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1 Introduction

Let (M, g) be a non-compact Riemannian Manifold of dimension n. Here g denotes the
Riemannian metric that gives a smooth inner product g, on each tangent space T, M. It
induces a smooth inner product on cotangent spaces 7y M which we denote by <, >, and
the Riemannian measure dz. We note |.|, =< .,. >1/? the associated norm on the cotagent
space. We also use |.|, to denote to induced norm on any alternating power of the cotangent

bundle. Let LP = LP(M,A'T*M) with norm [|lwl|, = [}, lw(z \pdx} For p = 2, we have
the scalar product on L?(M, A'T*M) which we denote by (a, fM < a,f >, dz. Let

A be the non-negative Laplace-Beltrami on functions, A be the Hodge de Rham Laplacian
on l-differential forms. It is defined by A = dd* 4+ d*d where d is the exterior derivative
and d* its adjoint for the L? scalar product. Let A = V*V be the rough Laplacian on
forms, where V is the Levi-Civita connection. A link can be done between the previous
two operators via the Ricci curvature. Indeed, let R be the Ricci tensor on 1-forms, then
the Bochner formula says

Kw = Aw + Ruw.

The present work is devoted to the study of LP boundedness of the Littlewood-Paley
Stein functions associated with the Hodge-de Rham Laplacian on 1-forms as well as
Schrodinger operators on functions. We also study the L? boundedness of the Riesz trans-
form R = dA~'/2. In contrast to previous works on Riesz transforms we do not assume
the doubling volume property or a Gaussian estimate for the heat kernel.

The vertical Littlewood-Paley-Stein function for the Laplace-Beltrami operator on func-
tions was introduced by Stein and is defined by

G = | [ 1S P "

The horizontal one is defined by

g(f)(z) := Uooolgt VA f(g )|2tdtr/2.

The functionals G and g are always, up to a multiplicative constant, isometries of
L?*(M). An interesting question is to find the range of p such that g and G extend to
bounded operators on LP(M). In [2I], Stein proved that they are bounded on L? in
the euclidean setting for all p € (1,00) and of weak type (1,1). In [22], he proved the
boundedness of G for 1 < p < oo in the case where M is a compact Lie group and for
p € (1,2] without any assumption on the manifold. He also proved the boundedness of
g for a general Markov semigroup. The boundedness of the horizontal Littlewood-Paley-
Stein function is related to the existence of H* functional calculus for the generator of
the semigroup (see Cowling et al. [9] or Stein [22]). Coulhon, Duong and Li proved in [§]
that if the heat kernel admits a Gaussian upper estimate and the manifold satisfies the



volume doubling property, then G is of weak type (1,1). In [12], Lohoué treated the case
of Cartan-Hadamard manifolds. In [I5], [16] Paul-André Meyer studied these functionals
with probabilistic methods.

The boundedness of G is linked with the boundedness of the Riesz transform R =
dA~1/2. Riesz transform always extends to a bounded operator from L?(M) to L*(M, A*T* M)
and it is a major question in harmonic analysis to find the range of p for which it extends
to a bounded operator on LP. It is the case for p € (1,2) under the assumptions of volume
doubling property and Gaussian upper estimate [6]. For p > 2 the situation is compli-
cate. The Riesz transform is bounded on L for all p € (1,00) if the Ricci curvature is
non-negative by a well known result by Bakry [2]. A counter example for large p is given
in [6] for a manifold satisfying the volume doubling property and the Gaussian bound.
We refer to Carron-Coulhon-Hassell [4] for precise results on such manifolds. A sufficient
condition for the boundedness of the Riesz transform in terms of the negative part of the
Ricci curvature is given by Chen-Magniez-Ouhabaz [5].

For manifolds either without the volume doubling property or the Gaussian bound little
is known. It is an open problem wether the Riesz transform is always bounded on L? for
p€(1,2).

In this article, we study the boundedness of the vertical Littlewood-Paley-Stein func-
tions associated with the Hodge-de Rham operator defined as follows

G (w)(2) = | | e tdt)] "

Note that de’tﬁw is a differential 2-form and |de’t\/§w|x is defined as before. We
also define the functional

00 1/2
Hz(w)(x) := {/0 |Ve_tzw|i+ < (R*+ R_)e_txw, e 1By >, dt}

where RT and R~ respectively are the positive and negative part of the Ricci curvature.
One can also define the horizontal functions for these operators by

J(w)(z) = [/OOO ‘%e‘tﬁw itdt] " .

Our main contribution is the L” boundedness of the vertical functional Hz associated
with the Hodge Laplacian. We work outside the usual setting, that is without assuming
the manifold has the volume doubling property, or its heat kernel satisfies a Gaussian
estimate. Instead, we rely on two other hypothesis : a maximal inequality for the semigroup
and subcriticality of the negative part of the Ricci curvature. Under these properties we
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prove the boundedness of all the previous vertical Littlewood-Paley-Stein functions. More
precisely

Theorem 1. Suppose that the negative part R~ of the Ricci curvature is subcritical with
rate a € (0,1) that is, for allw € D(A)

(R w,w)r2 < (A + RMw,w)e. (1)

t

o
Let py = #ﬁ Given p € (p1,2] and assume that e *2 satisfies the mazimal inequality

.
Isup e wlell, < Cllwlly- (2)

Then Hz, G%, G% and Gz are bounded on LP. They are also bounded on L% for all
q € [p2]

Note that we can write Theorem 1 restricted to exact 1-forms assuming only on
these forms.
As a consequence we obtain the following result on the Riesz transform.

Theorem 2. Suppose that the negative part of the Ricci curvature R~ satisfies for
_)
some a € (0,1) and let p; = #ﬁ Given p in (p1,2] and suppose that e='2 satisfies the

maximal inequality . Then the Riesz transform is bounded on L¥ where % + z% =11t
is also bounded on L% for all q € [2,p').

Magniez, in [13], proved the boundedness of R on LP for p in a slightly bigger interval
by assuming the doubling property and the Gaussian upper estimate for the heat kernel.
As mentioned above, we do not assume any of these two properties. Instead we assume the
maximal inequality . Note that if the heat semigroup on functions satisfies the so-called
gradient estimate

|de ™2 |, < Me %2 |df|, (3)

with some postive constants M and ¢ then is satisfied on exact forms. Indeed, in

this case, ]e‘fzdf\x = |de 2 f|, < Me *A|df|, < M sup,.e°?|df|, where the right
hand side term is bounded on LP for p € (1,00) because e *2 is submarkovian (see [22], p
73). If in addition one has LP-decomposition on forms w = df + d*f with |jw||, =~ ||df||,
then implies . The latter decomposition is not true on all non-compact Riemannian

manifolds. See [7]| for a discussion on this property. If R > 0 then obviously and

are satisfied since |e*"zw|$ < e"|w|, as a consequence of the Béchner formula (T]).

Although or should not imply imply the volume doubling property or the Gaus-
sian estimate for the heat kernel, it is difficult to find an explicit manifold satisfying these
assumptions but not the doubling volume property. We shall answer this question in a
forthcoming project. Establising the maximal inequality is a difficult and interesting
question, in contrast to the scalar case where we can deduce the maximal inequality from
the subcriticality. In the follwing, we make some remarks about a possible approach (and
some problems we may encounter) to build manifolds satisfying both and but with
non-polynomial volume growth. Before, we have to state some results about functionals
associated with Schrodinger operators.



We study the boundedness of the Littlewood-Paley-Stein function associated with the
Schrodinger operators L = A + V', namely

(9] 1/2
| (e g i ) tdt] ,

0

G(f)w) = |
1/2

()@ = [ [ e g I ) o

We use the classical notation V' and V'~ for the positive and negative parts of V. We take
VT e L} (M). The Schrodinger operator L is defined by the quadratic form techniques.

Theorem 3. Let L = A+ V be a Schrodinger operator such that the negative part V= is
subcritical with rate o € (0,1) in the sense

/ Vo fde < a / (VI +IVfP)dz, Vf € D(L). @
M

M

2

Then Hjy and Gy, are bounded on LP(M) for all p € (p1,2] where p; = et

The result was known for non-negative V' (see Ouhabaz [19]). In this case « = 0 and
then H; and G, are bounded on LP for p € (1,2]. The Hardy inequality on Riemannian
manifolds (see [3]) give us examples of manifolds and negative potentials to which we can
apply Theorem . Let p(z) be a weight function such that |Vp|, =1 and Ap > % for some

positive constant C' > 0. Then for all f € C>®(M\p~1{0}),

[ stz (C78) [ i@itow )

In the particular case of Cartan-Hadamard manifolds of dimension n (that is to say com-
plete and simply—connected manifolds with non-positive sectional curvature everywhere),
one can choose p(x) = d(xx w0 where zg is a fixed point in M. This includes the examples

of R™ and the hyperbolic space H". On these manifolds, (b)) becomes

[V f[*dz > |f (x (6)
/M / d(x 900)

Therefore, for n > 2, set V7~ := m for some k > 0. Let L = A — V'~ be a Schrodinger
operator. The inequality @ gives

2
/ V‘|f(x)|2dx§n(%) | wita.

For  small enough or n large enough, a(n, k) = r (=25 ) (0,1). Then Theorem I gives
us an explicit range of p such that Hy, is bounded on L? (M ).
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We expect this method to give us explicit examples of manifold where we obtain the
boundedness of Hz from Theorem . We may consider manifolds with negative Ricci
curvature decreasing in m. Indeed, a link can be made between the assumptions of

Theorem |1l and Theorem Let V(z) be the biggest eigenvalue of R~, that is

V(x)=  sup < R v,v>,.
vETF M, |v|s=1

If the Schrodinger operator £ = A — V satisfies , then e‘tX satisfies the two assump-
tions of Theorem and Theorem . The maximal inequality comes from the domination
le7tAw], < e7AV)|w|, and the maximal inequality satisfied by e #2~Y). The subcritical-
ity (1)) comes from () for f = |w| and the pointwise inequality |V|wl|,|* < |Vw|?. Note
that the inequality R, > d(%;o)?% implies the doubling volume property if in addition
the manifold satisfies the so-called volume comparison condition (see [10], Prop 4.7). The
volume comparison condition is the existence of C' > 0 such that for all z € M,

Vol(xg,d(x,z0)) < CVol (x, M) ,

where Vol(z,r) is the volume of the geodesic ball of center = and radius r.

The paper is organized as follows. In Section [2], we recall links between Riesz transform
and Littlewood-Paley-Stein functions. In section |3| we prove Theorems [Ijand 2| In Section
, using the same techniques, we give a short proof of a result by Bakry in [2] saying that
the modified Riesz transform d(A 4 €)~'/? is bounded for p > 2 if we suppose the Ricci
curvature is bounded from below. In section [5 using the same techniques again, we study
the boundedess of the horizontal LPS function associated with A. In section |6| we prove
Theorem [3| In section [7] we assume the doubling property and the Gaussian estimate for
the heat kernel to give a criterion on V' to obtain the boundedness of Hy, in the case p > 2.

Notations: Let p > 1. During all the paper, we denote by L? either the spaces LP(M)
and LP(M,A'T*M) when the context is clear. We sometimes denote by LP(A'T*M) the
space LP(M, A*T*M). We denote by p’ the conjugate exponent of p defined by % + 1% = 1.
We denote by C°(M) the space of smooth compactly supported functions on M. We often
use C' and C’ for possibly different positive constants.

2 The Littlewood-Paley-Stein fuctions and the Riesz Trans-
form
The aim of this section is to recall the links between Littlewood-Paley-Stein functions,

Riesz transforms and other estimates. We show a duality argument which shows why the
function Gi is useful to study the Riesz transform.

First, we have the following theorem which is taken from [7].

Theorem 4. Letp € (1,00). IfG is bounded on LP(M) and g is bounded from L¥ (AYT*M)
to LP (M), then the Riesz transform extends to a bounded operator from LP(M) to LP(AYT*M).
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The subordination formula for positive and self-adjoint operators

et o [Tt @

gives the following pointwise domination (see e.g. []]).

Proposition 5. For all f € C*(M), for all w € C*(AYT*M), for all x € M,

{ G(f)(x) < CH(f)(x)
Gz(w)(@) < C'HY (w)(x) < C'Hz (w)(@)

where C' and C" are positive constants and H and Hg) are defined by

nip = [ [ e ]
B = [ [ veSopa)

In order to study the boundedness of the Riesz transform R = dA~'/? on L?, we argue
by duality. It is sufficent to prove the boundedness of the adjoint R* = A~Y2d* on L¥
to obtain the bougiedness of the Riesz transform L on LP. By the classical commutation
property, R* = d* A~'/2. Therefore we consider d* A~/2 on L¥".

In the next result, we have a version of Theorem I in which we appeal to G_> instead

of ¢ and G.

Theorem 6. Let p € (1,00). If G is bounded from LP(A'T*M) to LP (M), then the

Riesz transform extends to a bounded operator on LP (with values in LP(A'T*M)).

——1/2 / /
Proof. We show that d*A / is bounded from LF (A'T*M) to LP (M). The proof is
the same as for Theorem We write the argument for the sake of completeness. Let
w € LY (A'T*M). We have by duality

%
ld* A 2wl = sup
912 (M), gl =1

/Md*z_l/Qw(:p)g(a:)dx :

By the reproducing formula (see [7], Theorem 5.1)

[ s@g@rac=a [ [T B r@)ge Po) s

applied with f = d*A—1/24 we have

/M &RV 2(2)g(x)dz = 4 /0 h /M [%ef\/ﬁd*ﬁl%(@][; VA g ()] tdadt.



_>
Using the commutation formula d* A = Ad*, we have

Qe*tﬂd@*l/% = —\/Ze’t‘/gd*xfl/zw

ot
M /Xe—tﬁX—l/Qw
= —d*e’tﬁw.

Thus,

%
|d* A2, =4 sup
geLr(M),|lgll,=1

|7 [ e R e o
( /0 |d*e_t\/§w|itdt)
([ e ot "

=4 sup |Gz (W)l

9eLP (M), gllp=1
< Cllwlly-

<4 sup
geLP(M),lgll,=1

X

p

Here we used the boundedness of G_> on LP which is our assumption. Note that g is
bounded on L? for all p € (1,00) by [22] plll. O

3 Vertical LPS functions for the Hodge-de Rham Lapla-
cian for p <2

In this section we prove Theorem |I| and Theorem |2 We start with some useful pointwise
inequalities on smooth differential forms.

Lemma 7. For p < 2, for all smooth differential form w and for all x € M we have the
pointwise tnequality

= Al = s [plp = DIVW2 = p < Bw,w >, . (9)

Proof. We discuss the case p = 2 first. Let x € M, let X; be orthonormal coordinates at
x, and 6; their dual basis in the cotangent space, satisfying V8, = 0 for all 7 at . We have

- i ininW-
=1



Hence,
n
Alw)? = _Zinin <W,w >,
i=1

= —2ZVXi < inw,w >0

=1

= —22 [< VXiinwaw >y +|VXiw|92J

i=1
=2 < Aw,w >, —QZ |V x,w|?
i=1
=2 < Aw,w >, —2|Vuw|%.
In order to obtain @D for p < 2, we recall that for all smooth functions f we have

Sapp =B gpppst Ppiag

We apply with f = |w]? and the equality we proved for p = 2 to obtain

ol = P22 ) ot - P2l
= P02 ) ol — plft® < A >, +plelz |Vl
Consequently, it is sufficient to show that
p(p—2)

2 _ —
T (VIR Wi = pp = 2)wl; Vel

Since p < 2, is equivalent to

[V (w2} < 4lwl2|Vwl?.

(10)

(11)

(12)

We prove using local coordinates. We write w = Z?Zl fi0;, so that |w|2 = >0 f?

and

[(VIw2)[] = \Z%dlex

4SS iy < dudy >,

j=1 i=1
<4y ) L

j=1 =1

= 4wl Vwl;

where we used Cauchy-Schwarz inequality in R"™.
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We will also need the following inequalities from [13].

Lemma 8. For any p > 1 and any w € C®(A'T*M), we have the pointwise inequality

P’ 2
Y <]w[w ) i< -0 <V (lwp?w),Vw >, . (13)

Lemma 9. For any smooth 1-differential form w we have the pointwise estimates |dw|, <
2|Vw|, and |d*w|(z) < v/n|Vwl,.

We recall that the negative part of the Ricci curvature is sub-critical with rate a € (0, 1)
if for all smooth 1-form w we have

(R w,w)r2 < a[(RTw,w)re + || Vw|3] -
Note that is equivalent to
_> ~
(Aw,w)rz > (1 —a)((A + RMw,w) 2.
We have the following analogous inequality on LP.

Proposition 10. If the negative part of the Ricci curvature is subcritical with rate «, then
for all smooth w in LP

/ <R w,w>, |wpds < a/ < Rtw,w>, w2 +|V <|w|§7 ) 2dz. (14)
M M

Proof. Let w € LP(A'T*M) a smooth differential form and let 8 = |w|§71w. We have
B € L*(A'T*M) and then we apply to S to obtain

P_q P_q p_ p_
/ <R |w w,|wlZ w>,dz< a/ RJr|u)|gc2 w, |w|2 ' >,
M M
5 2
1V (Jwli~'w) Pz
Using the pointwise linearity of RT and R~ it leads to
/ <R w,w>, |[wp2de < a/ < Rtw,w>, w2+ |V (|w|§ ) 2d.
M M

which is the desired inequality. ]

The following proposition is proven in [I3]. We reproduce the proof for the sake of
completeness.

Proposition 11. Suppose that the negative part of the Ricci curvature is subcritical with

5
rate o« € (0,1). Let p; = Then the norm |le"*2wl|, is a decreasing function of t
—

tA

2
1+vV1—-a”

for allp € (p1,p}). Consequently e "= is a contraction semigroup on LP for allp € (p1,p)).
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o
Proof. Let w be a smooth differential 1-form and w, = e~*?w. We compute the derivative

of E(t) = ||w:[[5. We have

0E(t) [
5 —/M§|wt|xdx

- _
= —p/ < Awy, lwe? 20 >, da
M

= —p/ < Vg, V]weP 2w > + < (RY — R7)wy, |wi [P 2wy >, do
M
p_ p_
= —p/ < th,V|wt|§_2wt >, + < (R+ — R_)|Wt|§ 1wt, |wt|_% lwt > dz
M
4(p—1 B_q _ r_q 2
S _p/ (pT)|V|wt|§ Wt‘i—i_ < (R+ — R )|wt|§ W, |wt|§ W =g dx.
M

We used Lemma 8| to obtain the last inequality. By the subcriticality assumption we have

OE(t p_ p_
8—25) =—p(l —a) /M < R+|wt|§ Y, |wt|§ Y >, da
Alp—1 by 2
. (# _ a) / ‘V|wt|§ | dz. (15)
p M T
Hence agt(t) < 0 for p such that 4(p — 1) > ap?. This is equivalent to p € [py,p}] where
2
Pr=n=a 0

—
This result ensures the existence of e *2w in _L>p (A'T*M) and then one can consider
Littlewood-Paley-Stein functions associated with A on LP.

Proof of Theorem [I, By Lemma [9] and Proposition [f it is sufficient to prove the
boundedness of Hz. We follow similar arguments as in [22], p52-54. Let w be a smooth

—
non vasnishing 1-differential form and w; := e7'®w. A direct calculation and Lemma
give

—Alwyff > —p < Awp,wp >5 w7 + plp — 1wl Ve[

0

- (16)
—a|wt|§ =p < Awy,wp >, |wt|§’2.

Using the Bochner formula (1) we obtain
8 P X + — p—2
—§|Wt|z =p<(A+R" = R )wy,wr > |l
Let &, ¢, k be positive constants and set

0
Qw,z,t) = —a|wt|§ — EA|wi P+ < (—eRYT 4+ kR )wy, wy >4 JwilP2
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Using we obtain
Q(w, z,t) > |w P2 [p(l — &) < Awy,wy >4 +(p—¢) < RTwy,wy >,
+ (=p+k) < R wi,w > +Ep(p — 1) Vw2 |.
Hence,

w277 | Qs )+ el p(E — 1) < Buyy >, | 2
(p—c) < Rtwp,w >, +(—p+k) < R w,wp >, +Epp — 1|V 2. (17)

If the quantities € := p — c and n := —p + k are positive we obtain

< R+wt,wt > + < R_wt,wt >, +|V(A)t|§

< Clw 27 [Q(w,x,t) + |weP2p(€ — 1) < Awy,wy >,| (18)

for some positive constant C' depending on p, £, € and 7. In particular we have the pointwise
inequality

Qw, z,t) + w2 2p(€ — 1) < Awy,wy >, 0. (19)
By integration of for t € [0,00) we obtain

Hx(u))(x)2 < O/o |, |27 [Q(w,x,t) 4w P 2p(€ — 1) < Awy, w; >$] dt.

Integrating over M yields

| Hz)ri <

[S4S]

C’/M (/000 | |27P [Q(w,x,t) + |weP72p(€ — 1) < Awy, wy >4 dt) dz.

Set

w*(x) := sup |wys- (20)
>0

Then (|19) gives

/M Hog () (2)dx <

[MIS]

C/ |w*|p(1_g) [ Qw,z,t) + |wt|§_2p(£ -1)< Awt,wt >, dt| dz.
M 0
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We use Holder’s inequality on M with powers 5 and 5= By . we can avoid absolute
values in the second integral and obtain

P

1=3
[ srarae e[ ]
M
[e9) _ p/2
[/ / Qw, x,t) + |w P 2p(€ — 1) < Awy,wy >, dtdx} :
M Jo

The maximal inequality gives
/ H (@) (@)dz < Clwl2

o) _ p/2
{/ / Qw, z,t) + |wP?p(€ — 1) < Awy, wy >, dtdw} :
M Jo

I(t) = / < (kR™ — cRNwy, w2 2w; >,
M
—-p(1-¢§) < Aws, wy >, |w, [P2dx.

We have

// Qw,z,t) + p(€ — 1)|wP? < Awy, w; >, dtdx

// [ ol = §A|wt|p}dtdx+/om[(t)dt

4w§[;mw
< ol

where we used Lemma [I2 below. Note that we also used that we can choose a sequence
t, tending to 400 such that |wy, |, tends to zero. This is true because Hwt||2 tends to zero.

%
Indeed, let w = A in the range of XK. One has Jwell2 = ||Ae_m5||2 < |82 as a
consequence of the spectral theorem. The subcriticality condition implies that there is no

harmonic form on L2 Hence the range of A is dense and this is still true for all w € L2
Therefore,

2
) p_
| Hz)@rds < Ol Pl = Cllel
By interpolation we obtain the boundedness on L? for all g € (p, 2].

Lemma 12. Under the subcriticality assumption, for all p € (p1,2] we can choose positive
constants ¢,k and & such that ¢ <p <k and 1(t) <0 for all t > 0.
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Proof. By Proposition [10]
I(t) < / (ak —c) < RYwy, |w [P 2w, >, do+
M
/ ak|V <|wt|§_1wt) 2 —p(1 =€) < Aw, |w|P%w >, dz.
M

By integration by parts and Lemma [§ we have

I(t) < / (ak —¢) < RYwy, |wi [P 2wy >, do
M
4(1 — —1 p_
+/ (ak; _A=9w )) v <|wt|§ lwt> 2dz.
M p

{pak <4(p-1)(1-¢)

Choose ¢, k and £ such that

ak < c.

We can choose k as close to p as we want, so any value of p satisfying ap*—4(p—1)(1-£) <0
can be chosen to satisfy the first inequality. If £ < 1 — «, this inequality is satisfied for all
p in the interval

[21—5—«1—5)(1—5—0«) L= V/I-90-¢-0a)

o ’ a

which is contained in [p1,p}] with bounds tending to p; and p;" when £ tends to zero.
Hence, for all p € (p1,2] we can choose k and & such that pak < 4(p — 1)(1 — £). Since
a € (0,1), given k € (p,2) we can choose ¢ = ak < p. ]

Proof of Theorem Let ¢ € [2,p'). By Theorem Gi is bounded on LY. By
Theorem [0}, the Riesz transform is bounded on L9.

4 Vertical LPS functions for the Hodge-de Rham Lapla-
cian with Ricci curvature bounded from below

We recall Bakry’s theorem in [2].

Theorem 13. Suppose that the Ricci curvature statisfies R > —k with > 0, then the
modified Riesz transform R. = d(A+€)~Y2 is bounded from LP(M) to LP(AYT*M), for all
p € (1,00) and € > 0.

Bakry’s paper [2] contains several other results some of which are proven by probabilistic
methods. An analytic proof of the case p € (1, 2] of the previous theorem is given in [6]. In
this section we follow the approach of the previous sections to give a relatively short proof
in the case p € [2, 00).
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Theorem 14. Suppose that the Ricci curvature satisfies R > —k with k > 0. Then
1/2

o0 -
/ (Ve AR y2dt
0

Z(w) = {
is bounded on LP for p € (1,2].
Proof. Set w; := e {E+%)y, Lemma gives
—Alwy[? > plp — D[V 2wl = p < Aw, lwn[Z 2w >,
_ ~ _
=p(p = D[Vwiltlwi 57 = p < (A = R)wr, [wi2 2w >,
_ 0 _
p(p = 1)|Vewr|s w2 = p < (—a — K= R)wy, lwil} 2w >,

_ 0 _
> p(p — 1)V 2wt +p < Frd |welP 2wy >,

where we used R > —k. Multiplying by |w|2™” we obtain

_ 0 _
IVwﬁSOW£p[ﬂMm£—p<—wﬂwm2w>m

ot
, 1)
<l ? |-l = ol
As a consequence of one has the pointwise inequality
— A|wt|p — Q‘Cdt‘p > 0. (22)
oot Tt T

We integrate for t € (0,00) and use to obtain

Z(w)(z)?* < C(sup |Wt|x)2p/ (—A\wt\ﬁ - %MIQ) dt
0

t>0
— Csup w2 (ywyg— / A\wt\gdt).
t>0 0

In the last equality we used the fact that lim;_, o w; = 0 (in L?). This can be seen from
the domination .
|e_t(A+")w|x < e_tA|w|m (23)

and lim; e*tA|w|x = 0 in L?, which comes from the fact that A has no kernel in L?
(see [20], p31). The pointwise domination is proven as follows. By the Trotter-Kato
formula applied with the operators A and R + k one has

— ~ n
e ARy, = lim [(e’%(me’%(}””)] Wy,
n—oo

15



where the convergence holds in the L? norm sense. Up to a subsequence we obtain pointwise
convergence. Hence,

|6—t(Z+n —tR—tr

)w|$ =le Wz

< lim sup [(e_%(A)e_%(RM)] Wy
n—oo

T

= lim sup e Puwy

n—-4o00

< e Bwl,.

xT

Integrating over M yields

(2-p)/2 () p/2
||Z<w>||zso( / <sup|wt|z>pdx) ( / W_ / A|wt|§dt} dx)
M t>0 M 0

(2-p)/2 22
<o Epldra) el
M

t>0

Here we used Holder’s inequality with exponents 2%]) and %. By we have (sup,s |wt2)? <
SUp,~o (e |wl,)P. Hence,

[ pledrar < [ sup(e el yda
M M

t>0 t>0
<C / |w[Zdz
M

because e A satisfies a maximal inequality as it is a submarkovian semigroup (see [22]
p73). As a consequence one has || Z(w)||, < Cl|w|,- O

t

As a consequence of Theorem |14{ we recover the boundedness of R, on L? for p € [2,00).
Indeed, since Z is bounded on LP, the same techniques as in Theorem 4| give that R, is
bounded on LP. Finally, by writing R, = R.(A + &)Y2(A + €)7'/2 we see that R, is
bounded on LP. It follows from the boundedness of (A + x)'/2(A +¢€)~'/2 on L? which can
be proven by writing (A + k)(A+e) ' =T+ (k—e€)(A+¢e)7 L.

5 Horizontal LPS functions for the Hodge-de Rham Lapla-
cian for p <2

In this section we prove the boundedness of ? for small values of p under the same
assumptions as in Theorem 1.

Theorem 15. Suppose that the negative part of Ricci curvature satisfies for some

. WE
a € (0,1) and let py = = Given p € (p1,2] and suppose that e satisfies the
maximal inequality

—
Isup e Sul,ll < Cloll 24)

16



for allw € LP. Then ¢ is bounded from LP(A'T*M) to LP(M). It is also bounded on LY
for q € [p,2]. For q € [p,2], we have the lower estimate

I'g @y 2 Cllwlly, Vo e L7 (25)

_)
Proof. Let w be a smooth 1-form and set w; := e‘t\/zw. We compute

0? 9, — L
@Wﬂi = PE < =V Awp,wp >4 Jwilf
— —
= plw, P2 [< Awy,w >+ Awl?
(26)
%
+ (P —2)|wil;? < V Aw, wy >i}
J 9 e ~ p—2
> p(p — 1)’awt|x’wt’x +p < Awy, |wilf " w >4
Here we used the Cauchy-Schwarz inequality. Note that implies
0? —
@|wt|§ —Pp < Awt, ‘Wt|£_2wt >, Z 0. (27)

We multiply by t|w|2? and integrate for ¢ € (0, 00). Using we obtain

tdt

R s o ~
TP <0 [ lalt? | Fbodz = 0 < B ol 2 >,

<[ o? —
< O (x) / { wrl? = p < R, w22 > | at
0

o2

< C(w*)*P(x) [|w|§ —p/ < Kwt, | |2 2w; >, tdt} .
0

Y
Note that we used the fact that ¢tV Ae*t\/zw — 0 in L? when t — +o0o. We argue

%
similarly as when we proved ||[e~*2w||; — 0, taking first w in the range of V' A and using
its density. Holder’s inequality for exponents % and 2%17 yields

» o0 p/2
wﬁwm§SOMNﬂ1”{/|wwx—p/ meﬂ , (28)
M 0

where J(t) = [,, < th,wt|wt|§*2 >, dz. The same calculations as in Lemma (12| (with
¢ =0and c =k =p) yield I(t) > 0 for all £ > 0. Hence, and give || ' (w)|l, <
C|lw|l,- We deduce by interpolation that ¢ is bounded on L for all ¢ € [p,2]. The lower
estimate is obtained as in [22], p55-56. O

6 Vertical LPS functions for the Schrodinger Operator
in the subcritical case for p <2

In this section we prove Theorem [3] The following lemma is obtained by applying to
|f%.

17



Lemma 16. Assume that V'~ is subcritical with rate «, then for all smooth f in LP we
have

[ viiras<a [ Bspp v (29)

Proof of Theorem By the subordination formula , it is sufficient to prove the
boundedness of H;. We have

Hi(f) < (Ho(f7)+ Hu(f7)) -

Thus it is sufficient to prove ||Hp(f)||, < C|| f]|, for all non-negative functions f. Let f be

a non-negative function and set f; := e7*'f. Since the semi-group e ** is irreducible (see

[18], Chapter 4) we have f, > 0 for all ¢ > 0. Let ¢, k and & be positive constants and set

0
Q(f,x,t) = <_§ —EA = VT +kV)fE

We have

Q(f,z.t) = p[(A+ V) AIfF ™+ &plp — DIV
— Ep(Af) T = VPRV ST
= &p(p = VIVAP 2 +p(1 = (AL 77
+p=V +(k=p)VIf.
We multiply by f7? to obtain

fp(p - 1)|Vft|2 + [(p — C)V+ + (/{; —p)V‘} ft2 =
FEPQUf 2 t) + p(€ — 1) fiMfr. (30)

Set € := p—cand n:=k —p. If € and n are positive, the integration of for t € [0, 00)
yields

HUPP@) <0 [ 17 |- ea v v ple - 1A w6

where C' is constant depending on €,7,£ and p. A useful consequence of is

(~ gy — €A = VTRV e~ DA 2 0 (32)

Set f* :=sup,.q fi. Using , gives
Hi(f)*(x) <

o ) .
C(f*)Qp/O {(—a —EA = VTRV P +p(— 1) [ Af ] dt. (33)

Set
1(t) = /M (—eV* £ RV) 2 — p(1— ) f7 A,

18



By Hoélder’s inequality, implies

2—p

||HL<f>||gsc[ /M <f*>pdw] y

iS]

2

U /OO {(—2 —EA— VTRV P4 pl€ —1) f—lAft] dxdt}
mJo ot

p(2—p) o0 g
<ol [Hf||§+ / I<t>dt} .

By Lemma |17| below, we can choose ¢, k and n such that I(¢) <0 for all t > 0. Hence,

p(2—p)

HHL(HIE < ClLF b = 1117

The same argument as is Proposition [11] implies that e~** is a contraction semigroup on
LP for all p € (p1,p1’). It is also a classical fact that e 'L is a positive semigroup. For a
positive contraction and analytic semigroup one has || f*||, < C| fl, (see [L1], Corollary
4.1). Hence,

IHL(HIE < CIFI.

Lemma 17. Under the subcriticality assumption, for all p € (p1,2] there exist ¢, k and &
positive constants satisfying ¢ < p < k such that I(t) <0 for all t > 0.

Proof. By Lemma [16] and integration by parts,

I(t) < /M(ak — VP4 ak%WftPftp’Q —p(1 =& fF ' Afda

< / (ak — )V fP+ {ak;% —plp =D)L =& | VL2 da.
M
Choose k, c and 7 such that

ak < ec.

{pak <4(p-1)(1-¢)

The same discussion as in Lemma [12] gives that &, ¢ and k£ can be chosen to allow any value
of p € (p1,2]. O

7 Vertical LPS functions for the Schrodinger Operator
in the subcritical case for p > 2

In this section, we assume the manifold has the doubling property, that is there exists a
positive constant C' such that for all z € M and r > 0,

Vol(z,2r) < CVol(x,r)

19



where Vol(z,r) is the volume of the ball of center x and radius r for the Riemannian
distance p. This is equivalent to the fact that for some constants C' and N,

Vol(z, \r) < CANVol(xz,r)

for all A > 1. We suppose in addition that the heat kernel p,(z,y) associated with A has
a Gaussian upper estimate, that is there exist positive constants C' and ¢ such that
efcpz (xry)/t

Vol(x,\/t)

Under these assumptions, the semigroup e~ is uniformly bounded on LP(M) for all p €

(po, po’) where py = #ﬁ% If N < 2itis true for py’ := +oo. Under some

pt($7y) < C

integrability conditions on V/, it is proven in [I] (Theorem 3.9) that the Riesz transform
dL~'/? is bounded on L? for p in some interval [2,q) if dA7'/? is also bounded. We recall
that Hy, is defined by

N = ([T 19t + il P a) "

Note that if V' = 0 we obtain Hx = H. We prove, under similar integrability contiditions
on V', that the Littlewood-Paley-Stein function H is bounded in the same interval. We
recall a proposition from [1].

Proposition 18. Assume that V'~ satisfies for some o € (0,1). Let py’ = o0 if
N <2 and py/ = ﬁ% if N > 2. Given p and q such that po < p < q < py’ and set
% = %— %, then the family of operators Vol(z, \/E)%e*tL is uniformly bounded from LP(M)
to LY(M). By duality, the family e £V ol(x, \/1_5)% is uniformly bounded from LY (M) to
LP'(M) for all py < ¢ < p' < py’ with % = ? — [%.

0o 1/2
a2 = ([T Ivetpa)
S 1/2
)= ([T Wletprar)

Note that H(f) < V2 [Hév)(f) + Hg/)(f)} . We will use the next proposition which

follows from Proposition 4.2 in [7].

Set

Proposition 19. If Hj(;v) 18 bounded of LP, then there exists a positive constant C' such
that for all f € L? and t > 0,

IVe™ " fll, < (34)

C
%Hpr-

The main result of this section is the following.
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Theorem 20. Assume that V'~ satisfies for some o € (0,1). Define py as before.
Suppose there exist r1,r9 > 2 such that

1 V 2 00
/ - tdt < oo, /
0 1

Vol(.,vVt)r |,
Set r:=1inf(ry,r9). If N > 2, let p € [2 M) and assume that Ha is bounded on LP, then

? po’+r
ngv) 1s bounded on LP. If N <2, let p > 2 and assume Ha is bounded on LP, then ngv)
1s bounded on LP.

2
tdt < oo. (35)

T2

v
Vol(., Vi)™

Proof. Duhamel’s formula for semigroups says that for all f € LP(M)

t
e f =R — / e AV e =L £, (36)
0
2]
2
dt] |

2

dt

It follows that

t
/ Ve Ve 9L fds

Ve "I <2 [We‘mﬂ? +
0

After integration on (0, 00) we obtain

o0 t
(HY(f)P<C / Ve 2Ve 79 fds

0

(s + [

0

Therefore,

t
IHS (HI2 < C | IHa(H)2 + / Ve Ay t-9L £
0

r
r

Here we used the boundedness of Hx on LP. Hence, it is sufficient to establish that

r

p/2
2

t
<CIfIE+ /0 Ve *2Ve 9L fds| dt

p/2

2
dt| - <CIfl3. (37)

¢

/ Ve *tVve =92 fds
0

p/2

We have

I

2 2

dt dt

<[
p/2 0 p/2
0 t 2
< / ( / ||V65AVe(ts)Lprds> dt.
0 0
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/ Ve *2Ve 9L fds

0

t
/ Ve 2Ve 9L fds
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Set

1 t/2 2
I, = / (/ Hve—sAvef(tfs)Lpr ds) dt,
0 0
00 t/2 2
Iy = / (/ HV@‘SAVe_(t_S)Lprds> dt,
1 0

1 t 2
- /0 < /mHVe‘SAVe‘(t‘S)Lf”pds) dt,
o0 t 2
= Ve s 2Ve =9 f|| ds ) dt.
L 1 t/2 P

2

dt

&

=

We have
<2[L+ L+ I3+ 1)

| /0 p/2

We prove that each term Iy, I, Is and I, is bounded by C’||f||12J By Proposition ,

1 t/2
hSC/ / sV ||Ver ot p|| ds
0 0

t
/ Ve Ve =)L fds
0

2

dt

2

ds| dt

Vol(x,v/t —s)m

p

1 t/2 \% 1
< C'/ / s71/2 —Vol(z,Vt —s)e =9 f
o [Jo
1

2

dt

ds
1

q

t/2 1
< C/ / s 1/2 v - HVol(x, VE—s)e =o)L f
o [Jo Vol(z, vt —s)7 ||,

where 110 = % + qil. Note that here ¢; has to satisfy ¢; < po’ which gives p < PO Gince

po’+71
s <t/2, Vol(x,\/t —s) > Vol(x,+/t/2). Thus,

1 t/2 V 1 ?
I < C/ / 5712 : HVol(x, Vit —s) e L f|l ds| dt
0o |Jo Vol(x,\/t/2)™1 - «
1 174 2 t/2 ) 2
< C/ : / s71/2 HVol(x, VE—s)me TOLfll ds| dt.
o [[Vol(z,/t/2)m ||, |/0 @
1
By Proposition , |Vol(z, vt —s)ne 9L f|. < C| fll,- Thus,
" 112 = U1 @)
L<C / N eae | 11112 = O AR 38
o |V, v, ’ ’
We prove as for I; that
. 2
nec|/ e | 1712 = €171 (39)
1/2 || Vol(z, \/E)% vy : :
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Note that reproducing the previous proof for I implies that we have to choose p < ﬁ.
Now we bound I3 and I;. By Proposition [19| we have

1
0

2
dt

t
/t/2 HVe_%Ae_gAVe_(t_s)Lf”p ds

1 t 2
SC/ / sTV2 |lem28Ve Il f|| ds| dt
o Je2 P
1| pt [T\ s
:c*/ / s 1/2 e—gAVOZ(Ia 8/2)Lve—(t—s)Lf dsl 2dt.
0 |Jt/2 Vol(z,+/s/2)m )

By Proposition , e~ 2%Vol(z, \/%) is bounded from L% (M) to LP(M) with % = q% — %
Thus,

2

ds| dt

¢ V
/ 8_1/2 . 6—(t—s)Lf
t/2 Vol(xz,\/s/2)"

q1
2

He_(t_s)Lpr ds| dt

t
/ §1/2 4 :
t/2 Vol(xz,\/s/2)"

r
2

He’(t’S)Lf”p ds| dt

T1

t
/ §1/2 4 :
t/2 Vol(z,\/t/4)™

because £ > }1. By the uniform boundedness of e~ (t=5)L on [P we have

S
2

2

v t 2
C / 1 V 31/2ds] at | 112
o ||Vol(x,/t/4)™ t/2

T1

1 e 2 (40)
C / |t ] |12
o ||Vol(z,\/t/4) |,

—

I3

IN

IN

= C'[Ifly-

We prove in a similar way that

neeff
1/4

Combining (38), (39), and with we obtain (37)). Hence ||H£v)(f)||p < flp-
[

V

tdt 2= " fI?. 41
Volle. VIS [ 1 £11; (41)

T2

Finally we have a similar result for Hév).
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Theorem 21. Let p > 2, assume V'~ satisfies for some o € (0,1). Define py as before.
Suppose there exist r1,r9 > 2 such that

1/2 1/2
/H VIY 1H&<w |W — Tt < oo, (42)
Vol(. 1 Vol

If N > 2, then Hg/) is bounded on LP(M) for p € [2,;’91 ), where v = inf(ry,ry). If

N <2, then Hg/) is bounded on LP(M) for p € [2,00).
Proof. We have

1/2
HH(V ||p H/ ‘|V|1/2 _thll/th

(L)
<2 (/01 2dt> " + (/100”|V|1/Qe—th

We bound the two latter integrals separately. One has

p/2

|V|1/26—th

9 1/2
dt>
p

1/2 —tL ? ' |V|1/2 \/‘1/ tL ?
e dt = — Vol(z,Vt)/" e dt
/ » /o Vol(x,/t)/m ( ) / »

|V|1/2 2 2

Vol(z, \/1_5)1/"16’th

1
< o
- /0 Vol(x,/t)/m

where % = % + qil. By Proposition , we have ||Vol(z, vt)Y/"e L f|,, < C| fll,. Hence,

2 1
dt < C /
P (0

Note that here ¢; has to satisfy ¢; < po’ what gives p < 29" L The same argument gives

/_;’_,’,,
/OOH|V|1/26—th
1

2
(3] V4 1/2
weo [
» v Vol(z, v |,
Here we need p < 2272 Together with ([“2), and yield

T1 q1

|V|1/2
Vol(x, )/

1/2€—th

dt) I£115- (43)

1

2
dt) I1£115- (44)
Lo

IH (H)lly < ClLf -
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Remarks. If Vol(x,t) has polynomial growth Vol(x,t) ~ tV (for example, in R") then
the conditions or read as V € L2~ L3 for some positive e. In the general
setting, we could not find implications between ([35)) and ([42)). In [19], it is shown that if
V' > 0 is not identically zero, then Hj, is not bounded on LP(RY) for p > N if we assume
there exists a positive bounded function ¢ such that e **¢ = ¢ for all t > 0. It is true for
a wide class of potentials, for example if V € L2 N L2+ (see [14]). For a discussion on
this property, see [17].
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