Adv. Comput. Math. manuscript No.
(will be inserted by the editor)

An offline/online procedure for dual norm
calculations of parameterized functionals: empirical
quadrature and empirical test spaces

Tommaso Taddei

Received: date / Accepted: date

Abstract We present an offline/online computational procedure for comput-
ing the dual norm of parameterized linear functionals. The approach is moti-
vated by the need to efficiently compute residual dual norms, which are used
in model reduction to estimate the error of a given reduced solution. The key
elements of the approach are (i) an empirical test space for the manifold of
Riesz elements associated with the parameterized functional, and (ii) an em-
pirical quadrature procedure to efficiently deal with parametrically non-affine
terms. We present a number of theoretical and numerical results to identify
the different sources of error and to motivate the proposed technique, and we
compare the approach with other state-of-the-art techniques. Finally, we in-
vestigate the effectiveness of our approach to reduce both offline and online
costs associated with the computation of the time-averaged residual indicator
proposed in [Fick, Maday, Patera, Taddei, Journal of Computational Physics,
2018].
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1 Introduction

A posteriori error estimators are designed to assess the accuracy of a given
numerical solution in a proper metric of interest. In the context of Model
Order Reduction (MOR, [29,23]), a posteriori error estimators are employed
during the offline stage to drive the construction of the Reduced Order Model
(ROM), and also during the online stage to certify the accuracy of the estimate.
The vast majority of error estimators employed in MOR procedures relies
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on the evaluation of the dual norm of the residual: for nonlinear and non-
parametrically affine problems, this task might be particularly demanding both
in terms of memory requirements and of computational cost. Motivated by
these considerations, the objective of this paper is to develop and analyze an
offline/online computational strategy for the computation of the dual norm of
parameterized functionals.

Given the parameter space P C R” and the domain 2 C R?, we introduce
the Hilbert space X' defined over {2 endowed with the inner product (-, )x
and the induced norm || - ||x := v/(,-)x. We denote by X’ the dual space of
X, and we define the Riesz operator Ry : X' — X such that (RyL, v)x =
L(v) for all v € X and L € X'. Exploiting these definitions, our goal is to
reduce the marginal (i.e., in the limit of many queries) cost associated with
the computation of the dual norm of the parameterized functional £,

'Cu(v)

o]«

[£yull 2 := sup = RxLyllx, (1)
veEX

for u € P. We are interested in functionals of the form
Lyu(v) = /Q n(@v,p)de,  n(zv,p) = () - F(z;v), (2)

where T : £2xP — RP is a given function of spatial coordinate and parameter,
and F' is a linear function of v and possibly its derivatives. Throughout the
work, we shall consider H}(£2) C X C H'(£2), and F(z;v) = [v(z), Vu(z)].
However, our discussion can be extended to other classes of functionals and
other choices of the ambient space X.

If £, is parametrically-affine, i.e. L£,(v) = Zf\gzl O () Lo (v) with M =
O(1), then computations of ||£,||x+ can be performed efficiently exploiting the
linearity of the Riesz operator; on the other hand, if £, is not parametrically-
affine, hyper-reduction techniques should be employed. Over the past decade,
many authors have proposed hyper-reduction procedures for the efficient evalu-
ation of parameterized integrals: these techniques can be classified as Approximation-
Then-Integration (ATI) approaches or Empirical Quadrature (EQ) approaches.
ATT approaches (i) construct a suitable reduced basis and an associated in-
terpolation/approximation system for 7}, in (2), and then (ii) precompute
all required integrals during an offline stage. Conversely, EQ procedures —
also known as Reduced-Order Quadrature procedures ([2]) — directly approx-
imate the integrals in (2) by developing a specialized low-dimensional empirical
quadrature rule. Representative ATI approaches for model reduction applica-
tions are Gappy-POD, which was first proposed in [18] for image reconstruc-
tion and then adapted to MOR in [11,12,3], and the Empirical Interpolation
Method (EIM, [5,21]) and related approaches ([17,27,14,31,15]). On the other
hand, EQ approaches have been proposed in [1,2,19,28].

As explained in [28], although ATI approaches are quite effective in prac-
tice, the objective of function approximation and integration are arguably
quite different and it is thus difficult to relate the error in integrand approxi-
mation to the error in dual norm prediction. As a result, rather conservative
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selections of the approximation tolerance are required in practice to ensure
that the dual norm estimate is sufficiently accurate. On the other hand, since
the test space in (1) is infinite-dimensional, EQ approaches cannot be applied
as is, unless the Riesz element §, := Ry £, is known explicitly.

We here propose an offline/online procedure that relies on two key ingre-
dients: empirical test spaces, and empirical quadrature. We resort to Proper
Orthogonal Decomposition (POD, [6,32,35]) to generate a Jes-dimensional re-
duced space X, that approximates the manifold of Riesz elements associated
with £, My = {RxL, : p € P}. Then, we approximate the dual norm
[I£,. )| using HE,LHX}“. Estimation of HEHHX}“ involves the approximation
of J.s integrals: we might thus rely on empirical quadrature procedures to
estimate the latter dual norm.

The contributions of the present work are threefold: (i) an actionable pro-
cedure for the construction of empirical test spaces; (ii) the reinterpretation of
the EQ problem as a sparse representation problem and the application of EQ
to dual norm estimation; and (iii) a thorough numerical and also theoretical
investigation of the performance of several ATI and EQ+ES hyper-reduction
techniques for dual norm prediction.

(i) Empirical test spaces are closely related to 2-embeddings, which have been
recently proposed for MOR applications by Balabanov and Nouy in [4]. In
section 2.2, we formally link empirical test spaces for dual norm calcula-
tions to fs-embeddings, and we discuss the differences in their practical
constructions. Furthermore, in section 2.5, we present an a priori error
bound that motivates our construction.

(ii) The problem of sparse representation — or equivalently best subset selec-
tion — has been widely studied in the optimization, statistics and signal
processing literature, and several solution strategies are available, includ-
ing ¢! relaxation [16], Greedy algorithms [34], and more recently mixed
integer optimization procedures [7]. In this work, we show that the prob-
lem of EQ can be recast as a sparse representation problem, and we con-
sider three different approaches based on ¢! minimization (here referred to
as (1-EQ), on the EIM greedy algorithm (EIM-EQ), and on Mixed Inte-
ger Optimization (MIO-EQ), respectively. We remark that /!-EQ has been
first proposed in [28] for empirical quadrature, while EIM-EQ has been
first proposed in [2]; on the other hand, MIO-EQ is new in this context.
In order to reduce the cost associated with the construction of the quadra-
ture rule, we further propose a divide-and-conquer strategy to reduce the
dimension of the optimization problem to be solved offline.

(iii) To our knowledge, a detailed comparison of ATI approaches and EQ ap-
proaches for hyper-reduction is currently missing in the literature. In sec-
tions 3 and 4 we present numerical and also theoretical results that offer
insights about the potential benefits and drawbacks of ATI and EQ tech-
niques, in the context of dual norm prediction.

The paper is organized as follows. In section 2, we present the compu-
tational procedure, and we prove an a priori error bound that relates the
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prediction error in dual norm estimation to the quadrature error and to the
discretization error associated with the introduction of the empirical test space.
In section 3, we review ATI approaches for dual norm calculations and we of-
fer several remarks concerning the benefits and the drawbacks of the proposed
strategies. Furthermore, in section 4, we present numerical results to compare
the performance of our EQ+ES method for the three EQ procedures consid-
ered with a representative ATI approach; in particular, we apply the proposed
technique to the computation of the dual time-averaged residual presented in
[20], associated with the Reduced Basis approximation of the solution to a 2D
unsteady incompressible Navier-Stokes problem. Finally, in section 5, we sum-
marize the key contributions and identify several future research directions.

2 Methodology
2.1 Formulation

In view of the presentation of the methodology, we introduce the high-fidelity
(truth) space Xny = Span{api}ﬁl C X and the high-fidelity quadrature rule

Ny
Q" (v) == pif ().
=1

We endow Ay¢ with the inner product (w,v)x,, = QM(\(;;w,v)) for a suit-
able choice! of A, and we approximate the functional in (2) as £, nt(v) :=
QM (n(;;v,p)). In the remainder, we shall assume that ILunellay, =~ (1 Lullxr
for all p € P. Since our approach builds upon the high-fidelity discretization,
in the following we exclusively deal with high-fidelity quantities: to simplify
notation, we omit the subscript (-)us.

Given v € X, we denote by v € RV the corresponding vector of coefficients,
v(z) = Zﬁl v; pi(x); similarly, given £ € X', we define £ € RV such that
(L); = L(y;). By straightforward calculations, we find the following expression
for the dual norm:

Q" (n(sv,p
Llw) = N1l = sup (”U(”X)) = \/m7 (3)

where X; ; = (¢;, ¢;)x. Evaluation of L in (3) for a given p € P requires the
solution to a linear system of size NV, which costs Chies, = O(N?®) for some
s€[1,2).

To reduce the costs, we propose to substitute X in (3) with the Jes-
dimensional empirical test space X, = span{¢; }j‘jl where (¢, 9:)x = 6; 5,
and the high-fidelity quadrature rule QM with the Qeq-dimensional quadrature

rule
Qeq

Q%(v) = Z pglo(zg?),  forsome {qu,:zrgq}qQ:e‘} CRx .
q=1

1 In all our examples, we consider A(-;w,v) = Vw - Vv + uv.
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Exploiting the fact that {¢,}; is an orthonormal basis of X, we obtain the
EQ+ES estimate of L(u):

e Jos
L) = sip SEEHD =[50 @mtsonm®
= [[H (1) ™2,
where
D
(H(p),; = (@5 0,0 = Y (Vula$h), (Flaghv), . (4b)

It is straightforward to verify that, if 7 is of the form (2), computation of the
matrix H(p) scales with O(D Jes Qeq): provided that Jos, Qeq < N, evaluation
of (4) is thus significantly less expensive than the evaluation of (3).

Below, we discuss how to practically build the space X;_ (section 2.2),
and the quadrature rule Q°1(-) (section 2.3). Then, in section 2.4, we briefly
summarize the overall procedure and we comment on offline and online costs.
Finally, in section 2.5, we present an a priori error bound that shows that
the prediction error is the sum of two contributions: a quadrature error, and
a discretization error associated with the empirical test space.

Remark 1 EQ estimate of L(u). The EQ estimate of L(u),

eq .
LQeq(ﬂ) — Sup Q (77( ”U7M))
vex  vllx

)

is not in general related to L(u) for Qeq < Ny. For this reason, EQ approaches
cannot be applied as is to estimate L(u).

2.2 Empirical test space
Recalling the Riesz representation theorem, we find that L(u)? = £, (€,,), for

all p € P, § = Rx L; therefore, if X, accurately approximates the elements
of the manifold M, = {¢,: p € P}, we expect that

L, (v L, (v
L) = sup 2O o g Lul) e (5)
veMme 0l wex,, [vllx

We provide a rigorous justification of this approximation in section 2.5.

We construct the approximation space X'y using POD. First, we generate
the training set Ztraines — {u‘]};i:’fi“ C P, where pl, ..., p"irain id Uniform(P);
then we compute & = §ue for £ =1,...,ng,;; finally, we use the snapshots
{gf};f;in to compute the POD space Xj_ (see [32]) based on the X-inner
product.
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Remark 2 Choice of n{},;, and J. In order to validate the choice of ngy ;,
and Jos, we might introduce n¢s,, additional samples ji', ..., it ~ Uniform(P),

and compute the error indicators?

Ly e, My Girlle, (6)
and
Niest
BP e e == > [y el o

Nest k=1

where X JJ; denotes the orthogonal complement of X, and II Xt X=X j;

is the orthogonal projection operator. E( 7)"mm7"t .

the discretization error that enters in the a priori error bound in Proposition

provides an estimate of

2, while E(Q)»nmm»ntm can be compared with the in-sample error E(] ) e =
—a— n"‘“" ||HXL &.e||% to assess the representativity of the training set

train
—train,es
= .

Connection with {5-embeddings

Exploiting notation introduced in section 2.1, and recalling that {¢;}; is an
orthonormal basis of X;__, we can rewrite (5) as follows:

1ullag, = IX5, Lole, (8)

where X, = [¢y,...,¢; ]. In [4] (see [4, section 3.1]), the authors propose
to estimate L(u) as

Le(n) = [|OX 7" L,l2, 9)

where © € R7=*N is called X — 5 embedding. By comparing (8) with (9), we
deduce that the approach proposed here corresponds to that in [4], provided
that © = XJ_X.

The key ‘difference between the two approaches is in the practical con-
struction of ©. In [4], the authors consider © = £2Q where Q € RV*V is the
upper-triangular matrix associated with the Cholesky factorization of X, while
2 € RN is the realization of a random matrix — distributed according
to the rescaled Gaussian distribution, the rescaled Rademacher distribution,
or the partial subsampled randomized Hadamard transform (P-SRHT). For
these three choices of the sampling distribution, the authors prove a priori
error bounds in probability, which provide estimates for the minimum value
of Jes required to achieve a target accuracy.

Recalling the optimality of POD (see, e.g., [35]), for sufficiently large values
of ngy .., we expect that our approach leads to smaller test spaces — and thus

2 We observe that E(oo)n nes  is equivalent to the error indicator proposed in [10].
sy tram’ test
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more efficient online calculations for any target accuracy. On the other hand,
the construction of © in [4] requires significantly less offline resources than the
construction of X;__. For this reason, the choice between the two approaches
is extremely problem- and architecture-dependent.

2.3 Empirical quadrature

We shall now address the problem of determining the quadrature rule

Qeq
QU(v) = > pitu(as?)
q=1

in (4). Towards this end, we assume that {z$9}, C {z?};; then, we define the
quadrature rule operator Q : C'(£2) x RVa — R such that

N
Qv,p) = Y piv(al’).
=1

Exploiting the latter definition, we formulate the problem of finding {pg4, 7%},
as the problem of finding p* € RV4 such that

1. the number of nonzero entries in p* is as small as possible;
2. the corresponding quadrature rule Q*(-) := Q(-, p*) satisfies

‘Q*(n(,%aﬂ)) - th(n(7¢j7,u))‘ §67 j = 17"'7J857 (10)
for all 14 in the training set Strained = {MZ}ZSTD7 and
|o*(1) — Q¥(1)| <o (11)

Given a (approximate) solution p*, we then extract the strictly non-null quadra-
ture weights {p¢9, 229} *4 = {{pf, a2}; : i € {k : pf # 0}}.

The first requirement corresponds to minimizing the number of non-null
weights Qeq: recalling (4), minimizing Qeq is equivalent to minimizing the on-
line costs for a given choice of the empirical test space. Condition (10) controls
the accuracy of the dual norm estimate, as discussed in the error analysis. On
the other hand, as explained in [38], condition (11) is empirically found to
improve the accuracy of the EQ procedure when the integral is close to zero
due to the cancellation of the integrand in different parts of the domain. Fi-
nally, we remark that in [28,38] the authors propose to add the non-negativity
constraint

pr>0, i=1,...,N. (12)

As discussed later in this section, the non-negativity constraint reduces by half
the size of the problem that is practically solved during the offline stage for two
of the EQ methods (/!-EQ and MIO-EQ) employed in this work; furthermore,
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we observe that the non-negativity of the weights is used in [37] to prove a
stability result for a Galerkin ROM. We here consider both the case of non-
negative weights and the case of real-valued weights. We anticipate that for
the latter case we are able to prove a theoretical result that motivates the
approach.

These desiderata can be translated in the following minimization state-
ment:

min [pllo. st [Gp— ¥l <6 (13a)
pERNa

where || - |0 denotes the oo norm, ||v||ec = maxy |vg], || - |0 denotes the ¢°
“norm” ||pllo = #{ps #0:i=1,...,Ny}, and G € RE*Na and y™ ¢ RE,
K =ngt. Jes + 1, are defined as

n(@y o), o n(ahl et

G =

7

ne ' e (13b)
’7(95}11f§ ¢Jcs7 o "?ai")7 s U(xﬁl\ﬁq; (b]cs, M “a‘“)

1 1

yhf _ [th (77(.; o1, Ml)) ey oMt (77('5 ¢Jes,un§:}ain)) ’ QM (1)} (18¢)

Alternatively, if we choose to include the non-negativity constraint, we obtain

. IGp — y™|| < 6
min |pflo, s.t. (14)
pERNa p>0

Problems (13) and (14) can be interpreted as sparse representation prob-
lems where the input data — the high-fidelity integrals y"f — are noise-free.
We emphasize that there are important differences between the two problems
considered here and the sparse representation problems typically considered
in the statistics literature, particularly in compressed sensing (CS, [16]). CS
relies on the assumption that the original signal is sparse, and that the co-
herence among different columns of G is small (see, e.g., [9] for a thorough
discussion). In our setting, these conditions are not expected to hold due to
the smoothness in space of the elements of the manifold and to the determin-
istic nature of the problem. As a result, techniques developed and analyzed in
the CS literature might be highly suboptimal in our context. After the semi-
nal work by Bertsimas et al. [7], Hastie et al. [22] presented detailed empirical
comparisons for several state-of-the-art approaches for datasets characterized
by a wide spectrum of Signal-to-Noise Ratios.

As stated in the introduction, we here resort to three EQ approaches to ap-
proximate (13) and (14). While ¢!-EQ and EIM-EQ have been first presented
in [28] and [2], MIO-EQ is new in this context. In the next three sections, we
briefly illustrate the three EQ techniques.

3 || - llo is not a norm since it does not satisfy the homogeneity property; nevertheless, it

is called norm in the vast majority of the statistics and optimization literature.
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Remark 8 Dependence on the basis {¢;};. Conditions (10) depend on the
choice of the basis of X;_. In particular, given ¢ Z iy ay @;, if we define
it =n(-; ¢;, 1%), we obtain

Jos

|Q(n(-;¢3,ué) ) th( (6 ) = | = Q" (™)) aj
j=1

< dllally < d1ll2llallz = 6/ Jesl Bl 2

Note that in the first inequality we used (10), while in the second inequality
we used Cauchy-Schwarz inequality.

[

2.8.1 0 relaxation ((*-EQ)

Following [28], we consider the convex relaxation of (14):

, 1Gp — y"loo <6

which can be restated as a linear programming problem:

Ap<b
prgnﬁg\lfq 1Tp, s.t. { o g 0 (15a)
where
G yi 46

Proceeding in a similar way, we obtain the ¢!-convexification of (13):

min ||pll1, s.t.Ap <b. (16)
peRNa

If (p**, p?*) is the solution to the linear programming problem

A (pt—p?)<b
. T ( 1 2 P P =
i (bt +0%), st {plv(p2>0,) (17)

then, p* = pb* — p?* solves (16): as a result, (17) can be employed to

find solutions to (16). To prove the latter statement, we first observe that

if (p'*, p>*) solves (17), then pi™*p>* = 0 for i = 1,...,Ny; therefore, the
2,%

vector p* = pb* — p?* satisfies the constraints in (16), and
(p*)" :=max{p*,0} = p'*, (p*)” = —min{p*,0} = p**,
lp*lls =17 (p** + p**) .

If p € RVNa satisfies the constraints in (16), we find that (pt = max{p,0},p~ =
—min{p, 0}) satisfies the constraints in (17) and

ol =17 (p* +p7) =17 (p"* + p**) = |Ip*|1,
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which is the thesis.

Problems (15) and (17) can be solved using the dual simplex method.
We observe that these problems require the storage of a dense matrix of size
2K x Ny and 2K x 2N, respectively: even in 2D, this might be extremely de-
manding. Note that the linear programming problem (17) has twice as many
unknowns as (15). In section 2.3.4, we illustrate a divide-and-conquer ap-
proach, which does not require the assembling of the matrix G.

2.8.2 Quadrature rule using EIM (EIM-EQ)

A second approach ([2]) consists in exploiting the EIM Greedy algorithm.

nq

Given Staines — {755 and (9,17, we define 7 i= -y, ut) for
0 =1,...,ng8, and j = 1,...,Jes. Then, (i) we resort to a compression
strategy to build an approximation space Zq,, = span{Cq}?:ej for {n®7}e ;.
(ii) we use the EIM Greedy algorithm to identify a set of quadrature points

{x{4} based on {Cq}gz‘“i, and (iil) we construct the quadrature weights.

In [2], the authors resort to a strong-Greedy procedure to determine the
approximation space Zq,,; in this work, we resort to POD based on the L2(02)
inner product. On the other hand, the application of EIM and the subsequent
construction of the quadrature points is detailed in Appendix B. We remark
that this approach does not in general lead to positive weights: as a result,
the resulting quadrature rule should be interpreted as an approximation to

problem (13).

2.3.3 Solution to (14) using MIO (MIO-EQ)

We might also exploit Mixed Integer Optimization (MIO) algorithms to di-
rectly solve (14). With this in mind, we observe that (14) can be restated
as

Ap<b

min 17z st. 18
pERNa ze{0,1}Va {0 <p< |02z (18)

where A, b are defined in (15).

Problem (18) corresponds to a linear mixed integer optimization problem;
it is well-known that finding the optimal solution to (18) is in general a NP-
hard problem. However, thanks to recent advances in discrete optimization,
nearly-optimal solutions to the problem can be found within a reasonable time-
frame. We refer to [8,7] for further discussions. We here rely on the Matlab
routine intlinprog to estimate the solution to (18).
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Direct solution to (13) requires the solution to the linear mixed integer
optimization problem?

Alp' —p*) <D
. min o 17(z' +2%) st. { 0<pt <CZ! (19)
pl,p2eRNa z1 z2€{0,1}Na 0< p2 < Cz2

where C is chosen to be sufficiently larger than [£2|. As for (}-EQ, we note
that (19) has twice as many unknowns as (18); it is thus considerably more
difficult to solve.

2.8.4 A divide-and-conquer approach for (*-EQ and MIO-EQ

In order to deal with large-scale problems, we propose a divide-and-conquer
approach for /!-EQ and MIO-EQ. Towards this end, we define the triangu-
lation of 2, 77 = {D, }i<5™ where D; denotes the j-th element of the mesh
and Nelem denotes the number of elements in the mesh. Then, we introduce
the partition of 7" as the set of indices Ji, ..., INpare C {1,...,Nelem } such
that Uévz""l‘” Je={1,...;ncem} and Ty N Ty = 0 for £ # ¢'. If we assume
that all quadrature points lie in the interior of the mesh elements®, we find
that the global quadrature rule {zhf, p?f}ﬁ’l induces local quadrature rules on
the subdomains 2 = (J;c 7, D;; we denote by {x?}p?fe i1, AL the local
quadrature points and weights associated with the /-th subdomain; we further
denote by Q") (.) the high-fidelity quadrature rule on f2,.

Algorithm 1 outlines the divide-and-conquer computational strategy for
(15); similar strategies can be derived for (17), (18), (19). We observe that the
local problems can be solved in parallel, and the full matrix G is not assembled
during the procedure. Furthermore, we remark that for large-scale problems
it might be convenient to consider recursive divide-and-conquer approaches
based on several layers; the extension is completely standard and is here omit-
ted. Finally, we remark that, thanks to the choice of the tolerance in (20), the
admissible set associated with (21) is not empty, as rigorously shown in the
next Proposition.

Proposition 1 The admissible set associated with problem (21) is not empty
for any choice of 6 > 0.

Proof Since pt¥) = pP»(9) is admissible for (20), the admissible set associated
with (20) is not empty. Furthermore, any solution p* ) to (20) is uniformly
bounded: we have indeed [|p*(]|; < ||p""(D]|; =: C. Then, since the set

b
TP aTC W TR () N
{p-IIG pP—Yy IIOO_N

part

,pzm|phgc}

4 Given the solution (p', p?, 2", 22) to (19), it is possible to verify that p* = p! — p? solves
(13). The proof follows from the fact that p}p% = zilzi2 =0fori=1,...,Nq. We omit the
details.

5 This condition is satisfied by standard Finite Element/Spectral Element discretizations.
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is compact and p — ||p||1 is continuous, the existence of a solution to (20)
follows from the Weierstrass theorem.

Let p©) ¢ RNs” be a solution to (20) for £ =1,..., Npart, and let Zip) C
{1,..., Ny} be the indices associated with the quadrature points in 2. We
define p* € RNa such that P (Zw)) = p) for 0 =1,... , Npart-

Clearly, we have p* > 0. Furthermore, we find

Npart
1)
hf 0 4 hf, (¢
1Gp* =3l = 1 Y- (606 =3O oo < Npurii— < 4.
N, art
(=1 p
This implies that p* is an admissible solution to (21).
Algorithm 1 Divide-and-conquer approach for EQ training
Divide
1: Define J1,...s INpare C {15+ Melem}
2: Compute the local quadrature rules on {21,...,2n,,,, by solving
GO p_ yht(O) < 38
min lplli,  st. {” g 0” Yl < W (20a)
peRNS, ) p=
where
n@lonut), o @ énnt)
q
G® — " : - , (20b)
n(x}ff[; d)t]es ; untrain)’ ce. n(th(z) 5 ¢Jesv ’ untrain)
) N’q
1 S 1

and

PO = [ QU0 (g, ) s @O (3 ), 0 (1] (20

3: Define the set of indices Z(p) 1o C {1, - - ,Nq} associated with the nonzero elements of
the optimal solutions p® to (20), and set Zjo. = Ue Z(0),10¢-
Conquer
1: Solve

IGp —y oo < &

i el s.t.{pza arTp o

where G, yP are defined in (14).

2.4 Summary of the EQ+ES offline/online procedure

Algorithm 2 summarizes the offline/online computational procedure. As re-
gards the offline cost of the ES procedure, computation of the Riesz elements
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scales with O(ng?,; Criesz), while the cost of computing the POD space — pro-
vided that n&,, < N — scales with O((n&,, )?N). Offline memory cost is
O(ng,;,V): note that the cost of POD can be significantly reduced by resort-
ing to hierarchical ([24]) or stochastic ([4]) approaches. As regards the offline
cost of the EQ procedure, memory cost of the three EQ strategies discussed
above is O (ngmi, JesNg): as N, JesNg increases, offline memory costs become
prohibitive. For EIM-EQ, memory costs — which are associated with the ap-
plication of POD — can be reduced by resorting to hierarchical or stochastic
strategies (see in particular the approach in [2]); on the other hand, we might
resort to the divide-and-conquer approach discussed in section 2.3.4 to reduce
the costs of /-EQ and MIO-EQ. We are not able to provide general estimates
for the offline computational costs associated with the algorithms in sections
2.3.1 and 2.3.3: in section 4, we provide results for the model problems consid-
ered. Finally, we observe that storage of {F'(x(%;$;)}4,; requires the storage
of Con = DJosQeq floating points; similarly, computation of H(u) in (4) can be
performed through O(C,y) operations.

Algorithm 2 Offline/online procedure for dual norm calculations
Offline stage

1: Sample pl,. .., p"tramn id Uniform(P), and compute {¢¢ = §ut };gfi“

2: Compute Xj_ = span{¢; }3];51 using POD.

3: Compute the quadrature rule {pzq,zgq}g:e‘} using ¢1-EQ, EIM-EQ or MIO-EQ (cf. sec-
tion 2.3).

. . Qe
4: Store the evaluations of {F(-;¢;)}; in {zg"},;25.
Online stage

1: Compute the matrix (H(p))q,; = n(zq%; ¢4, 1) in (4).

2: Compute L Q. (1) using (4).

2.5 A priori error analysis

Given the quadrature rule {xflq, qu}qQ:e‘i, we define the maximum quadrature
error:

eq . __ eq R _ hf e

Ogu = epmax Q5 65,1) — Q¥ (565, 1))] (22)

For the /'-EQ and MIO-EQ procedures presented in section 2.3, the max-
imum quadrature error 522‘1‘1 is enforced to be below the target tolerance

. eq
for all parameters in the training set Ztamed = {;f}/=in  Note that for
€ P\ Etrained the quadrature error 58; might exceed &; however, we can

exploit 28, Lemma 2.2] to conclude that lim,ea 5‘3‘5(1 < 6, provided that
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T is Lipschitz-continuous in p. Furthermore, given the reduced space X;_, we
define the discretization error

discr __
€ = max [y &l (23)

es

(00)

JessNtrain Mtest

We observe that egi:" can be estimated using the error indicator E
defined in (6). ‘

Proposition 2 shows the a priori error bound for the estimation error
|Gy (1) — L(12)|. We observe that the overall error depends on the sum of
the quadrature error 58; and of the discretization error egiscr

es

Proposition 2 Given the quadrature rule {:cgq,pgq}qQ:e‘}, and the empirical

test space Xj__, the following bound holds for any p € P:

discr)2
Lj. — L(p)| € V' Jesbp: +<6J— 2
| Lees@ea (1) = L(w)| < VT35, L(p) + Ly, (1) 2

where L, (1) = 1€, -

Proof Recalling the Riesz representer theorem, we have that £,(v) = (§,,v)x
for all v € X'; as a result,

2 (qu)Q 2
(Lo ()" = L0l = sup ﬁTIQX = |lx, &% = (L() = s Eull%,
e wedy, % Jes

where in the last equality we used the projection theorem. Exploiting the
identity (a — b)(a + b) = a® — b? we find

. . My &ll% .
(w) = Ly, (1) = m (25)

On the other hand, exploiting inverse triangle inequality and the definition of
522‘;, we find

Lo ) ~ Lo 9] = | \/Z (Q(n(:3 65, )" ~ ¢Z (Q (005, 1)°

<[22 (@0 65 01) — QU (n(:5 65 1)))
< (2 () = VI,

j (26)

Thesis follows by observing that ‘L(u) — LJCS’QCq(/,L)| < | L. (1) — L(u)| +
|L..(1t) = L...q., ()| and then using (25) and (26). |
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3 Approximation-then-integration approaches for dual-norm
calculations

We illustrate below how to apply Approximation-Then-Integration (ATI) ap-
proaches to dual norm calculations. The aim of this section is to illustrate
the key differences between the EQ+ES method presented in section 2 and
ATT state-of-the-art techniques, and to provide insights about the potential
benefits and drawbacks of the proposed method.

3.1 Review of ATI-based approaches for dual norm calculations

We briefly recall the standard ATI-based procedure for dual-norm calculations.
We state upfront that our objective is to provide a representative example of
ATT approach that will be compared with the EQ+ES approach proposed
in this paper; a thorough discussion of the available ATI approaches for the
problem at hand is beyond the scope of this work. Given £, in (2), an inter-
polation/approximation approach (e.g., Gappy POD, EIM,...) is employed to
obtain a surrogate of 7',

M
T]\/I,/,L(x) - (@M(M))m C’m(‘r)a (273‘)

m=1

where @), : P — RM is a given function of the parameters, which can be
computed in O(M?) operations; then, the parametrically-affine surrogate of
L,, is defined as

NE

Larp(v) = ), (Om(p)y, Lm(v), (27b)

3
ﬂl

where L, (v) = [, {m(x) - F(z;v)dx for m =1,..., M. Since the Riesz oper-
ator is linear, we have that

M
L) = Larpllzr = D ©@u(),, (Onr(p)), A, (28)
m,m/=1
where AT = (gﬂa gm’) and €™ = Ry Lo, m=1,..., M.
sm X

Identity (28) allows an efficient offline/online computational decomposition
for the estimation of L(u).

— Offline stage: (performed once)
1. find the surrogate Ly, in (27Db),
2. compute "™ = Ry L,, form=1,..., M, and
3. compute A°f € RMXM in (28).
— Online stage: (performed for any new p € P)
1. evaluate @/ (),
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2. return Ly () = /O ()T AT O pr(11).

We conclude this section by stating an a priori result and two remarks.

Jo IFGI3de mp

Proposition 3 Let Cr :=sup,cx TolTx

|L(1) — Lag ()| < Cr 1V — Yarpll 2o

Proof Applying the inverse triangle inequality and Cauchy-Schwarz inequality,
we find

Y,—-7 - F(v)dx
L) — Lng(u)] < 1 — Larpllar = sup 2T = Tot) - F @)
sup ol

<Cr ||T;L - TM#HN(Q%

which is the thesis.

Remark 4/ Computational cost. The offline cost of a typical ATI procedure
— such as the one employed in the numerical results and detailed in Appendix
B — scales with O(M Chies, + M 2N ) plus the cost of defining the surrogate of
7. If we resort to POD (as in Appendix B), given {T*}}#4n | this cost scales
with O(n2, i, V), provided that n¢p.in < A. Note that our cost estimate does
not include the cost of generating the snapshots {7'% = 7,x}73". On the
other hand, the online cost scales with O(M?).

Remark 5 ATI+ES. Given the surrogate Ly, in (27b), we might consider
the approximation

L v .
Lovt(p) = sup 2200 _ iy @, (),
B T

where (Ha“(u))jm = L,,(¢;). Here, the space X, should be designed to
approximate the manifold Mo = {RxLwm,y : o € P}. Note that if we
choose Xy = span{Rx L, }M_,, we have Lj_ p(u) = La(p). In section
4, we investigate whether it is beneficial to consider Jeos < M.

3.2 Discussion

The construction of the affine surrogate of 7" in (27a) involves (i) the definition
of an approximation space Zj; = span{(,}M_, C [L*(2)]P, and (ii) the
definition of an interpolation/approximation procedure to efficiently compute
the parameter-dependent coefficients @7 (u) such that ||, — Tas ull2(0) =

infeezy, (17 = Cllezo)-
— As opposed to the EQ+ES approach where the estimation error is the sum

of two contributions associated with two subsequent approximations, the
only source of error in |L(p) — Las ()| is the substitution £, — Lz,
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— While the empirical test space X _ should approximate the manifold of
Riesz representers M, := {¢, : p € P} C X, the space Zp should be
tailored to approximate the manifold {7, : u € P} C [L%(£2)]P; therefore,
for X # L?(2), we do not expect the spaces Z3; and X to be related.

— Although small approximation errors in 1}, lead to small errors in dual
norm prediction (cf. Proposition 3), the objectives of function approxi-
mation and dual norm prediction are arguably quite different: we thus
expect — and we empirically demonstrate in the numerical sections —
that integration-only strategies, which bypass the task of approximating
Y,., might be preferable when approximating 7, is significantly more chal-
lenging than predicting the dual norm of £,,.

— If we neglect the cost of computing {I'* = 7, }"3", we observed in Re-
mark 4 that the offline cost of the ATT procedure scales with O(M Clies, +
(M? 4 npain)N): for ngpaim = n,,, > M, this cost is significantly lower
than the cost of building the empirical test space X _, O(ng,;, Criesz +
(M2 +(n,;)?N)). However, for several problems, including the ones con-
sidered in the numerical section, computation of 7, involves the solution
to a PDE: as a result, we expect that in many cases the cost associated
with the construction of the empirical test space is negligible compared to
the overall offline cost.

Proposition 4 relates the number of quadrature points that are needed to
achieve a target accuracy to the magnitude of the other discretization pa-
rameters M and Jes. We postpone the proof of Proposition 4 to Appendix
C.

Proposition 4 Let L, (v) = [, Taru(2)-F(z;v) de, Vagy = Zn]\le O (1),
satisfy

|£M,;L(¢j)_‘cﬂ(¢])‘ Séati VM€P7 j:]-a"'aJesv (293)
for some tolerance d,; > 0. Then, if we introduce the interpolation error
€ati 1= sup | (Yu(z) — Vg pu(z)) - F(z; ¢j)| (29Db)

z€Q2, j=1,...,Jes,LEP

we find that any solution p°P* to (13) with § = dati + Car,g. (M Jes + 1)€asi
satisfies || p°Pt|lo < M Jes + 1, where Cy g, depends on Var,, and {p;};.

Proposition 4 suggests that the number of empirical quadrature points Qeq
should depend linearly on Jg: this implies that EQ+ES is likely to become in-
creasingly suboptimal compared to ATI approaches as J.s increases. However,
as discussed above, since ATI approaches do not directly tackle the problem
of interest, there is in practice no guarantee that computable surrogates of £
are quasi-optimal for a given tolerance 6.

We also observe that if £, is parametrically-affine (i.e., £, = L, for
some M > 0), then (29a) and (29b) hold with . = €ati = 0. As a result,
Proposition 4 shows that, for any § > 0 and any choice of the training set
pl, ..., pMeein any solution pOPt to (13) satisfies [|pPt||g < MJes + 1.
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4 Numerical results
4.1 Comparison between EQ+ES and an EIM-based ATI approach

We consider the problem of estimating the dual norm of the X = H(£2)
functional

L',H(v):/né(u(x;,u))v(x) dzx. (30a)

Here, 2 = (0,3)%, P = [0.7,1.3]%, and u : 2 x P — R is the solution to the
thermal block problem ([30, section 6.1.1])

V- (1) Vulp) = 0 in ©2
() 2u(p) =g on M UILUTIs (30b)
u(p) =0 on I}

where 2 = U?=1 £2;, and

1 in0 1 onlt,
o= (L e s d@={0 o (@
i i+l = 1y 0, 1—21}10an.

Furthermore, we endow X with the inner product
(w,v) = QM(Vw - Vv + wv).

Figure 1(a) shows the computational domain, and the partition {2;}?_,; while
Figure 1(b) shows the behavior of the solution u for a given value of u € P. We
rely on a P = 3 Finite Element (FE) discretization (N = 8281, N = 34200).
Simulations are performed in Matlab 2017b on a Desktop computer (RAM
16Gb, 800 Mhz, Processor Intel Xeon 3.60GHz, 8 cores).

We here consider two choices for @:

®y(u) =log (1+€“**),  @y(u) = max{u+4,0}. (30d)

In statistics and Machine Learning (see, e.g., [25]), ®1 is known as logistic
loss, while @, is known as Hinge loss; as shown in Figure 1(c), &, is a smooth
approximation of @5. Our choice is motivated by the need to investigate per-
formance for both smooth fields and relatively rough fields: we have indeed
that @1 € C*°(R), while ¢5 € Lipschitz(R).

We present results for five approaches: an EIM-based ATI approach, an
EIM-based ATI+ES approach (see Remark 5), /1-EQ+ES, EIM-EQ+ES and
MIO-EQ+ES. The empirical test space is generated using the snapshot set
{P(u( ,ue))}ZEi’i“ where pl, ..., pMeain S Uniform(P), ng? ;= 200; similarly,
the approximation space associated with EIM is generated using the same
snapshot set (see Algorithm 3 in Appendix B for further details). To generate
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Fig. 1: thermal block problem. (a) computational domain. (b) behavior of w for u =
[1.08,0.79,1.02, 1.24,0.73, 1.23,1.01,0.84]. (c) behavior of ¢1 and 2.

the EQ rule, we impose the accuracy constraints in Ztrainea = ;¢ }fo‘“ with
Nein = 50; furthermore, we use the divide-and-conquer approach discussed
in section 2.3.4 with Npare = 40: to speed up computations, local sparse rep-
resentation problems (see (20)) are solved using ¢! for both /:-EQ+ES and
MIO-EQ+ES. Moreover, we impose the threshold Ty,.x = 1800][s] for the max-
imum run time of MIO-EQ+ES. For £*-EQ+ES, we rely on the Matlab routine
linprog to solve the LP problem with default initial condition; for MIO-
EQ+ES, we rely on intlinprog and we consider the (!-EQ+ES solution as
initial condition for the optimizer. On the other hand, performance is measured

using {®(u(-; @*)) s, where fit, ..., fi"es £ Uniform(P), nest = 100.

Figure 2 shows the behavior of the maximum out-of-sample error max;, L(fi*)—
Ly (%) and compares it with the squared best-fit error maxy (11 5 1 &%,
for the two choices of @ considered. We observe that L(i*) — Ly (i*) ~
CllT s €,]|%: this is in good agreement with Eq. (25) of Proposition 2. We
further observe that convergence with Jes is extremely rapid for both @ = @,
and @ = &s.

10° —max; L(i*) — Ly, (%) 100 —max; L(i*) — Ly, (")
——1naxy HH;\{}Cfﬁk Hgv ——1naxy HHX}CS‘fﬁk Hgv

S

107 107
10—10 10—10
10° 10° 102 10° 10° 102
Jes Jes
(a) & =&y (b) & = &y

Fig. 2: behavior of maxy, L(*)— L, (#*) and maxy, |11, €% with Jes, for two choices
Jes
of &.
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Figures 3 show results for the five procedures: for /!-EQ+ES and MIO-
EQ+ES, we impose the non-negativity constraint. Here, C,y, denotes the num-
ber of floating points loaded during the online stage for the different methods:
note that Con = M?2 for ATI, Con = M J, for ATI+ES, and Co, = esQeq for

EQ+ES. On the other hand, Et(;ft) is the maximum prediction error over the
test set:

B = _max |L(3%) - L(i")

=1,...,Nest

, 31

where L(-) denotes the predicted dual norm. For ATI, we show results for
M =1,2,...,120; for EQ+ES we show results for several prescribed tolerances
— 6 = [1072,1073,107*,1075,107%) for & = &; and 6 = [1072,1073,5 -
10741074 for @ = &5 — and two values of Jos, Jos = 10,15. We recall (cf.
Remark 5) that for Jos > M ATI+ES is equivalent to ATT; therefore, we set
Jes,m = min(M, Jeg).

Some comments are in order. We observe that in all our examples ATI+ES
is superior to the standard ATI approach: for Jos = 10, discretization error
associated with the empirical test space is negligible compared to the error
|L() — Las(p)]. This also explains why increasing Jes from 10 to 15 does
not lead to any significant improvement in accuracy. We further observe that
ATI+ES significantly outperforms the three EQ+ES procedures considered
for & = @, (smooth case), while ATI and ATI+ES approaches are less accu-
rate than /'-EQ+ES and MIO-EQ+ES for most choices of the discretization
parameters for & = P, (rough case). These results suggest that EQ proce-
dures might guarantee better performance for irregular parametric functions
&, particularly for small tolerances. Finally, we note that /!-EQ+ES and MIO-
EQ+ES lead to similar performance, for both choices of @ and for all choices
of the discretization parameters, while EIM-EQ-+ES is less accurate for the
rough test case.

In Table 1, we report representative offline costs of dual norm estimation
procedures; to facilitate interpretation, we separate sampling costs associated
with the computation of {@(u(-; u*)) ?Ef‘“:n“‘““ — which are shared by all
methods — from the other offline costs. ATI and ATI+ES are less expensive
than ('-EQ, EIM-EQ+ES and MIO-EQ+ES; however, due to the overhead as-
sociated with the sampling cost, costs of ATI, ATI+ES, ¢/-EQ, EIM-EQ+ES
are of the same order magnitude. On the other hand, MIO-EQ+ES is consid-
erably more expensive.

In Figure 4, we show results for (:-EQ+ES and MIO-EQ+ES for both
non-negative weights and for real-valued weights. We observe that considering
real-valued weights leads to a slight improvement in performance, particularly
for @ = 41)2.

In Figure 5, we investigate performance of /!-EQ-+ES with positive weights
for & = @4, P, for several values of Jes. We observe that for small values of Jg,
the “Jes-error” associated with ES dominates; as Jos increases, Et(;’:t) reaches a
threshold that depends on the value of the quadrature tolerance . We further
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—— ATI | 109 —— ATI
~ ATI+ES ~ ATI+ES
- (-EQ+ES - (-EQ+ES
EIM-EQ+ES EIM-EQ+ES
—~MIO-EQ+ES o i —~MIO-EQ+ES
= »:
10° Ay
o
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
COH COH
(a) &= D1, Jes = 10 (b) & =Py, Jos = 15
—— ATI —— ATI
100 ~+ ATI+ES —— ATI+ES
- (-EQ+ES - (-EQ+ES
EIM-EQ+ES EIM-EQ+ES
;,_51072 --MIO-EQ+ES| | Tz " --MIO-EQ+ES
5 e W N e W Al
o v - al
1074 1074
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
con con
(c) & = P2, Jos = 10 (d) & = P2, Jes = 15

Fig. 3: performance of several dual norm prediction routines. Behavior of Et(g:t) (31) with
respect to C°%, for & = @1, P2, and Jes = 10, 15.

Table 1: representative costs of dual norm estimation procedures; we separate sampling
costs from the other costs.

Method elapsed cost [s]
ATT (M = 120) 10.40 + 0.60
ATI+ES (M = 120, Jos = 10) 10.40 + 1.08
T EQ+ES (6 = 1075, Jos = 10, pos. weights) 10.40 + 26.12
MIO EQ+ES (6 = 1075, Jos = 10, pos. weights) | 10.40 + 1800
EIM EQ+ES (Qoq = 200, Jos = 10) 10.40 + 4.85

observe that Qeq grows linearly with Joq: this is in good agreement with the
result in Proposition 4.

Figure 6 shows the interpolation points selected by EIM, and the quadra-
ture points obtained by applying MIO-EQ with § = 10~* and real-valued
weights. Interestingly, we observe that the qualitative pattern of the points
selected by the two procedures is extremely similar.
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10 : 10 :
—=—pos. weights —=—pos. weights
real weights real weights
107 3 107 3
B%,04 B%,04
S 10 S 10
10° 3 10° \\
10 10
500 1000 1500 2000 500 1000 1500 2000
COH COH
(a) & = &1, L1-EQ+ES (b) & = &1, MIO-EQ+ES
107 - 107 -
—=—pos. weights —=—pos. weights
real weights real weights
\ \
102 102
& &
107 3 107
10 10*
500 1000 1500 2000 500 1000 1500 2000
C()ll C()ll
(c) & = &2, I'-EQ+ES (d) & = $2, MIO-EQ+ES

Fig. 4: influence of the non-negativity constraints (12) for £-EQ+ES and MIO-EQ+ES.
Behavior of Et(;i) with respect to C°", for & = @1, Py and Jes = 10.

4.2 Application to residual calculations
4.2.1 Problem statement

We apply the ATI+ES and EQ+ES approaches to the computation of the time-
averaged residual indicator proposed in [20] for the unsteady incompressible
Navier-Stokes equations. We refer to [20] for all the details concerning the defi-
nition of the model problem (a two-dimensional lid-driven cavity flow problem
over a range of Reynolds numbers), and the Reduced Order Model (ROM)
employed; here, we only introduce quantities that are directly related to the
residual indicator. Given 2 = (—1,1)? and the time grid {/ = jAt}]_,, we
define the space Vgi, = {v € [H}(2)]? : V- v = 0}. Then, for any sequence
{w? }]J:O C Viiv we define the time-averaged residual

J-1
Z e(w?, w T v; Re), (32a)
j=Jo

At

(B) ({0} viRe) = 20
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Fig. 5: performance of (!-EQ+ES for & = &1, $2, for Jes =1,...,15.
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Fig. 6: EIM interpolation points and MIO-EQ quadrature points.

where Re € P = [15000, 25000] denotes the Reynolds number, T' = ¢/, Ty = 70
and e : Viiv X Vaiv X Vaiv — R is the residual associated with the discretized
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Navier-Stokes equations at time t

wI Tt —apd

e(w?, witl v;Re) = fQ ( T + (w? + R,) - V(witt + Rg)) X

1 ‘ (32b)
Jrﬂ v (w”l + Rg) : Vodz.

Finally, R, € [H'(2)]>, V- R, = 0 is a suitable lift associated with the
Dirichlet boundary condition g € [H'/2(92)]%.
Our goal is to compute the dual norm of the residual (R),

A" ({w’}_g:Re) == [(R) ({w’}_0. 1 Re) llvy

- (33)
for a given ROM Re € P — {a/(Re)}; satisfying @’(z;Re) = 22;1 a’ (Re)
¢re™(x). For this class of ROMs, we introduce the parameterized functional
(R) associated with (R),

(R) (v;Re) = (R) ({@ (Re)};, v;Re) = /Q Y(x;Re) - F(x;v)dx (34a)

where F('; ’U) = [(Vvl)l, (Vvl)g, (VU2)1, (va)g, U1, 'U2] and T = [%,17 e !pz,g, @1, 452],
with

¥(-;Re) = e Z af V™ + VR,
N n:lJ .
a’ —a
o(ite) = 30 (B ) G a (B V)G an V)R,
— —1o
"N
+ Z 6m,n( no V) m (Rg V) Ry,
m,n=1
(34b)
and
J J—1 J—1
At At , At . ,
+ _ k - _ = — +1
a”_TfTO_Z ay, a"_TfTO_ZaZ“ Cm)n_T*TQZa;ZW al,.
j=Jo+1 Jj=Jo Jj=Jo
(34c)

Note that the functional (R) is parametrically affine; however, the number of
expansion’s terms Mg is equal to N2 + 3N + 2, and is thus extremely large
for practical values of N.

The functional (R) (34) is of the form studied in this paper; for this reason,
we can apply the techniques presented in sections 2 and 3 to estimate its dual
norm. We consider T = 103, Ty = 500, At = 5- 1073, and we consider the
constrained Galerkin ROM proposed in [20] anchored in Re = 20000, for two
values of the ROM dimension N. The high-fidelity discretization is based on a
P=8 spectral element discretization with N' = 25538 degrees of freedom and
Nyt = 36864 quadrature points.
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for nJd

25

train

train

We consider EIM-based ATI(+ES) and ¢-EQ+ES to approximate the dual
norm of (R). To generate the empirical test space, we use ngs

sampled Reynolds numbers Rel,...,Re™m@n in P. Then, to generate the EQ
rule, we consider the tolerance § = 10~7, we impose the accuracy constraints

= 150 uniformly-
= 50 parameters, and we use the divide-and-conquer strategy dis-
cussed in section 2.3.4 with Npare = 32. On the other hand, to generate the
ATT approximation we employ the same training set used for the generation
Figure 7 shows the behavior of E

of the empirical test space. Numerical results are presented for M = 50 and

oo,rel

M = 100, and Jos = 50. Note that for M = .J.s we have an exact ATI approxi-
Jes

relative error is below O(1071).

= IMaXRe

mation. To assess performance, we consider n.s; = 11 equispaced parameters.
x| Erellx
ing set and over the test set, for two values of N. Note that for Jes 2 50 the
10°

s
ll€rell x

over the train-
100 =T
S, B_G\S‘See
10" 10"
g g
R R
102 : 102
——in-sample ——in-sample
——out-of-sample ——out-of-sample H
-3 -3 s
10 10
10° 10’ 10? 10° 10° 10’ 10?
Jes Jes
(a) N =60
Fig. 7: behavior of the maximum relative error

108
(b) N =80

oo,rel
EJSS

with respect to Jes.
Figure 8 shows the behavior of the truth and estimated error indicator
offline computation of n

A"(Re) over the test set, for two values of the ROM dimension N, N = 60, 80.
We observe that both ATI+ES and /}-EQ+ES lead to similar performance in

requires the computation of n

es

terms of accuracy. /!-EQ+ES returns a quadrature rule with Q.q = 717 points
for N = 60 and Q.q = 720 points for N = 80: {*-EQ+ES thus requires the
gﬁain

= 150 Riesz elements and the online storage cost
of Con = DJesQeq ~ 2.2 - 10° floating points®. On the other hand, ATI(+ES)
train

= 150 Riesz elements and the online storage
of Con = MJoD = 0.3 - 10° floating points: memory costs of ATI+ES for this
test case are significantly lower than the costs of /!-EQ+ES.

compared to the other offline costs.

We conclude by commenting on the computational savings of the here-
presented approaches compared to the approach employed in [20]. In [20], the

6 Computational cost associated with the construction of the EQ rule is here negligible
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7 X 10 7 X 10
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6 5 - EQ+ES(6=10"7) |
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Fig. 8: behavior of truth and estimated error indicator A"(Re) for ntest = 11 out-of-sample
Reynolds numbers.

authors exploit the fact that (R) (34) is parametrically affine to compute the
truth dual norm. For N = 80, the procedure in [20] requires the offline compu-
tation and the storage of My = 6642 Riesz elements and the online storage of
Con = ME = 4.4-107 floating points. Therefore, both ¢!-EQ+ES and ATI+ES
dramatically reduce offline and online memory costs. As regards the online
computational cost, computation of the residual indicator involves the compu-
tation of the O(N?) coefficients in (34), which requires O(N?(J — Jy)) flops.
Since J — Jy & 10° > N2, the online cost is dominated by the computation of
the parameter-dependent coefficients in (34) for both approaches: as a result,
the benefit of EQ+ES and ATI4+ES in terms of online computational savings
is extremely modest for the problem at hand.

5 Conclusions

In this paper, we developed and analyzed an offline/online computational pro-
cedure for computing the dual norm of parameterized linear functionals. The
key elements are an Empirical test Space (ES) built using POD, which reduces
the dimensionality of the optimization problem associated with the computa-
tion of the dual norm, and an Empirical Quadrature (EQ) procedure based
on an /! relaxation or on MIO, which allows efficient calculations in an of-
fline/online setting.

We presented theoretical and numerical results to justify our approach. In
particular, our results suggest that resorting to ES for proper choices of Jeg
might significantly reduce computational and memory costs without affecting
accuracy. Furthermore, for the problem at hand, ATI was clearly superior for
smooth integrands, while EQ strategies were able to achieve better accuracies
for a non-differentiable integrand. Finally, the performance of /'-EQ+ES was
inferior to that of an ATT+ES approach for the estimation of the time-averaged
residual indicator proposed in [20].
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We believe that several aspects of the proposed approach deserve further
investigations. First, we wish to extend the analysis to quadrature rules with
positive weights, and we wish to study the performance of the divide-and-
conquer approach presented in section 2.3. Second, we envision that our ap-
proach could also be employed to reduce memory and computational costs
associated with minimum residual ROMs ([13,36]) for nonlinear problems.

A Notation

High-fidelity discretization

X = span{p; }¥ ambient space defined over £2 C R?

X’ dual space

Ry : X' — X Riesz operator

Iy : X =W orthogonal projection operator onto the closed linear space W C X’

oM (v) = Zi\ill PP u(2Pf) | high-fidelity quadrature rule

v ERN vector of coefficients such that v =, v; ¢;
LeRN vector L = [L(p1),...,L(pn)] for any L € X’
X € RVXN matrix such that X; ; = (¢;, vi)x

Clriesz = O(N?®) cost to compute Ry L for a given £ € X’

Parameterized functional

uePCRP vector of parameters

F(5v): 2 —RP linear function of v and its derivatives
(e-g., F(z;0) = [v(x), Vo ()])

7,: 02— RP parameterized function

L,.(v) = QM (n(;v, 1)) | parameterized functional with n(z;v, u) = ¥ (z) - F(z;v)

L(p) = ILullx dual norm
& =RxLy, Riesz element of £,
Me={&u:neP} dual norm

EQ+ES discretization

Xj,, = span{¢; };-]21 empirical test space
Qd(v) = Z?:} pgto(zg?) empirical quadrature rule
T
L Jes,Qeq (1) = SUPgex;, W EQ+ES dual norm estimate
Ly (p)= ”Eu”XJCS ES dual norm estimate
. €5
Ftrain.es — {;/}Z;‘"f‘“ cP parameter training set for X’;_ generation
- o
Ftrain.eq — {M}ngm CcP parameter training set associated with (10)
K=mngl. Joq+1 number of rows in G in (13)

ATI discretization
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Yy, u(z) = Z%Zl (O (1)), ¢m(z) | M-term affine approximation of 1},

Lag,u(v) = th(nM('; v, 1)) M-term affine approximation of £
v (@50, 1) = T, (2) - Fasv)

L () = 1Ll 20 ATT dual norm estimate

L, ges (1) = HLM,,U,HX"](y ATI+ES dual norm estimate

B Empirical Interpolation Method

B.1 Review of the interpolation procedure for scalar fields

We review the Empirical Interpolation Method (EIM), and we discuss its application to
empirical quadrature and its extension to the approximation of vector-valued fields. Given
the Hilbert space ) defined over (2, the M-dimensional linear space Z); = span{wm}%zl -
Y and the points {a:i M -1 C 12, we define the interpolation operator Zp; : Y — Zj; such
that Zas (v)(2l,) = v(xm) form =1,...,M for all v € Y. Given the manifold 7 C Y and
an integer M > 0, the objective of EIM is to determine an approximation space Zj; and M
points {z!,}M_, such that Zp/(f) accurately approximates f for all f € F.

Algorithm 3 summarizes the EIM procedure as implemented in our code. The algo-
rithm takes as input snapshots of the manifold {fk};c“:”l“" C F and returns the func-
tions {1m }M_ 1, the interpolation points {z},}M_| and the matrix B € RMXM gych that
By = Ym(z m,) It is possible to show that the matrix B is lower-triangular: for this
reason, online computations can be performed in O(M?) flops. Note that in the original
EIM paper the authors resort to a strong Greedy procedure to generate Zy;, while here (as
in several other works including [14]) we resort to POD. A thorough comparison between
the two compression strategies is beyond the scope of the present work.

Algorithm 3 Empirical Interpolation Method.

Inputs: {fF)pimain 0L

Outputs: | {Ym}M_|,B € RMXM [oi AM

1: Build the POD space (1, ...,(u based on the snapshot set {f*}7 s

2 = argmax, ¢ [¢1(x)], Y1 := ﬁaﬂl)g’ (B)l,l =1

3: form=2....M do

4: Tm = Cm, - Im—l(m

5: xh, = argmax, o |rm ()|, Ym = m Ty (B, =t (zl)).
6: end for

B.2 Application to empirical quadrature

As shown in [2], EIM naturally induces a specialized quadrature rule for elements of F. To
show this, we consider the approximation:

QM (f) = QM (Zm(f)) Z Q" () B!, f () = Z ped f(ah,)

m,m’/=1 m/=1
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where p7d, = Z%:l IB%T_nfm, QM (4,,). Note that in the first equality we used Ty (f)(z) =
ot =1 B f(@h ().

B.3 Extension to vector-valued fields

The EIM procedure can be extended to vector-valued fields. We present below the non-
interpolatory extension of EIM employed in section 4.2. We refer to [33,26] for two alterna-
tives applicable to vector-valued fields. Given the space Z); = span{(m}%:l C Y and the
points {z!,}M_, C 2, we define the least-squares approximation operator Zps : Y — Zpr

such that for allv € Y

M
Iy (v) := arg min (gt ) = ¢z )3
M (v) g min mZ:1 lv(@m) — C(zm)12

It is possible to show that Z; is well-defined if and only if the matrix B € RMDxM
Gh), ooy Cu(ah)
B= : (35a)
Cl(xi]\/j)v L) CM(ZJ]W)
is full-rank. In this case, we find that Zj; can be efficiently computed as
M U(»"Uil)
@) = > (@), ¢m, o) =B : (35b)
m=1

v(a,)

for any v € ), where Bt = (BTB)~!'B” denotes the Moore-Penrose pseudo-inverse of B.

Algorithm 4 summarizes the procedure employed to compute Zj;, {:c;n}%zl and the
matrix B. We observe that for scalar fields the procedure reduces to the one outlined in Algo-
rithm 3. We further observe that online computational cost scales with O(DM?), provided
that BT is computed offline.

Algorithm 4 Empirical Interpolation Method for vector-valued fields.

Inputs: {fFYimain "M
Outputs: | {(m}M_;,Bf € RMXM i A

—_

Build the POD space (3, ...,y based on the snapshot set {fk}Z‘:j
Set @} := argmax_ 5 ||¢1(x)]|2, and By/—; using (35).
form=2,...,M do

Tm = Cm — Im—1Gm

Set a}, := argmax, g [[rm(2)||2, and update Bas—p, using (35).
end for

Compute B = (BTB)~!B.

U R
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C Proof of Proposition 4

In view of the proof of Proposition 4, we need the following Lemma.

Lemma C1 Let Wy = span{w,}Y_, C C(£2) be a N-dimensional space. Then, there
exist x9,...,x% € 2 and 1,..., YN such that ¥n(22,) =6, n,n' =1,...,N, and

N
w(@) =Y w@f) Yn(x) VeeR, YweWny. (36)

n=1

Similarly, given the matriz G € RE*Na such that rank(G) = N, there ezist A € RE*XN
B e RY*Na and Ty C {1,...,Ny} such that

G=AB, B(;,Zy)=Iy. (37)

Proof Proofs of (36) and (37) are analogous; for this reason, we prove below (36), and we
omit the proof of (37) .

We proceed by induction. For N = 1, if we define 2 = arg max, . |wi(z)| and ¥1(-) =
mwl(), we find w(z) = w(x])y1(z) for all x € 2 and w € W1, which is (36).

We now assume that the thesis holds for N — 1 = Np, and we prove that it holds also
for N = Ngp + 1. With this in mind, we consider w = 25:1 anpwn for some ay,...,an € R.
We observe that

w(z) —aywy(x) = Z anwn(z) Yz € .

Then, exploiting the fact that the result holds for N — 1 = Ny, we obtain

N—-1

w(z) = aywy (@) + Y (w(z]) - anwn(@})) dn(2) = andn (e Z

n=1

where {xn} L, wn(x /) =0y, forn,n’ =1,...,N =1, and Y is defined as

N-1
Pn (@) = wn (@) = D> wn (@) da(@).
n=1
If we define 1
z% € arg max [N ()], Pn(z) = mdw(w),
we find that YN (x8) =dn,, forn=1,...,N, and
N-1 N—
w(z) = (w(xN > w(@p) dn(xR) > ¥ () + Z ) ¥ (@)
n=1 n=1

N—-1
w(@g) x(@) + Y w(@d) ($n(@) = Pnlah)¥n (@)
n=1

Thesis follows by defining v, (z) := ¢n(z) — wn(mN)z/JN( x) and observing that ¢n(x?,)
Op,p form,n’ =1,...,N.

ol

Proof (Proposition 4) We define nar(x; ¢, p) := Tas,u(x) - Fx;¢) and the matrix Gy €
REXNa guch that

m(@ion ), (R e et
G]W = eq : eq
Mg (2115 P ey, pexain), g (2RF 5 Dy, pirain)

1 1
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: . —trai nd .
By construction, for any choice of Ztrain.ed — {,ug}zgf““, we have that

{nar (w3 65,1} 5,0 U{1} C Wi i=span{1, ¢ - F(5¢1), .-, Cr - F(56...)}
with dim(Wpy) = N < MJes+ 1. Recalling Lemma C1, there exist A0 € REXN By /€
RNXNq and IN C {1,. .. ,Nq} such that GM = Ag\r]‘?}\?[ BN,]M and BN,M(:va) = HN-
We now introduce p € RVa such that p; = 0if i ¢ Zy and p(Zy) =: py = By, p"f.
Then, we find
16h = y" oo = IG(B — p™)lloc < [Gar (P — p"lco + [|(G = Car)plloc + I(G = Gar)p™ oo
=D =(IT) =(I11)

By construction, (I)= 0, while exploiting (29a) we find (III)< d,¢i. Finally, recalling the
definition of €,¢; in (29b), we obtain

(1) < earillplli = €ati [Bn,ar 2™,

If we set Cyr,g., = HBN,M phful, we obtain that p is admissible and has N < MJes + 1
non-zero entries. Thesis follows. O
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