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The equations

The Euler equations linearized around the equilibrium (V,0, p, P)

read

( 1
8tV+M~VXV+w1’+;VxP= O(e),

1
(0w + V- Vyw) + ;azp ‘|‘g§ = O(e),

Op+V - -Vyep+ WB/ = O(e),
V- V+0,w=0.
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The equations

The Euler equations linearized around the equilibrium (V,0, p, P)

read

( 1
8tV+M~VXV+w1’+;VxP= O(e),

1
(0w + V- Vyw) + ;azp ‘|‘g§ = O(e),

Op+V - -Vyep+ WB/ = O(e),
V- V+0,w=0.

Boundary conditions Initial conditions

{Wz:—l = W|z=0 = 0, {Vt:O = Vin, Wjt=0 = Win,

Plz=—1 = P|z=0 = 0. Plt=0 = Pin-
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Goal : Construct regular solutions (in Sobolev spaces) on
[0, T] x RY x [~1,0], with T independent of .
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Previous results

Goal : Construct regular solutions (in Sobolev spaces) on
[0, T] x RY x [~1,0], with T independent of .

Theorem (Desjardins, Lannes, Saut [DLS20])

With no shear flow, if N> := —g% is independent of z and under

additional assumptions, there exi§ts a unique solution to the
stratified Euler equations on [0, -7~ \F T] x R9 x [-1,0].

.

Theorem (Bianchini, Duchéne [BD24])

With an additional diffusion term, there exists a unique solution
to the stratified Euler equations on [0, T] x RY x [~1,0].
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Main result

Theorem (F. [Fra24])

There exists a unique solution to the stratified Euler equations
on the time interval

7
0, )
1+ |V /i + €/ /1t
+ V#0 - Additional |V’|1/ /1t
+ No additional assumptions. - Additional 1: short time

+ No diffusion. well-posedness.
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Sketch of proof at the linear level

@ Define the energy

&o ::/ pV2—|—;1,/ pW2—|—/ g,p2.
RIx[-1,0] RIx[-1,0] RIx[-1,0] —P
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Sketch of proof at the linear level

@ Define the energy

&o ::/ pV2—|—;1,/ pW2—|—/ g,p2.
RIx[-1,0] RIx[-1,0] RIx[-1,0] —P

@ Prove the estimate

d V|1
—&(t) £ =
o(t) i

dt
@ Conclude by constructing a sequence of approximate solutions.

Eo(t).
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An energy estimate

£o 1= / PV 4 / p(y/iw)? + / £ 2
S S s =P

hV+V -V, V+wV + =0

1 (Oew + V- Vyew) + +% 0

Oep+V -Vip+pw=0

Ve o
dtgo i

&o
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Extension to the non-linear case

@ Define the higher order energies
d+1

2.
2+

En = ||VH$-/N(5)+M||WH$-/N(5)+HP”$4N(5)a N>
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@ Prove the pressure estimates

(V1Y <P, 0P|y < En.
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Extension to the non-linear case

@ Define the higher order energies

d+1
En = ||VH$-/N(5)+M||WH?-/N(5)+HP”$4N(5)a N> T+2-

@ Prove the pressure estimates

(V1Y <P, 0P|y < En.

@ Prove the higher order energy estimates

%g,v( t) < (1 + 7 + '}”) En(t).

Main difficulties:
@ Characteristic Initial Boundary Value Problem : use of
isopycnal coordinates.
@ Loss of derivatives due to the isopycnal coordinates : use of
Alinhac’s good unknown.
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In this section, V =0 and d = 1 to simplify notations.



Isopycnal coordinates
0@000000

Change of coordinates (1)

@ The density is constant along the isopycnals:

(B+ Ep)(t,X, r+ 677(taX’ r)) = Q(r)'

@ The stratification is admissible: 0,(r + en) > ¢, > 0.
@ The stratification is stable: —0,0 > ¢, > 0.
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Change of coordinates (2)

[0, T) xR x[-1,0] = [0, T) x R x [-1,0]
(t,x,r) = o(t,x,r) = (t,x,r +en(t,x,r)).

° fiso = feul o
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[0, T) xR x[-1,0] = [0, T) x R x [-1,0]
(t,x,r) = o(t,x,r) = (t,x,r +en(t,x,r)).

° fiso = feul o
° v;.?,x,rfiSO = (vt,x,zfelﬂ) oY= (a@)_lvt7x7rfiso

. . Vt N .
© Vi £ = Ve 7 — e 25 g, i
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Change of coordinates (2)

[0, T) xR x[-1,0] = [0, T) x R x [-1,0]
(t,x,r) = o(t,x,r) = (t,x,r +en(t,x,r)).

° fiso = feul o
° v;.?,x,rfiSO = (vt,x,zfelﬂ) oY= (a@)_lvt7x7rfiso

. . Vt N .
b v;.?,x,rfISO = Vt,x,r’rlSO - 571 n Zarﬂ] O™

Semi-Lagrangian property

a:} fiso te Visoa)?(] fiso + 6Wisoa:] fiso — at fiso +e Visoax fiso
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Euler equations in isopycnal coordinates

vt n
Recall Vi, ,f = Vi f — €1 +X0r o, f
The Euler equations in isopycnal coordmates read

/

1.
OV + VOV + - 0IP =0,

1 g
/L(atw+eV8Xw)+Ec‘)7P—7n%0, in [0, T]xRx[~-1,0].

om+eV-Vyn—w =0,
dlV + 0w = 0,
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Euler equations in isopycnal coordinates

vt><r77 Yexrll g ¢

1 + €0
The Euler equations in isopycnal coordmates read

Recall Vi, ,f = Vi f —

/

1.
OV + VOV + - 0IP =0,

1 g
/L(atw+eV8Xw)+Ec‘)7P—7n%0, in [0, T]xRx[~-1,0].

om+eV-Vyn—w =0,
dlV + 0w = 0,

(Bianchini, Duchéne [BD24])

There are more non-linearities than in Eulerian coordinates !

How to recover the structure of the system in Eulerian coordinates?



Isopycnal coordinates
[e]e]e] lelelele)

Euler equations in isopycnal coordinates

v1_“Xr77
f=Vix,,f—e—2—0,f
t?a 1+ a

The Euler equations in isopycnal coordmates read

Recall V!

t,x,r

1
o0tV +eVOo,V + 78;7P =0,

1o 89
u(atw+eV8XW)+50/P ?T]NO in [0, T]XRX[—].,O]
om+eV -Vyn—w=0,
IV + 0]

(Bianchini, Duchéne [BD24])

There are more non-linearities than in Eulerian coordinates !

How to recover the structure of the system in Eulerian coordinates?
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Alinhac’s good unknown

In Eulerian coordinates, with v(n) .— o"V, w(n) = gy

oV 1 9.4 = .
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Alinhac’s good unknown

In isopycnal coordinates, with V(" := 9"V (") = 9, w:
v L anw(n) = [9" 91V + [0, 87]w.

~ an axn _.Aan 8r77
~ —ed <1+€0m> oV —ed <1+€am> orw.

Problem: “Loss of derivatives”
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Alinhac’s good unknown

In isopycnal coordinates, with V(" := 9"V (") .= 9, w:

anvin L anw(n) = [9" a1V + [0, 87]w.

N Oxn N om
~ —ed <]W]> 3,V €d <1+60r77> arW.

Problem: “Loss of derivatives”

Solution: Alinhac's good unkown [Ali89]
0"n

F) o g — o,

‘1 + €0
anv?x rf ~ vtxrf.f(n)'
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Alinhac’s good unknown

In isopycnal coordinates, with

7(n) . gny _ . 9" (n)y ._ gny,, _ . 9" .
vin .—ognv 1+”),() V,wi\" = 0w F1+((.)r,/()rW.

v 4 gmi(m ~ 0.

Solution: Alinhac's good unkown [Ali89]

) = 9nf — e L_g,f

0"V f =V .
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Quasilinear structure in isopycnal coordinates

After applying 0", the stratified Euler equations read
. . 1 .
AV L (V +eV)a, VM 4 v/ 4 Zgn B ~ 0(1),
0

O+ (V + eV),i™) + - 07P™ — £ 2 0(1 -+ ¢/,

0™ + (V. + eV) - Vil — 1" & 0(1),
v 4 gmi(n) ~ 0.
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After applying 0", the stratified Euler equations read
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AV L (V +eV)a, VM 4 v/ 4 Zgn B ~ 0(1),
0

O+ (V + eV),i™) + - 07P™ — £ 2 0(1 -+ ¢/,

(™ + (V +eV) - V(" — ~ 0(1),
v 4 gmi(n) ~ 0.

N

=3 (WW A T2+ | —gQ’ﬁ(")HfZ(S)>

n=0
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Quasilinear structure in isopycnal coordinates

After applying 0", the stratified Euler equations read
. . 1 .
AV L (V +eV)a, VM 4 v/ 4 Zgn B ~ 0(1),
0

O+ (V + eV),i™) + - 07P™ — £ 2 0(1 -+ ¢/,

(™ + (V +eV) - V(" — ~ 0(1),
v 4 gmi(n) ~ 0.

N

=3 (WW A T2+ | —gQ’ﬁ(")HfZ(S)>

n=0

‘— ‘
70 (N) < 0 (N)
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Conclusion

Recap:
@ Well-posedness of the stratified Euler equations.

@ The time interval is independent of p(under smallness
assumptions).

@ Isoycnal coordinates provide a simple framework for the
construction of solutions.

@ Alinhac’s good unknown is used to solve the “loss of
derivatives” problem due to the change of coordinates.
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Open problems:
@ Remove the smallness assumptions.

e Study the hydrostatic stratified Euler equations (. = 0).
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Conclusion

Recap:
@ Well-posedness of the stratified Euler equations.

@ The time interval is independent of p(under smallness
assumptions).

@ Isoycnal coordinates provide a simple framework for the
construction of solutions.

@ Alinhac’s good unknown is used to solve the “loss of
derivatives” problem due to the change of coordinates.

Open problems:
@ Remove the smallness assumptions.
e Study the hydrostatic stratified Euler equations (. = 0).
Thank you for your attention !
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