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giulia.sambataro @inria.fr radioactive waste disposal. THM equations model the behaviour of temperature, pore
water pressure and solid displacement in the neighborhood of geological reposito-
ries, which contain radioactive waste and are responsible for a significant thermal flux
towards the Earth’s surface. We develop an adaptive sampling strategy based on the
POD-Greedy method, and we develop an element-wise empirical quadrature hyper-
reduction procedure to reduce assembling costs. We present numerical results for a

two-dimensional THM system to illustrate and validate the proposed methodology.
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1 | INTRODUCTION

1.1 | Model reduction for a class of models in nonlinear mechanics

The disposal and storage of high-level radioactive waste materials in geological means requires a careful assessment of the long-
term effects on neighboring areas. The system behaviour is well-described by time-dependent large-scales coupled systems of
partial differential equations (PDEs), which take into account the thermal, hydraulic and mechanical response of the geological
medium. Numerical simulation of these systems is challenging due to several difficulties: first, finite element (FE) models of
the problem are highly-nonlinear, time-dependent and high-dimensional; second, due to the uncertainty in model parameters,
we need to solve the model for many different system configurations (many-query problem). In this work, we shall devise a
model-order reduction (MOR) strategy to speed up parametric studies for radioactive waste disposal applications.

In this contribution we study a general class of nonlinear problems in structural mechanics with internal variables. We consider
the spatial variable x in the Lipschitz domain Q C R4 with d = 2,3, and the time variable ¢ in the time internal (0, T¢), where
T; is the final time. We further define the vector of parameters y in the compact parameter region P C R”. We introduce the
state (or primary) variables U and internal (or dependent) variables W; we denote by X and W suitable Hilbert spaces in Q
for U and W, and we define the space of continuous functions from (0, T;) to X and W, C(0, T;; X) and C(0, T;; W). Then, we




2| Tollo ET AL.

introduce the parameterised problem of interest: given y € P, find (QM, K”) € C(0,T;; X) x C(0, T;; W) such that

G,(U,.0U,, W )=0inQx(0,T)

. (D
E” = F,,(Q”a E”)’ lng X (0’ Tf)

with suitable initial and boundary conditions. Here, QM is a nonlinear second-order in space, first-order in time differential
operator that is associated with the equilibrium equations, while 7, is a set of ordinary differential equations (ODEs) that is
associated with the constitutive laws.

Our methodology is motivated by the application to thermo-hydro-mechanical (THM) systems of the form (I}), which are
widely used to model the system’s response for radioactive waste disposal applications. Radioactive material is placed in an
array of horizontal boreholes (dubbed alveoli) deep underground: due to the large temperature of the alveoli, a thermal flux is
generated; the thermal flux then drives the mechanical and hydraulic response of the medium over the course of several years.
We refer to section ] for a detailed discussion of the considered THM model and boundary conditions.

1.2 | Objective of the work and relationship to previous works

We propose a projection-based monolithic model order reduction (MOR"!2¥) technique for problems of the form (T), with
particular emphasis on THM systems. The approach is characterised by an offline/online splitting to reduce the marginal cost, and
relies on Galerkin projection to devise a reduced-order model (ROM) for the solution coefficients. We rely on hyper-reduction to
speed up the assembly of the ROM during the online stage, and we rely on adaptive sampling to reduce the offline training costs.

The contribution of this work is the development of a POD-Greedy technique for coupled problems with internal variables.
First, we present a time-average a posteriori error indicator and compare it with a more standard discrete L*(0, T;; X') dual
residual in terms of computational and memory costs and effectivity. This is crucial for the efficiency of the adaptive method.
Second, we apply a greedy sampling (based on the proposed error indicator) to effectively explore the parameter domain. Third,
we introduce in this framework a hyper-reduction technique based on an element-wise empirical quadrature (EQ) procedure.

EQ procedures also dubbed mesh sampling and weighting have been first proposed in Refs. 4% and further developed in
several other works including Ref.Z: the key feature of EQ is to recast the problem of hyper-reduction as a sparse representation
problem and then resort to state-of-the-art techniques in machine learning and signal processing to estimate the solution to the
resulting optimisation problem. Here, we rely on the approach employed in Ref.®, which combines the methods in Refs.#* and
relies on non-negative least-squares to estimate the solution to the sparse representation problem.

Asdiscussed in section the presence of internal variables requires several changes to the EQ approach in Ref.®. Our approach
relies on a different treatment of primary and internal variables compared to the works in Ref.?1%, as explained in section
In addition, in the present work we aim at solving coupled systems that model the interaction between mechanic, thermal and
hydraulic response, as described in sectionfd] In section[3|we clarify to what extent the management of internal variables requires
a careful adaptation of the MOR technique illustrated in Ref.® and we briefly compare our treatment of internal variables with
Refs.2HY,

We emphasise that several other hyper-reduction techniques have been proposed in the literature including the empirical
interpolation method (EIM™M) and its discrete variant', the approach in Ref."3, and Gappy-POD#13. We also refer to Refs. 167
for further empirical (or reduced) quadrature procedures for problems in nonlinear mechanics. A thorough comparison of state-
of-the-art hyper-reduction techniques is beyond the scope of this work.

The POD-Greedy algorithm was introduced in Ref!® and analysed in Ref.!?: the approach combines proper orthogonal
decomposition (POD?¥21122) to compress temporal trajectories with a greedy search driven by an error indicator to explore
the parameter domain. In this work, similarly to Ref.??, we rely on a time-averaged error indicator to drive the greedy search;
furthermore, we test two different compression strategies to update the POD basis at each greedy iteration.

We further observe that the development of online-efficient adaptive ROMs for problems of the form (IJ) is extremely limited
in the literature. Relevant examples include the works in Refs. 132423 which, however, do not consider adaptive sampling. As
regards the application of MOR to THM systems, we recall the recent contribution by Larion et al.%®: note, however, that the
work in Ref.?® deals with a linearised THM model without internal variables.
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1.3 | Outline

The outline of this paper is the following. In section[2we briefly present the mathematical model and the numerical discretisation
for the general class of nonlinear problems in structural mechanics defined in (). In section 3} we present the MOR technique: to
simplify the presentation, we first discuss the solution reproduction problem and then we extend the approach to the parametric
case. Section 4] contains details of the THM mathematical model considered in the numerical section. In section [5] we present
extensive numerical investigations for a two-dimensional THM system. In section[6] we draw some conclusions and we outline
a number of subjects of ongoing research.

2 | FORMULATION

2.1 | Notation

In this section, we omit dependence on the parameter Given Q C RY, we define the triangulation {Dk} o1 Where N denotes
the total number of elements, the nodes {th} _, and the connectivity matrix T € NNem such that Ty € {1, ... ,N'} is the
index of the i-th node of the k-th element of the mesh and ny; is the number of degrees of freedom in each element. We remark
that throughout the paper the acronym HF stands for high—ﬁdelity discretisation.

Then, we introduce the continuous Lagrangian FE basis { ¢, }[ associated with the triangulation {D, }
6; ;, and we introduce the FE space for the state variables:

I,‘]’
X, :=span{(p,.g.: i=1,.., N, j:l,...,Deq}, 2)

wheree ..., e b, are the elements of the canonical basis and D, is the number of state variables. We define the state variables
for the spemﬁc problem of interest in in section 4.1}

We denote by || - || = \/(_) the norm of X, ; furthermore, given u € X}, we denote by u € RY"Pea the corresponding vector
(or matrix) of coefficients such that (u); , = (u(th)> forj=1,...,.NandZ#=1,...,D
column of the matrix u.

In view of the MOR formulation, we introduce the elemental restriction operators E;, : RV — R™ such that

o< 1» such that g, (th) =

eq notation u(:, ¢) refers to the ¢t

(Bew),, = (uGd)) o =Ly, £= Lo Dy k=1 N, (3a)
Furthermore, we introduce the quadrature points {x q}q « C €, such that x "4 is the g-th quadrature point of the k-th element
of the mesh, with ¢ = 1,..., n,, and the operators EZ RY — R" and Eqdv : RV — R" such that
(Efw) = (u(x‘” 9) o (Be) = (STuett (3b)
q.f ¢ q.0,j ox | 4 P

where g = 1,... J N, Z=1,.. Deq, k=1,...,N.and j = 1,...,d. To shorten notation, in the following, we further define

Ezd,* : RN o R4+ guch that

(Ew) =(Efw) . (E‘*u) = (E*) . (3¢)
q.0,1 /gt T/ qf2...d+1 /gt

Remark 1. For the THM problem considered in this work, the state U contains the displacement u, the water pressure p and the
temperature T’ (D,q = 2 + d); as discussed in Ref. 21 to avoid instabilities, it is important to use polynomials of degree x for
displacement and x — 1 for pressure and temperature: as a result, we should introduce separate restriction operators and separate
FE spaces for the different components of the state. In the main body of the paper we choose to not explicitly address this issue
to simplify notation: we remark that the extension to k-(x — 1) discretisations is computationally tedious but methodologically
straightforward.

2.2 | Finite element discretisation of @)

We introduce the time grid 0 = 1@ < /' < ... < (“m) = T; such that 1) = jAr. We denote by {U}’ u )} I C Xy the FE

approximation of the state variables at all times, that is, the #" column of u, (’ ) is the approximation of the # ‘h state variable at
time “). On the other hand, we denote by W W(’ ) € R"Ne-Din the tensor assocrated with the evaluation of the internal variables
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at time ) in the quadrature points:

() _ () hf.q — — —
(yhf)qykf = (WD) a=ling k=1 Ny =10 Dy

GivenZ € {1,..., D}, we further denote by Igir C {1,..., Ny} the indices associated with Dirichlet boundary conditions (if
any) of the #'" state component, and we denote by gfjf ) , € R!Z! the vector that contains the value of the £ state component
1r,

at each Dirichlet node at time ¢).

We state the FE discretisation of @ as follows: for j = 1,2, ..., find (Q;jf),mgf)) such that

(ROt (g;ff% Ui, W, W, X) =0, YV € Xy
(s — o) _ )
Ut Qg ) =84 » £ =1.... D3
< “
() _ phf qd,x 1) qdxp1Gi—1) D)
<Ehf )4”‘f =T <(Ek Uit )q (E" Ui >q <whf )q,k,*>7
L q=1,...,nq,k=1,...,Ne’f=1’___’Dim-

where Xy 1= {V € Xy X(Ifir, £)=0,0=1,..., Dy} is the test space for all state equations. Note that RM and F™ are
the discrete counterparts of the operators G and F in (IJ). Note also that the constitutive laws are stated in the quadrature points
of the mesh and the internal fields should be computed in the quadrature points of the mesh. Dirichlet boundary conditions are
imposed via a lifting; Neumann boundary conditions are introduced in the weak formulation associated to the first equation in
system (4) via the Green’s formula. We refer to section @] for the particular form of problem (@) associated to THM systems.

The underlying problem is second-order in space and first-order in time. At each time step, following Ref.%’, we solve (@) for
U 1(1’3 using a Newton method with line search; the method requires the computation of the Jacobian and the solution to a coupled
linear system of size N - D

In view of the introduction of the MOR methodology, in particular the hyper-reduction procedure, we write the residual R
as the sum of local contributions.

RN (U(j), UU—I)’ WU), W(i—l), V) —
o)

NE
3 A (EkEU), EUUD, (WD), L (WO EkX(j)>
k=1

As explained in section [3] this decomposition provides the foundation of our hyper-reduction procedure.

3 | METHODOLOGY

We propose a time-marching Galerkin ROM based on linear approximations. More precisely, we consider approximations of
the form
i W S W
— ~U) _ U P
0 =zal=Yy (a )ngn, J=ld ©)

"
n=1

where {(’ig) };:"f C RY are referred to as solution coefficients and are computed by solving a suitable ROM, while Z : RN —
&X,¢ 1s the reduced-order basis (ROB) and Z := span{{ } f;’: , 1s the reduced space. In presence of non-homogeneous Dirichlet

conditions, it is convenient to consider affine approximations of the form Q Z) =HgV+Z (’iif), where H is a suitable lifting
operator (see, e.g., Ref%) and Z C Xyt 0: since in this work, we consider homogeneous Dirichlet conditions, we do not address
the treatment of non-homogeneous conditions. We consider a single reduced basis Z for all state variables in {U ;jf) J{ZT;
discuss the choice of the inner product in section ] (cf. Eq. (33)).

The Galerkin ROM is obtained by projecting @) onto the reduced space Z: this leads to a nonlinear system of N equations at
each time step. To reduce assembly costs, it is important to avoid integration over the whole integration domain. Towards this

we
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Algorithm 1 Solution reproduction problem: offline/online decomposition

Offline stage:
1: compute {g;jf)’p}jels, I C{l, ..., dpu s
2. construct the ROB Z; > section@
3: construct the weights p®. > section[3.1.7]

Online stage:
4: compute {aff }jJ:“Ix by solving the ROM (7).

end, we define the indices associated with the “sampled elements” Iy C {1,...., N.} and we define the EQ residual:
Red (U(j) uv-b wo wu-Db V) —
M — 9 — 9 - b - 9 —_
. . . ) . 7
Z Piq 'J,;f,k <Ek9(n’ Ekg(j_l), (EU))‘,/@» (EU_D) o EkY”) 7

kel '

where p* = [p{, ..., peqc]T is a sparse vector of positive weights such that p,* = 0if k & I,,;. In conclusion, the Galerkin ROM
=)

reads as follows: for j = 1,2, ..., find (Q;j),[” ) such that

~() AU =~0) =~0-D
Req<U 0w wY ,V)=0, VV ez
Ho\=n " =p —u = — -

<Wm> _ < (Ezd,*ﬁ(j)) ’ (Ezd,*ﬁ(j—1)> ’ (Wo—n) > (7b)
—H .kt Hy —H q. —H q, —H q.k,-
q= 1,...,nq,k € qu,f =1,...,D
Note that the internal variables need to be computed only in the sampled elements. Furthermore, computation of only
requires the storage of the ROB in the sampled elements, { Ek£ ., n=1,...,N, ke qu}: provided that |qu| < N, this leads
to significant savings in terms of online assembly costs and also in terms of online memory costs.
In the remainder of this section, we shall discuss the construction of the ROB Z (data compression), the empirical quadrature
rule p® (hyper-reduction) and also the error indicator. To simplify the presentation, in section [3.1] we focus on the solution
reproduction problem, while in section[3.2] we discuss the extension to the parametric problem.

nt-

3.1 | Solution reproduction problem

The solution reproduction problem refers to the task of reproducing the results obtained for a fixed value of the parameter .
Algorithm [I| summarises the procedure: during the offline stage, we compute the HF solution to (6) for a given parameter and
we store snapshots of the state variables at select time steps I C {1,...,J,,.}; then, we use this piece of information to build
a ROM for the state; then, during the online stage, we query the ROM for the same value of the parameter considered in the
offline stage.

The solution reproduction problem is of little practical interest; however, it represents the first step towards the implementation
of an effective ROM for the parametric problem. Note that during the offline stage we store the state variables in a subset of
the time steps and we do not store internal variables: this choice is motivated by the fact that for practical problems memory
constraints might prevent the storage of all snapshots; in addition, internal variables might not be computed explicitly by available
HF codes.

3.1.1 | Data compression

We resort to POD based on the method of snapshots (cf. Ref.?%) to generate the ROB Z. Given the snapshots {U ;jf)p} jer, =

{UM}K . K = |1,|, we define the Gramian matrix C € R¥X such that C, ,, = (U*, U ¥): then, we define the POD eigenpairs

CCo= Al M ZAy2.dg20;
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finally, we define the POD modes
K
¢ o= (Z) U, n=1,..,N.

The reduced space size N can be chosen according to the energy criterion:

M K
N :=min{M : Z,an > (1 —tolpp) Z ,1,}, (8)
n=l1 i=1

for some user-defined tolerance tolpgp > 0. Note that the POD modes depend on the choice of the inner product (-, -): we discuss
the choice of (-, -) for the THM problem considered in this paper in section 4]

3.1.2 | Hyper-reduction

We denote by ﬁi‘f(-) and ﬁf,q(-) the algebraic reduced residuals associated with the HF and empirical quadrature rules, such that

(R (@: pW)) =R (Za Zp. W) W. £ ). n=1...N.

<Rf4q (a;ﬁ,ﬂ'))n =R (Za, Z B, ﬂ;, W, ¢ ) n=1,...,N,

—hn

where a, € RY, W € RNl and ﬂ; = E; (a, B; W') is obtained by substituting in (@);. We further introduce the
Jacobians J';f(-), J5() such that

hf . . U . 0 nhf . ! €q( - ’ . 9 neq . !
(W@pw)) = s (R (W) . (Ii@pW)) = S (Ret (@:p W)
for n,n’ = 1,..., N. We observe that the computation of the Jacobian involves the derivatives with respect to the constitutive
laws in Ehf; we further observe that the residuals Rl;f(-) and qu(-) satisfy
RY (@6, W) = G (@ f.W) p", R (o) = G (a: W) p ©
where G € RV-Ne can be explicitly derived using the same approach as in Ref.® and p" =[1, ..., 1]7.

As in Ref.®, we reformulate the problem of finding the sparse weights p*4 € R™: as the problem of finding a vector p®d such
that:

1. the number of nonzero entries in p®l, which we denote by || p®||,, is as small as possible;

2. the entries of p® are non-negative;

NC
3. (constant-function constraint) the constant function is integrated accurately: |Z pinDkI - |Q|| <1
k=1

4. (manifold accuracy constraint) the empirical and hf residuals are close at operating conditions:
-1
hf o () 0 .ywU-D Rhbf (0)] 0 .wU-DY) _ Req 0 0 .ywU-D
” (Ju (alrain’ alrain’wtrain )> <R/4 <atrain’ atrain’wtrain ) R}d (alrain’ atrain’wtrain )) ”2 < 1’ (10)

0

vrain ) @0d {W(j ) }; that are discussed at the end of the section.
rain’J —train’J

for j € I and for suitable choices of {a

We observe that a similar problem was already introduced in Refs.*?. Compared to these works, we here add the constant-
function constraint that is found to improve the accuracy of the weights when the integrals are close to zero due to the cancellation
of the function to be integrated in different parts of the domain (cf. Ref.?).

Exploiting (9), we can restate the previous requirements as a sparse representation problem:

find p*! € arg min ||p||, s.t p20 (11)
per 0T ICp - bl <6,
for a suitable choices of the matrix C, the vector b, the norm || - ||,, and the tolerance §. Since the optimization problem (TI)

is NP-hard, several authors have proposed computational methods to find approximate solutions to (TI) in polynomial time. To
provide concrete references, Ref.© considers a ¢! relaxation of (TT) with ||-||, = ||-|| s«, and resorts to linear programming to find
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an approximate solution; here, following Farhat et al.#, we approximate the solution to (IT)) by solving the inexact non-negative
least squares (NNLS) problem
min ||Cp —b||,s.t.p > 0. (12)
pERNe

A thorough comparison between the reduced quadrature approaches in Ref.* and Ref.?is beyond the scope of this paper; we refer
to Ref.? for a detailed analysis of the performance of NNLS and a comparison with LP for a stochastic sparse representation
problem with Gaussian disturbances.

In this work, we rely on the Matlab function 1sqnonneg that implements the Greedy algorithm proposed in Re
as input the matrix C, the vector b, and a tolerance toleq:

£ 30 and takes

p®4 = 1sqnonneg(C, b, toley)-

The same algorithm to find the sparse weights pd given the matrices C, b has been first considered in Ref.#: for large-scale
problems, a parallelised extension of the algorithm was introduced and successfully applied to hyper-reduction in Ref.L.

Remark 2. The presence of internal variables complexifies the application of EQ procedures. Indeed, the problem formulation

in Equation (@) (and Equation (31)) for the specific problem of interest) shows the dependence of the residual on state and internal

variables both at the current time and at the previous time step. Therefore, in order to compute the entries of C, b associated with

(T0), we should prescribe the triplets { (aU) a’~b wu _1)) } o : knowledge of the primary and internal variables at time j
je

train’ = train > —train
and j — 1 for j € I, is thus necessary to construct residuals at each time step.

A first option, which was considered in Ref.2 is to store state and internal variables {Q;’B, Q;ﬂ_l),zﬁfl)} at all select time
steps j € I,. This choice might lead to very large offline memory costs — which scale with (nq N.D,,, +2N Deq) |I,| — and
it might require modifications to the HF solver, but it does not require the solution to the ROM with HF quadrature.

An alternative approach, which is considered in this work, is to use HF data to build the ROB for the state variables, solve the
ROM (7)) with HF quadrature to obtain {&ﬁ’gp, @:f)“ };» and then set agim = (’i(h’%{u and ﬂg ;in = @;Jf)’p. This choice contributes
to reduce offline memory costs and might also avoid modifications to the HF solver; however, it increases offline computational
costs. In the numerical results (cf. Table[5), we report computational costs of ROM solves based on HF and empirical quadrature.

We emphasize that the other pieces of our approach — Galerkin projection, POD-Greedy algorithm, time-averaged residual
indicator — can cope with both strategies. The decision should thus be based on the particular software architecture considered

and on the design constraints.

3.2 | Parametric problem

In order to extend our methodology to parametric problems, we should address two challenges. First, we should explore the
parameter domain P in an efficient way; second, we should devise a compression strategy to combine information from different
parameters.

In this work we propose an adaptive strategy based on an inexpensive error indicator described in section[3.2.2] Our point of
departure is the POD-Greedy algorithm proposed in Ref 18, Algorithm summarises the procedure: the procedure takes as input
a discretisation of P, E,;,, a tolerance fol,, for the outer greedy loop, a tolerance rol 4 for the data compression step, and the
maximum number of greedy iterations Ny, max — W€ here prescribe the termination condition based on the error indicator;
we refer to the pMOR literature for other termination conditions.

We observe that the algorithm depends on several building blocks. The FE solver

[{giljf)p }jelb] = FE-solve(u)

takes as input the vector of parameters and returns the snapshot set associated with the sampling times I, C {1,...,J,.}
(without saving internal variables, as pointed out in Remark [2). The data compression routine

[Z', /1’] = data-compression (Z, A, {Hiljf),p*}jeIs’(" -),tolp0d>

takes as input the current ROB and the POD eigenvalues 4 = [4,..., 4 N]T, and returns the updated ROB Z' " and the updated
eigenvalues A’; finally, we observe that construction of the ROM comprises both the construction of the Galerkin ROM and of
the error indicator. In the remainder of this section, we discuss each element of the procedure.
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Algorithm 2 POD-Greedy algorithm

3 fwnl Mirain

Requlre: Strain = {/’t(k)}kzl > tOZloop’ tOZpod’ Ncount,max‘

1 Z=0,A=0, u*=u.

2: for negye = 1, ..., Neguntmax 40

3: [{g;’r)p* }jels] = FE-solve(u™);

4: [Z, /1] = data-compression(Z, 4, {Qﬁ'f),p* Vier, () toloq); > section

5: Construct the ROM with error indicator. > section

6: for j =1 : n,,, do

. = &)

7: Solve the ROM (7)) for = u'* and compute A .

8: end for

9: p* =argmax,z A, > Greedy search
10: if A, <tol,,, then, > Termination condition
11: break,

12: end if.

13: end for

return ROB Z and ROM: y € P {&, "} ™.

3.2.1 | Data compression
We consider two different data compression strategies: a hierarchical POD (H-POD) and a hierarchical approximate POD
(HAPOD). Both techniques have been considered in several previous works: we refer to Ref 32 section 3.5 for H-POD and to Ref.53
for HAPOD; HAPOD is also related to incremental singular value decomposition in linear algebra**. Here, we review the two
approaches for completeness. We denote by I1; : &} — Z the orthogonal projection operator on Z C Xj;; furthermore, we
introduce notation

(2, 2] =POD ((U™)E,. (. ) 10lg)
to refer to the application of POD to the snapshot set {Q(")}f=1, with inner product (-, -), and tolerance 7ol,,4 (cf. (B)), with
Z=[¢.- L LN NI=1A=[4,....ay]".and 4; > 4, ... > Ay.

Given Z and the snapshots {Qfljf) u* }; H-POD considers the update:

Z, - [Z,Znew] , Znew = P0OD <{HZLQ1(1]2,W }j’(" 3, t01p0d> . (13a)

Note that the approach does not require to input the POD eigenvalues A from the previous iterations. We observe that the
approach leads to a sequence of nested spaces — that is, the updated ROB contains the ROB of the previous iteration — and it
returns an orthonormal basis of the reduced space. In our experience, the choice of the tolerance tol 4 is extremely challenging:

pod
since (8) depends on the relative energy content of the snapshot set, the update (I3a) with fixed tolerance tol,,,q might lead to
an excessively large (resp., small) number of modes when max; ||U, ;’f)p* -11;U ;Jf)p* || is small (resp., large). For this reason, we

propose to choose the number of new modes N™V using the criterion:
(0)]
Il zqzmenn Upe LI
new . : . s ) —hfp* new new M
= < =
N™ = min{ M : max 00 Stolyog, Zy" =span{{™} o (13b)
—hf,p*

Note that this choice enforces that the in-sample relative projection error is below a certain threshold for all snapshots computed
during the greedy iterations.
HAPOD considers the update

(221 =POD ({UR, 1, U (AL I (e )toleg ) (14

Note that the approach (T4)) does not in general lead to hierarchical (nested) spaces. As discussed in Ref. 2% section 3:3 'which refers
to (T4) as to distributed HAPOD, it is possible to relate the performance of the reduced space obtained using HAPOD to the
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Algorithm 3 Online solution and residual computations

1: Initial state and internal variables; set Ravg 0.

2 forj=1,...,J,,, do

3 Compute ail’) by solving (7b).

=) .
4: Compute <WMJ ) for all k € I, using (7b),.
— .’k’. 4

A AG-D o~ ~0-D
=R:}q’r<Uj’U W Wy >form=1,...,M.
— —m

- Assemble RY € RM such that (ﬁﬁ,”) U W W

m

6 Update R® = RY® 4 (1) — (U-D)RY

7: end for
return {&”'}, and A, = = |IRY|l,
performance of the POD space associated with the snapshot set {U I(jf) wn + =1, Noguemaxs J € I}: we refer to the

above-mentioned paper for a thorough discussion.

3.2.2 | Time-averaged error indicator
We define the trajectories U = {QU)};:’IX and W = {Z(j)}jfl‘; given the pair (U, W), we define the time-average residual:

‘Imax
hf . j i—1 hf j i—1 j i—1
Rivey (LW, V) o= Z] (@ = D) RE (U, U0, WO, WD V), VY€ Xy, (15)
=
and the error indicator
Rgsg i ([U’ W’ K)
A (UW) = sup ——————— . (16)
H Ve, 1l

The indicator (I6) is expensive to evaluate since it relies on hf quadrature and it requires the computation of the supremum over
all elements of X o: following Ref. 33 we consider the hyper-reduced error indicator
Row  (UW,V
A, (UW) = M’
Vey Il
where Y C X, is an M -dimensional empirical test space, while Ravg u 1s defined by replacing sz in with a suitable
sparse weighted residual of the form (7a), defined over the elements I, C {1,..., N }.
Given the ROM solution (@ 0 WM), the test space Y should guarantee that

a7

hf 0 W hf 0 W
R <[U W K) Ravg,p <[U14’ WM’K)
~ sup )
vey Il VeXy, i

Yuepr, (18)

which implies that ) should be an approximation of the space of Riesz elements M. :={{ : u € P} with
—H

() =R, (0,W,.0), VVex, (19)
On the other hand, the empirical quadrature rule should ensure that
eq.r N ~ hf NN _
Reer (0, W,w )~ R, (0, W, ), YueP m=1,...M, 20)
where VoW, is an orthonormal basis of Y.

In our 1mplementat10n we compute the error indicator during the time iterations — as opposed to after having computed the

whole solution trajectory. Algorithm [3|provides the complete online solution and residual indicator computations. We find that

computation of A, requires to compute the internal variables W in the elements I, U I, at each time iteration (cf. (70)), and
it requires to store the trial ROB Z in {D; : k € I, U I} and the test basis Y = [£1’ ’KM] in{D, : k €I,}

eq,r
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Algorithm 4 Construction of the ROM
1: for y € Z* do

2: Solve the ROM with hf quadrature and compute C, and R;Vg‘un.

3: end for
C.o

4: Assemble C = (Ej,;mmm € RENmon-Ne and set p* = 1sqnonneg(C, Cp", tol,,).
o

5: Compute the Riesz representers {{ } = using (T9).
_M *
6: Define the empirical test space Y = span{gm}rﬁi] as [{Zm}r’;”:l] = POD <{Qu}ﬂeg*, (D) tOZpod,res> )

G

7. Assemble G = G( ) € RM™om-Ne and set p°* = 1sqnonneg(G, Gp™, tolgg,).
M Tom

CT

A

Several authors (e.g., Ref. %) have considered the time-discrete L*(0, T;; Xk’l ) residual indicator

f,0
Imax Rb(UD, UU=D, W, W=D, y) 2
A2 (U, W) = (D —tU=-Dy [ sup - - — = = . (1)
H Z{ VeX,, (L4

We observe that we could apply the same ideas considered in this section to devise an hyper-reduced counterpart of the residual
indicator (ZI). However, we find that the test space )} and the empirical quadrature rule should be accurate for all parameters
and for all time steps: as a result, the resulting test space Y might be significantly higher dimensional and the quadrature rule
might be significantly less sparse, for the desired accuracy. For this reason, in this work, we investigate the effectivity of the
time-averaged error indicator (T7).

3.2.3 | ROM construction

In order to devise an actionable ROM, we should discuss (i) the choice of the EQ rule p®, (ii) the choice of the test space Y
and of the EQ rule p®" in (T7). In view of the presentation of the computational procedure, we define the ROM solution with
hf quadrature (@*};f , W/\\/gf); we denote by C,, € RXN-Ne the EQ matrix associated with the manifold accuracy constraints in (T0)

for 4 € P (cf. section ; we further define the vector ¢ = [|D,|, ..., |Dy |17 associated with the constant function accuracy
constraint. Given the test reduced basis W W, s We define GL € RM-Ne guch that
r _ peqr (ihf {ahf _
(Gow) =R, (O WLy ). YueP m=1... .M. 22)
avg,un avg,un

We further define the unassembled average residual R, € R"»Ne:Dea: we observe that R, =" might be employed to build the
FE residual and ultimately compute the Riesz representers Qu in (19), and also, given Y, to compute GL.

We focus on the construction of the ROM at the n,-th iteration of the POD Greedy algorithm. We define 2% = { i) };l:‘{‘ =
{u* Y U {aY }:':li"'eq, where p* (D, ..., p*) are the parameters sampled by the greedy algorithm and (", ..., jiwined) are
independent identically distributed samples from the uniform distribution over 7. Algorithm 4] summarises the computational
procedure as implemented in our code. The test space Y is built using POD as in Ref.">, while the EQ weights l, . are obtained
using the non-negative least-squares method.
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SIunit description

u m solid displacement
p, Pa water pressure
T K temperature

TABLE 1 primary variables

SI unit label
py  kg-m™ water density
17 % Eulerian porosity
h, J-Kg! mass enthalpy of water
Q Pa non-convected heat
M kg-m™?-s7'  mass flux
m, kg-m™ mass input

TABLE 2 dependent variables

ST unit value
] S 3.15- 107
H m 77.3
o Pa 11.3-10°
po  kg-m™ 2450
T.. K 297.5
AT K 30

TABLE 3 characteristic constants

4 | THM MODEL PROBLEM

In this section we illustrate the non-dimensional mathematical formulation and the numerical discretisation of the THM system
considered in this work. We assume that the solid undergoes small displacements and that soil is fully-saturated in water. We
resort to a Lagrangian formulation for the solid, and to an Eulerian formulation for the fluid.

4.1 | Preliminary definitions

We first introduce the state variables and the internal variables. The state variables are denoted as U  in the continuous for-
mulation in Equation (I)), and their FE approximation as ng in the high-fidelity discretisation in Equation (@). For the specific
problem of interest, U = [u', p,, T]": the state variables represent solid displacement, water pressure and temperature and
are reported in Table |1} the internal variables W = [p,,, @, h,,, O, M fv m,,]T represent dependent physical quantities and are
illustrated in Table 2] together with the corresponding SI units.

We denote the Cauchy stress tensor by o[Pa], and we define the volumetric deformation ey, = #r(¢) where ¢ is the strain tensor:

e=Vu= % (Vu + VuT) . We also provide in Tablethe characteristic parameters that we use for the non-dimensionalisation.

4.1.1 | Geometry configuration

The computational domain is shown in Figure The geological repositories, modelled as boundary conditions, are depicted
in red at the bottom of the domain, in the case of two activated alveoli. In the vertical (x,) direction, the domain is split into
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0.8+
IﬂN
0.6
USC " oa
UuT 2
x2 0.2
UA | . L
— 0 0.2 0.4 0.6 0.8 1
xl T

(@) (b)

FIGURE 1 geometric configuration: (a) the non-dimensional domain (b) the mesh. The size of each alveoulus is equal to
lo = 3.09 [m], while the distance between consecutive alveoli is equal to / = 6.18 [m].

three layers: a clay layer denoted as UA ("unité argilleuse"), a transition layer UT ("unité de transition") and a silt-carbonate
layer USC ("unité silto-carbonatée").

In Figure [T[b)] the finite element grid is shown. The number of degrees of freedom for the first state component (solid displace-
ment) is N = 40430, while for water pressure and temperature is NP = Nt = 9045. The grid is refined in the proximity of
the alveoli to better capture the relevant features of the solution. We consider a p = 3 FE discretisation for the displacement
component, and a p = 2 FE discretisation for both pressure and temperature.

4.2 | Mathematical problem

We first state the equilibrium equations — the superscripts ()™, (-)",(-)"' refer to quantities associated with the mechanical,
hydraulic and thermal behaviours, respectively. Then, we present the constitutive laws that are considered and finally we present
the boundary conditions. To clarify the presentation we report in Table ] the parameters that enter in the constitutive laws.

We denote by F| = ——e (where y = o ) the mechanical force with g defined in Table (4| and we specify that n (resp. ?) is
the unitary outward normal (resp tangentlal) vector in the domain depicted in Figure[I{a)} then we introduce the equilibrium of
mechanical forces:

-

) ’ (23a)

(em-1=0  ondQ\Ty,

where I'y is depicted in Figure E@IThe Neumann datum . is given by g TG The stress tensor is linked to the primary
=m, Zm, —
n

and internal variables by the linear law
oc=2uVau+ (/l Veu—- Qu+3)aT - bpw) 1, (23b)
where the Lamé constants u’, A satisfy
; E
B =aa+vy
Ev

T+ =2v)
and E and v are introduced in Table
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We state the mass conservation of water as follows

omy, +V-M_ =0inQ

(24a)
M -n=0 on 0Q
—_W -
where the muss flux M is given by the Darcy law
M, =-y(Vp,—p.F,) (24b)
and B
Ky 0ol 1808.5
Y= pw—°_2 exp| ~————— ) (24¢)
pOMw,O H Tref + AT T
Finally we consider the energy balance:
hyo,my, +0,Q + V- (hWMW + q) -M_-F_=0inQ
- (25a)
(hWMW + g) ‘n=giN on 092
where Q is the non-convective heat, g is the thermal flux and is given by the Fick law
q=—AVT, (25b)
with A = diag(A;, %,). If we denote by I';; C 0€Q the region associated with the alveoli, g, , is equal to
Pni
&N = t_; exp (—1/7)1p, = Cyexp (—1t/7)1p, (26)
where n, [%] is the density of the radioactive waste stock in each alveolus (equal to 45 anisters), P, = 31.4[W] is the unitary
termic power at the initial time, /,, = 3.09 [m] is the size of each alveolus, o, H, 1 are introduced in Tableand T = m [s]
is a characteristic decay time.
(a d
Ghw _ DPw _ 3a,dT (27a)
py Ky
do dpy,
h— p = d€v —3C(SdT+ ?S, (27b)
< b dp,,
dh,, = CPdT + (B, — 3a,T)—, (27¢)
Py
5Q = (ﬂ; + 3aSK0T) dey — (ﬁg + 3aw,mT> dp, + C°dT, 27d)
my, = p,(1+ey) o —pde° (27¢)

Here, we have f; = 1 —3a, Tior, B = 32K Tiep, B = 3ty mTres-
The parameters in (27a)-(27¢)) are defined in Table [}

4.2.1 | Initial conditions

To set the initial conditions, we consider the case of deactivated repositories: therefore, we set thermal flux equal to zero and
we set a constant temperature T;, = T, in Q, where the reference temperature is defined in Table [3] We aim at finding the
initial values of the primary variables u and p,, that correspond to the equilibium solutions of a preliminary problem: here, the
Neumann boundary condition for the energy equation is zero, that is, gy = 0, and temperature is costant and equal to the
reference value T} (in Table [3).

We then seek u, p,, o such that the initial solution vector U, = [u;, p,,. Ty]" satisfies the equilibrium equations (23a), (24a) and
(254) with thermal flux g, y equal to O on the domain boundary 0Q. Towards this end, we first observe that reduces to

dp, dp,

. K (28)

w
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SI unit description reference value  formula
g m-s~? gravity acceleration 9.81
11.4-10° UA
E Pa Young’s modulus 12.3-10° UT
20 - 10° USC
v % Poisson’s ratio 0.3
u Pa Lamé parameter, 2(1E+V)
A Pa Lamé parameter ﬁ
b % Biot coefficient 0.6
a, K-! solid thermal expansion coefficient 1.28-107°
a, K-! expansion coefficient 1.28-1073
K, M’ intrinsic permeability of porous medium 107!
My, MPa - s dynamic viscosity Hy = Hyp exp(%)
HUyo MPa-s dynamic viscosity coefficient 2.1-10712
K, Pa bulk modulus of the solid
K, Pa bulk modulus of water 2-10° K, =3 C fzv)
CP’  J.-kg '-K~! heat capacity at constant pressure 4180
K, Pa drained bulk modulus Ky =1 -b)K,
a, K! thermal expansion coefficient of water ay, =9.52 - 1072 log(T —273) —2.19 - 1074
Ay m dilation coefficient
537 UA
c Jkg ' K specific heat at constant stress 603 UT
640 USC
2450 UA
p° Kg-m™ porous medium initial density 2450 UT
2500 USC
A Kg-m3 initial water density 103
0.25 UA
o % initial Eulerian porosity 0.21 UT
0.19USC
R m?.s7 initial water enthalpy h = p?”;%
o_ 0 o
Ps Kg-m™ density ratio py =" I_p;:)
c’ Pa-K'! specific heat at constant deformation C’=(1-@)p,Cs + ¢p,Ch, — ITKa?
A thermic conductivity tensor A =diag(A, Ay)
1.5 UA
A Wm™!K-! thermic conductivity component 1.5 UT
1.3 USC
1 UA
Ay Wm~'K™! thermic conductivity component 1 UT
1.3 USC
(C] Pa-s”! volumetric heat sources

TABLE 4 parameters of the constitutive laws. Layers UA, UT, USC are depicted in Figure

that brings to p, = p_,, exp <KL(pW —p_oo)>. If we assume that p,, = p_,, = py 0, We find p;, = p__; furthermore, by

susbstituting these assumptions into the hydraulic equilibrium equation we find

pw,O(x’ J’) = pw,[op + pw,Og(l - y) (29)
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where py ,, is a datum for water pressure that is defined at the top boundary of the domain (0, 1) X {1}. Finally, we search for

u,, as the solution to the equilibrium equation of mechanical forces:
/2ﬂvsgo D Voo 4+ AV u)(V-v)—bp Vv = p°F -gdx=/g L vdx, (30)
Q I'n

for all v € X}, such that v - n|yo\r, = 0.
4.3 | Finite element formulation

We resort to an implicit Euler time discretisation scheme, with J,,, = 100 uniform time steps; the superscript (-)* refers to the

new solution (at the current time step j, for j = 1, ..., J,,. ), while (-)~ refers to the solution at the previous time steps:

p

/2Mvsg+ P Voot (AV-ut = QuA3Da T —bpl) Vv — (p)°+m}) F_-vdx

A (mi—m )y + y* (Vpl —piF ) -Vydx =0; 31
by o1 ] ;
( (Em; —my) + QN = Q) + (Vi — i F,) -£m> &= (=hy (Vpy=pLE,) + q) - VE

=/G)+§dx—/ g:Nédx;

Q 0Q

forall v € X, suchthat v - n|yo\r, =0, ¥ € Xsf, & € &}, where
s + _ —

Py =p
= Pv_vexp< < 3aw(T+—T‘)>;

w

_ _ _ 1 _
@ =b— (b—@ )exp <—(€\Jj —e))+3a)(T"=T7) - ?(p;; —pw)> ;
B’ —3a, T
AT - py): &

w

Rt =h] + CO(T* =T7) +

S e 1 i i I § _
Q" =0 + (ﬂQ+3aSK0§(T++T )) (ey—ey) - <ﬁ5+3a;,m§(T++T )) (7, = 3)
+COT (T -T7);

L m = pi(1+€) ot — oy, 0.
We remark that integrals in system (31)-(32)) depend on internal variables at the current times ¥ and at the previous times
Y=Y for j = 1,..., J,,: this model problem thus fits in the general problem introduced in Eq. (@).

> ““max-*

4.4 | Choice of the norm

We equip the FE space &} ; with the weighted inner product

2
1 1 1
(gsg’) = A_ Z(Ed’ﬂé)ﬂl(g) + i_(p’p/)Hl(Q) + ﬂ_t(T, T/)Hl(g)9 (33)
u g=1 p

where the coefficients 4,, 4,,, 4, are the largest eigenvalues of the Gramian matrices C", CP, C' associated to displacement,
pressure and temperature, respectively. Similarly to Ref.33, the inner product (33)) is motivated by the need for properly taking
into account the contributions of displacement, pressure and temperature, which are characterised by different magnitudes and
different units.
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4.5 | Parametrization

We consider a vector of four parameters: the Young’s modulus E and the Poisson’s ratio v in the region UA, the thermic factor
7 and the constant C,; in (26). For all parameters, we define the parameter domain P by considering variations of +15% with
respect to the nominal value reported in Table ]

S | NUMERICAL RESULTS

We measure performance through the discrete L2(0, T;; X,;) relative error

J
max X . B /\(j) 2
X
E, := — (34)
2 (=), P

for any 4 € P. Similarly, we denote by EE EE and EL the discrete relative L2(0, T;; &) errors associated with the estimate of
displacement, pressure and temperature, respectively.

5.1 | Solution reproduction problem

We first present numerical results for a fixed configuration of parameters i € P to validate the ROM described in section[3] We
consider ji equal to the centroid of P. We perform data compression based on the whole set of snapshots, i.e. | I| = J,,,, = 100.

5.1.1 | Data compression: POD

In Figure 2| we compare performance of the global POD based on the weighted inner product (-, -) with the performance of the
component-wise POD. More precisely, we define Z such that

(Z,41=POD (UL, yer,s () 10l ) (35)

and we then extract reduced basis associated to the single state variables of interest, that is, we extract the displacement, pressure
and temperature components Z", ZP, Z'.
Then, we denote the "optimal" (in a discrete L? sense) spaces

[Zu,opl’ lu,opt] = POD <{EI(1]f)ﬁ }jEIS’ (.’ ‘)Hl , t01p0d> ; (36)
[ZP°™, 27°P'] = POD <{Pﬁ’2p}161c G f01p0d> ; 37)
[Z7o%, AT<%] = pOD ({T}f{’)p}jels, C, ')H"t()lpod) , (38)

that are found through D, — 1 PODs over displacement, pressure and temperature.

In Figure2](a)we show the behaviour of the POD eigenvalues in (33)); in Figure[2[b)] [[c)} [[d)]we compare the relative projection
errors associated with Z" and Z"°", ZP, ZPP' and Z' and Z"°"'. We observe that the projection errors are nearly the same for
all the three state variables: this obervation suggests to consider a single reduced space to approximate the solution field.

5.1.2 | Hyper-reduction

In Figure we show the performance of the Galerkin ROM with and without hyper-reduction. We distinguish between the
high-fidelity quadrature rule, abbreviated as HFQ, and the empirical quadrature rule for several tolerances fol.,. We also add as

a reference, the relative projection error. Figure [3(b)|shows the percentage of selected elements Ng X 100% for the same choices
of the tolerance tol.,. We observe that the empirical quadrature procedure is able to significantly reduce the size of the mesh
used for online calculations without compromising accuracy. The plateau for N > 14 is due to the tolerance of the Newton
iterative solver.
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FIGURE 2 solution reproduction problem. exponential decay of POD eigenvalues. projection errors computed
through (33) (in black) and (36)-(38)(in red) for increasing numbers of POD modes.

In FigureEl we show the selected grid elements for two choices of the EQ tolerance value o/, and for N = 12. We observe
that the sampled elements are distributed over the whole domain with a slight prevalence of elements in the proximity of the
alveoli.

We report in Table[5]the computational costs associated to the solution of system (31)-(32) through the high-fidelity solver and
the ROM with high-fidelity quadrature and empirical quadrature, for the solution reproduction problem. We consider a reduced
space of size N = 12; we also set 7o/, = 1074, The values in Tableare the computational speedup, that is, speedup = %
where HF cost is the computational time of solving the high-fidelity solver and ROM cost is the computational time associated
to the ROM (we specify in different rows if with HFQ or EQ). The speedup associated to the ROM with high-fidelity quadrature
is almost 2 and is more than 50 times lower than the speedup of the hyper-reduced ROM. For this model problem, the cost
associated with ROM with HFQ is comparable with the cost of the HF solver. As discussed in Remark 2] the choice of solving
a ROM with high-fidelity quadrature significantly increases the offline computation costs.

5.2 | Parametric problem

—

We present results for the parametric case. We denote by Z,,,;, C P the training set used to build the ROM and by E,., C P the
test set used to assess performance. Both sets consist of independent identically distributed samples of a uniform distribution in
P, with |E,in| = Myain = 50 and |E | = 1y = 10. We also set tolpop = 1077 in (§) and in (I3b) for data compression, and
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FIGURE 3 solution reproduction problem. |(a)} errors associated to projection error (proj), Galerkin with high-fidelity quadrature
(HFQ) and Galerkin with empirical quadrature for several choices of 7o/, with respect to the ROM dimension N @ percentage
of selected elements for several 7o/,
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FIGURE 4 solution reproduction problem. Reduced mesh for two choices of the empirical quadrature tolerance.

we set 10lpop s = 1073 in (B) for the construction of the empirical test space. We set I, C {1, ..., J,,, } with | I | = 20. EQ rules
are depicted usign the tolerance tol,, = 1072 (cf . AlgorithmEI).

5.2.1 | Error estimation

In Figure [5| we compare the dual residual and several EQ errors for each parameter y in the training set Z,,;, and for different
dimensions of the reduced space that is progressively updated during the execution of the POD-Greedy algorithm. In particular,
we show results in two cases: the hierarchical POD-Greedy (H-POD) and the hierarchical approximate POD-Greedy (denoted as

HA-POD). Figures and [jb)| show for both H-POD and HA-POD to what extent the residual-based error indicator defined
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speedup
HF 1
ROM with HFQ 1.87

ROM with EQ 104.60

TABLE 5 solution reproduction problem: relative computational costs of the ROM with high-fidelity quadrature and empirical
quadrature.
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FIGURE 5 parametric problem: correlation between the time-average residual indicator (I7) and true relative errors (34).

in (T7) is correlated with the relative error (34). We observe that for values of the indicators that are larger than 103, correlation
is very high, while for smaller values correlation is much weaker.

To provide a a concrete reference, in Figure [6] we investigate the correlation between the relative error (34) and the time-
discrete L*(0, T:; X}’lf’o) residual indicator defined in 2I)): we observe that the indicator in (2I)) is significantly more accurate,
particularly for small values of the error. As stated in section [3] the residual indicator is considerably more expensive in
terms of both memory and computational costs.

5.2.2 | POD-Greedy sampling

In Figures[7]and [§] we show the POD-Greedy algorithm convergence history, for both the hierarchical and approximate hierar-
chical PODs. At each iteration of the algorithm, until convergence, the error indicator A, is illustrated with respect to training
parameter indices 7., = {1,..., |Eqin
selected parameters are marked in green. We also report the dimension of the updated reduced space and the number of sampled
elements.

|} . At each iteration the selected parameter p* is marked in red, while the previously

5.2.3 | Prediction tests

In Figure 0] we assess out-of-sample performance of the proposed method. More precisely, we show the behaviour of the
maximum relative error (34) over the test set max E, for both H-POD Greedy and HA-POD Greedy. To provide a relevant

benchmark, we compare results with the H- POD Greedy and HA-POD Greedy algorithms based on the exact errors (strong
POD-Greedy). For this particular example, we observe that the proposed method is effective to generate accurate ROMs: in
particular, the Greedy procedures based on the time-averaged error indicator are comparable in terms of performance with the
corresponding strong POD-Greedy algorithms.
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FIGURE 7 parametric problem: POD-Greedy algorithm convergence history in the H-POD case.
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6 | CONCLUSIONS

In this work, we developed and numerically validated a model order reduction procedure for a class of problems in nonlin-
ear mechanics, and we successfully applied it to a two-dimensional parametric THM problem that arises in radioactive waste
management. We proposed a time-averaged error indicator to drive the offline Greedy sampling, and an empirical quadrature
procedure to reduce offline costs.

We aim to extend the approach in several directions. First, we wish to apply our method to other problems of the form (T, to
demonstrate the generality of the approach and its relevance for continuum mechanics applications. Second, we wish to combine
our approach with domain decomposition methods=33238 to deal with more complex parametrizations and topological changes.
Towards this end, we wish to devise effective localised training methods to reduce offline costs and domain decomposition
strategies to glue together the solution in different components of the domain.
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