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Abstract

In this paper, we present a numerical method for the Maxwell-Bloch equa-
tions which modelize the nonlinear interaction between a laser and a crystal.
The propagation of the laser involves different time and length scales during the
nonlinear long time interaction with the matter. We avoid the use of a mesh
size smaller than the wavelength. We do not use the paraxial approximation
but we use the fact that the solution is rapidely oscillating. In the spirit of [6],
we propose a discretization of a singular equation based on a profile decomposi-
tion. We obtain a method which is asymptotic preserving (that is the paraxial
approximation made on the discretization gives the discretization of the non-
linear Schrödinger equation). We perform 2D computations. We numerically
investigate the effectiveness of the WKB expansion and show that, under some
assumptions, it may not be always valid.
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1 Introduction

1.1 Physical framework

Ultrashort powerful laser pulses enable the study of more and more complex non-
linear situations in optic, like frequency doubling, nonlinear self focusing or Raman
growth. The need of numerical simulations increases and one needs accurate and
cheap numerical methods that can be used for a wide class of situations.

A lot of different models exist for describing nonlinear phenomena (see [15] for
instance). We present here two of them:

• The macroscopic model: the response of the matter to the electro-magnetic
wave is measured on a large scale, compared to the wavelength of the laser. In
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a dimensionless form, one can write such a system (Maxwell-Lorentz system)
under the form:





∂tB = −rot (E) ,
∂tE = rot (B)− ∂tP,

− 1
ω2 ∂

2
t P + P− φP3 = χ1E.

The parameters ω, φ and χ1 are non dimensional parameters and P is the
polarization.

• The semi-classical model: the response of the matter to the electro-magnetic
field is given by a quantum dynamic type description (the polarization), whereas
the electro-magnetic field is classically given by the Maxwell equations. Such
a system (Maxwell-Bloch system) is given by:





∂tB = −rot (E) ,
∂tE = rot (B)− ∂tP,

P = naTr(ρp),

where p is the dipolar matrix of the atom, ρ is the density matrix (which
describes the states of the electron of an atom). The matrix ρ satisfies the
optical Bloch equations (see below).

A presentation of these models is given in [9], [4] or [15]. The different scales that
occure are the following:

• The wavelength of the laser is about the micrometer and the length of the
pulse is between a hundred micrometer and one meter.

• The propagation length is of the millimeter in crystals and of hundred of meter
in gas.

• The duration of the pulse stands between 100 femtoseconds (1E-13s) and 10
nanoseconds (1E-8s). The delay of the propagation is about 1E-11s for crystals
and about 1E-6s for gas.

Classically, the Maxwell equations are solved by using a finite difference scheme (the
Yee scheme for example) and a Cranck-Nicholson method is used for the polarization
equation (see [3, 16] for both macroscopic and semi-classic models). The Yee scheme
keeps the properties of the continuous operators. But there is a large difference of
scales between the wavelength of the signal and its propagation length (the latter
being large compared to the former). Hence, using a finite difference method like the
Yee scheme leads to a very thin mesh, hence to a huge quantity of data to compute.

1.2 Description of the method

The aim of this paper is to extend the method of [6] in a 2-D context, using a
pseudo-spectral method and to get rid of the moving window technic. We study the
semi-classical model (the Maxwell-Bloch equations), when the matter is a crystal
composed of atoms whose electrons have 2 levels of energy. The signal will propagate
on long time.
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As mentioned in the previous paragraph, we deal with a signal involving different
scales. More precisely, for dimensionless variables, the oscillatory frequency of the
signal is of order 1

ε
(ε� 1), and the signal propagates on large distances (typically

of order 1
ε
). This implies that a finite difference scheme must have a number of

discretization points (in the space domain) of order Nx

ε
(Nx � 1) and a number of

discretization points in the time domain of order Nt

ε2 , (Nt � 1).
We want to get rid of these different scales, so that the time-space domain will

be discretized with Nx ×Nt points, that is a gain of ε−3 points. More precisely, we
will see in section 3 that the Maxwell-Bloch equations enter the following class of
systems:

∂tV
ε(t,x) +A(∂x)V ε(t,x) +

L0

ε
V ε(t,x) = F (V ε(t,x)), (1)

where t ∈ R, x = (x1, · · · , xd) ∈ Rd, A(∂x) =
∑d

i=1Ai∂xi
, Ai being symmetric

matrices, L0 being a skew-symmetric one, F : Rp → Rp is a smooth mapping and ε
the small parameter. The initial datum is given by

V ε(0,x) = e
ik.x

ε V0(x) + c.c.,

where c.c. denotes the complex conjugate and k ∈ Rd is the wave vector. Those
systems has been extensively studied by J.L. Joly, G. Métivier and J. Rauch (see
[11], [12] [13]), by Donnat ([9]) and D. Lannes ([14]). Note that the initial data for
V ε is not bounded in any Hs for s > 0. It is also the case for the solution to (1). In
order to have better properties, the idea is to write V ε using a profile decomposition
V ε(t,x) = Vε(t,x, θ), where θ = k.x−ωt

ε
and (ω,k) ∈ R× Rd satisfies the dispersion

relation of the medium. We choose a profile which corresponds to what we want to
study (long time propagation, small nonlinearity). The phase is modeled by θ (fast
variable) and Vε is taken as being periodic with respect to θ.

In our case, as the interaction between laser and matter occurs in long time
(diffractive optic), we will choose the following profile:

V ε(t,x) = Vε

(
εt,x−∇kωt,

k.x− ωt

ε

)
, (2)

where x ∈ Rd and ∇kω being the group velocity.
Of course, the profile Vε is not well-defined by (2). In order to have a correct

definition, we will give the system of equations satisfied by V ε. Indeed, if such a
profile Vε(τ,X, θ) exists, then it satisfies

(
ε∂τ −∇kω∂X − ω

ε
∂θ

)
Vε +

1

ε
(A (k∂θ + ε∂X ) + L0)Vε = εF (Vε) , (3)

for every τ = εt, X = x − ∇kωt and θ = k.x−ωt
ε

. In order to define Vε, we
impose that it satisfies (3) for (τ,X, θ) ∈ [0, T ] × Rd × [0, 2π]. The initial datum is
Vε (τ,X, θ) = eiθV0(x) + c.c..

It is easy to show that there exist solutions to (3), defined on (τ,X, θ) ∈ [0, T ]×
Rd× [0, 2π] that are bounded in L∞τ

(
[0, T ]; Hs

(
Rd × [0, 2π]

))
with respect to ε, for s

large enough. As noticed above, the solution to (1) is not bounded as ε→ 0 whereas
that of (3) is. One can therefore suspect that the solution to (3) will be easier to
compute than the one of (2). Indeed, V ε involves oscillations in time and space of
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size ε and is defined on a time scale of size O
(

1
ε

)
, while the variation of Vε are of

order O(1) and τ 7→ Vε(τ) is defined on a time interval of size O(1).
The main problem is the variable θ. As done in [6], we expand V ε in a Fourier

serie with respect to θ. Writing Vε =
∑

j∈Z
Vε

je
ijθ, we obtain an infinite system

of PDE’s. Denoting by Pj the projector on the jth Fourier mode, that is, if U =∑
j∈Z

Uje
ijθ, Pj(U) = Uj , one gets

((
ε∂τ −∇kω∂X − ijω

ε

)
+

1

ε
(A (ijk + ε∂X) + L0)

)
Vε = εPj (F (Vε)) ,

for j ∈ Z.
As in [6], we truncate this system and in practice, we only need to compute

the solution of this equation for j = 1 and j = 3. Note that the use of the group
velocity ∇kω enables us to get rid of the moving window technics used in 1-D in [6]
and allows us to use a pseudo-spectral method for the space discretization.

Classical results (see [9] for instance) show that if V ε(0,x) is small enough, then
the profile Vε tends to a solution of a nonlinear Schrödinger equation, as ε tends to
0. This result, that we recall below, will be used in order to validate our approach.

1.3 Outline of the paper

This paper is organized as follows:

• In section 2, we recall some results about the obtaining of the Maxwell-Bloch
equations. Then we will give a dimensionless form of the equations and the
different assumptions that we will make.

• Section 3 will be devoted to the WKB expansion mentioned above. We present
the theoretical framework and some known convergence results that we will
use later. We will compute explicitly the WKB expansion performed on the
Maxwell-Bloch equations. This one will be useful in order to validate our
numerical scheme: we will compare our numerical solution with the one given
by the asymptotic expansion.

• Section 4 will present the numerical schemes: as we want to validate our nu-
merical results by using the nonlinear Schrödinger equation mentioned above,
we briefly present a classical scheme to compute it. Then the numerical scheme
of the Maxwell-Bloch equations will be introduced.

• Finally, section 5 will present the numerical results and their consequences as
for the relative behavior of the solution of the Maxwell-Bloch equations and
the nonlinear Schrödinger one.

2 Modelization

The aim of this work is to introduce an efficient numerical scheme of the semi-
classical model describing the laser-matter interaction. We suppose that the mat-
ter is composed of atoms with two-levels energy electrons. First, we briefly recall
how the Bloch equations (which describe the response of the matter to the electro-
magnetic field) are obtained in that case and how they are coupled to the Maxwell
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equations. Then, we will put the equations in a dimensionless form and we will set
the assumptions that we will make.

2.1 Polarization, optical Bloch equations

For more details about these models, one can see [7], [1] and [4].
Modeling the interaction between a material and an electro-magnetic field con-

sists of coupling the macroscopic quantity E (the electric field) and B (the magnetic
induction) with the quantum quantity P (the polarization):





∂tB = −rot (E) ,
ε0∂tE = 1

µ0
rot (B)− ∂tP,

div (B) = 0,
div (E + P) = 0.

(4)

The permittivity ε0 and the susceptibility µ0 are those of vacuum. There is no
electric density of charges and no electric current, so that the divergences are free.
In general, if the density of the atoms by unit of volume of a material is na and if the
polarization of one atom submitted to an electric field is Pa, then, the polarization
P is equal to naPa. It suffices to compute Pa with the help of the quantum physics
and to find what kind of equations it satisfies.

Let us consider the Hamiltonian H of an atom submitted to an electro-magnetic
field E. It can be rewritten as the sum of the non perturbed Hamiltonian H0 and the
perturbed Hamiltonian H1. In our case (a two-levels energy electron), H0 is a 2× 2
symmetric matrix whose eigenvalues are 0 and ω1,2. The eigenvalue ω1,2 is linked to
the energy that the electron must receive to reach the excited state from its stable
state of energy. The value of H1 is H1 = −e (E,R) Id, where e is the charge of an
electron, and R the vector from the center of the atom to the point we are looking
at. Finally,

Pa = e

∫
Rψψ̄dΩ, (5)

where ψ is a state of the electron.
To obtain the equation satisfied by Pa, we introduce a1 and a2, the projections

of a state ψ respectively on ψ1 and ψ2, the two eigenvectors of H0 respectively
associated to the eigenvalues 0 and ω1,2. From (5), it is easy to show that

Pa = 2Re (a1a2p1,2) ,

where p1,2 is a fixed vector which depends only on the atom (it is the polarization
vector of the atom).

From the Schrödinger equation

i~
dψ

dt
= Hψ, (6)

we deduce the optical Bloch equations satisfied by a1 and a2:

∂t

(
a1

a2

)
= i

(
0

(E,p1,2)
~

(E,p1,2)
~

−ω1,2

)(
a1

a2

)
. (7)
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Finally, the Maxwell-Bloch equations are





∂tB = −rot (E)
ε0∂tE = 1

µ0
rot (B)− ∂tP

P = 2naRe (a1a2p1,2)

∂t

(
a1

a2

)
= i

(
0

(E,p1,2)
~

(E,p1,2)
~

−ω1,2

)(
a1

a2

)
.

(8)

Remark 2.1 The quantity |ai|2 is the probability that the electron is in the state i
(i = 1, 2). It follows that |a1|2 + |a2|2 = 1.

We now give a dimensionless form of (8).

2.2 Dimensionless form of the equations

We introduce R = a1a2p1,2, the complex polarization and N = 1 − |a1|2 + |a2|2.
The Bloch equation (7) allows us to write

∂tR = iω1,2R + i
(E,p1,2)

~
(N − 1)p1,2.

In order to close the system, we find the equation satisfied by N :

∂tN = 4Re

(
i
(E,R)

~

)
= −4Im

(
(E,R)

~

)
.

Recall that E and p1,2 are real vectors. If we note P and Q respectively the real
part and the imaginary part of R, and p the norm of p1,2, then (8) can be rewritten
as 




∂tB = −rot (E) ,

∂tE = rot (B) +
2naω1,2

ε0
Q,

∂tP = −ω1,2Q,

∂tQ = ω1,2P + N−1
~
p2E,

∂tN = −4 (E,Q)
~

.

(9)

We introduce the dimensionless variables as follows: the fields E, B, P and Q are
given by E = E0Ẽ, B = B0B̃, P = P0P̃ and Q = Q0Q̃, where E0, B0, P0 and Q0

are the reference values which will be fixed later on. The space variables (x, y, z)
are given by (x, y, z) = d(x̃, ỹ, z̃), where d is the length of the pulse. The time t is
given by t = t0t̃, where t0 is the duration of the pulse.

The velocity of the wave is given by c = (ε0µ0)
−2 and the different orders of

magnitude are given by:
t0c = d,

dB0 = t0E0,

P0 = Q0,

2naQ0 = ε0
√
αE0,

where α = 2nap2

~ε0ω1,2
. The small parameter ε is equal to ε = (ω1,2t0)

−1. Denoting by
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β = 2
(

E0pt0
~

)2
1√
α
, the equations become (omitting the tilde notation):





∂tB = −rot (E) ,

∂tE = rot (B) +
√

α
ε

Q,

∂tP = −1
ε
Q,

∂tQ = 1
ε
P + (N−1)

√
α

ε
E,

∂tN = −2β
ε

(E,Q) .

(10)

The physical framework being the one of a high energy laser with short pulse
crossing a crystal, the order of magnitude of the physical quantities are (in S.I. units)

Avogadro’s number na 1E28

Polarization p 1E− 29

Planck’s constant ~ 1E− 34

Permittivity of vacuum ε0 1E− 11

Self-pulsation of the atom ω12 1E15

Pulse of the laser t0 1E− 13

Amplitude of E E0 1E8

so that one obtains the following order of magnitude for the parameters:

ε 1E− 2

α 1

β 1

Of course, we can simulate less powerful laser (smaller E0, which gives a smaller ε).

Simplifications: The last equation of (10) has a nonlinear term with large coef-
ficient, which can raise huge numerical problems. Hence, we use the fact that the
excited state of the atom is far less populated than the stable one:

|a2| � |a1| . (11)

As |a1|2 + |a2|2 = 1, one gets

N = 1−
(
1− |a2|2

)
+ |a2|2 = 2 |a2|2 . (12)

From this equality, we can easily deduce that

|R|2 = |a1|2 |a2|2 p2 =
(
1− |a2|2

)
|a2|2 p2 =

(
1− N

2

)
N

2
p2, (13)

so that N is the root of a polynomial of degree 2. From (12) and (13), we find that

N ' 2 |R|2
p2

. (14)

Remark 2.2 With the dimensionless quantities, one gets

N ' βε2√
α

(
|P|2 + |Q|2

)
. (15)

7



Note that this approximation can be seen as a particular version of the change of
variables introduced in [5] or in [11] that corresponds to some transparency property
of the system.

With this approximation, we can get rid off the last equation of (10) so that





∂tB = −rot (E) ,

∂tE = rot (B) +
√

α
ε

Q,

∂tP = −1
ε
Q,

∂tQ = 1
ε
P−

√
α

ε
E + βεE

(
|P|2 + |Q|2

)
.

(16)

Finally, we restrict ourself to the magnetic transverse mode (the quantities do not
depend on the z variable, so that B has two components bx and by, and E, P and Q

have one, which are respectively denoted by e, p and q). Hence we obtain the final
form of the system that we will study throughout this paper:





∂tbx = −∂ye,

∂tby = ∂xe,

∂te = ∂xby − ∂ybx +
√

α
ε
q,

∂tp = −1
ε
q,

∂tq = 1
ε
p−

√
α

ε
e+ βεe

(
|p|2 + |q|2

)
.

(17)

3 WKB expansion

As it has been mentioned in the introduction, we want to compute efficiently a signal
which oscillates at the scale ε−1 on the time-space domain, and which propagates
on a long time (of order ε−1). To achieve this, we will describe the fields thanks
to profiles in order to decouple these scales. First, we recall some results about
WKB-type expansions, then we will compute the formal WKB expansion of (17)
with respect to ε.

3.1 Some tools of diffractive optics

We consider the following class of system:

∂tV
ε +A (∂x) V ε +

1

ε
L0V

ε + εF (V ε) = 0, (18)

where t ∈ [0, T ], x ∈ Rn, V ε : [0, T ] × Rn → Rp. The operator A (∂x) is defined
by A (∂x) =

∑n
j=1Aj∂xj

, where Aj are symetric matrices. The matrix L0 is skew-
symetric and F : Rp → Rp is a smooth map. We give an initial data for (18) which
is an oscillatory function:

V ε(t = 0,x) = V0(x)ei
kx

ε + c.c.,

where c.c. denotes the conjugate complex number. The system (17) enters the class
of systems (18).

Systems of the form (18) have been studied by J.L. Joly, G. Métivier and J.
Rauch (cf [11], [12], [13], for example). Applications to nonlinear optics can be
found in [9], [10] or [14].
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Following [11], we construct solutions of (18) thanks to profiles. We need some
notations.

First, we introduce the characteristic variety of the operator Lε (∂t, ∂x) = ∂t +
A (∂x) + 1

ε
L0. For k = (k1, · · · , kn) ∈ Rn and ω ∈ R, we denote by L (ω,k) =

−iω + i
∑n

j=1 kjAj + L0 and the characteristic variety is defined by

Char (Lε) = {(ω,k) ∈ R× Rn s.t. det (L (ω,k)) = 0} .

The relation det (L (ω,k)) = det
(
−iω + i

∑n
j=1 kjAj + L0

)
= 0 is called the dis-

persion relation. The set Char(Lε) is an algebraic variety. At a regular point of
Char(Lε), one can differentiate the function k 7→ ω (k) and its gradient ∇kω is
called the group velocity.

The solution V ε of (18) is then described by a profile Vε (τ,X, θ) as follows:

V ε (t,x) = Vε

(
εt,x−∇kωt,

(k,x)− ωt

ε

)
. (19)

Vε is supposed to be periodic with respect to θ.
Of course, (19) does not define Vε. If we inject Vε in (18), one gets:

(
ε∂τ −∇kω.∇X − ω

ε
∂θ

)
Vε (τ,X, θ) +A

(
∂X +

k

ε
∂θ

)
Vε (τ,X, θ) +

1

ε
L0Vε (τ,X, θ) = εF (Vε (τ,X, θ)) , (20)

for all τ = εt, X = x−∇kωt and θ = k.x−ωt
ε

.
In order to define precisely Vε, we actually impose that (20) is satisfied for all τ ,

X and θ. Hence we obtain the singular equation, which is given by:

(
ε∂τ −∇kω.∇X − ω

ε
∂θ

)
Vε (τ,X, θ)+

1

ε
(A (ε∂X + k∂θ) + L0)Vε (τ,X, θ) = εF (Vε (τ,X, θ)) , (21)

for all τ ∈ [0, T ], X ∈ Rn and θ ∈ [0, 2π], the initial datum being

Vε(0,X, θ) =
(
eiθV0(x) + c.c.

)
.

The following proposition is obvious:

Proposition 3.1 If Vε is a solution of (21) on (τ,X, θ) ∈ [0, T ]×Rn× [0, 2π], then
V ε(t,x) = Vε

(
εt,x−∇kωt,

k.x−ωt
ε

)
is a solution of (19) on (t,x) ∈ [0, T

ε
]× Rn.

Remark 3.1 The systematic use of equation (21) instead of (18) allows to work on
functions Vε (τ,X, θ) which are in Sobolev spaces Hs

X,θ (Rn × [0, 2π]) and are bounded

with respect to ε, which is not the case for V ε, whose initial data e
ik.x

ε V0(x) + cc is
not bounded independantly of ε.

Remark 3.2 General theorems give the existence of solutions of (21) on correct
time interval. In this paper, we will show how to use the singular equation (21) for
numerical purpose. One has for example:
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Theorem 3.1 Let s > n
2 +1 and V0 ∈ Hs (Rn). Then ∃ T > 0 and ∃! Vε (τ,X, θ) so-

lution of (21) in L∞τ
(
[0, T ]; Hs

X,θ (Rn × [0, 2π])
)

such that Vε(0, X, θ) = V0(X)eiθ +
c.c..

Moreover, ‖Vε‖L∞τ ([0,T ];Hs
X,θ

(Rn×[0,2π])) is bounded independantly of ε.

3.2 Application to the Maxwell-Bloch system

System (17) enters the class (18) and can be written as

∂tV
ε +Ax∂xV

ε +Ay∂yV
ε +

1

ε
L0V

ε + εF (V ε) = 0, (22)

where V ε = (bx, by, e, p, q),

A1 =




0 0 0 0 0
0 0 −1 0 0
0 −1 0 0 0
0 0 0 0 0
0 0 0 0 0



, A2 =




0 0 1 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0



,

L0 =




0 0 0 0 0
0 0 0 0 0
0 0 0 0 −√α
0 0 0 0 1
0 0

√
α −1 0




and F (V ε) = β




0
0
0
0

e
(
p2 + q2

)



.

The characteristic variety is given by

Char(L) =
{

(ω,k) ∈ R× R2, ω
(
ω4 − ω2 (1 + α) |k|2

(
1− ω2

))
= 0
}
. (23)

This variety is composed of five branches (cf Fig 1, k along the horizontal axis and
ω along the vertical axis). The origin is the only singular point of Char(L).

Remark 3.3 It is easy to show that, if (ω,k) belongs to Char(L) and if ω 6= 0,
then for all n 6= ±1, (nω, nk) does not belong to the variety (that is, L(nω, nk) is
invertible).

From now, one chooses (ω,k) = (ω, k, 0) ∈ Char(L) \ {ω = 0}. Hence, the profile is
given by

V ε(t, x, y) = Vε

(
εt, x− ω′(k)t, y,

kx− ωt

ε

)

= Vε(τ,X, Y, θ),

where ω′(k) = ∂1ω(k, 0).
The corresponding singular equation reads

(
ε∂τ − ω′(k)∂X − ω

ε
∂θ

)
Vε

+
1

ε
(Ax (k∂θ + ε∂X) +AY (ε∂Y ) + L0)Vε + εF (V ε) = 0, (24)
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Figure 1: Characteristic variety

with the following initial data:

Vε(0, X, Y, θ) = eiθV0(X) + cc. (25)

The application of Theorem 3.1 leads to

Corollary 3.1 For s > 2 and V0 ∈ Hs
(
R2
)
, there exist T > 0 independant of ε, and

a unique solution Vε (τ,X, Y, θ) of (24)-(25) such that ‖Vε‖L∞τ (0,T ;Hs
X,Y,θ)

is bounded

independantly of ε.

3.3 Formal expansion

We will now construct an approximate solution to (24). This will give an approxi-
mate solution to the Maxwell-Bloch system:





∂tbx = −∂ye,

∂tby = ∂xe,

∂te = −∂ybx + ∂xby +
√

α
ε
q,

∂tp = −1
ε
q,

∂tq = 1
ε
p−

√
α

ε
e+ εβe(p2 + q2),

(26)

as ε→ 0.
In order to make computations easier, we reduce (26) to a set of two wave

equations:

∂2
t e = ∂2

xe+ ∂2
ye−

√
α∂2

t p, (27)

∂2
t p = − 1

ε2
p+

√
α

ε2
e− βe

(
p2 + ε2 (∂tp)

2
)
. (28)

11



We write e and p in terms of profile:

e(t, x, y) = E

(
εt, x− vgt, y,

kx− ωt

ε

)
, (29)

p(t, x, y) = P

(
εt, x− vgt, y,

kx− ωt

ε

)
. (30)

The variables of the profile will be respectively denoted by τ , X, Y and θ and the
functions are periodic with respect to θ. We expand the profiles in Fourier series
with respect to θ, so that the derivatives with respect to t and x acts on the Fourier
coefficients of E and P (these ones being denoted by Ej and Pj , j ∈ Z) in the
following manner:

∂t →
(
− ijω

ε
Id + ε∂τ − vg∂X

)
,

∂2
t →

(
− ijω

ε
Id + ε∂τ − vg∂X

)2

,

∂2
x →

(
− ijk

ε
Id + ∂X

)2

.

Moreover, we expand E and P with respect to ε, so that, one can write:

E =
∑

n>n

εn


∑

j∈Z

eijθEn,j


 ,

P =
∑

n>n

εn


∑

j∈Z

eijθPn,j


 .

We plug the expression of E and P in (27)-(28) and we compute successively the
terms of order O

(
ε−2
)
, O
(
ε−1
)

and O
(
ε0
)
.

• At order O
(
ε−2
)
:

−ω2j2E0,j = −k2j2E0,j +
√
αω2j2P0,j , (31)

−ω2j2P0,j = −P0,j +
√
αE0,j . (32)

Let us note Dj(k, ω) the quantity

Dj(k, ω) = j2k2 − j2ω2

(
1 +

√
α

1− j2ω2

)
.

Then, it is easy to obtain from (31)-(32):

P0,j =

√
α

1− ω2j2
E0,j, (33)

Dj(k, ω)E0,j = 0.

– for j2 6= 1, Dj(k, ω) 6= 0 and therefore E0,j is equal to 0 for all θ, τ , X
and Y .

12



– for j2 = 1, we choose k and ω such that D−1(k,w) = D1(k,w) = 0. This
gives the relation dispersion, which is in our case

k2 = ω2

(
1 +

√
α

1− ω2

)
. (34)

• At order O
(
ε−1
)
:

−ω2j2E1,j + 2ijωc∂XE0,j = −k2j2E1,j + 2ijkc∂XE0,j −√
α
(
−ω2j2P1,j + 2ijωc∂XP0,j

)
(35)

−ω2j2P1,j + 2ijωc∂XP0,j = −P1,j +
√
αE1,j. (36)

From these two equations, we get

P1,j =
1

1− ω2j2

(√
αE1,j − 2ijωc∂XP0,j

)
, (37)

Dj(k, ω)E1,j = 2ij

(
k − ωvg −

αωvg

(1− ω2)2

)
∂XE0,j. (38)

– If j2 6= 1, as E0,j is equal to 0, then E1,j and P1,j are also equal to 0.

– Otherwise, for j2 = 1, the equation (38) is satisfied if the coefficient of
∂XE0,j is equal to 0. But equation (34) allows us to easily verify that the
group velocity vg = ω′(k) satisfies

k = ωvg

(
1 +

α

(1− ω2)2

)
. (39)

• At order O
(
ε0
)
, the non linear effects occur:

− ω2j2E2,j + 2ijωc∂XE1,j +
(
v2
g∂

2
X − 2ijω∂τ

)
E0,j =

− j2k2E2,j + 2ijk∂XE1,j +
(
∂2

X + ∂2
Y

)
E0,j

−
√
α
(
−ω2j2P2,j +

(
v2
g∂

2
X − 2ijω∂τ

)
P0,j + 2ijωc∂XP1,j

)
, (40)

− ω2j2P2,j + 2ijωc∂XP1,j +
(
v2
g∂

2
X − 2ijω∂τ

)
P0,j =

− P2,j +
√
αE2,j − βF0,j , (41)

where F0,j is the coefficient of eijθ in the nonlinearity. It is hence easy to
obtain the equations satisfied by P2,j and by E2,j (with (40), (41), (37) and
(33)):
(
1− ω2

)
P2,j =

√
αE2,j − 2ijωc∂XP1,j +

(
2ijω∂τ − v2

g∂
2
X

)
P0,j − βF0,j . (42)

Dj(k, ω)E2,j = 2ij

(
k − ωvg −

ωvgα

(1− ω2j2)2

)
∂XE1,j+

(
1− v2

g −
v2
gα

(1− ω2j2)2
−

4ω2j2v2
gα

(1− ω2j2)3

)
∂2

XE0,j + ∂2
YE0,j+

2ijω

(
1 +

α

(1− ω2j2)2

)
∂τE0,j −

ω2j2
√
α

1− ω2j2
βF0,j . (43)

13



If j2 = 1, then (33) and (39) imply that the right-hand side of (43) is equal
to 0, as well as the coefficient of ∂XE1,j . Hence, it only remains the terms
involving the partial derivatives of E0,j. The coefficient of ∂2

XE0,j contains
the dispersion of the group velocity (the second derivative of ω), as this one
satisfies the equation

k

vg
ω′′(k) = 1− v2

g −
v2
gα

(1− ω2)2
−

4ω2v2
gα

(1− ω2)3
. (44)

Finally, the envelop E0,1 satisfies the following nonlinear Schrödinger equation:

i∂τE0,1 +
1

2
w′′(k)∂2

XE0,1 +
vg

2k
∂2

YE0,1 =
ω2vgα

2k (1− ω2)
βF0,1. (45)

The nonlinearity F0,1 can be easily computed:

F0,1 =

(
3 + ω2

)
α

(1− ω2)2
|E0,1|2E0,1. (46)

We use (46) in (45) to obtain the nonlinear Schrödinger equation which is
satisfied by the envelop E = E0,1:

i∂τE +
1

2
w′′(k)∂2

XE +
vg

2k
∂2

Y E =
ω2
(
3 + ω2

)
vgα

3

2

2k (1− ω2)3
β |E|2 E . (47)

Let us fix now s > 1 and E0 ∈ Hs
(
R2
)
. There exists T0 > 0 such that there exists a

unique solution E (τ,X, Y ) of (47) such that E (0, X, Y ) = E0(X,Y ). Thanks to E ,
one constructs an approximate solution of (26) as follows:

Take E0,1 = E , Bx 0,1 = 0, By 0,1 = − k
ω
E , P0,1 =

√
α

1−ω2 E and Q0,1 = iω
√

α

1−ω2 E . We
construct an approximate solution

W (τ,X, Y, θ) = (Bx 0,1, By 0,1, E0,1, P0,1, Q0,1) e
iθ + c.c. (48)

To construct the initial condition, we choose E0 ∈ Hs and we consider V0(X,Y ) =(
0,− k

ω
, 1,

√
α

1−ω2 ,
iω
√

α

1−ω2

)
E0(X,Y ).

Theorem 3.2 Let s be large enough. There exist T1 > 0 and a unique Vε (τ,X, Y, θ) ∈
C
(
[0, T1]; H

s
(
R2 × [0, 2π]

))
solution of (24), and C > 0 such that

sup
τ∈[0,T1]

‖Vε −W‖Hs
X,θ

(R2×[0,2π]) 6 Cε.

Of course, this result can be expressed in terms of the original variables in L∞ norm:

Theorem 3.3 Let V ε be the solution of (22). Then,

sup[
0,

T1

ε

]
×R2

∣∣∣∣V ε(t, x, y) −W
(
εt, x− ω′(k)t, y,

kx− ωt

ε

)∣∣∣∣ 6 Cε.

Higher order expansions can be done and one can search for a solution V ε (τ,X, Y, θ)
under a serie

Vε (τ,X, Y, θ) =

p∑

n=0

εnWn (τ,X, Y, θ) +O
(
εp+1

)
. (49)

The functions (Wn)n>1 are then given in terms of W.
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4 Numerical schemes

In section 3, we have detailed the tools that we will use for the validation of our
numerical results. In particular, we will compare the solution of the Maxwell-Bloch
system (17) and its envelop (given by (47)). We will first briefly describe a classical
numerical scheme for the nonlinear Schrödinger (NLS) equation, then we will explain
the proposed scheme for the Maxwell-Bloch system.

We will suppose that all the functions are periodic in the space domain so that
we could use the discrete Fourier transform. Let u(X,Y ) be a function whose period
is (TX , TY ). The discretization points are:

Xk =
kTX

NX

, k ∈ {0, · · · , NX − 1},

Yl =
lTY

NY
, l ∈ {0, · · · , NY − 1},

where NX and NY are the number of points. Then the discrete Fourier transform
of u (denoted by û) is such that

u(Xk, Yl) =

NX
2
−1∑

k=−NX
2

NX
2
−1∑

l=−NX
2

û(k, l)e
2iπk
TX

X
e

2iπl
TY

Y
.

4.1 Numerical scheme for the NLS equation

In order to solve numerically the NLS equation, we use a classical splitting method
(cf [18] et [17]), which is of order 2 in time (cf [2]). Let

i∂τu = −λ∂2
Xu− µ∂2

Y + ν |u|2 u, (50)

be the NLS equation (λ, µ and ν are three real numbers, which will be given by (47)
for the numerical tests). We denote by exp (LNLS) (τ)u0 and exp (NLNLS) (τ)u0 the
solution of respectively {

∂τu = LNLSu,

u(τ = 0) = u0,

and {
∂τu = NLNLSu,

u(τ = 0) = u0,

at time τ , where

LNLSu = iλ∂2
Xu+ iµ∂2

Y u,

NLNLSu = −iν |u|2 u.

The splitting works as follows: knowing u(τ), we compute u(τ + ∆τ) in three steps:

• u1

(
τ + ∆τ

2

)
= exp (LNLS) (∆τ

2 )u(τ).

• u2(τ + ∆τ) = exp (NLNLS) (∆τ)u1

(
τ + ∆τ

2

)
.

• u (τ + ∆τ) = exp (LNLS) (∆τ
2 )u2(τ + ∆τ).
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The computation of the first and third steps are done with the help of the discrete
Fourier transform:

û1

(
τ +

∆τ

2

)
(k, l) = exp

(
−i∆τ

(
λ

(
2πk

TX

)2

+ µ

(
2πl

TY

)2
))

û(k, l).

The computation of the second one is easily done, since, if u is a solution to i∂τu =
ν |u|2 u on [τ ; τ + ∆τ ], then |u|2 (t) is constant. This equation can then be solved
exactly.

4.2 Numerical scheme for the Maxwell-Bloch equations

In order to construct a numerical solution to the Maxwell-Bloch system, we will
discretize the singular equation (21), as in [6]. Here we use a spectral method:
consider Vε (τ,X, Y, θ) the solution to

(
ε∂τ −∇ω.∇X − ω

ε
∂θ

)
Vε (τ,X, θ)+

1

ε
(A (ε∂X + k∂θ) + L0)Vε (τ,X, θ) = εF (Vε (τ,X, θ)) , (51)

with Vε (τ,X, Y, θ) =
∑

j∈Z
Vε

je
ijθ. The (infinite) system of equations satisfied by

Vε
j is

(
ε∂τ − ω′(k)∂X − ijω

ε
Id

)
Vε

j+

(
A1

(
∂X +

ijk

ε

)
+A2∂Y +

1

ε
L0

)
Vε

j = εPj (F (V ε)) , (52)

for j ∈ Z. The operator Pj is the orthogonal projector on the jth Fourier mode:

(Pjf) = 1
2π

∫ 2π

0 f (θ) e−ijθdθ.
We are lead to an infinite system of PDE’s that we will truncate. We now explain

how we integrate each of the equation included in (52). The eigenvalues of the linear
part of (52) are purely imaginary and can be of order ε−2. In order to explain our
scheme, let us consider the following example:

{
y′(t) + i

ε2 y(t) = f(t),
y(0) = 0.

In this equation, f is some source term. When ε tends to 0, the asymptotic solution
is of order ε2f . As usual, splitting on this equation gives a solution of size ∆tf after
the first time step, which is completely different from the size of the asymptotic
solution (unless ∆t 6 ε2, which is quite restrictive). We therefore adopt another
strategy in order to keep this order of magnitude. We use an exponential scheme
thanks to the Duhamel formula: if ∆t is the time step,

y (t+ ∆t) = e
i∆t

ε2 y(t) +

∫ ∆t

0
e

i

ε2
(∆t−s)

f(t+ s)ds.

We approximate f(t+ s) by f(t) and get:

y (t+ ∆t) = ei∆tε−2

y(t) +
ε2

i

(
ei∆tε−2 − 1

)
f(t).
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We apply the method to our system: by denoting by S(τ) the semi-group asso-
ciated to the linear part of (52) and Vn

j = Vj(n∆τ), (52) becomes

Vn+1
j = S(∆τ)Vn

j +

∫ ∆τ

0
S(∆τ − s)Pj(F (V(τ + s)))ds. (53)

We approximate F (V(τ + s)) by F (Vε(τ)) in order to have an explicit method:

Vn+1
j = S(∆τ)Vn

j +

(∫ ∆τ

0
S(∆τ − s)ds

)
Pj(F (Vn)). (54)

Now, the easiest way to compute S(∆τ) is to use a spectral method.

Linear part: spectral method If χ and η denote the Fourier dual variables of
respectively X and Y , we denote by

α1 =
2π

TX
χ+

jk

ε
, (55)

α2 =
2π

TY

η, (56)

γ = vg
2π

TX

χ+
jω

ε
. (57)

The action of the group S (∆τ) is then given by:

̂S(∆τ)u(χ, η) = exp

(
iα1A1 + iα2A2 +

1

ε
L0 + iγId

)
û(χ, η). (58)

We consider now a diagonal form of the matrix iα1A1 + iα2A2 + 1
ε
L0. We have to

deal with two cases:

• α1 = α2 = 0

In this case, 0 is an eigenvalue of order 3, the two other eigenvalues are
± i

ε

√
α+ 1.

• α1 6= 0 or α2 6= 0

In this case, 0 is simple, the four other eigenvalues are roots of

T 2
(
1 + α+ ε2T 2

)
+
(
α2

1 + α2
2

) (
1 + ε2T 2

)
= 0

and, of course, are purely imaginary numbers.

The effective computation of S (∆τ) is done by using the discrete Fourier transform.

Nonlinearity The nonlinear part Pj (F (W (τ))) is computed explicitely, with the
help of (52).

We can remark that the number of harmonics that we take into account in (54)
is penalizing in computation time. But

• the coefficients of the equation (26) being real numbers, W−j = Wj. Thus we
compute (54) only for positive integers j,
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• the nonlinearity being of order 3, all even harmonics are equal to zero (cf
section 3): at τ = 0, the signal is monochromatic),

• it is useless to compute too much harmonics: the asymptotic expansion in
Section 3 shows that the third harmonic is of order ε2, which is very small
even if ε is not so small.

5 Numerical results in the one dimensional case

We present in this section the numerical results obtained for the Maxwell-Bloch
equations (cf 4.2) and for the NLS equation (cf 4.1) in one space dimension. We
restrict ourself to the case where the only harmonics that are considered are

(
eijθ
)
,

j 6 3. Following the remark done at the end of Section 4, that means that one has
to consider only j = 1 and j = 3.

In the one dimensional case, the numerical scheme for the Maxwell-Bloch equa-
tion becomes:

Vn+1
j = S(∆τ)Vn

j + ε

(∫ ∆τ

0
S(∆τ − s)ds

)
Pj(F (V(τ))), (59)

for j = 1, 3, with

̂S(∆τ)Vn
j (χ) = exp

(
iα1A1

1

ε
L0 + iγId

)
V̂n

j (χ),

and α1 and γ given by (55) et (57). The nonlinearity Pj(F (V(τ))) is computed as
explained in section 4.2.

The NLS equation reads

i∂τu = −1

2
ω′′(k)∂2

Xu+
ω2
(
3 + ω2

)
vgα

3

2

2k (1− ω2)3
β |u|2 u (60)

(cf 4.1). The group velocity and ω′′(k) are respectively given by (39) and (44).
The physical parameters α and β which appear in S(∆τ) are of order 1. In this

section, for the sake of simplicity, they will be taken equal to 1.
The initial datum (at τ = 0) is

V0
1 (0, X) = e−46X2

for X ∈ [0, 1]

V0
3 (0, X) = 0,

and we compute the solutions for τ ∈ [0, 1].

5.1 Numerical convergence with respect to the number of modes

for space discretization

Recall that the component e of the electric field solution to (26) is given in term of
a profile Eε thanks to (27). This profile Eε (τ,X, Y, θ) can be expanded in Fourier
series Eε (τ,X, Y, θ) =

∑
j∈Z

Eε
j (τ,X, Y ) eijθ. Our numerical method consists pre-

cisely in computing an approximation of Eε
j (τ,X, Y ) for j = 1 and 3.
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Now, if u is a solution to the NLS equation, Theorem 3.2 precisely states that

sup
τ∈[0,T1]

‖Eε
1(τ,X, Y )− u(τ,X, Y )‖Hs

X,θ
(R2×[0,2π]) 6 Cε.

In order to validate our method in 1D, we will compare the numerical results for
Eε and u. For the numerical tests of the numerical convergence, ε = ∆τ = 1E-3.
We take successively 64, 128, 256 and 1024 modes for the space discretization. The
influence of the number of points is very low.

In Figure 2, we have plotted the real part of Eε
1 at time τ = 0.5 for 64 Fourier

modes. We have computed the successive relative errors between the solutions with
64 and 128 modes, then between 128 and 256, then between 256 and 1024 in L2

norm. The results are summarized in the following table:

Compared NX 64-128 128-256 256-1024

Relative error 4.23E-7 1.25E-7 4.97E-8

Figure 3 shows the evolution for τ ∈ [0, 1] of the L∞ norm of the real part of the
first harmonic E1 for 64 Fourier modes.
We have performed the same kind of tests with the Schrödinger equation. We have
computed the successive relative errors between the solutions with 64 and 128 modes,
then between 128 and 256, then between 256 and 1024 in L2 norm. The results are
summarized in the following table:

Compared NX 64-128 128-256 256-1024

Relative error 3.3E-7 1.2E-7 4.5E-8

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Figure 2: Real part of the first harmonic of the electric field e of the Maxwell-Bloch
system (26), at τ = 0.5, for NX = 64 Fourier modes

A few points are therefore sufficient to achieve a good accuracy.
The computations have been performed on a processor Sun Fire 4800 1 Ghz. The

computation time, with respect to the number of points is given by the following
table:

NX 64 128 256 1024

Time 5s 10s 22s 1mn 39s
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Figure 3: Evolution of the L∞ norm of the real part of the first harmonic of the
electric field e solution to the Maxwell-Bloch system (26), with respect to time, for
NX = 64 Fourier modes

5.2 Numerical convergence with respect to the time step

In this section, we fix NX = 128 and ε = 1E − 3. We compute successively the real
part of the electric field e at time τ = 0.5 for different time steps : ∆t=1E-1, 1E-2,
1E-3 and 1E-4. The relative errors between the solutions with ∆t=1E-1 and 1E-2,
between the solutions with ∆t=1E-2 and 1E-3, between the solutions with ∆t=1E-3
and 1E-4, in L2 norm are:

Compared ∆t 1E-1/1E-2 1E-2/1E-3 1E-3/1E-4

Relative error 0.045 0.007 0.0009

The scheme is certainly not of order 2.

5.3 Influence of the time step for MB, with respect to NLS

The scheme that solves the Maxwell-Bloch equations computes explicitly the semi-
group S(∆τ) (cf (58)). When an eigenvalue of iα1A1 + 1

ε
L0 + iγId is very small, the

integral ∫ ∆τ

0
eλ(∆τ−s)ds =

1

λ

(
eλ(∆τ) − 1

)

is of order ∆τ .
As this case occurs, if ∆τ is not of order ε, the numerical error will be larger

than ε and the relative error between the solution to the Maxwell-Bloch system and
the one given by the NLS equation could be larger than ε.

On the contrary, as soon as the time step becomes sufficiently small, (∆τ 6 ε),
the numerical relative error respects those of the theory. Hence, it is useless to choose
∆τ less than ε in order to increase the precision. Figures 4, 5 and 6 for NX=128 and
ε =1E-1, 1E-2 nd 1E-3 respectively, show the relative error (plotted with respect to
time τ ∈ [0, 1]) between the real part of the solution to the NLS equation and the
real part of the first harmonic E1 of the electric field of the Maxwell-Bloch system.
According to (49), this error should be of order ε, if ∆τ 6 ε.

For ε =1E-1, as ∆τ 6 ε for all chosen ∆τ , the relative error is of order ε. When
we decrease ε to 1E-2, we find again the behavior described above, as we can see on
Figures 5 (a), (b) and (c). On Figure (a), we see that the error is of order 0.1, which
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Figure 4: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Numerical convergence in terms of the time step.
NX = 128, with ε = 1E-1

is the value of ∆τ > ε. On Figures (b) and (c), as ∆τ 6 ε, the error decreases and
stays to ε. And if we set ε =1E-3, we can see the results on Figures 6 (a), (b), (c)
and (d). On Figure (d), we have chosen a very small value of ∆τ (∆τ = 1E − 5),
and the error stays of course at level ε. Hence we can chose an optimal time step
for our scheme, which is ∆τ = ε.

The computation time, with respect to the time step is given by the following
table (NX =128 and ε = 1E-3):

∆τ 1E-1 1E-2 1E-3 1E-4

Time 1s 1s 10s 1mn 44s

5.4 Comparison with NLS: validation of the asymptotic behavior

We fix again NX=128 and ∆τ = ε and we compare the Maxwell-Bloch solution
with the NLS solution. Theorem 3.2 shows that the error between these solutions
has an order of magnitude of ε. Figures 7 (a), (b) and (c) show the relative error
for (respectively) ε=1E-3, 1E-4 and 1E-5. The error is of order ε for each of these
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Figure 5: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Numerical convergence in terms of the time step.
NX = 128, with ε = 1E-2

cases. If we decrease the number of points (NX = 64), the same behavior occurs, as
we can see in Figures 8 (a), (b) and (c).

5.5 Polarization and third harmonic

In the previous section, we have compared the real part of the first harmonic with
the solution to the NLS equation. Now we come back to the solution of the Maxwell-
Bloch system (26).

Now we remark that the approximate solution for the first harmonic, given by

(48) is parallel to the constant vector
(
0,− k

ω
, 1,

√
α

1−ω2 ,
iω
√

α

1−ω2

)
, which is called the

polarization vector. If Π(k) denotes the orthogonal projector onto the vector-space
spanned by this vector, the convergence result 3.2 implies that (Id −Π(k))E1 is of
order ε.

Concerning the third harmonic, Theorem 3.2 implies that E3 is of order ε2. The
aim of this section is to check numerically these two orders of magnitude.

Figure 9 shows the relative error between E1 and the polarization of E1, Π(k)E1,
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Figure 6: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Numerical convergence in terms of the time step.
NX = 128, with ε = 1E-3

that is τ 7→ |(Id−Π(k))E1|∞
|E1|∞

, for τ ∈ [0, 1], with ε = ∆τ =1E-3 and NX=128.

Decreasing the number of points does not change the order of magnitude of this
error, as we can see in Figures 10 (a) and (b) (NX=64).

Figure 11 (a) and (b) show the L∞ norm of the third harmonic, for NX = 128
and (respectively) ∆τ = ε = 1E-3 and 1E-4.

If we decrease the number of points to 64, the order of magnitude is always of
order ε (see Figures 12 (a) and (b)).

6 Numerical results in the two dimensional case

We present now the two dimensional case. The numerical schemes are those given
by (54) for the Maxwell-Bloch equations, and in section 4.1 for the NLS equation.
As in the one dimension case, α and β are taken equal to 1.
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Figure 7: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Convergence for several values of ε. NX = 128 and
∆τ = ε

The functions are periodic and the initial data is

W0
1 (0, X, Y ) = e−46(X2+Y 2) for X,Y ∈ [0, 1]

W0
3 (0, X, Y ) = 0.

The tests are done for τ ∈ [0, 1]. The number of points in the X and Y directions
are the same : NX = NY .

6.1 Numerical convergence with respect to the number of modes

for space discretization

The results are the same as in the one dimensional case: no difference is noticed
when we choose a number of points equal to 32, 64, 128, 256 or 512. The figures
presented are a section at Y = 0.5 for 64. The figure 13 shows a section of the real
part of the first harmonic of the component of the electric field at τ = 0.5.

The figure 14 shows the same section of the solution of the NLS equation, at
τ = 0.5, for 64 Fourier modes. Finally, the evolution of the L∞ norm of the solution
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Figure 8: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Convergence for several values of ε. NX = 64 and
∆τ = ε

of the Maxwell-Bloch system is shown in figure 15 for NX =64.
We have computed the successive relative errors between the solutions with 64

and 128 modes (in each direction), then between 128 and 256, then between 256 and
1024 in L2 norm. The results are summarized in the following table:

Compared NX = NY 32-64 64-128 128-256 128-512

Relative error 1.59E-6 6.34E-7 2.15E-7 7.67E-8

The computations have been performed on a processor Sun Fire 4800 1 Ghz. The
computation time, with respect to the number of points, is given by the following
table:

NX = NY 32 64 128 256

Time 36s 2mn 47s 20mn 8s 3h 11mn

6.2 Numerical convergence with respect to the time step

In this section, we fix NX = 128 and ε = 1E − 3. We compute successively the real
part of the electric field e at time τ = 0.5 for different time steps : ∆t=1E-1, 1E-2,
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Figure 9: Relative error between the polarized solution and the solution (i.e.
|(Id−Π(k))E1|∞

|E1|∞
) with respect to τ ∈ [0, 1]), with NX = 128
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Figure 10: Relative error between the polarized solution and the solution (i.e.
|(Id−Π(k))E1|∞

|E1|∞
) with respect to τ ∈ [0, 1]), with NX = 64

1E-3 and 1E-4. The relative error of these solutions is given by the following table:

Compared ∆t 1E-1/1E-2 1E-2/1E-3 1E-3/1E-4

Relative error 0.03 0.0048 0.0005

6.3 Influence of the time step for MB, with respect to NLS

The same phenomenons as in the one dimensional case appear:

• When ∆τ is larger than ε, the relative error between the solution of Maxwell-
Bloch and of NLS is larger than ε. Hence, the scheme does not respect the
theoretical expansion (49).

• When ∆τ is smaller than ε, the order of magnitude of the relative error between
the solution of Maxwell-Bloch and of NLS is of ε. Thus, it is again useless to
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Figure 11: L∞ norm of the third harmonic of the solution to the Maxwell-Bloch
system with respect to time, with NX = 128
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Figure 12: L∞ norm of the third harmonic of the solution to the Maxwell-Bloch
system with respect to time, with NX = 64

choose too small time steps and the scheme allows us to choose an optimal
time step, which is equal to ε.

Figures 16 (a), (b) and (c) show a comparison of the relative error for different time
steps, for NX = NY = 128 and ε =1E-1. On Figure (a), the time step is less than
ε, and the error is greater than ε, and is of order ∆τ . And on Figures (b) and (c),
when ∆τ 6 ε, the error is of order ε. When we decrease ε to 1E-2, we find again the
behavior described above, as we can see on Figures 17 (a), (b) and (c). And if we
set ε =1E-3, we can see the results on Figures 18 (a), (b), (c) and (d). On Figure
(d), we have chosen a very small value of ∆τ (∆τ = 1E − 5), and the error stays of
size ε.

27



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
−0.08

−0.04

0

0.04

0.08

0.12

0.16

0.20

0.24

0.28

Figure 13: Real part of the first harmonic of the electric field e of the 2D Maxwell-
Bloch system (26), at τ = 0.5, for NX = NY = 64 Fourier modes. Section at
Y = 0.5
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Figure 14: Real part of the solution of the NLS equation (50), at τ = 0.5, for
NX = NY = 64 Fourier modes. Section at Y = 0.5
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Figure 15: Evolution of the L∞ norm of the real part of the first harmonic of the
electric field e solution to the 2D Maxwell-Bloch system (26), with respect to time,
forNX = NY = 64 of Fourier modes
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Figure 16: Relative error with respect to time in L∞ norm between the real part
of the first harmonic of the electric field given by the Maxwell-Bloch system and
the solution to the NLS equation. Numerical convergence in terms of the time step.
NX = NY = 128, with ε = 1E-1

The computation time, with respect to the time step is given by the following
table (NX = NY =128 and ε = 1E-3):

∆τ 1E-1 1E-2 1E-3 1E-4

Time 25s 2mn 17s 20mn 8s 3h 27mn

6.4 Comparison with NLS: validation of the asymptotic behavior

We fix again NX = NY = 128 and ∆τ = ε for those tests. The relative error of
the L2 norm between Maxwell-Bloch and NLS is of order ε. The figures show this
for ε=1E-3, and the figures 19(a), (b) and (c) show this fact for ε=1E-3, 1E-4 and
1E-5. The same relative error appears for NX = 64, as shown in Figure 20.

6.5 Polarization and third harmonic

As in the one dimensional case, the relative error between the polarization of the
exact solution and the leading term of the expansion is of order ε. Figures 21 (a) and
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Figure 17: Relative error with respect to time in L∞ norm between the real part
of the first harmonic of the electric field given by the Maxwell-Bloch system and
the solution to the NLS equation. Numerical convergence in terms of the time step.
NX = NY = 128, with ε = 1E-2

(b) confirm this fact for NX = NY =128 and ∆τ = ε = 1E-3 and 1E-4. The scheme
preserves this precision if we decrease the number of points to 64 (see Figures 22
(a) and (b)). The third harmonic has also a preserved order of magnitude of ε2.
The Figures 23(a) and (b) show this fact for NX = NY =128 and ∆τ = ε = 1E-3
and 1E-4. Decreasing the number of points does not decrease the precision of the
scheme, as shown in Figures 24(a) and (b).

7 Limit cases

In some cases, one suspects that the WKB expansion is not valid anymore. This
occurs if ε is too large or if the H1 norm of the initial datum is too large. Indeed,
the error between the exact solution and the leading term of the profile is governed
by a constant which depends on the norm of the initial data. This could arise for
example in 2 cases:

• when the initial datum is stiff (that is if the amplitude is of order 1 but the
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Figure 18: Relative error with respect to time in L∞ norm between the real part
of the first harmonic of the electric field given by the Maxwell-Bloch system and
the solution to the NLS equation. Numerical convergence in terms of the time step.
NX = NY = 128, with ε = 1E-3

L2-norm of the gradient is large,

• when the initial datum has a large amplitude.

Large ε When ε is large, even if NX is large and ∆t is small, the solution of the
Maxwell-Bloch equations is not well approximated by the solution of NLS, and the
relative error of the real part of the electric field does not match the solution of
NLS. Indeed, the evolution of this relative error is of order 1E-1 (see Figure 25(a)).
Figures 25 (b) and (c) represent respectively the evolution of the real part of the first
harmonic of the electric field given by the Maxwell-Bloch system and the evolution of
the solution to the NLS equation, with NX = 128, ∆τ =1E-3 and ε =1E-1. Figures
26 and 27 show respectively the solution of the Maxwell-Bloch equation and the one
of the NLS equation, at τ = 0.5, in the case ε = 0.1. We see the differences between
these two solutions. The maximum and minimum of the Maxwell-Bloch solution is
higher than those of the NLS solution. Also differences of gradient appear in the
middle of the figures and in the corners.
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Figure 19: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Convergence for several values of ε. NX = 128 and
∆τ = ε

Stiff initial datum As initial data, we choose

W0
1 (0, X, Y ) = e−92(X2+Y 2) for (X,Y ) ∈ [0, 1]2

W0
3 (0, X, Y ) = 0,

that is, an initial datum which is thiner than the one used in Section 6. Figure 28
shows the relative error of the real part of the first harmonic of the electric field
given by the Maxwell-Bloch system and the solution to the NLS equation. We note
that the relative error is of order 20ε at τ = 1, whereas it was only of order ε with
the initial datum taken in Section 6 (see Figure 19).

Initial datum with large amplitude We choose an initial datum with a larger
amplitude than the one used in Section 6:

W0
1 (0, X, Y ) = 5e−92(X2+Y 2) for (X,Y ) ∈ [0, 1]

W0
3 (0, X, Y ) = 0.
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Figure 20: Relative error with respect to time in L∞ norm between the real part of
the first harmonic of the electric field given by the Maxwell-Bloch system and the
solution to the NLS equation. Convergence for several values of ε. NX = 64 and
∆τ = ε

We note again a relative error of the real part of the first harmonic of the electric
field given by the Maxwell-Bloch system and the solution to the NLS equation which
is of order 60ε at τ = 1, as shown in Figure 29. In addition, we also note that this
relative error increases more when the H1 norm of the Maxwell-Bloch solution is
large. Indeed, figure 29 shows the evolution of the third component of the Maxwell-
Bloch equations. At τ = 0, τ = 0.41 and τ = 0.82, when the electric field is
maximum, the relative error increases much more (cf figure 30).

These results show that the use of the nonlinear Schrödinger equation as an
approximation of the electric field of the Maxwell-Bloch equation could be non well
adapted. Hence the computation of the solutions of the Maxwell-Bloch equations is
a necessary task.

8 Conclusion

In this paper, we have presented a Maxwell-Bloch system which modelizes the non-
linear interaction between a laser and a nonlinear medium. A numerical scheme

33



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

1e−3

2e−3

3e−3

4e−3

5e−3

6e−3

(a) ∆τ = ε = 1E-3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

1e−4

2e−4

3e−4

4e−4

5e−4

6e−4

7e−4

(b) ∆τ = ε = 1E-4

Figure 21: Relative error between the polarized solution and the solution (i.e.
|(Id−Π(k))E1|∞

|E1|∞
) with respect to τ ∈ [0, 1]), with NX = 128
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Figure 22: Relative error between the polarized solution and the solution (i.e.
|(Id−Π(k))E1|∞

|E1|∞
) with respect to τ ∈ [0, 1]), with NX = 64

which solves this system has been developed by using some recent results of geo-
metrical optics. This method allows us to decouple the fast oscillating part of the
solution from its envelop which varies slowly. Thus, the number of points used in the
mesh decreased in an important manner (the cube of the difference of scale between
the oscillations and the velocity of the envelop) compared to a usual finite difference
method like the Yee scheme. In addition, the relative error between the solution
of the Maxwell-Bloch equation and the one of the nonlinear Schrödinger equation
(usually used when one make the paraxial approximation) is consistent with what
is obtained theoretically.

Nevertheless, in some nonlinear regime, the error mentioned above is larger than
the expected one and the approximation of the Maxwell-Bloch equation by the
nonlinear Schrödinger equation is not valid anymore. This phenomenon occurs when
the order of magnitude of the scales are not so different (large ε), or when the initial

34



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

4e−7

8e−7

12e−7

16e−7

20e−7

24e−7

(a) ∆τ = ε = 1E-3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0

4e−9

8e−9

12e−9

16e−9

20e−9

24e−9

(b) ∆τ = ε = 1E-4

Figure 23: L∞ norm of the third harmonic of the solution to the Maxwell-Bloch
system with respect to time, with NX = 128
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Figure 24: L∞ norm of the third harmonic of the solution to the Maxwell-Bloch
system with respect to time, with NX = 64

data has a too large amplitude (or more generally, when its H1 norm is large). This
fact shows the importance of the computation of the solution of the Maxwell-Bloch
equation in its globality.
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