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The stratification is stable, i.e.
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The equations

The Euler equations linearized around the equilibrium (V,0, p, P)
read

1
HV+V- -V, V+wV + ;VXP = O(e),

1
10w + V- Vew) + ;8ZP+g§ — 0(e),

Otp+ V- Vip+ wp' = O(e),
Vi - V+0,w=0.
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The equations

The Euler equations linearized around the equilibrium (V,0, p, P)
read

1
HV+V- -V, V+wV + ;VXP = O(e),

1
(0w + V- Vew) + ;8ZP + g% = O(e),

Otp+ V- Vip+ wp' = O(e),
Vi - V+0,w=0.

Boundary conditions Initial conditions

Wiz=—1 = Wjz=0 = 0, V\t:O = Vin, W|t=0 = Win,
Plz=—1 = P|z=0 = 0. Plt=0 = Pin-
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Well-posedness results
(o] le]elele)

Previous results

Goal : Construct regular solutions (in Sobolev spaces) on
[0, T] x RY x [~1,0], with T independent of .

Theorem (Desjardins, Lannes, Saut [DLS20])

With no shear flow, if N* := —g% is independent of z and under

additional assumptions, there exi§ts a unique solution to the
stratified Euler equations on [0, 7~ \F T] x RY x [-1,0].




Well-posedness results
(o] le]elele)

Previous results

Goal : Construct regular solutions (in Sobolev spaces) on
[0, T] x RY x [~1,0], with T independent of .

Theorem (Desjardins, Lannes, Saut [DLS20])

/
With no shear flow, if N* := —g% is independent of z and under
additional assumptions, there exi§ts a unique solution to the

stratified Euler equations on [0 T] x RY x [~1,0].

7€/f

Theorem (Bianchini, Duchéne [BD24])

With an additional diffusion term, there exists a unique solution
to the stratified Euler equations on [0, T] x RY x [~1,0].
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Main result

Theorem (F. [Fra24])

There exists a unique solution to the stratified Euler equations
on the time interval

-
0, .
1+ |V |/ /B + €/ /R
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Main result

Theorem (F. [Fra24])

There exists a unique solution to the stratified Euler equations

on the time interval

T
0, - .
T+ 1V iw /i + €/ /R
V#0 - Additional |V/|1=/\/1t
No additional assumptions. - Additional 1: short time

No diffusion. well-posedness.
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Sketch of proof at the linear level

@ Define the energy

&o ::/ pV2—|—/1,/ pW2+/ g,pz.
RIx[-1,0] RIx[-1,0] RIx[-1,0] —P
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Sketch of proof at the linear level

@ Define the energy

&o ::/ pV2—|—/1,/ pW2+/ g,pz.
RIx[-1,0] RIx[-1,0] RIx[-1,0] —P

@ Prove the estimate

d V| o
9 ety < AL
dt \//j

@ Conclude by constructing a sequence of approximate solutions.

Eo(t).
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An energy estimate

& —/pV +/ uw i/pz.
—p

hV+V-V,V+wV + =0

(0w + V- Vew) + +%:0

Otp+V -Vip+pw=0
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Extension to the non-linear case

@ Define the higher order energies

d+1
Es = IVIls(s) + 1llwliiss) + lolliss), 52— +2
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Extension to the non-linear case

@ Define the higher order energies
d+1

Es = IVIls(s) + 1llwliiss) + lolliss), 52— +2
@ Prove the pressure estimates

(V1 xP,0:P)||Hs < Es.

@ Prove the higher order energy estimates
d |V/|

a55( ) < <1+ Vi + N )85(1“).
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Extension to the non-linear case

@ Define the higher order energies
d+1

Es = IVIls(s) + 1llwliiss) + lolliss), 52— +2
@ Prove the pressure estimates

(V1 xP,0:P)||Hs < Es.

@ Prove the higher order energy estimates

d |V/| )

—&s (1 + — + E(t).
RS N ()

Main difficulties:
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o Characteristic Initial Boundary Value Problem : use of
semi-Lagrangian coordinates.
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Extension to the non-linear case

@ Define the higher order energies

d+1
Es = IVIls(s) + 1llwliiss) + lolliss), 52— +2

@ Prove the pressure estimates

(V1 xP,0:P)||Hs < Es.

@ Prove the higher order energy estimates

%55() <1+\f ’V}"")g(t).

Main difficulties:
o Characteristic Initial Boundary Value Problem : use of
semi-Lagrangian coordinates.
@ Loss of derivatives due to the semi-Lagrangian coordinates :
use of Alinhac’s good unknown.



Towards the sharp stratification limit
00000000

Table of Contents

© Towards the sharp stratification limit



Towards the sharp stratification limit
O@0000000

The sharp stratification

0 > 0 is the thickness of the pycnocline.
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The sharp stratification
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The sharp stratification

- 10 @ Is the system described by
; . the motion of the interface
when § << 17
. @ Solutions only defined on

[0,67T] !

Sharp stratification, V = 0.
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The expected limit (§ = 0): the bilayer Euler equations

z € RY

€0, 1 P1

Vi +eVedr

Two layers of constant density and irrotational velocity separated by an
interface.
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Dispersion relation of the bilayer Euler equations (§ = 0)

Dispersion relation of the bilayer Euler equations
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@ Low frequencies are stable
e High frequencies are unstable (Kelvin-Helmholtz)
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Dispersion relation of Stratified Euler

—{delta = 0.006033963203196644}
0.50 1 H

0.25 4
0.00 4
—=0.25 4

—0.50 4 H

T T T T
—1000 —500 0 500 1000

0.04 4

0.02 4

0.00 4

—0.02 4

—0.04 4

T T T T
—1000 —500 0 500 1000

Dispersion relation of the stratified Euler equations as 6 — 0.



Towards the sharp stratification limit
000000080

Dispersion relation of Stratified Euler

{delta = 0.006033963203196644]
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Dispersion relation of the stratified Euler equations as 6 — 0.
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Conclusion

Recap:
@ Well-posedness of the stratified Euler equations.
@ The time interval is (roughly) independent of u, but not 4.

@ Numerical results for the spectral convergence towards the
bilayer Euler equations.
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o Study the limit ;1 — 0 together with § — 0.

@ Spectral analysis on the stratified Euler equations in the limit
0 — 0.
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Conclusion

Recap:
@ Well-posedness of the stratified Euler equations.
@ The time interval is (roughly) independent of u, but not 4.

@ Numerical results for the spectral convergence towards the
bilayer Euler equations.

Open problems:
o Study the limit ;1 — 0 together with § — 0.

@ Spectral analysis on the stratified Euler equations in the limit
0 — 0.

Thank you for your attention !
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