(N + 1) = O(1) and [C;, 1 ® pt] = O(t™ 1) for
any p € C=(R) with p’ € C§°(R).

Wojciech Dybalski
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Outline of the proof

Propagation estimates

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.

Then there exists ¢ > 0 such that for all V € F:

Cdt ) e 1),
/ v (W, FOGH) " X W(1 @ 17(ag, /) )X WEO ()W) < || WP,
1

where W, := e~ t™MEW and j = (jo, joo) as defined in Proposition 1a.
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Outline of the proof

Propagation estimates

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.
Q Let x € C§°(R)Rr be supported in Ty and & € Np.

Then there exists ¢ > 0 such that for all V € F:

Cdt ey e 1),
/ - (W, FOH) " X1 @ 17(ag, /1)) X WEO ()W) < || WP,
1

where W, := e~ ™MEW and j = (jo, joo) as defined in Proposition 1a.
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Outline of the proof

Propagation estimates

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.
Q Let x € C§°(R)Rr be supported in Ty and & € Np.
Q Let0<e< <ty r>candl :=[-r,cl\[-& ¢l
Then there exists ¢ > 0 such that for all W € F:
 dt . .
/ - (W, FOG) XD (1 @ 12(ag, /1)) X DT ()W) < ||V,
1

where W, := e~ ™MEW and j = (jo, joo) as defined in Proposition 1a.
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Outline of the proof

Propagation estimates

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.
Q Let x € C§°(R)r be supported in Jo and & € Np.
Q Let0<e<co<cm, r>eandIy:=[—r, .

Then there exists ¢ > 0 such that for all W) € F @ b:

dt
/ T W XD ® 1z, (g, /)X PWE) < WO,
1

where W) = e~ tHP(©OW®) apd (1) .= X(HD(€)).

Wojciech Dybalski Asymptotic completeness in the massive Nelson model



Outline of the proof

Propagation estimates

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.
Q Let x € C§°(R)Rr be supported in Ty and § € Np.
Then there exist ¢ > 0 and 0 < €9 < ¢ /2 s.t. forany r >0 and ¥ € F:

[ A aton @I < vl

where U, = e~ tHE)y
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Outline of the proof

Asymptotic observables

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.

Then the following strong limit exists
QT (H(&))x i=s- lim MO (g)e )y,
—00

and commutes with bounded Borel functions of H(§). (Here we set
X = x(H(&))). Moreover, if supp g C (—o0,e0), where eq appeared in
Proposition 4, then QT (H(&))x = 0.
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Outline of the proof

Asymptotic observables

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.
Q Let x € C§°(R)r be supported in Jo and § € Np.

Then the following strong limit exists
QT (H(&))x i=s- lim MO (g)e= )y,
—00

and commutes with bounded Borel functions of H(§). (Here we set
X = x(H(&))). Moreover, if supp g C (—o0,e0), where eq appeared in
Proposition 4, then QT (H(&))x = 0.
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Outline of the proof

Asymptotic observables

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.

Q Let x € C§°(R)r be supported in Jo and § € Np.

Q Letge CP(R) best. g € CP(R),0<g<1 g=1in[—¢¢]
and supp q' C (—o0, cm)\[—¢, €] for some 0 < & < ¢py.

Then the following strong limit exists
QT (H(E))x i=s- lim MO (g)e )y,
—00

and commutes with bounded Borel functions of H(§). (Here we set
X = x(H(&))). Moreover, if supp g C (—o0,e0), where eq appeared in
Proposition 4, then QT (H(&))x = 0.
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Outline of the proof

Asymptotic observables

Q Let (0, X0) € R, & € No, Ao € Jo, cm be as in the Mourre estimate.
Q Let x € C§°(R)r be supported in Jo and & € Np.

@ Let jo,joo be as in Proposition 1a and s.t. supp jg, jis C (—00, ¢m).
Q Let §=1(qo,9) := (j2,j2) (in particular go + Goo = 1).

Then the following strong limit exists:

WH(§°)(&)"x :=s- ||m tHOF (gt)e—tHE)

where we set x := x(H(&)). These operators intertwine (bounded Borel
functions of) H(§) and H®*(¢).
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Conclusion and outlook

Conclusion and outlook

@ We have shown asymptotic completeness below the two-boson
threshold for a class of massive non-relativistic QFT.

W.D. and J.S. Mgller arXiv:1210.6645
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@ We have shown asymptotic completeness below the two-boson
threshold for a class of massive non-relativistic QFT.

@ The results hold for arbitrary coupling strength and in space of
arbitrary dimension.

@ The class of models includes the massive Nelson model and the
polaron model.
o Future directions:

@ Asymptotic completeness above the two-boson threshold. (Problem
of regularity of embedded mass shells).

@ Asymptotic completeness in local relativistic QFT. (Project with
C. Geérard, arXiv:1211.3393).

W.D. and J.S. Mgller arXiv:1210.6645

Wojciech Dybalski Asymptotic completeness in the massive Nelson model



	The class of models
	The energy-momentum spectrum
	Main result
	Outline of the proof
	Conclusion and outlook

