Well-posedness of the stratified Euler equations

Théo Fradin
Supervised by Vincent Duchéne and David Lannes

Institut de Mathématiques de Bordeaux
June 18th 2025

universite AN Université
“BORDEAUX 7\ de Rennes



Introduction
e0

Setting at equilibrium

zeR?
0
.
o]
\ 2z
V(z)
A stably stratified
—-H A s shear flow is a n
. z ) v equilibrium for the
—_— Euler equations.
—_—
—_—
 ——
—_—
_—
——
-H 4000 000000000000555555555555555554555555555555555555455555555445 5555544455 55555545 55555500




ke
=]
1
T
o
£
=]
c

f the

1on o

f a perturbat

ime o

t

ion in

We study the evolut

equilibrium.

z € R?

p+ep

V +e

z




z € R?

p+ep

7
7

f the

1on o

f a perturbat

ime o

77
77

ion in

+e€

7
7

The stratification is stable, i.e. —9,(p + €p) > ¢, > 0.
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The equations

The Euler equations linearized around the equilibrium (V, 0, p, P)

read

( 1
8tV+M~VXV+w1’+;VxP= O(e),

1
w(Orw + V- Vyw) + ;azp ‘|‘g§ = O(e),

Op+V - -Vyep+ WB/ = O(e),
V- V+0,w=0.




The equations
The equations

The Euler equations linearized around the equilibrium (V, 0, p, P)
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Boundary conditions Initial conditions
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Previous results

Goal : Construct regular solutions (in Sobolev spaces) on
[0, T] x RY x [~1,0], with T independent of .

Theorem (Desjardins, Lannes, Saut [DLS20])

With no shear flow, if N? := —g% is independent of z and under

additional assumptions, there exi§ts a unique solution to the
stratified Euler equations on [0, - N \F ]

.

Theorem (Bianchini, Duchéne [BD24])

With an additional diffusion term, there exists a unique solution
to the stratified Euler equations on [0, T].

.
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Main result

Theorem (F. [Fra24])

There exists a unique solution to the stratified Euler equations
on the time interval

7
0, - )
1+ |V /it €/
V#0 - Additional |V/|1/\/1t
No additional assumptions. - Additional 1: short time

No diffusion. well-posedness.
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An energy estimate at the linear level
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Extension to the non-linear case

@ Define the higher order energies

d+1
Es % | Vliks(s) + ilwllisssy + lellEsesy, s> ——+2

@ Prove the pressure estimates

[(ViEV <P, 0zP)||ns < Es.

@ Prove the higher order energy estimates

th( t) < <1+f+ |}w)5(t).

Main difficulties:
@ Characteristic Initial Boundary Value Problem : use of
semi-Lagrangian coordinates.
@ Loss of derivatives due to the semi-Lagrangian coordinates :
use of Alinhac’s good unknown.
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Conclusion

Recap:
@ Well-posedness of the stratified Euler equations.

@ The time interval is independent of y, under smallness
assumptions.

Open problems:
@ Remove the smallness assumptions.
@ Study the hydrostatic stratified Euler equations (x = 0).

Thank you for your attention !
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