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Data assimilation: state estimation

Given a physical system, we wish to integrate

a best-knowledge model with uncertain parameters,
and V experimental observations

to estimate the state /""" over the domain ) ¢ R,



Data assimilation: state estimation

Given a physical system, we wish to integrate

a best-knowledge model with uncertain parameters,
Gbk,/l( bk( )) _ 0

/1< PP% uncertain model parameters,
well-posed over O 5 O,

and M experimental observations
m =02 (u"™) + €, m=1,..., M
05,0, linear functionals,
LM_[EO,..., il

to estimate the state /""" over the domain ) ¢ R,



Decomposition of the true field

Given the functional space 2/, write t'""" as

utrue . ubk(lutrue) + ntrue’ Mtrue c 7)]01{7 77true c U.
A/\/lbk _ {ubk

H)}u

true true

ptthe =
arg min ||u™® — u"* ()|

Iz
addresses uncertainty in /

true true

ntrue = yiree — yPk(y,
addresses model uncertainty

true) !



Estimate (p'™¢, n™"¢): Partial Spline Model (Wahba, 1990)

Given the functional space 2/, write t'""" as
Y ,

: bk Tue ue T I Tue
utIue . u)k(lutlue) + ntme’ Iutrue c fp)k’ 77‘aue c U.

A
Mbk _ {ubk H)}ﬂ
true

H - ‘ )

arg min ||u™® — u"* ()|

Iz

addresses uncertainty in /

ntrue — utrue o ubk(utrue) '

addresses model uncertainty

PSM: i - 2 + V L bk o
(/1,77)?72Qk><u w M ( m(u” (i) +1n) Y)J

-~

penalty data misfit




Reformulation of the PSM: rank-N approximations

Substitute ©/""(/:) with the rank-/V approximation:

N
: Z &”(M)Cn(x)7 w e ’73bk7 xeOC Qbk.
n=1

: 2
+Vu | £ n()Cn+m | —
(M,’r/)@;?r‘lkxu fHT]H Y < v (Z o C Tl) y)

n=1

state estimate: 1 — Z n(pg)Con + Mg




Reformulation of the PSM: rank-N approximations

Substitute ©/"(;:) with the rank-/V approximation:
[
N

up () = an(p)Ga(x), peP, xeQc Q™

n=1
Define &y = {[a1 (1), ..., an()] : p € P!} c RV,
Minimize over (cv. 1)) € ®y < R

N
min ) Ellnll? + Vi <£M (Z nCp +”l> - Y>

n)ed
(a,m)edpy x 1

N
state estimate: 1 — Z % pCn M-
n=1




Relaxation: PSM — PBDW

Introduce the approximation of ®,, ®y — RV,
Then, obtain the PBDW statement:

N
min éHUHQ + Vi (EM (Z @nCp +7]> - Y>

(ce)edy =<l n—1



Relaxation: PSM — PBDW

Introduce the approximation of ®,, ®y — RV,
Then, obtain the PBDW statement:

N
min  &[|n]* + Vi (ﬁ/w (Z nCp +7]> - Y>

(cen)edyxtd 1

The Partial Spline Model is non-convex, and highly
nonlinear.

If CTDN is convex, the PBDW statement is a convex
relaxation of the PSM.

If © is a convex polytope and Vj(w) = w’ Ow, the
PBDW statement is a QP.



PSM — PBDW: the role of MOR

PBDW relies on a /\-term approximation of /"

N
WO, ) Y (i) Galx) Ve PP, x € Q,

n=1

where ' << M due to stability issues.
MOR provides efficient tools for data compression.



PSM — PBDW: the role of MOR

PBDW relies on a /\-term approximation of /"
N

) 2 Y an(n) Glx) Ve P x e,

n=1

where ' << M due to stability issues.
MOR provides efficient tools for data compression.

Data compression: given the bk manifold
Mbk - {Ubk(ILL)‘Q : Gbk,/x,(ubk(lu)) - O7 = Pbk}
find a background space Zy — span{(, 1" | st.

sup inf [u™ () lo — 2| is small.
/1’67)1)1\' VASYAY]




PBDW formulation: contribution and challenges

General formulation:

N
min  &|nl]> + Vi (EM (Z e +77> = y)

(a,I})GCDNXZ/f n—=1

Main features
Two-level mechanism to accomodate parametric and
non-parametric model uncertainty.

Use of I\/IOR to generate a linear surrogate =, —
span{Calply of MY = {u(1)]a = 1" € PP}



PBDW formulation: contribution and challenges

General formulation:

N
min anHz + Vi (EM (Z nGn +77> - Y>

(am)edyxtd —1

Challenges and open questions
Choice of Vi, (U] 1)), ¢
<> model selection (Machine Learning)
Choice of Zy = span{¢,}
Q = Q"% + monolithic MOR
Q c Q"% <5 component-based MOR

Choice of CTDN.
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Agenda of the talk

We consider the formulation
M

1
. | 25 2 —I— — o 7 2
c Eln m)

~ 1
which corresponds to ©y — RV, — MH |5

Topics of the talk: choice of (/. - );
a priori error analysis;
construction of 2, for O < Ok,
Hypothesis: /0 (7z) = 0. z ¢ Zy < 2z =0

(Zwn. L) - unisolvency
10



Comparison with a Model-Based (MB) formulation
Given [y — U4 (©°F), find (1, uf) st
min — Elnlls + Vu(Lu(ula) —y) s.t. G™(u) =1,

,UEP,UEZ/{bk

11



Comparison with a Model-Based (MB) formulation

Given Uy — U, ("), find (,ug, ug) s.t.
min  &|nll? + Vu(Lm(ulo) —y) st. G"(u) =,

MEP ucUyy
n eundm Cu{)k

1. MB is equivalent to PSM for 77 — {ji}, if Q"% — O,
GPor() = Au(-) = Fuoand || - [l = [JAT O e,

u = arg min €]lu — w(7) |2 + Vi(Lu(u) - y)

2. MB can prescribe the allowed model biases /4. ,..
advantage over PSM/PBDW

3. For P 4 {/i}, MB is highly nonlinear, difficult to
convexify, and ill-suited to tackle pbs with (2 C O,
disadvantage compared to PBDW

11



Choice of (U, || - ||)

12



Choice of (U, || - ||): variational update

Choose L — ¢, [ || = 1 llv (¥ = H(Q). Vi )
= 1); belongs to Uy = span{ Ryl "
(Rxly,v)y =1L0(v) YveX

13



Choice of (U, || - ||): variational update

Choose U =X, ||| = |- lx (¥ =H"(Q), Vai, - ..)
= 1); belongs to Uy = span{ Ryl M
(Rxly,v)y =1L0(v) YveX

Originally proposed in [Maday et al., 2015]

The approximation properties of //;, depend on || - ||+ and
on {/7,1 4

Construction of //), requires the solution to / Riesz
problems.

13



Choice of (U, || - ||): user-defined update

Choose U = Uy = span{y, )M c X, |- || = |- ||lx s.t.
(0 () = 0.0 € Uy <0 =0 ((Uy. L) - unisolvency)

14



Choice of (U, || - ||): user-defined update

Choose U = Uy = span{y, )M c X, |- || = |- ||lx s.t.
(0 () = 0.0 € Uy <0 =0 ((Uy. L) - unisolvency)

The unisolvency condition guarantees wellposedness.

. ... .1 are chosen based on approximation
considerations.

Wi, ... 1y might or might not depend on the choice of

14



Practical choices of 11, ..., 1 for local measurements

Given functionals of the form (9 = /(- x° r,),

((v. %) = C(r) /Q . (M> v(x) dx.

r\\Y
09, — 0y for ry — 0F

possible choices are
Lot,() = (] - —x>) where ® is a PD RBF, or

no need for solving M offline Riesz problems,

2. Upl) = Ryl (- x) . Ry) where Ry, > r,.

’°'m?

simple treatment of strong BCs

15



Equivalence between variational and user-defined updates

Define 7)) : X' — Uy st. Ly (I/\/](V)) =Lm (V) VveX

Proposition: let I/, — span{,,},, satisfy unisol-
vency condition. Then, PBDW solution solves:

' 2
: Vi (£ -~
(Ln)@%r)\/x)( Elmll® + Vm (L(z+n) —y)

where \Humz = | Zi(u) |5+ lu—Zw(u)]% is an equiv-
alent norm for ..

Variational approach: choose (/' || - || v) = Uy,

User-defined approach: choose 14y, = (X, [[|-]]).

link with kernel methods for regression
16



A priori error analysis

17



Preliminaries

Suppose = (2 (") ve, m—1,.... M, where

P ~ (0,0%) (homoscedastic noise).

Introduce ugpt PBDW solution for & — 0" fed with
perfect observations.

Define (L) = (7,(¢), and introduce



Algebraic formulation

Introduce (L), = /7, (), and

MI+L7L,,T L, L mn:€° Cn
N e O O

LZ’ 0 yr‘g;“ue o go( tlue)
Then, we find

AE) uf = [%] A(§ = 0)uly = [yto]

19



Error analysis for perfect measurements

Introduce

the inf-sup constant 7y 1 — mf sup ((Z V)) and

Z
the Lebesgue constant || 7|/ () — sup M
vex  |[vix

(=1 for Uy = span{Rx (%} )

Then,
_ . 4+ 6HIMH2£(X)
™ — e < x
Bn,m
inf inf  [[u"™ -z — qlx.

zZEZN qEUMﬁZALI'm'H'

20



Error analysis for imperfect measurements

Bias: || [u] - u| < Coligls

MSE: E [[|u; — ug|3] < G723 + Deo?

o= gy D= (O TAQO ), T = | O]

Smin (A(f) )
CoT¢, and D | €.

21



Error analysis for imperfect measurements

Bias: HE ug] — zpto < Cf”ﬁgpton

MSE: £ [ ul | } < AR + Deo?,

C - & D= (A EAO 7). T = | |

Smin (A(g) )
CoT¢, and D | €.

— (9P is a monotonic increasing function of
o meas. inacc.

] not oll2 ~ model inacc.

Adaptivity in £ key to guarantee accurate estimates.

The optimal £ minimizes the upper bound for the MSE. 1



Holdout validation (Kohavi et al., 1995)

Introduce a set of / out-of-sample measurements
(3, 71), -, (67, 31) = (L1,)
and = Ztrain = {51, C ,fQ} C R+.

SolveA(gq)uzq: [%]qzl,...,Q.

Return the estimate ug* such that

111111

22



Holdout validation (Kohavi et al., 1995)

Introduce a set of / out-of-sample measurements

( 1;)/1) ~~~~ (gl y/) =4 (E/*y)
and = Ztrain = {fl: C ,gQ} C R+.

SolveA(fq)uzq: [%]qzl,...,Q.

Return the estimate ug* such that

1 . -
& = arg_min MSE() =7 |1£:(u) ~ 913
If 09 = 4(-, x°, rw) with x,-o ~ Uniform(Q), then &*
approximately minimizes the [* error.

Taddei, 2017; Taddei, Penn, Patera, 2017.
22



Numerical results

@ A synthetic example in Acoustics
@ A synthetic example in Fluid Mechanics

23



Numerical results

@ A synthetic example in Acoustics

24



An acoustic model problem

Let 1,(/:) be the solution to
—(1+ epl) Dug(p) — p? ug(p) = p(xf + €2) + pg inQ
{ Ontg(pt) =0 ondQ
where O — (0,1)%, ¢ = 107,
Bk model: ""(11) = u, (). & PP =210, go = 0.

True state: o' — uz ("),

ptee € PPk g(x) = 0.5(e* + cos(1.37x,)).

25



An acoustic model problem

Let 1,(/:) be the solution to
—(1+ epl) Dug(p) — p? ug(p) = p(xf + €2) + pg inQ
{ Ontg(pt) =0 ondQ
where O — (0,1)%, ¢ = 107,
Bk model: ""(11) = u, (). & PP =210, go = 0.

True state: o' — uz ("),

ptee € PPk g(x) = 0.5(e* + cos(1.37x,)).
Observations: {y, — Causs(0"" %% rn) + etV
Gauss(v; X, ry) = C(x7) / e 25 I3 v(x) dx
Q

25



Details (1): PBDW implementation

Centers: {x |, deterministic (SGreedy+approx),

Choice of &: holdout validation
{x?}; drawn randomly (uniform), I = M/2;

Background: |~} generated using the weak-Greedy

algorithm;

Update space: {¢,(-) = oi([ - 7 [o) = 1.2
o1(r) = (1 —r)%(4r + 1), csRBF
o(r) = ﬁ (inverse-multiquadrics)

G Rozza, DBP Huynh, AT Patera, 2008;

H Wendland, 2004.
26



Details (I1): measurement noise

Observations: y,, — (2 (") + e, e, — 20 4 ie
¢ 11d im iid
; ( ) 1e) €m ™~ N(O>Onn)
Ore = —— X std ({9% (2, (u™ ) )

m=1

Tm = g\R std ({3 (¢5,(u"™)) }m1)-

27



Details (I1): measure of performance

Lruo(

1) — ug ()l 2@
[|utree(p) || 2(q)

9

1 |u
rel
Fave = TppE | >

train /Lepbk

train

PPk [2,10], |PPX. | = 10.

train rain

If SNR < o (noisy measurements), computations of
[0 () — i (10) ] 12(q) are averaged over K — 35 trials.

27



Visualization (N = 6, M = 25, u""® = 8.28, r, = 0.01)

o N
1. Background approximation: compute z/.

1- . .
v
08- 3
]
06" g

&
0.4 -

-0.2

-0.3

-0.4

0.2 -

-0.5

-0.6

(a) 9 (u"me)

Update space is built using inverse multiquadrics.
z; can be computed directly by assembling the Schur’s complement associated
with A(¢): this leads to a two-step procedure for the computation of the PBDW

estimate. o8



Visualization (N = 6, M = 25, ™" = 8.28, r,,

2. Correction: compute r/g.

1- . . 1- . .

01 0.1
. . . .
0.8+ K + 0.8 - " .
. 0.05 . 0.05
. . * o . r
0.6 " 0.6 -
2 | o
B . 0 8 . 0
0.4+ * 0.4 - *
. -0.05 - -0.05
02 =+ 02- '+
-0.1 -0.1
0 0
0 0.2 04 06 0.8 1 0 0.2 04 06 0.8 1
xr xry

(a) % <u“'“"’ - zZ) (b) 7 </;z>

Update space is built using inverse multiquadrics.
z/ can be computed directly by assembling the Schur's complement associated
with A(¢): this leads to a two-step procedure for the computation of the PBDW

estimate. o8



Visualization (N = 6, M = 25, u""® = 8.28, r, = 0.01)

(a) 9 (u"me)

Update space is built using inverse multiquadrics.
z; can be computed directly by assembling the Schur’s complement associated
with A(¢): this leads to a two-step procedure for the computation of the PBDW

estimate. o8



N convergence (SNR = oo, r, = 0.05)

If ¢ < M5 we observe exponential convergence in /V;
if 11 & AMPE increasing /V does not asymptotically

improve accuracy.

10° 10°
s M=9
2 M =25 -
07, 10 -
RN —M =36 R
§ N § S -
3 107 NG z 107 B
i \\\ 2
-6 \\\ . o~ M=9
10 N 10 . M =95
TRL —M = 36
8 -
10 1 2 3 4 5 6 10 1 2 3 4 5 6
N N
(a) true Mbk (b) true % Ml)k

29



M convergence: (SNR = oo, N = 6)

Use of inverse-multiquadrics significantly improves
performance, particularly for small values of r,.

L? error

10°

107

S

TR

—e—variational (H')
—e—csRBF
* inverse-multiquadrics

10° 10° 102
M

(a) r, =0.01

10°

I? error
~
o
N

—o—variational (H?)
107} —o—csRBF
* inverse-multiquadrics

10° 10° 102 10°

30



M convergence: (SNR < oo, N =4, r, = 0.01)

Use of inverse-multiquadrics significantly improves
performance also for noisy measurements.

107!

L? error

1072

o inverse multiquadrics

3

107
10°

10° 102
M

(a) SNR = 100

10°

10°

I? error

002

\

o H

= inverse multiquadrics

10°

10° 102
M

(b) SNR =10

31



Interpretation of the hyper-parameter &: u'™¢ € MPk

Details: \/ — 100, / =50, N =5, r, = 0.01, update
based on inverse multiquadrics.

o ]
0 0 &x\z\
10 10 )
™ o,
w2 102 e
90000000 4
107 _ 107 _
o MSE(I) _ o MSE(I) _
. \!_12|Hutme _ “2”%,2(9) + (Ure)z + (aun)z . ﬁ“utme _ “2”%2(9) + (are)z + (Uun)z
10" 10°
10710 107 10° 10° 10710 107 10° 10°
13 13
(a) SNR =20 (b) SNR =3.33

32



Interpretation of the hyper-parameter &: u'™° & MPK

Details: \/ — 100, / =50, N =5, r, = 0.01, update
based on inverse multiquadrics.

o [ MSE(I) _ 0 .
10 +\_ylz[‘|utme _ UEHiz(m + (Ure)Z + (o,)m)Q 10 .
E‘ax “orges
1072 \ / 102 K&ww
h
4 Trage 4
10” 107 _
—o MSE(I) _
. ﬁ“utme _ “2”%2(9) + (are)z + (Uun)z
6 -
10 10
10710 107 10° 10° 10710 107 10° 10°
13 13
(a) SNR =20 (b) SNR = 3.33
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Numerical results

@ A synthetic example in Fluid Mechanics

34



A Fluid Mechanics problem

Let (u.p) = (u (Re). p,(Re)) be the solution to

(u-V)u—V-ope(u,p)=0
V-u=20
ore(u, p)n =0 onlyy

=0

u

rin - ge]-7

u rh om

Bk model: g(Xg) = 4(1 — X2)X2, Re € [50, 350]
True state: g(o) — 4(1 — 0 )xo(1 + 0.1sin(27x)),

Observations: Ym = C(X’%)/Q e_22 Ix=x3l13 tIue( )dX

N 7

~~

=09, (utrue)=Gauss(ut®;x2, ry, ) -



Details (1): PBDW implementation

Centers: {x |, deterministic (SGreedy+approx),
Choice of &: ¢ — 07
Background: | =}, generated using POD

Update space:
{1/)2mfi(') — RXG?%USS(' : e,-,x,‘;, Rw)}m:1,...,/v/,/:1,2,

X={ve[H(Q))P: V-v=0,v|r,.. =0}
[ Ml =11V - l2)-
.. ... 1o are divergence-free and satisfy homogeneous

conditions on [y, = JO N\ (I, U T 0.

36



M— convergence: (SNR = oo, N =5, r, = 0.01)

Increasing K, leads to an improvement in accuracy.

107

o Ry =0.01
—— Ry =0.03
—— Ry =0.07

10°

H' error
N
o
n

o Ry =0.01
—— R, =0.03
—— Ry = 0.07
108
10° 102 10°
M
(b) #*

37



Localized state estimation: € C Qbk

@ Methodology
@ Numerical results

38



Localized state estimation: Q C QPk

@ Methodology

39



Localized state estimation for large-scale systems?

Objective: estimate the state in a subregion () of the

original domain 0",

Eigenfrequency=74.884 Surface: Absolute pressure (Pa)

v 719x10

IPhoto credits: www.comsol . com
40


www.comsol.com

Localization strategy (Taddei & Patera, SISC, accepted)

Strategy: restrict computations to "¢, O < QP < QPP
uncertainty in global inputs — uncertainty at port [

Solution manifold

bk

MPE = {2 : peP geT = T(le }

parameters  houndary conditions

41



Localization strategy (Taddei & Patera, SISC, accepted)

Strategy: restrict computations to "¢, O < QP < QPP

uncertainty in global inputs — uncertainty at port [

Solution manifold

bk

MPE = {2 : peP geT = T(rmz }

parameters  houndary conditions

Refined objective: determine rapidly convergent spaces
7 to approximate M
Fundamental question: is the manifold reducible?

(++ evanescence);
Challenge: 7" x 7 is infinite-dimensional.

41



A model problem in Acoustics

Qpb, 1

N

Y

()

Qpb2
it | l[yhk
\Y4 O
AL
(b)

The red region is associated with a volumetric acoustic

source.

42



A model problem in Acoustics

We consider the bk mathematical model:
—(1+ i) Aug(p) — pPug(p) =0 in Q%
Ontg(p) =0 on OQPk\ [
)~ g on I,

while the true field satisfies (j — 1, 2)

_(1 + Ei)AUJt-I'ue(/j,) o /LZUJt_,rue(M) —f in Qpb.j;

@,,u}’”“’(,u) =0 on OQPPY\ T;
Ujl_‘ruo(u) - htruo on r;

Note that "¢, ube & MK,
42



PPk = {[i}: transfer eigenproblem (Pinkus, 1985)

Define 7 — HY?(I'™), V = H'(Q), and
A:T = Vst u(fi)a = Alg)
Transfer eigenpb: (A(0,) Al2))y — \i(on2)r Ve

43



PPk = {[i}: transfer eigenproblem (Pinkus, 1985)
Define 7 — HY?(I'™), V = H'(Q), and
A:T = Vst u(fi)a = Alg)
Transfer eigenpb: (A(0,) Alg))y — A(on.2)r Ve

Proposition: if Ais compact, Z|; — span{A(o,)},
(transfer eigenspace) minimizes the /V-width:

Alg) —NJ A
ZyCY, dim(Zy)=N geT lgllT

furthermore, dy(A) = VAL

The map A is compact for a broad class of linear elliptic

PDEs (Helmholtz, elastodynamics, Stokes (velocity),...)
43



Practical computation of the Transfer Eigenspace

Introduce 7, — span{g,-}ﬁj. Estimate {(¢0,. \,)}, as
'A[ill
an — Z (&n),’gia where Uén — XﬂT&n;

=1

Ui = (Algi), Algi))y, Tiir = (&> 87)T

2Randomization techniques can be used to reduce offline costs; see Buhr &

Smetana, Randomized Local Model Order Reduction, SISC, accepted. "



Practical computation of the Transfer Eigenspace

Introduce 7, — span{g,-}ﬁj. Estimate {(¢0,. \,)}, as
Mll

qbn - Z (Ebn)/ 8i where UQ_SH : S\”Tin;
=1

Ui = (Alg), Algi))y: Tiin = (8 81)T
If T=1 (ie., {g} orthonormalin 7) = TE = POD

1A(g) — NZ.A(g)lly o N7, gllr :
: < Loy —— + \/ Ay
lellr ) gy ’

7T, should be chosen to reduce HAHg(W )

Here, we choose polynomials?.

2Randomization techniques can be used to reduce offline costs; see Buhr &
Smetana, Randomized Local Model Order Reduction, SISC, accepted.

44



PPk £ {7i}: transfer eigenproblem + POD

Given ,LLl, e 7Mntl'%1i11 c Pbk,
compute ZJj (1) — span  A(0): 1)},

45



PPk £ {7i}: transfer eigenproblem + POD

Given #,17 S 7Mn1rl'f1111 c Pl)k,
compute th\;\'(ﬂi) — span{A(gbg; Mi) r/}/:1

The approach can be seen as a Hierarchical Approximate
POD.

{0 1 a1 should satisfy | o) || = 1.

The approach is affordable only for moderate values of
N (= low-dimensional parameterizations).

Himpe, Leibner, Rave, Hierarchical Approximate Proper Orthogonal

Decomposition, Arxiv, 2016.

45



Localized state estimation: Q C QPk

@ Numerical results

46



Preliminaries

Observations: y,, — Gauss(u"" %% r,)
Update space: [,(-) — o(2] - —x2|1,)} ",
1
o(r) = iy (inverse multiquadrics)
Port space: 7. — span{l, )", Nin =20

L, n-th Legendre polynomial on "

47



Preliminaries

Observations: y,, — Gauss(u"" %% r,)
Update space: [,(-) — o(2] - —x2|1,)} ",
1
o(r) = iy (inverse multiquadrics)
Port space: 7. — span{/l, )\, Niw =20

L, n-th Legendre polynomial on

We choose observation centers using SGreedy+approx.

We measure performance by computing the averaged
relative /.7 error.

h'"¢(xy) = sin (k7x), k =1,2,3.
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M convergence: Pk = {ji = 2} ( SNR = oo, r, = 0.02)

For /1 — 2, solution to the transfer eigenproblem generates

fast-converging approximation spaces for the problem at
hand.

-5 -5
. 10 ., 10 M
2 2
53 5

~

1070 N =1 1070 =N =1

—~N=4 B — —~N=4 s m———

——N=8 ——N=8

——N =16 ——N =16
1071° 1071°

10° 10° 102 10° 10’ 102
M M
(a) Qpl)[l (b) Qpl)ﬁz
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M convergence: Pk = [2,4] ( SNR = oo, r, = 0.02)

Test: we consider
equispaced /', . o in PPE for training, nia, — 11

randomly-chosen /i'. .. 1"t & VX for testing,
Niest = O.

i
Y

s ——N=1 s ——N=1
107 —N=4 107 —N=4
——N=38 ——N=28
——N =16 —— N =16
108 1078
10° 10° 102 10° 10° 102
M M
(a) Qpl),l (b) Qpbfz
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Summary and perspectives
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PBDW is a MOR approach for the efficient integration of
parametrized mathematical models, and
experimental observations

for state estimation.
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PBDW is a MOR approach for the efficient integration of
parametrized mathematical models, and
experimental observations
for state estimation.
MOR allows the efficient treatment of parametrized
mathematical models.

User-defined updates provide the PBDW formulation
with additional flexibility.

A priori analysis clarifies the role of several elements of
the formulation.
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Future developments

PBDW is restricted to deterministic backgrounds,
stationary processes, and fixed domains.

Possible extensions include

probabilistic backgrounds,
[~ PH(PM‘) = a ~ P,(RY)

time-dependent problems,
space-time recovery based on sparse measurements,

estimation in movable domains,
e.g., internal flows subjected to geometric uncertainty.
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Thank you for your
attention!



Backup slides
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Connection with Kernel methods

Scattered data approximation with RBFs3
1. Choose the PD RBF ® : R, — R,

2. Characterize the properties of X" — s for analysis.

Similarity: infinite-dimensional formulation used only for
analysis.

Key difference: ' — )V, and its inner product do not
depend on x{', ... x],.

3PBDW and RBF scattered data approximation are equivalent for

Zn= 0,405, = 55 1M,
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