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Abstract

The objective of this thesis is to develop and analyze model order reduction approaches for
the efficient integration of parametrized mathematical models and experimental measure-
ments. Model Order Reduction (MOR) techniques for parameterized Partial Differential
Equations (PDEs) offer new opportunities for the integration of models and experimental
data. First, MOR techniques speed up computations allowing better explorations of the
parameter space. Second, MOR provides actionable tools to compress our prior knowledge
about the system coming from the parameterized best-knowledge model into low-dimensional
and more manageable forms. In this thesis, we demonstrate how to take advantage of MOR
to design computational methods for two classes of problems in data assimilation.

In the first part of the thesis, we discuss and extend the Parametrized-Background
Data-Weak (PBDW) approach for state estimation. PBDW combines a parameterized best-
knowledge mathematical model and experimental data to rapidly estimate the system state
over the domain of interest using a small number of local measurements. The approach relies
on projection-by-data, and exploits model reduction techniques to encode the knowledge of
the parametrized model into a linear space appropriate for real-time evaluation.

In this work, we extend the PBDW formulation in three ways. First, we develop an exper-
imental a posteriori estimator for the error in the state. Second, we develop computational
procedures to construct local approximation spaces in subregions of the computational do-
main in which the best-knowledge model is defined. Third, we present an adaptive strategy
to handle experimental noise in the observations. We apply our approach to a companion!
heat transfer experiment to prove the effectiveness of our technique.

In the second part of the thesis, we present a model-order reduction approach to simulation-
based classification, with particular application to Structural Health Monitoring (SHM). The
approach exploits (i) synthetic results obtained by repeated solution of a parametrized PDE
for different values of the parameters, (ii) machine-learning algorithms to generate a classifier
that monitors the state of damage of the system, and (iii) a reduced basis method to reduce
the computational burden associated with the model evaluations. The approach is based
on an offline/online computational decomposition. In the offline stage, the fields associated
with many different system configurations, corresponding to different states of damage, are
computed and then employed to teach a classifier. Model reduction techniques, ideal for
this many-query context, are employed to reduce the computational burden associated with

!The experiments are performed by Dr. James D. Penn (MIT).



the parameter exploration. In the online stage, the classifier is used to associate measured
data to the relevant diagnostic class.

In developing our approach for SHM, we focus on two specific aspects. First, we develop
a mathematical formulation which properly integrates the parameterized PDE model within
the classification problem. Second, we present a sensitivity analysis to take into account the
error in the model. We illustrate our method and we demonstrate its effectiveness through

the vehicle of a particular companion experiment, a harmonically excited microtruss!.
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Chapter 1

Introduction

1.1 Motivation

In many applications, integration of mathematical models and experimental observations is
needed to perform accurate predictions. Mathematical models of physical systems are often
deficient due to the uncertainty in the value of the parameters representing material prop-
erties and input forces, and might also neglect important aspects of the system’s behavior.
On the other hand, experimental measurements are often scarce, corrupted by random and
systematic noise, and they might also provide indirect measurements of the quantity we
wish to predict.

Data Assimilation (DA) refers to the process of integrating information coming from a
mathematical model with experimental observations for prediction. In Numerical Weather
Prediction (NWP), DA refers to the process of combining mathematical models with data
to estimate the state of atmospheric or oceanic flow. In other fields such as control or
Structural Health Monitoring, the output of the procedure might be either a real-valued or
a discrete-valued function of the state.

DA tasks present several challenges for applied mathematicians and engineers. Math-
ematical models often consist of (systems of) Partial Differential Equations (PDEs) that
are typically extremely expensive to evaluate: since state-of-the-art DA procedures are cast
as optimization problems, which hence involve many model evaluations, the computational
burden might be unsustainable for real-time and in situ applications. This challenge be-
comes even more severe when the available mathematical model is affected by substantial

parametric uncertainty: in this case, current research focuses on the development of nu-
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merical techniques that (i) are designed to appropriately take into account the parametric
uncertainty in the model, (ii) are directly informed by the specific DA task at hand, and
(iii) meet the computational (time and memory) constraints.

Recent advances in Model Order Reduction (MOR) for parameterized systems offer new
opportunities for the integration of models and experimental data. First, MOR techniques
speed up computations allowing better explorations of the parameter space at an acceptable
computational cost. Second, MOR provides actionable tools to compress our prior knowledge
about the system coming from the parameterized mathematical model into low-dimensional
and more manageable forms. This thesis presents work toward the development of efficient
model reduction strategies for DA problems for systems modeled by PDFEs. In more detail, we
shall focus on two distinct DA tasks: state estimation for stationary problems, and damage

identification for Structural Health Monitoring applications.

1.2  Model order reduction for parameterized PDEs

Parametric Model Order Reduction (pMOR) is a mathematical and computational field of
study that aims to systematically reduce the marginal computational cost of the solution
to a parametrized mathematical model. pMOR is part of the broader field of Model Order
Reduction (MOR), and is mainly motivated by real-time applications (control, parameter
estimation) and many-query applications (design and optimization, uncertainty quantifica-
tion). In real-time applications, the goal is to provide rapid responses with little or no
communication with extensive offline resources; in many-query applications, the goal is to
speed up the computational cost associated with the evaluation of a given quantity of interest
in the limit of many model evaluations. We observe that in both these contexts the premium
is on marginal cost (or perhaps asymptotic average cost) per input-output evaluation; we
can thus accept increased pre-processing or "Offline" costs, which are not tolerable for a
single or few evaluations. In this section, we shall discuss the general problem of parametric
model reduction, and we shall introduce the particular pMOR technique employed in this
work, the Reduced Basis method. We refer to the recent surveys [23, 53| for a thorough
introduction to pMOR. We further refer to [180, 106, 188] for a complete introduction to

the Reduced Basis method.

We define the best-knowledge (bk) mathematical model corresponding to the (stationary)
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phenomenon of interest as follows: given p € PP* ¢ RF | find uP¥(u) € VP* such that
GO (PR (), 0) =0 Vv e WPk (1.2.1)

The form GPk# . PPk « Wbk s R denotes the mathematical model associated with the
particular physical system of interest; the model depends on a set of P parameters, p €
PPk RP, where the region P"* corresponds to the expected parameter range. Here,
VP WP are two suitable Hilbert spaces defined over a d-dimensional domain QP ¢ R
Finally, uP¥(x) denotes the bk approximation of the system’s state over QPX for a given
value of y in PPX. We further define the bk solution manifold associated with the solution

to (1.2.1) for each value of u € PPk:
MPE = {uPk(p) e PPE} c VP, (1.2.2)

Given the bk map p € PP¥ — uP¥(u) € VPX, we introduce the rank-N approximation

([56]) to uPk, u— uRk(1) € VPX such that

N
uli (@ ) =Y on(w) (F(x), e Q% pe P, (1.2.3)
n=1
where ¢1,..., 05 : PPX = R, and Z]k\’,k = span{dik nNzl C VYK Based on this decompo-

sition, we can view the problem of parametric model reduction as the combination of two
distinct tasks: (i) the determination of the reduced space ZXK := span{¢?*}N_ and (ii) the
estimation of the coefficients {¢, (1) }N_; for any value of y in PPk, If we denote by || - ||, bx
the norm over VPX, the space ZR* should be chosen such that inf ZhK [|uPk (1) — 2| o < tol
for any € PPX and for a given tolerance tol > 0. On the other hand, the coefficients
{¢n(u)}N_, should be chosen such that inf, ¢ zui uPk () — 2|y~ [JuPE () — wRE () ||y oxs
and such that the maps pu — ¢, (1) can be evaluated in a cost-efficient way in the limit of
many queries.

Reduced Basis (RB) method represents a very efficient approach to the problem of para-
metric model reduction. The method was first proposed in the late 1970s (|3, 159, 162, 82|)
to address linear and nonlinear structural analysis problems, and was then extended to

fluid dynamics in the late 1980s ([170, 98]). Starting with the works of Maday, Patera and

coauthors in the early 2000s ([176, 223]), RB method was set on a more general mathemat-
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ical ground with special emphasis on (i) efficient sampling strategies for the construction of
the hierarchical reduced spaces {ZXK}y, (ii) rigorous a posteriori error estimation proce-
dures, and (iii) offline-online computational procedures for the efficient construction of the

coefficients {¢, (1) }Y_; in the limit of many queries.

In the RB literature, several approaches have been considered for the construction of the
reduced space. In the early works, non-adaptive Taylor and Lagrange (|175]) and Hermite
([118]) spaces have been considered. More recent approaches rely on Proper Orthogonal De-
composition (POD, [28, 130, 122]), and Greedy methods (|176, 177]). Both these techniques
have been applied to several classes of PDEs and have also been studied theoretically. We
refer to [173] for an overview of the several applications of POD in model reduction, and to
[28] for the mathematical analysis. On the other hand, Greedy algorithms have been first
applied to stationary problems, and then extended to time-dependent problems in a space-
time setting ([219, 240]), or in combination with POD ([101]); we refer to [40, 32, 66, 56| for

a rigorous analysis of the convergence properties of Greedy algorithms.

Efficient offline/online strategies for the rapid computation of the RB state estimate
uR¥(u) for a given p € PPX rely on (Petrov-) Galerkin projection. In more detail, following

the standard idea of Galerkin methods for PDEs, we seek u2¥(u) € ZR¥ that solves:
GPRH(uRE (1), v) =0 Vo e WRE (1.2.4)

where W}i,k C WPk is a suitable N-dimensional space, which is equal to Z}{,k in the Galerkin
case. During the offline stage, we construct the spaces Z}\’fk and W}{,k and we assemble
and store suitable parameter-independent quantities; during the online stage, we assemble
and solve the parameter-dependent reduced order model (1.2.4) to compute the coefficients
{én(11)}N_,. We note that the offline stage is computationally expensive and is performed
once, while the online stage is in general extremely inexpensive and is performed for each
model query. Since the cost of a single online evaluation is significantly less expensive than
the corresponding high-fidelity evaluation (based on a Finite Element or a Finite Volume
discretization), we can amortize the offline computational cost in the limit of many queries.
For parametric-affine linear problems (see, e.g., [188, 168]), it is easy to estimate the coeffi-
cients {¢, (1) }N_; at an online cost of O(N?3); for nonlinear and /or non-parametrically-affine

problems Empirical Interpolation Method (EIM, [12, 97], see also [48]) can be employed to
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guarantee online efficiency.

Before concluding, we remark that RB method is still the subject of active research. In
particular, several recent proposals combine RB with domain decomposition strategies to
tackle large-scale problems ([145, 117, 171, 72, 203|) and multi-scale problems ([126, 2]). In
this thesis, we rely on the more standard RB method for linear elliptic PDEs as presented

in [188], and we refer to the above-mentioned literature for further details.

1.3  Thesis objective

The objective of this work is to develop model reduction approaches for the efficient integra-
tion of parameterized mathematical models and experimental measurements. In developing

our techniques, we focus on three aspects.

e Real-time and in situ predictions: we wish to develop algorithms that provide
rapid responses with little or no communication with extensive computational re-

sources.

e Reliability: we wish to quantify the level of uncertainty in our estimate, and thus

the degree of confidence the user should have in the prediction.

e Generality: we wish to develop techniques that can be applied to a broad range of

applications in continuum mechanics.

We shall focus here on two problems in data assimilation: state estimation and damage
identification (Structural Health Monitoring). The former deals with the reconstruction of
the true state associated with the system in a given region of interest. The latter, in its most
basic form, deals with the assessment of the state of damage (properly defined according to
the system specifications) of a given structure. In the next two sections, we discuss in detail
the mathematical formulation of these two classes of problems, and we provide definitions

used throughout the thesis.

1.3.1 Mathematical description of the objective: state estimation

true

The objective of state estimation is to approximate the state u associated with physical

true i

systems of interest over the domain of interest  C R?. We shall here assume that u s
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deterministic and stationary (or time-harmonic). We shall further assume that 4" belongs
to a suitable functional space U defined over €.
We shall afford two sources of information: a bk mathematical model of the form (1.2.1)

(here, stated in compact form),

GPH(uPK () =0,  pe P, (1.3.1)
defined over a domain Q"X which contains 2, and M experimental observations £, ... ,E?\}/}S
such that

0905 = 45, (u'™°) + €. (1.3.2)

Here, the mathematical model (1.3.1) should be interpreted as the best-knowledge repre-
sentation of the physical phenomenon, while PP% ¢ R” is a confidence region for the true
values of the parameters of the model. The functionals €9, ..., /9, are associated to the par-
ticular transducers employed, and are assumed to be linear: we anticipate that in this thesis
we consider observations associated to local averages of the state (e.g., local measurements
of the acoustic pressure obtained using an acoustic microphone, local measurements of the
thermal field based on local thermal probes). Finally, {e,,}_, are unknown disturbances
caused by either systematic error in the data acquisition system, or experimental noise.

We summarise the state estimation task considered in this thesis in the next box.

State estimation: given the parametrized mathematical model G**# (1.3.1) and the M

functionals £9,...,£9,, develop a computational algorithm A that takes as input M mea-
surements E‘fbs, . ,E‘]’\'}S and returns
e an estimate u* = A(E‘l’bs, . ,E‘]’\'js) € U of the state u'™® over the domain 2, and

e an estimate of the error ||u* — u'™"¢||, in a suitable metric of interest.

The computational time should be independent of the high-fidelity solver used to discretize
(1.3.1).

We observe that our definition of the task is consistent with the requirements discussed
at the beginning of section 1.3. The metric ||-||» might be associated with a norm over €2 (e.g.

the L2 error over ), or with the error in a given quantity of interest that depends on the
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state (e.g. the error in the output £ = £(u"") where £ : i/ — R is a given functional).
We anticipate that pMOR is here crucial to develop algorithms that are directly informed
by the parametrized best-knowledge model (1.3.1). We further discuss this point in section
1.4.1.

1.3.2 Mathematical description of the objective: Structural Health Mon-

itoring

Structural Health Monitoring (SHM) refers to any automated monitoring procedure designed
to assess the state of damage of a given aerospace, civil, or mechanical structure of interest.
In the context of SHM, damage is formally defined as intentional or unintentional changes
to the system which adversely affect its current or future performance (|79]). The ultimate
objective of SHM is to identify (in an automated fashion) damage before failure occurs. For
civil engineering applications, SHM must provide real-time reliable assessment information
regarding the integrity of a structure ([64]). In the aerospace industry, monitoring systems
are required to assess the health of aircraft components during reconditioning or during the
mission. In these contexts, SHM is very similar in objective to Operational Loads Monitoring
(OLM, [236, 206]) and Integrated Vehicle Health Management (IVHM, |21, 166]).

Following {190, 238|, we can formalize the objective of SHM into five levels of increasing
difficulty: (i) detection (is the system damaged?); (ii) localization (where is the damage in
the structure?); (iii) classification (which is the type of damage present in the structure?);
(iv) assessment (how severe is the damage?); and (v) prediction (how much residual life
remains?). In this thesis, we shall focus on the first two levels: as observed independently
by Farrar et al. in [78], and by Hurtado in [114], both these levels can be formulated
as classification problems. In the remainder of this section, we shall provide an abstract
formulation of the classification problem, which will be used to develop our approach. We
refer to Chapter 7 for the instantiation of the definitions below for a particular companion
experiment.

We denote by C € RPHP a set of parameters that uniquely identifies a system configu-
ration. To provide a concrete point of reference, C might include information related to the
geometry of the system, to the material properties, and to the boundary conditions. We
then characterize our system by a finite number K of exhaustive states of damage. In the

simplest case (Level 1), we have K = 2 states: the label y = 1 corresponds to undamaged
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systems, and the label y = 2 corresponds to damaged systems. We denote by y = y(C) the
state of damage associated with the configuration C. We further introduce the raw measure-
ments q™P € R? obtained experimentally. For reasons that will become clear soon, we also
introduce the set of Qgea; functions (features) of q®P, zoP = F(q™P) € R%eat: we refer to
the application F : q®*P — z®*P(q®*P) as feature map.

In view of the definition of the mathematical model, we introduce the incomplete (bk)
configuration vector p € RY, and the hidden vector ¢ € R” such that C = (u,&). We
further introduce the anticipated configuration set PPX c R, and the configuration set
Ppexp = Pbk Y  RPTP. We here postulate that there exists a function fdem . pbk

{1,..., K} such that

y(C = (1, 8)) = f¥*™(u),  V(u,&) € PO, (1.3.3)

We observe that this implies that the state of damage associated with any configuration C
is uniquely determined by the subset of parameters included in pu.

Assuming that the raw measurements q®P are based on a set of Qexp experiments, we
introduce Qexp bk models

GPoR (WP () =0, g=1,...,Qexps (1.3.4a)

and the (non-necessarily linear) functional £ such that

2 () = LY (), . ugs, (1), LU X ... XU — R, (1.3.4b)
Qexp

approximates the features z**P(C) for any u € PPX and & € V. We observe that the bk
models are intended to approximate the features z®*P rather than the raw data qP.

We summarise the damage identification task in the next box. Some comments are
in order. We observe that the damage identification task depends on a fair amount of
quantities: the raw data q®P, the feature map F : R — R@eat the damage function
fdam . pbk 1 K}, and the mathematical model ({ng’“}qQ:e’ip,E) (1.3.4). Since
the objective of this thesis is the development of a general computational procedures that

maps experimental measurements to the corresponding state of damage, in this section, we

have implicitly assumed that all these quantities are given a priori. In section 1.4.2, we
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provide a general overview of a general Structural Health Monitoring procedure, and we
provide further details about each of these quantities. We further observe that although
we tailored the discussion to Structural Health Monitoring the task can be generalized to
a wide spectrum of inverse problems, which aim to estimate a discrete-valued QOI based
on experimental data. As an example, we mention Acoustic Pulse Reflectometry (APR,

[4, 200]): as SHM, APR can be recast as a classification problem.

Damage identification: given the parametrized mathematical models {G};k’“ }qQ:e’ip

(1.3.4a), the functional £ (1.3.4b), and the feature map F : qP — z®P(q**P), develop
a computational algorithm A that, for any configuration C, takes as input the raw measure-

ments q™P = q®P(C) € R and returns
e an estimate § = A(q®*P) of the state of damage y(C) € {1,..., K}, and
e a measure of the confidence in the estimate.

The computational time should be independent of the high-fidelity solver used to discretize
(1.3.4).

1.4 Background

1.4.1 Variational approaches to state estimation

We present an overview of state-of-the-art techniques that have been proposed to tackle the
problem of state estimation; we here place special emphasis on the treatment of parametrized
mathematical models, and on the application of model reduction techniques. Since in this
work we only consider stationary problems, we do not explore in this section methods for
sequential data assimilation. We refer to |24, 63, 217, 216] for a thorough introduction to
data assimilation from the perspective of ocean and atmospheric sciences. We further refer
to [233] for a survey about Bayesian methods for data assimilation. Finally, we refer to
[222, 44] and to the works by Navon and coauthors ([207, 208, 239]) for an application of
model reduction techniques to unsteady data assimilation (state estimation) tasks in the
framework of 4D-VAR ([59]).

We shall first consider the case of non-parametric background (PP* = {7}, uP* = uP% (7).

In this case, if we assume that disturbances are uncorrelated, with zero mean and variance
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o2, the most popular approach is the so-called 3D-VAR:

M
1
ug = argzneizgl €llu — uPK|? + Z ( EObs> . (1.4.1)
m:l

Here, (U, || - ||) is a suitable Hilbert space defined over € endowed with the inner product
(-,-) and the induced norm | - || = /(:,-); uP¥ is either referred to as background, or first
guess, or forecast, while the state estimate ug is referred to as analysis. The parameter
& > 0 regulates the relative importance of the background compared to the experimental
data. From a statistical perspective, the approach corresponds to a variational form of least-
squares statistical linear estimation ([216]), and can be interpreted as the application of the
Bayes’ rule for linear Gaussian systems ([182]). We recall that 3D-VAR was first proposed
by Lorenc in [138]: Lorenc further developed a Bayesian framework to link 3D-VAR to
a number of other proposals including optimal interpolation (|73, 22, 90, 139|), kriging
([149, 209]) successive corrections (|60, 37]), constrained inizialization ([22]), Kalman-Bucy
filter ([123, 134] ) and adjoint model data assimilation ([70]). Similarly, in [26], Bennett and
MclIntosh proposed the so-called generalized inverse method, which has been later proved

to be equivalent to optimal interpolation ( [25]) and thus to 3D-VAR.

The analysis ug can be written as the sum of the background «P¥ and a correction term

associated with experiments. More precisely, if we introduce the Riesz representations of

the observation functionals in U — (Ry#2,,v) = £, (v) forallv e Y and m =1,..., M —
and we define the M-dimensional space Uy = span{ Ry €%, }M_,  there exists a basis of Uy,
P1,...,¥n (referred to as array modes in [25]) such that
M
uf = u 4, -y (eobs bk)) Y. (1.4.2)
m=1

We can consider two different strategies to extend (1.4.1) to parametrized backgrounds.
First, we can substitute uP* with «P¥() in (1.4.1), and then minimize with respect to x and

u at the same time:

M
2
: 2 obs
, =a - u) — %) . 1.4.3
(i) =erg  min  €lu—u () + m} NCIOREY (1.43)

Statement (1.4.3) corresponds to the partial-spline model (see, e.g., [226, Chapter 9]). As for
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3D-VAR, we can show that the solution is of the form (1.4.2), that is uf = ubk(ug) +n¢ with
= SM (ﬁObS K?n(ubk(u’g))) . However, statement (1.4.3) requires the solution to a
nonlinear, non-convex minimization statement, which is likely to be ill-posed, and requires
bk(

multiple evaluations of the bk map p +— u”*(u). Second, we might neglect the correction

term n*, and thus simply optimize with respect to u:

M

1 2
* 0 bk obs
p* = arg gl;ggk i EZI (fm(u (1) =l ) : (1.4.4)

We can then estimate the system’s state using u* = u*(u*). We observe that (1.4.4)
corresponds to a deterministic inverse problem for the values of the parameters p € PP,
and can be interpreted as a (nonlinear) projection onto the manifold MP* = {uP%(u)|q :
p € PPk}, As observed by multiple authors, problem (1.4.4) might also be ill-posed, and
thus requires some form of regularization. In this respect, we observe that the Bayesian
framework provides a rigorous mathematical ground for addressing this problem. We refer
to [211] for a discussion about Bayesian approaches for inverse problems of the form (1.4.4).
We further observe that, due to the absence of a correction mechanism, our estimate might

be inaccurate if the bk model is not sufficiently accurate. In the remainder of this section,

we discuss how to exploit model reduction techniques to tackle problem (1.4.4).

A first application of model reduction to problem (1.4.4) is based on substituting in
(1.4.4) the high-fidelity map p +— uP*(p) with the Reduced Order Model, p + uR¥(p) (1.2.3).
By doing so, we can reduce the computational cost of the evaluation of the model, and thus
reduce the overall cost associated with the application of an iterative scheme for (1.4.4). In
this respect, we recall [88, 135, 84], in which model reduction strategies are exploited in a
Bayesian setting to speed up computations associated with a MCMC procedure, and [131],
in which the authors apply reduced basis techniques to reduce the computational burden
associated with the application of deterministic and statistical approaches for solving an

inverse problem of the form (1.4.4).

A second strategy is based on the relaxation of problem (1.4.4). In more detail, if we

substitute uR¥ () in (1.4.4), we obtain

2
@' := arg min Z (qun )0, (Cn) —KObS) , (1.4.5)

HEPPK
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where ¢, = (?X|q € U is the restriction of the n-th basis of ZkK to Q. If we now assume

2
that N < M, we can relax (1.4.5) as ¢* = arg min g & M (Zgzl oS, (Cn) — 6‘7),?3) ,
which can also be written as

M 2
u* := arg min (K?n(z) — E%’S> , (1.4.6)

where Zy is the restriction of ZR to Q, Zy = {z]q : z € Z8}. We observe that for
N = M, (1.4.6) corresponds to the Generalized Empirical Interpolation method (GEIM,
[140, 141]); while for N < M and Zy built using POD, (1.4.6) corresponds to Gappy-
POD (|75, 234]). Both these approaches rely on pMOR techniques to generate background
spaces Zy informed by an underlying parametrized mathematical model. We observe that
by appealing to this approach we are no longer in position to estimate the parameters u
of the model; on the other hand, we greatly reduce the computational complexity of the

state-estimation procedure.

1.4.2 A general paradigm for damage identification

We shall here discuss a general paradigm for the development of a Structural Health Moni-
toring procedure. This will clarify the definition of the damage identification task presented
in section 1.3.2. The paradigm was originally proposed by Farrar and collaborators in|78],
and is defined through the integration of four sequential procedures: operational evaluation,
data acquisition, feature extraction, and statistical inference. We anticipate that in this the-
sis we focus on the last stage of the paradigm, the statistical inference. As in the previous
section, we place special emphasis on the application of model reduction techniques.

Operational evaluation sets the limitations on what will be monitored and how the mon-
itoring will be accomplished. During this stage, a formal definition of the potential states of
damage is given. From a mathematical perspective, during this stage we define the damage
function fdam (1.3.3).

Data acquisition deals with the implementation of the sensing system. The sensing
system can be based on static responses (in terms of strain ([193|) or displacement ([194,
195])) or on dynamic (such as frequency) responses ([46, 191]). Furthermore, sensing systems
are referred to as passive if they rely on the ambient loading environment as an excitation

source, and active if they can provide a local excitation tailored to the damage detection
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process (see, e.g., [79, Chapter 4.11]).

Feature extraction identifies the vector-valued functions z®P of the acquired raw data
q“P. Modal analysis (|231]) is the most widely-used feature-extraction technique; monitor-
ing systems that rely on modal features are referred to as vibration-based SHM (|78, 77, 79]).
Features based on modal properties are used for both passive and active sensing systems:
Operational Modal Analysis (OMA, [6]) deals with the identification of modal properties
of structures based on vibration data collected when the structure is in operation. Other
popular techniques rely on Principal Component Analysis (PCA,[243]), or equivalently on
Proper Orthogonal Decomposition (POD,[15, 147]).

Finally, statistical inference deals with the development of a decision rule which serves
to monitor the system. There are two competing approaches to accomplish the inference
step: the "inverse-problem" or "model-based" approach, and the "data-based" approach.
Both approaches are based on an offline-online decomposition of the monitoring process:
the offline stage is performed before the structure of interest starts to operate, while the
online stage corresponds to the normal operations of the structure. We emphasize that
mathematical models do play a role in both approaches: the "model-based" vs "data-based"

taxonomy refers to the online stage of the process.

In the model-based approach ([85]), a physics-based model (typically consisting of a set
of differential equations) of the structure of interest is built and properly calibrated during
the offline stage. During the online stage, this model is updated on the basis of the new
measured data from the real structure. The solution to the updated model is then used
to assess the state of damage of the system. From a mathematical perspective, during the
online stage, given the measurements q*P = q**P(C), and the features z*P = F(q*P), we

first solve an inverse problem of the form!

i = arg min [2P%(s) — 2], (1.47a)
puePbk

where the map p — z%(p) is defined implicitly in (1.3.4). Then, we return the estimate of

the state of damage as follows:

§ = (). (1.4.7D)

!The choice of the Euclidean norm is completely arbitrary and other options can be considered.
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We note that (1.4.7a) is of the same form as (1.4.4) although here we potentially consider
the case of multiple mathematical models, which correspond to the different physical exper-
iments performed on the structure. Since (1.4.7a) is likely to be ill-posed, a form of (either
statistical or deterministic) regularization is needed. We refer to the works of Friswell, Mot-
tershead and coauthors (|87, 86, 154|) for further details. We observe that these approaches
were not originally developed for the estimation of discrete-valued quantities of interest (the

state of damage), and so they do not directly address the engineering task at hand.

Instead of proceeding from a law-based model, the data-based approach (|78, 79]) is
based on the collection of a dataset of offline training data from all the possible healthy and
damaged states of interest. The dataset can be collected (i) by performing experiments on
the structure itself or on similar structures (see, e.g., [79]), or (ii) by performing synthetic
experiments based on a (possibly parametrized) mathematical model of the structure of
interest (see, e.g., [115, 114, 132]). Given the dataset, machine learning algorithms are
used to train a classifier that assigns measured data from the monitoring phase to the
relevant diagnostic class label. This classifier is then employed to monitor the structure
during the online stage. We denote by Simulation-Based Classification (SBC) the particular
procedural choices "data-based" and "synthetic experiments". Exploiting the definitions in
section 1.3.2, in SBC, we first consider M different parameters p!, ..., uM € PPX and we

assemble the dataset

DY = {2 (™), f (™)) bt (1.4.82)

Then, we appeal to a supervised learning (SL) algorithm for classification (see, e.g., [104, 157,

120]) that takes as input the dataset DY and returns the classifier g%, : R@fat — {1,... K}
[9%;] = SL-algorithm(DRK). (1.4.8b)

During the online stage, we simply acquire the new measurements, we compute the features

z*P and we evaluate the classifier:

<

= gy (z7P). (1.4.8¢)

The main challenge associated with the application of the data-based (or simulation-based)
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approach is the construction of the offline dataset used to train the classifier g. Since clas-
sification performance strongly depends on the amount of offline training data, the offline
dataset should be representative of all possible system configurations (characterized by dif-
ferent geometries, and operational and environmental conditions) that can potentially occur
online.

While several authors applied model reduction techniques to speed up computations
within the model-based framework, the use of parametric model reduction in a simulation-
based setting has yet to be fully explored. As regards the model-based framework, there
is a large body of literature that exploits parametric model reduction techniques to reduce
the overall cost associated with the solution to (1.4.7) (see [158, 137, 110] and [62, Chapter
9]). These techniques are similar in objective to the techniques presented in section 1.4.1
for solving problem (1.4.4). As regards the simulation-based framework, most of the early
literature (105, 155]) resort to surrogate models to speed up computations of the dataset,
while more recent works focus on adaptive sampling schemes ([14, 17, 16]) to reduce the
number M of datapoints in (1.4.8a) without affecting classification performances. A notable
exception is provided by the work of Lecerf, Allaire and Willcox [132], which already incor-
porate important aspects of model order reduction to accelerate the dataset construction.
However, the reduction approach employed in [132] is based on a reduction of the dimension
of the underlying PDE, and it does not exploit the parametric nature of the mathematical

model.

1.5 Thesis overview

This thesis consists of two separate parts.

Part 1 deals with the development of a model reduction procedure for state estimation,
the Parametrized-Background Data-Weak (PBDW) approach. PBDW was first presented

in [142, 143] for stationary problems and perfect measurements (i.e., £ = £2, (u'*¢)

) m =
1,...,M). The key idea of the PBDW formulation is to seek an approximation u* = z* +n*
to the true field u'™® employing projection-by-data. The first contribution to u*, z* € Zy, is
the "deduced background estimate". The linear N-dimensional space Zy C U is informed

by the bk manifold MP% = {u*(u)|q : pu € PPk}, which we hope is close to the true

field. The second contribution to u*, n* € Uy, is the “update estimate". The linear
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M-dimensional space Uy is the span of the Riesz representations {R; £, }M_, of the M

M
m=1"

observation functionals {¢2, While the background estimate incorporates our a prior:
knowledge of the state, the update addresses the deficiencies of the bk model by improving
the approximation properties of the search space.

In this thesis, we extend the PBDW formulation in three directions. Some of the results

have been first presented in the papers [213, 212|.

e We propose an experimental a posteriori estimation procedure for the L?(Q) state-

estimation error ||u'r"®

— u*|| 12(q), and for the error in output L£(u""®) — L(u*), where
L : L?(Q) — R. The procedure allows us to quantify the uncertainty in the state

estimate.

e We propose a computational procedure for the construction of the background space
Zy when Q C QP%. We remark that traditional model reduction strategies aim to
generate linear approximation spaces for the manifold MPE = {uPk(p) : p € PPk}
over QPK. If Q is strictly contained in QPX, these strategies might either be unfeasible

or might lead to inaccurate approximation spaces for the restricted manifold MPK,

e We consider the case of pointwise noisy measurements (£9P5 = u!ue(29%) 4+ ¢ ). In
more detail, we rely on the theory of Reproducing Kernel Hilbert Spaces (RKHS)
that allows us to consider spaces U for which the Riesz representers { K, = Ryl9, }m
associated with the observation functionals {¢2, = 0, }m are explicitly known. We
demonstrate that explicit expressions for the representers greatly improve the flexibility
of the approach; in addition, we find much faster convergence with respect to the

number of measurements M than in the approach presented in [142, 143].

Part 2 deals with the development of a model reduction procedure for Simulation-Based
Classification with application to Structural Health Monitoring. As explained in section
1.4.2, we generate a dataset DK = {(zP%(u™), f4am(u™))}M_| by repeated solution of a
parametrized mathematical model for M different parameters p!, ..., ™ € PPk, Then, we
appeal to a supervised learning algorithm to compute a classifier g}, to map features (and
thus experimental observations) to the corresponding configuration label.

We demonstrate that the use of pMOR techniques, which is enabled by the parametrized

description of damage, is crucial to reduce the computational burden associated with the
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construction of the dataset without sacrifying the accuracy of the approximation. We present
a rigorous mathematical formulation which integrates the PDE model within the classifica-
tion framework, and we provide a framework for error analysis, which takes into account
non-parametric model error. We illustrate the procedure and motivate the use of model
reduction techniques through a cradle-to-grave example: a physical harmonically-excited
microtruss system. Some of the results have been first presented in the paper [214].

We resort to a 2D-3D high-order continuous-Galerkin Finite Element solver. Our imple-
mentation is based on a suite of Matlab codes ([150]) that has been developed by Professor
Masayuki Yano (University of Toronto) during his stay at MIT. We refer to [107, Appendix
A] for details related to the implementation. Experimental apparata have been designed

and implemented by Doctor James D Penn (MIT).
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Part 1

Parametrized-Background Data-Weak

approach to state estimation
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Chapter 2

The PBDW approach: formulation

and analysis

In this chapter, we introduce the PBDW formulation. First, in section 2.1, we derive the
problem statement, and we highlight the role of model order reduction. Then, in section 2.2,
we study the well-posedness of the PBDW statement, we derive an important representation
formula for the PBDW state estimate, and we discuss the connection with the problem of
optimal recovery. In section 2.3, we exploit the representation formula proved in section
2.2.1 to derive an algebraic formulation that permits rapid computations. In section 2.4
we summarize the computational procedure, and in section 2.5 we relate our approach to
other data assimilation formulations presented in the literature. Finally, in section 2.6, we
summarise the main contribution of the PBDW formulation, and we present and motivate
the research goals addressed in the next chapters. We state upfront that in this chapter we
only consider real-valued problems. The formulation and the mathematical analysis can be

trivially extended to complex-valued problems.

2.1 Formulation

2.1.1 Problem statement

We aim to estimate the deterministic state u™¢ € U over the domain of interest Q C R<.

As explained in the introduction, we shall afford ourselves two sources of information: a bk
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mathematical model

GPRH (P () =0, pe P

defined over a domain QP¥ that contains Q: and M experimental observations E‘fbs, e ,E‘J)\]}S
such that

0005 = ¢° (4t e, m=1,..., M,
where 7, ...,03, € U’ are suitable observation functionals, PPk  R” is a confidence region

for the true values of the parameters of the model, and {e, }/_, are unknown disturbances
caused by either systematic error in the data acquisition system or experimental random
noise. We further introduce the bk manifold MP* = {u"*(p) : 4 € PPk} associated with the

solution to the parametrized model.

true

If PPk = {11}, we propose to estimate the state u'™° as follows:

ug = argzneizgl £llu — uPK|? + L i/[: ( £0b5> , (2.1.1)
m:l
where ¢ > 0 regulates the relative importance of the background uP¥(i) compared to the
data. We observe that if €1, ..., ey are independent identically distributed random distur-
bances such that Ele,,] = 0, Elemén] = 026, then (2.1.1) corresponds to the 3D-VAR
statement (|24, Chapter 2],[138]).

If PPk £ {11}, we can generalize (2.1.1) as follows:

M
1 2
= i — 2 — o) . 2.1.2
(i) =ang  aminElu—a @I + g 0 (600 - 67) (212)

m:l

Formulation (2.1.2) is known as partial spline model (|226, Chapter 9]), and can also be

restated in terms of the update nf = ug — ubk(ug):

S

1 2
— : 2 0 bk __ yobs
w%)mw%ww+M;%mwmem. (2.1.3)

We observe that (2.1.2) (and equivalently (2.1.3)) is non-convex in p; furthermore, evalu-
ations of the map u + u”(u) involve the solution to the bk model. Therefore, it is not

suitable for real-time computations.
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If we introduce the rank-N approximation ([56]) of the bk field u"* (1),

N
W, p) = Z z€Q, peP

we can approximate statement (2.1.3) as

M N 2
1
: 2 0 0 obs
(e, ng) = arg N Elnll™ + 57 m§1 (ﬁm <n§l¢n(u)§n> + 09, (n) — £°F ) . (2.1.4)

Then, we can relax (2.1.4) as follows:

M N 2
(@) =g win €l + 52 > <e:; (Z 6 <n> +E5,() szS> ,

(é.m)eR m—1

which can also be rewritten as

M
1 2
= inf  Je(z,n) = 2 —¢obs) 2.1.5
(g mg) i=arg inf Je(zm) = Elnll” + m§_1( (z+mn) m> (2.1.5)

where Zy = span{(,}N_; C U is the N-dimensional linear space induced by {¢,}_;. We

further denote by ug = zg + ?72 the corresponding state estimate.

Statement (2.1.5) is the Parametrized-Background Data-Weak (PBDW) formulation,
and ug = z7 +17; is the PBDW state estimate. We observe that PBDW is a (convex) relax-
ation of the partial spline model for a parametric affine background: instead of penalizing
the distance between the state estimate and the manifold MP% = {uP*(u) : p € PPKY, we
penalize the distance from the linear space Zy. The parameter £ should be chosen based
on the accuracy of the background space — hence on the accuracy of the bk mathematical
model — and on the magnitude of the disturbances €1, ..., €, and might be typically set
adaptively. Our derivation allows us to interpret zg as the deduced background: zg is the
component of the state informed by the prior knowledge of the system, and represents antic-
ipated uncertainty in the mathematical model. Similarly, we can interpret ng as the update,
the component of the state that accomodates unanticipated or non-parametric uncertainty.

Consistently, we refer to Zy as the background space.

Before concluding, we investigate the noise-free case (i.e., £9% = (9 (u'™¢), m =1,..., M)

corresponding to the limit & — 0T. Proceeding formally, we obtain the noise-free PBDW
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formulation:

(z%,n*) :=arg  inf Inl| subject to £0,(z+mn) =5 m=1,...,M. (2.1.6)
(zmEZN XU

We denote by u* = z*+n* the corresponding state estimate. Formulation (2.1.6) corresponds
to the PBDW formulation first proposed in [142]. In section 2.5, we rigorously show that

Juf —u*|| = 0as & — 07

The assumption of smoothness

We observe that our formulation relies on the assumption that the true field u'™® belongs
to the Hilbert space U, which corresponds to the Sobolev space H*(2) for some s > 1.
Although in some cases this assumption might be justified by the existence of physical laws
with continuity and differentiability properties, it seems difficult to guarantee a priori that
the true field belongs to U.

As observed in [76, section 9.6], the assumption of smoothness corresponds to the as-
sumption that "similar" inputs — in this case spatial locations — correspond to "similar"
outputs in a proper metric. We argue that the latter, rather than being a technical as-
sumption required by our particular formulation, is a necessary condition for the existence

of accurate state estimation algorithms based on scattered data.

2.1.2 Role of model order reduction

true __ true__

If we denote by Pk | = inf e poi [|u uPX(11) || the modeling error, and by €XF = inf ¢z, |lu
2| the best-fit error associated with Zy, we aim to choose Zy such that €X , ~ €RF. Since
the stability of the PBDW formulation strongly depends on the value of N, we further wish
to keep N small compared to the number of observations M. We observe that we may
bound the best-fit error as follows:

—z| < sup inf () =z + inf () —u") = i v+ eamoa:
pEPPE ’

pEPPK 2EZN

bk : true
= f
= ol

(2.1.7)

bk

where 63%{SC,N = sup,epok inf.ezy |[uPk(u) — z|| is the discretization error. Therefore, if €PX

is small, we can practically construct Zy to minimise eS%‘SC N-
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Assuming that Q = QP¥ (i.e., the bk model is defined over the domain of interest), we
observe that the task of constructing the space Zy is equivalent in objective to the task of
constructing the reduced trial space in parametric Model Order Reduction (pMOR) briefly
outlined in the introduction. Therefore, we can resort to state-of-the-art techniques proposed
in the pMOR literature to generate Zy, such as Proper Orthogonal Decomposition (POD,
[28, 130, 122]), Proper Generalized Decomposition (PGD, [54, 52|), Taylor expansions ([80]),

and Greedy algorithms.

In this work, we rely on the Weak-Greedy algorithm for the construction of the space
Zn. The algorithm was first proposed in [223] in the context of Reduced Basis method, and
has been applied to elliptic and parabolic, linear and nonlinear, differential equations. The
convergence with respect to N of the reduced space obtained using this Greedy procedure
has been extensively studied in [40, 32, 66] and linked to the so-called Kolmogorov N-width
[172]. We refer to [180, Chapter 7| for a thorough overview of the computational procedure;

we further refer to [56, Section 8] for a review of the theoretical results.

We briefly summarise the procedure. Given the parametrized PDE GP%#(uPX(u)) = 0,
@ € PPX| we introduce the error indicator’: ARK(u) ~ inf.cz, [[uP(n)—z]|, p € PPX. Then,
the weak-Greedy algorithm constructs a Lagrange ([175]) hierarchical approximation space
ZNae = span{uP ()} Nusin guch that p = arg max ez, A (1), N =1,..., Nmax,

where Zirain C PPX is a finite-dimensional discretization of the parameter domain PPX.

Algorithm 2.1.1 summarises the computational procedure.

We briefly address the more general case Q C QPK. In this case, we might first appeal

to one of the techniques presented above to build a space ZAN for the manifold MPk

QPK. Then, we might define Zy := {z|q: 2z € f:f\N} If the manifold MP¥ is low-dimensional

over

and reducible?, this approach should guarantee accurate reduced spaces for the bk manifold
MPE. However, if MPK is not reducible, and € is strictly contained in QP¥, we envision that
this approach might either be unfeasible or lead to poor approximation spaces. We address

this issue in Chapter 5.

!The practical definition of A?\}‘(,u) depends on the particular form of the PDE. We refer to the above-
mentioned literature for further details.

*We refer to [180, Chapter 5] for a formal discussion about the reducibility of parametric manifolds. In
Chapter 5 of the present thesis, we discuss the problem of reducibility in a special setting.
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Algorithm 2.1.1 Weak-Greedy algorithm

Input GPkor parametrized best-knowledge model
PPk parameter domain
ARk error estimate for inf,cz, ||uP*(u) — z||

Output {Z N}%“;‘l" N-dimensional hierarchical background space

1: for N=1,..., Npax do

2: Identify the parameter associated with the largest error estimate,
MN = arg ma'XMGEtrain A?\}{—l(y’)
3: Evaluate the associated solution (y := uP*(p?).

4: Augment the background space Zy := span{Zy_1,({n}-

5. end for

2.2 Mathematical analysis

2.2.1 Well-posedness analysis

In this section, we present well-posedness results for the PBDW statement together with
a finite-dimensional representation formula for the state estimate, which permits efficient
computations. Towards this end, we introduce the Riesz operator Ry : U’ — U such that
(Ryt,v) = £(v) for all v € U and ¢ € U’, we further introduce the M-dimensional update

space Uys as
Uy = span{q,, = Ry o, }M_,. (2.2.1)
Finally, we introduce the stability constant Sy as as

, (2,q)
By = inf sup o 222
ZGZN qEZx{]\/j ‘ZH ’qH

Some comments are in order. For perfect measurements (i.e., £2% = ¢ (u'r"®)), the inner

product (u™", q) is a weighted sum of experimental observations

M M M
(402 3 ) = 3 ™ 00) = 3 it 22
m=1 m=1 m=1
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For this reason, we say that Uy is experimentally observable. We further observe that the
stability constant Sy s is a non-increasing function of background span (N) and a non-
decreasing function of observable span (M). Furthermore, By = 0 for M < N.

Next two Propositions provide the well-posedness results; for purposes of exposition, we

consider the cases ¢ = 0 and & > 0 separately.

Proposition 2.2.1. Suppose that Zny C U, and let By v be defined in (2.2.2). Let us further
suppose that £5P = (9, (u*™€) for m = 1,..., M, and that Uy; is M-dimensional. Then, the
following hold.

(i) Any solution (2*,1*) to (2.1.6) belongs to Zy x Zx NU;.

(ii) The pair (z*,n*) is a solution to (2.1.6) if and only if u* = z* +n* is a solution to the

problem:

u* = arg&g{{ ||H2§u|| subject to  £9, (u) = £ m=1,..., M. (2.2.4)

(i11) If x> 0, there exists a unique solution (z*,n*) to (2.1.6). Furthermore, (2*,n*)

solves the following saddle-point problem:

(", q) + (z%,q) = U™, q) Vqeluy;
(2.2.5)

(n*,p) =0 Vp € Zn.

Proof. We first prove (i). Let (2*,7*) be a solution to (2.1.6). We observe that (z*, I, n*)

satisfies the constraints,

G0+ oay ) = (2 + ety gm) = (07, G ) = 6,(" +0%) = e, m=1,...,M.
EUM

Furthermore, recalling the projection theorem, we find ||n*||? = ||TIy,,7*||*+ HHMJLM n*||?. Since

(2*,m*) is optimal, we must have I, L n* = 0. This proves that n* € Up;. We now consider

the pair (z* + Han*,HZ]#n*). It is straightforward to verify that (z* + HZNW*vﬂzﬁW*)

satisfies the constraints. Therefore, appealing once again to the projection theorem, and

exploiting the optimality of (2*,n*), we must have Iz, n* = 0. Thesis follows.

We now prove (ii). Recalling statement (i), we have n* € Z5. This implies that we can
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restate (2.1.6) as follows:

(z%,n") = arg inf |l subject to €2 (z+n) =" m=1,..., M.
(ZJI)GZNXZIJQ

Thesis (ii) follows by observing that Zy ® Zx = U.

We finally prove (iii). Exploiting (2.2.3), we restate (2.1.6) as follows:

(z*,n*) =arg  min  |n||, subjectto (z+n—u""q) =0VYqeE Uy. (2.2.6)
(Zyn)GZNXU

We can now introduce the Lagrangian £ : Zy x Uy X Upr — R associated with (2.2.6):

L(z,n,¢) = 5|nl*+ (z +n — u'™, ¢). By differentiating, we obtain
OpL=0= (n"+¢*dn) =0 ¥ on € Uns;
.L=0= (¢%,02)=0 Viz € Zn;

Dol =0= (" +¢* —ul™ 5¢) =0 V3¢ € Uy.

\

From the first equation, we obtain n* = —¢*. Then, if we substitute this identity in the
second equation, we obtain that any solution to (2.1.6) must solve (2.2.5). Recalling® [181,
Theorem 7.4.1], since Sy s > 0, there exists a unique solution (2*,1n*) € Zn XUy to (2.2.5).

Thesis (iii) follows. O

Proposition 2.2.2. Suppose that Zny C U, and let Sy be defined in (2.2.2). Let us
further suppose that Uy is M-dimensional. Let £ > 0. Then, the following hold.

(i) Any solution (zf,n;) to (2.1.5) belongs to Zn x Zy N Uy

(it) The pair (z£, 1) is a solution to (2.1.5) if and only if uf = zf 4+ is a solution to the

problem
0 LM 5
* L : L 2 0 __ yobs
ug = arg;gzg Je (u) = §||Hzﬁu\| v mg_l (ﬁm(u) o ) : (2.2.7)

(i) If Bn,m > 0, there exists a unique solution (zf,ng) to (2.1.5). Furthermore, (z,7;)

3We briefly present the correspondence between our notation and the notation used in [181, Theorem
741] M =2Zn, X =Uu, a('v ) = ('7 ')7 b(a ) = ('7 ')7 <£7 'U> = (utrueyv) and o = 0.
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solves the following saddle-point problem:

2605, 0) + 5 Sniy (6t ) = 60 €oula) =0 Vo €U s
2.2.8
(¢ p) =0 Vpe Zn.

In view of the proof of Proposition 2.2.2, we first present two lemmas. The first lemma

is proven in [141, Proposition Appendix A.1]; we report the proof for completeness.

Lemma 2.2.1. Let Uy := span{qm }}_, and let By be defined as in (2.2.2). Then, we
have that

senr— g M

(2.2.9)
ey nll

Proof. To simplify notation, given the linear space Q, we define Q) = {g € Q: |¢|| = 1}.
We now prove (2.2.9).

2
B = (infzez]g) SUP,, g (1) (Z7U)> = inf__ o Mgy, 2)* =1 — SUD__ (1) T 1 22

2 2
= 1- (S“pzez§;> SUP, 1) (z,Q)> =1- (Supqe%m SUP__ () (Z,q)>

= 1-— BUD, L) Tz, qll? = infqeuj\%](l) HHZI#QHZ

Thesis follows. O

Lemma 2.2.2. Let Uy := span{qm}%lzl, M' < M. Let us introduce By py = inf,cz,

“u (2,0)
Poetty Tl

and the matriz KM) ¢ RMM" KSL\{;} = (¢m, qm’)- Let us further define

CN.M ‘= max éN M éN M = min lAmm(K(M’)) )\min(K(M/ ) BQ ,
5 M'=1,...M ’ ? ; 2 ? 2+>\m1n(K(M/)) N,M )

(2.2.10a)

where )\min(K(M/)) denotes the minimum eigenvalue of the matriz KM

Then, the following bound holds:
_ M
J(uw) = Mgpul®+ Y (G (w)® > exprlull®,  Vuel. (2.2.10b)
m=1
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Proof. We first claim that for any M’ such that Sy > 0 we have
~ M,
Tar(w) = [[Tgeull® + Y (6, (w)? = e lul®,  Vuel. (2.2.11)
m=1

Given (2.2.11), we find that

J(w) > Ty (u) > énarllul)> VM < M = J(u) > <nﬂl?/x aN,M,> [l 2,

which is the thesis.

We now show (2.2.11). Given u € U, we introduce uy = I1 u, ug = Iy, u =
M/

Zf\n/[/:l(ug)mqm. Then, we observe that
U (Tm) = ( gm , u1) =0, m=1,...,M". (2.2.12)
~—
GZ/{M/

We further observe that
M/
S (U (w2) = [KMug 3, fus]? = uf KO s,

m=1

which implies that

Sy (G (u2))®

KMy 3

i i = Ain (KA, 2.2.13
ey a2 i WK uy (K) (2.2.13)
Combining (2.2.12) and (2.2.13), we obtain
M/ Ml
ST ) =3 (4,(u2))? = Amin(KM) a1
m=1 m=1

Now, recalling the identity 2ab > —1

6a2 — ¢b? valid for any € > 0, and Lemma 2.2.1, we

obtain:

jM/(u) = le(ul + UQ)

Y

Tz ]| + Tz ual|? + 2 (Tgg un, T uz) + Amin (KOT) [lug?

v

(1 =€) BRrapllunl® + (1= ) IMzg ual® + Amin (KO) fuz
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Let us consider € € ( . Recalling that HHZI#UQH < |luz||, we obtain

S ST
14+ Amin (K(M')) ’

T ()

v

(1= €)8% g a2 + (Ain(KO) + 1= 1) s 2

> min (A (K) + 1= 1, (1= 8340 ) (lua]? + Jual?).

=l

Estimate (2.2.11) follows by considering € = O

-2
2+>\min (KUM/) ) ’

We observe that cy ys is monotonic increasing with M; therefore, it is asymptotically
bounded from below in the limit M — oo. We further observe that )\min(K(M /)) > 0 if and

only if Uy is a M’-dimensional space.

Proof. (Proposition 2.2.2). We first prove that n; € Uy NZx (Statement (i)). Thesis follows
by observing that Je¢(z,71) = Jf(z,HuMn)quHHuﬁnHQ, and Je(z,1m) = Je(2+1lzyn, Hzﬁn)ﬁL
€|z, n||*. We omit the details.

We now show that (zf,7;) solves (2.1.5) if and only if uf = zF + g solves (2.2.7)

(Statement (ii)). Exploiting Statement (i), we have

tin o JEE ) = (Zmén;lezﬁ Je(zm)-
Thesis follows by observing that Jél)(u) = Jg(HgNu,Hzﬁu), and recalling that U = Zy @
Zy.
We now prove (iii). Applying Lemma 2.2.2, we find that the objective function Jél) :
U — R is strictly convex if By s > 0. Existence and uniqueness of the solution to (2.2.7)
then follow from [74, Theorem 3, Chapter 8.2|. Exploiting Statement (ii), we find that the
solution (zf,7¢) to (2.1.5) exists and is unique. Furthermore, recalling that the solution uf

)

must be a zero of the first variation of Jg(l , We obtain

M
2
00 (ug,v) = 26z ug,v) + > (egn(ug) - zg};s) P =0. VYouel,

m=1

which implies (2.2.8). Thesis follows. O

Before concluding, we present a number of observations. First, in Propositions 2.2.1 and

2.2.2, we rely on the assumption that Zy C Y. This is required to define Sy s in (2.2.2),

o1



and also the single-field formulations (2.2.4) and (2.2.7). In section 2.3, we derive sufficient
conditions for the well-posedness of (2.1.5) and (2.1.6) that do not rely on the hypothesis
ZnN C U. Second, statements (i) of Propositions 2.2.1 and 2.2.2 are extremely important
from a practical standpoint since they provide an a prior: finite-dimensional representa-
tion formula for the solutions to (2.1.5) and (2.1.6). We rely on these finite-dimensional

representations to derive efficient algebraic counterparts of the variational statements.

2.2.2 Connection with the problem of optimal recovery

We illustrate the connection between the PBDW formulation presented in this chapter and
the problem of optimal recovery (|152]). This connection has first been observed by Binev
et al. in [33] for perfect observations; in this section, we briefly review part of the analysis
presented in [33], and we present the analogous result for noisy measurements.

Given the background space Zy C U and the linear functionals £%,...,¢%, € U', we

introduce the compact sets
Ky (e, £°%) = {u €U |Upull e £,(u) =68 m=1,... ,M} : (2.2.14)
and

M
Ko ele, £7%) — {u eu: JO(w) =Mz ul? + % S (6,"n(u) - 6;3}38)2 <e } , (2.2.15)
m=1
where € > 0, and £°% = (/9> . ,£9b%) is the vector of experimental observations. We
observe that the spaces Ky and Ky ¢ incorporate the two available pieces of information:
the proximity of u'"® to the linear space Zy, and the experimental observations. In the
former case, we impose that all elements of Ky interpolate data; in the latter case, we rely
on the parameter £ to properly balance between proximity to Zy and agreement with the
experimental observations.
Given the closed set L. C U, the problem of optimal recovery corresponds to identify
the field u* € U that minimizes the error |[u* — u"™"|| in the worst-case scenario, provided
that "¢ € K.. More formally, we can introduce the optimal recovery algorithms associated

with (2.2.14) and (2.2.15).
Definition 2.2.1. A recovery algorithm is any measurable mapping A : RM — U. The
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optimal recovery algorithm A%’t associated with Ky (€, ) satisfies

ACPH(g°5%) = arg inf sup llu — &l (2.2.16)
geu uEK N (€,£°P9)

or any £°° € RM for which Ky 5 is not empty. Similarly, we can define the optimal recovery
y b

A(])\?té associated with Ky ¢.
Next Proposition shows that the PBDW formulation is the optimal recovery algorithm.

Proposition 2.2.3. Suppose that By, v > 0. Then, the PBDW algorithm APBDW . RM _, 14
(2.2.4) is the optimal recovery algorithm associated to Kn(e,-) for any € > 0. Similarly, the
reqularized PBDW algorithm AEBDW : RM — U (2.2.7) is optimal for Kyg(e,-) for any

e > 0.

Proof. The optimality of (2.2.4) is proved in [33, Theorem 2.8]. On the other hand, we

observe that?:

M
* 2 0 obs 0 _
26(I g uf, v) + ~ mz_:l (zm(ug) — ) © () =0 Vv el
Thus, we find
1 M
1 1 0
TED g +0) = {0 () + €l 0l 4+ D7 (6,0
m=1

This implies that uf +v € K N (€, £°5%) if and only if ui—v ek G £°"%). Then, optimality
of (2.2.7) is a direct consequence of Remarks 2.2 and 2.3 in [33]. We omit the details.  [J

2.3 Algebraic formulation

In this section, we present the PBDW algebraic formulation, and we study the stability
properties of the linear system. Then, as anticipated in section 2.2.1, we present a well-

posedness result that does not rely on the assumption that Zy C U.

f v € Uy, this follows from (2.2.8); ifv € Uz, this follows by observing that £9.(v) = (¢gm,v) = 0 for
m=1,...,M, and (Hzﬁug,v) = (n;,v) =0.
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2.3.1 PBDW algebraic statement

In view of the algebraic formulation, we first introduce the matrices K € RM:M 7, ¢ RNV

L € RM:N guch that

Km,m/ = (Qm7Qm/)a Zn,n’ = (Cna Cn’)> Lm,n = ffn(Cn% (2~3~1)

for m,m’ = 1,...,M, and n,n’ = 1,...,N. Next Propositions show the algebraic coun-
terparts of the PBDW statements (2.1.5) and (2.1.6). We note that the state estimation

procedure does not require the calculation of the matrix Z.

Proposition 2.3.1. Let Sy > 0, and let £ > 0. Then, the solution to (2.1.5) ug = zg g
s given by

N

M
ug() = Z ZEnn(e) + Z UE,mqm('), (2.3.2a)
n=1

m=1

where the pair (z¢,mg) € RN x RM solves

K?bs
MI+K L % £9bs
: Mol | M s | (2.3.2b)
LT 0 2} 0
fobs
M

Equation (2.3.2) can be extended to & = 0 with the convention u* = ug_-

Proof. We first consider the case £ > 0. Recalling Proposition 2.2.2 (Statement (i)), we have
that uf is of the form (2.3.2a). Then, substituting (2.3.2a) in (2.2.8) and choosing ¢ = g,
p = (p, we find
2K+ 5K? FKL n; Ky
LT 0 2} 0

Since K is invertible, thesis follows by multiplying the first equation by %K‘l.
We now consider the case & = 0. Thesis follows by combining Proposition 2.2.1 (State-

ment (i)), and (2.2.5). We omit the details. O

We now wish to investigate the spectral properties of the linear system (2.3.2b). With

this in mind, we first present a standard result (see, e.g., [141, Lemma 3.3]).
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Lemma 2.3.1. The inf-sup constant By is the square root of the minimum eigenvalue of

the following eigenproblem:

L"K 'Lz, =v,Zz,, n=1,...,N. (2.3.3)
Proof. Since sup, ¢y, ("m) = ||IIy,, #||, we obtain:

2 2

B I

12VM inf sup < (1, 2) > — inf M
7 2E€ZN nely HﬂHHZH 2€EZN HZH

We observe that for any z € Zy the projection onto Ups can be written as Iy, 2z =

ZM Z Gm, where the vector n? satisfies n* = K~! L z. Therefore, we find

m=1 nm

8 - z' LTK 'Lz
= 1n _——
NM ™ ERN 7z 7z

Introducing the Lagrangian multiplier v € R, we can write the optimality conditions as
LTK'Lz—vZz =0;
2" 7z =1

Thesis follows. O

Next Proposition provides a bound for the minimum eigenvalue of the saddle point

system (2.3.2b).

Proposition 2.3.2. Suppose that By > 0, and let (i,...,(n be an orthonormal basis

of Zn. Let )\Ignin be the minimum (in absolute value) eigenvalue of the saddle point system

(2.3.2b). Then, the following bound holds:

(2.3.4)

: Amax (LT L
AP > min <)\min(K) +EM, B —EM (L°L) ) ,

Amin (K) (§M + Amin(K))

and the bound holds with equality for & = 0.

Proof. Following the argument in [27, Section 3.4], we observe that the saddle-point sys-
K+ &M 0

tem (2.3.2b) is congruent to the block-diagonal matrix
0 ~LT(K + ¢MI)~1L
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Therefore, we find:
IAE™] = min (Amin(K) + €M, Amin (L7 (K 4+ EMT)7'L)) .
We now estimate Apin (]LT(]K +E&EM ]I)*l]L). Towards this end, we first observe that
K+EMD) =K' —eMXe, Xe=(K+EMD) K™

Therefore, recalling standard linear algebra results and Lemma 2.3.1, we find

vILT(K 4+ ¢MT)~'Lv

Amin (LT(K +EMI)~'L) = min

v Ivli3
Ty Te—1 T T
LKL L XL
> min %—meax#
v Ivl2 v Ivl2

Y

ﬁ]2V,M - SM)‘max(Xg))\maX (LT]L)
Thesis follows by observing that

1
Amin (K) ’

A (Xe) = max vIK+ M) K- v

2 < ()‘min(K) +‘£M)_1
v vl

2.3.2 An improved well-posedness result

Proposition 2.3.3 shows a well-posedness result that does not rely on the assumption Zy C

Uu.

Proposition 2.3.3. Let X = X (Q) be a Hilbert space Q) such that Zy C X, and (9,...,05, €
X'. Then, the solution (2f,n;) € Zn XU to (2.1.5) exists and is unique if and only if the ma-
triz I has rank N. Furthermore, the state estimate ug = zg + 77? satisfies the representation

formula (2.3.2). The same result holds for & = 0.

Proof. We only prove the case £ > 0 since the case £ = 0 can be studied using the same
argument. We observe that Je(z,7) = J¢(2, iy, m) +§HHUJ\L477H2. Therefore, any solution 7
to (2.1.5) belongs to Uys. This implies that any solution to (2.1.5) is of the form (2.3.2a).
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Substituting (2.3.2a) in the minimization statement, we find

1
: T obs (12
min Kn+ —||[Kn+Lz— ¢ .
(Z*m*)eRNxRMf?? n+ 57 IKn allF

By deriving the stationary conditions, we find

K+ 4K?) n* + KLzt = Ky

(2.3.5)

LT Kn* + LTLz* =LTy

By premultiplying (2.3.5); by MK~!, we find
(EMI+K)n* +Lz* =y. (2.3.6a)

If we now premultiply the latter equation by L7 and we subtract (2.3.5)2, we obtain
L'n =o0. (2.3.6b)

Saddle system (2.3.6a) - (2.3.6b) is well-posed since K is invertible and L is full-rank by

hypothesis. Thesis follows. O

We observe that if Zy C U, the condition rank(L) = N is equivalent to Sy > 0 (cf.
Lemma 2.3.1). Therefore, Proposition 2.3.3 is equivalent to Propositions 2.2.2 and 2.2.1 if
Zn C U. We further observe that the proof of Proposition 2.3.3 is closely related to the
proof of [127, Theorem 5.1].

2.4 Computational procedure: offline-online computational de-

composition

The algebraic formulation derived in section 2.3 allows us to decouple the computational
procedure into two distinct stages. During the offline stage, which is performed before
acquiring the experimental observations, we generate the approximation spaces Zy and
U, and we assemble the linear saddle point system (2.3.2b). During the online stage,
which is performed during the operations and possibly in situ, we acquire the experimental

data E‘l’bs, . ,ER?S, we select the regularizer weight &, and we compute the state estimate
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by solving (2.3.2b). We observe that the offline stage is computationally extensive since
we need to solve the bk model possibly several times. On the other hand, the online stage
requires O(N + M)3 operations.

Algorithm 2.4.1 presents the computational procedure. In Chapter 3, for noise-free
measurements, we present a Greedy procedure to select sensor locations (Step 3-Offline
stage). We further remark that in our setting the update space Uy, is induced by the
norm | - || and the observation functionals: in Chapter 6, for the special case of pointwise
measurements, we partially reverse this scheme. Finally, we have not yet discussed how to

practically choose the hyper-parameter £: we address this question in Chapter 6.

Algorithm 2.4.1 PBDW approach. Offline-online computational procedure

Offline stage
1: Choose the space (U, || - ||)

2: Generate the background Zy C U

w

. (If possible) Select the observation functionals ¢9,...,¢5, € U’
4: Compute Uys = span{ Ry 09, }M_,
5: Assemble the matrix in (2.3.2b)

Onine stage

: Acquire the measurements E(l’bs, . ,E?\?S

—_

2: Choose the regularizer weight &
3: Solve the linear system (2.3.2b)

4: (If needed) Evaluate the state using (2.3.2a).

2.5 Connection with other formulations

2.5.1 Connection with other data assimilation procedures

In the statistical learning literature, PBDW is closely related to the approach presented in
[127] by Kimeldorf and Wahba. In more detail, the two approaches are equivalent if we
choose Zy as the set of all polynomials of degree less or equal to k, kK > d/2 — 1, and
U = H*1(Q) endowed with a proper inner product. We further observe that, by exploiting

the connection with [127], we can re-interpret our formulation in a Bayesian setting as a
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Gaussian linear system with improper prior (see [225]). In this work, we do not pursue this
feature of the approach.

Furthermore, for N = M PBDW formulation is equivalent to the solution to the Gen-
eralized Empirical Interpolation Method (GEIM, [140]), while for { — oo and Zy built
using a Proper Orthogonal Decomposition (POD, [130]), PBDW is asymptotically equiva-
lent to Gappy-POD (|75, 234]). We shall also observe that the use of the background space
— as opposed to a background singleton element in the original 3D-VAR — is also found
in nearfield acoustical holography (NAH, [47, 235]). We finally mention that the general
PBDW formulation (2.1.5) is asymptotically equivalent to the "noise-free" formulation in
the limit € — 0T as stated in section 2.1.1, the latter corresponds to the original formulation

presented in [142]. Next Proposition shows the two asymptotic results.

Proposition 2.5.1. Let By > 0. Let uz = 772 + zg be the solution to (2.1.5). Then, we

have

lim ||u* —uf|| =0, lim [juf—z =0, 2.5.1
Jim =gl =0, Jim g sl (25.1)

where u* = 2* +n* is the solution to (2.1.6), and zrs = argmin,ez, S _ (£9,(z) — £9P%)2,

m=1

Proof. Let us first consider the limit £ — 07. We just have to show that

* *
lim | uf = g =ui_g= Mlg=0
£—ot ¢ * £=0 *

Exploiting Proposition 2.3.2, we can show that each eigenvalue of the saddle-point system
(2.3.2b) satisfies [A¢ ;| > 3 min(Amin(K), BZQV,M) > 0 for all £ < &, for some & > 0. Therefore,
we find [Jug[l < C for all £ < €.

Let {;}; be a positive sequence such that £; — 07, and let u, be the solution to (2.3.2b)
for £ = ;. Since {uzj }; is uniformly bounded, applying Bolzano-Weierstrass theorem, we

obtain that, up to a subsequence, ua — u. We further observe that

o5y K L ‘e I o . K L
0 LT o | 00| "2Z|LT oo

)

Since the linear system (2.3.2b) for £ = 0 admits a unique solution, we must have u = UE:O'
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Using the same reasoning, we find that ugzo is the only limit point of the uniformly bounded
sequence {ugj }j. Therefore, the entire sequence is convergent (see, e.g., [148, page 67]).

We now consider the case £ — oo. As for the previous case, we must prove that for
& — 0

zi — zs = (L'L) L7637, nf—o0.

The proof exploits the same argument of the previous case, £ — 0. We omit the details. [

2.5.2 A two-stage regression procedure: connection with Kalman filter

We can rewrite the linear system (2.3.2b) as follows:

LT(EMI+K) 'Lz = LT (EMT 4+ K) L3y
(2.5.2)
(EMT+K)ng = €37 — Lat.

Formulation (2.5.2) is the algebraic counterpart of the following two-stage procedure:

* — . 7£obs .
2 = arg min L0 (2) — €377 lwe;
1 M (2.5.3)
= axgmin €l + oo 3 (G~ GI), 6 = 6~ 0,(:0)
m=1

where We = (K 4+ €MD), Ly(2) = [£9(2),...,£3,(2)], and ||d|w = VdTWd. Prob-
lem (2.5.3); corresponds to a weighted least-square (generalized) regression problem, while
(2.5.3)2 corresponds to a generalized smoothing problem applied to the error field u™" — Zg.

Equation (2.5.3) clarifies the connection of our approach with Kalman filtering techniques
([123, 134]). The deduced-background estimate 27 € Zy represents our predicted state
estimate based on prior knowledge (here encoded in the background space); on the other
hand, the update 77§ € Uys represents the innovation induced by the measurements and only
depends on the residuals £ = (9P — € (25).

We further observe that — from the perspective of approximation theory — PBDW
formulation introduces a hierarchy between the approximation provided by the background
space Zp, and the approximation provided by Uys. In more detail, the background space Zx

should provide primary approximation, while the update space Uy is designed to complete

any deficiency in Zpy. This asymmetry between Zn and Ujs is motivated by the underlying
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assumption that elements of Zy have better generalization properties (see, e.g., [221]) than
elements in Uy, since they are directly informed by the mathematical model. In this respect,
by adapting the parameter £, we can properly tune the relative importance of primary and

secondary approximation.

2.6 Conclusions and objective of the next chapters

In this chapter, we presented the PBDW formulation of the variational data assimilation
(state estimation) problem for systems modeled by PDEs. Below, we list the main features
of the methodology.

Projection-by-data: PBDW is an approximation method that seeks solutions based
on projection-by-data. In more detail, the bk model does not enter explicitly in the PBDW
variational formulation since it is only employed to generate the background space Zy.
This feature of the approach greatly simplifies the implementation of the computational
procedure, and ultimately speeds up computations. Projection-by-data — a problem in ap-
proximation theory — rather than projection-by-model — a problem in PDE discretization
— has also many advantages with respect to the mathematical theory. First, projection-by-
data eliminates many of the standard requirements of projection-by-model related to initial
and boundary conditions; for example, the domain €2 over which we reconstruct the state can
be a subset of the bk domain QP¥ over which the mathematical model is well-posed. Second,
in projection-by-data, we can accomodate norms which may be considerably stronger than
the norms required for well-posedness in projection-by-model. We extensively exploit these

features of the formulation in Chapters 5 and 6.

Variational formulation: we remark that PBDW relies on a variational formulation.
The variational formulation facilitates the construction of a priori error estimates informed
by the analysis developed for PDEs and scattered data approximation. In Chapter 3, we
present theoretical a priori bounds for the state estimation error in absence of noise. Then,

in Chapter 6, we provide an error analysis for pointwise noisy measurements.

Background space: PBDW formulation incorporates background spaces that accom-
modate anticipated parametric uncertainty. The background space is constructed in two

steps: (i) the identification of a parametrized PDE that models the phenomenon under con-
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sideration and a suitable confidence region PP¥ for the parameters of the model, and (ii) the
application of a pMOR technique — such as the Weak-Greedy algorithm briefy summarised

in Algorithm 2.1.1 — to generate a linear space appropriate for real-time evaluations.

Correction of unmodeled physics: as explained in section 2.5, PBDW provides a

mechanism — the update UE — to address the inevitable deficiencies of the bk model.

The PBDW formulation (2.1.6) was first presented and analysed in [142, 143| for perfect
measurements (£9°% = ¢2, (u'™¢)). In [142], for localised measurements, the authors proposed
a Greedy strategy for the selection of sensor locations. In [143], the authors extended the
analysis to imperfect measurements.

The original PBDW approach shows a number of deficiencies. First, in [142, 143], the
authors did not propose an actionable strategy to quantify the uncertainty in the state es-
timate — apart from the heuristic error indicator in [143, section 5.7]. Second, the authors
employed a traditional pMOR . technique — the weak-Greedy algorithm reviewed in section
2.1.2 — to the manifold MP¥ defined over QPX: as explained in section 2.1.2, if € is strictly
contained in QP¥, this strategy might either be unfeasible or might lead to inaccurate ap-
proximation spaces for the restricted manifold MP%. Third, due to the absence of tunable
parameters, the original formulation did not provide tools to rationally balance inadequa-
cies in the bk model and noise in the measurements. In particular, there was no attempt
to incorporate the presence of noise in the actual state estimate. In addition, due to the
choice U = H'(), for localised measurements, the approximation properties of the update
are poor, and it is not possible to efficiently adapt the shape of the Riesz representers during
the online stage: this might lead to poor convergence in M.

Motivated by the previous discussion, in this thesis, we first review the PBDW formula-
tion for perfect measurements presented in [142], and then we propose three contributions

to the original formulation.

In Chapter 3, we present the PBDW formulation for perfect measurements. We review
and slightly improve the error analysis presented in [142], and we present the Greedy strategy
for the selection of sensor locations. We also contribute an analysis of a thermal experiment

not previously considered.

In Chapter 4, we propose an experimental a posteriori estimation procedure for the
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L?(9) state-estimation error ||u™e —

u*|| 2, and for the error in output £(u'"™"¢) — L(u*),
where £ : L?(Q) — R. The procedure allows us to quantify the uncertainty in the state
estimate. In addition, it can also be employed (i) to guide the data-driven enrichment of the
PBDW background space Zy (based on the algorithm first proposed in [143, section 5.8|),

(ii) to improve the estimate of the L? output of interest, and (iii) to adaptively select the

PBDW tunable parameters. The error estimation procedure has been presented in [213].

In Chapter 5, we present a computational procedure for the construction of the back-
ground space Zy when Q C QPX. Our approach represents an extension of a computational
strategy first studied theoretically in the context of approximation theory ([172]), and then
applied in the context of generalized finite element method ([8]) and more recently in Port-

Reduced static condensation Reduced Basis Element method ([204]).

In Chapter 6, we study the case of pointwise noisy measurements (£2P = 4fT1(zbs) 1

€m). We rely on the theory of RKHS, which allows us to consider spaces U for which the
Riesz representers { K, }m associated with the observation functionals {0y, }m are explicitly
known. We demonstrate that explicit expressions for the representers greatly improve the
flexibility of the approach; in addition, we find much faster convergence with respect to the
number of measurements M than in the approach presented in [142, 143]. We present a

rigorous a priori error analysis for the L?(12) state-estimation error, ||u'™®

iid
homoscedastic random noise (i.e., €, "~ (0,02)), and (ii) systematic noise (i.e., |ex,| < §).

—u*[| 12, for (i)

We further discuss an adaptive procedure for the selection of the hyper-parameters of the
PBDW formulation. The adaptive procedure and the error analysis have been presented in

212].
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Chapter 3

The PBDW approach for perfect

observations

We discuss the PBDW formulation for perfect measurements (2.1.6): given the N-dimensional

background space Zy C U, find (z*,7*) € Zy X U such that

(z%,n") = arg . n)rélizn » In|l subject to £9,(z+n) =L m=1,...,M;
) N

where (U, || - ||) is a Hilbert space over the domain of interest Q and ¢9,...,¢4, € U'. We

state upfront that in this chapter we rely on localized observations; in more detail, we

consider £9,(v) = [, wau (|25 — y|)v(y) dy, where {z3P*}M_ | C Q denote the transducers’

locations, and wg, : R — R denotes a properly-chosen convolutational kernel associated
with the transducer. In Chapter 2, we discussed the well-posedness of problem (2.1.6), and
we presented a finite-dimensional formulation for the PBDW state estimate u* = z* + n*,
which permits rapid computations. In this chapter, we provide an a priori bound for the

true

state estimation error ||u'™¢ — u*|| (section 3.1), and we discuss a Greedy procedure for the

obs\ M

o>st—q (section 3.2). In section 3.3, we present results for

selection of sensor locations {x
a synthetic acoustic problem. Finally, in section 3.4, we present the results for a physical

thermal patch configuration.

3.1 Error analysis

Next Proposition contains the key result.
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Proposition 3.1.1. (/241]) Suppose that x> 0. Then, the PBDW state estimate u*

satisfies
true _ x|l <« inf inf true _ _ 3.1.1
l™ =l = 5 et [u"™ =z —nll, (3.1.1)
or, equivalently,
true * 1 true true
[[u™ —u*|| < Byt 0™ =Tz a@nmnziyu Il (3.1.2)

Furthermore, the following estimates hold for background and update:

1
Mz, u¥Ue — 2% < —— inf inf [|u'™® — 2 — 9], 3.1.3a
Mz =21 < o | ol (3.1.3)
and
HHZ]# u™ —n*| = inf inf ||u™ -z — . (3.1.3b)

neEUMNZy 2€2ZN

Proof. We observe that the error u'™¢ — u* € L{]\j Therefore, recalling Lemma 2.2.1, we

find

ﬁNyMHutrue—u*H < inf w Hutrue—u*H < HHZL(utrue—u*)H. (3.1.4a)
ceuy, €]l =~ N

Ezutrue_u*
By restricting (2.2.5); to ¢ € Uy N Zx, we find
(" —u™,q) =0 Vg €Uy N 2y = 0" =1y, 7z u™

As a result, we obtain

HHZ]{}(utrue_U*)H — HHZJJ\; (utrue_n*_z*)n — HHZJJ\}(Utrue_U*)” — HHZﬁ (H(UMﬂZﬁ)lutrue)H-

(3.1.4b)

Here, the first equality follows from u* = n* + 2*, the second equality follows from z* € Zy,

the third equality follows from n* =1L, 2k u™® and from the projection theorem. We can
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then rewrite the latter expression as

true) || — true

”Hzﬁ (H(uanﬁ)L“ inf.ezy ||H(uMmz§,)L“ —z|| = inf.ez, ||H(uMsz{,)l(

true

= infeczy infye gy, [0 — 2 = 1|

(3.1.4¢)

Here, the second equality follows from the fact that, since Uy; N ZJ%, - Z]%,, we have Zy C
i
(Uni N Zx) . As aresult, Mpnziyrz =2
Combining (3.1.4a), (3.1.4b) and (3.1.4c), we obtain (3.1.1). Finally, (3.1.2) follows by

observing that, since Zy and Zﬁ, N Uy are orthogonal subspaces, we have that

true true true | |

inf inf |Ju"—z—9| = ||lu

—1I U
Z zZ
2€EZN nGZﬁﬁuI\/[ N@UMN N)

We now show (3.1.3a) and (3.1.3b). The former follows directly from (3.1.2), recalling

that n* € Z]%, and that the projection operator is linear with continuity constant equal to

one:
1
MLz u™ =2 = [Tz (u™ —w?)|| < [Ju™ —w*|| < o=  inf ~ inf [u™—z—g].
BN.M nethynzZi 2€2n
To show (3.1.3b), we observe that ||HZ]#utrue =l = Mgy (ut® — y*)||, and then we
combine (3.1.4b) and (3.1.4c). O

Estimate (3.1.1) identifies three distinct contributions to the error in the field estimate.

The first contribution, m, takes into account the stability of the formulation. The second

true

contribution is the background best-fit error inf,cz, [|u'™ — z||: as discussed in section

2.1.2, this depends on (i) the modeling error eX¥ = min,, e pok [[u™" —uP¥()]|, and (ii) on the

discretization error GBEQ n = max, cpox [z uPX(p) —uP*(p)||; while the former is associated

to the accuracy of the best-knowledge model, the latter is associated to the compression
true

process. The third contribution is the update best-fit error infneuMmzjt ||HZ]#U —ll,

which depends on the approximation properties of the update space.
Estimates (3.1.3) strengthen the interpretation of the background and update given in
true * *

section 2.5.2. In particular, we observe that if ©™"¢ € Zp, we obtain that u =u* =z

and n* = 0. This observation shows that the update contribution is noticeable only if the
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true field is not well-represented by its projection onto the background space.

3.2 Construction of the update space

3.2.1 Theoretical considerations

Error estimate (3.1.1) shows that the update space Uy, should be designed based on two
criteria: (i) the maximization of the stability constant Sy s to improve stability, and (ii)

true || to improve approx-

the minimization of the approximation error inf, o, zt |ITT zLU
imation. We thus seek a strategy that addresses both these issues.

With this in mind, we observe that the update space Uys := span{Ry¢2, %:1 depends
(i) on the choice of the ambient space U and on its inner product (-,-), and (ii) on sensor
locations {a:?,‘fs}m. Since the use of high-order Sobolev spaces requires the use of proper

Finite Element discretizations, in this chapter we consider H(Q) C U C H(Q) endowed

with the inner product

(w,v) = / Vw- Vv + Ywuv dz, (3.2.1)

Q
for some v > 0. Hence the choice of (U, || - ||) reduces to the choice of the parameter ~.
We observe that « influences the spatial length-scale of the Riesz elements {Ry£%,}M_,

and should be properly tuned based on the number of measurements available and on the
expected length-scale of the true field. Example 3.2.1 illustrates the influence of the choice

of v on Ry £° for pointwise measurements in one dimension.

Example 3.2.1. (Riesz element associated with different norms) Let us consider
Q = (=1,1) and the functional {° = §yons where 1°° = 0 and § is the Dirac delta. We
consider U = H}(—1,1) endowed with the inner product

1
(w,v) :/ w'v' 4 v wo da.
-1

By tedious but straightforward calculations, we find that the Riesz element associated with

£° is as follows

Rydo(z) = 5(1 = |z), v = 0;

Rydp(x) = m (627*7|5E\ _ €'y|x|) L 4>0
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Figure 3-1 shows the plot of the Riesz elements for three different values of v. To simplify

the comparison, we normalize the L>°(2) norm of each Riesz representer to one.

0.8

0.6

0.4

0.2 —=0

1=8

-1 -0.5 0 0.5 1
X

Figure 3-1: Example 3.2.1: plot of the Riesz elements Ry dg for three different choices of . For
visualization purposes, we normalize the L (2)-norm of the Riesz elements to one.

3.2.2 Computational procedure

We set the value of the constant 7 in (3.2.1) a priori, and we choose the observation points

{95375)5 7]\7{:1

according to a Greedy strategy based on two stages. During the first (stability)
stage, we maximize the constant Sy s in a Greedy manner. During the second (approxi-
mation) stage, we minimize the fill distance hy,, := sup,cq ming,—1__u ||z — 25%[|2 in a
Greedy manner. Since the stability constant is a non-decreasing function of M for a fixed
N, the stability constant remains above the threshold in the second stage. We envision that
the constant « should be selected based on the characteristic length-scale of the error field
ut™® — 2*: however, it might be extremely difficult to estimate a priori this quantity. In
the numerical section, we study the effect of the choice of v for a two-dimensional model
problem.

Algorithm 3.2.1 summarises the computational procedure. Computational cost is domi-
nated by the computation of the Riesz representations of the functionals £9,...,¢4,. In the
limit M > N and assuming that € is discretized using a Finite Element mesh of size N, the
selection of the observation points during the approximation step has complexity O(N M?),
while the cost of the actual construction of the update space — which involves the solution
to M linear systems — is roughly O(N*M), where 1 < s < 3 is a suitable exponent, which
depends on the sparsity pattern of the matrix associated with the inner product.

If tol = 0, all the observation centers are selected through the approximation loop.

On the other hand, if tol = 1, all the centers are selected through the stability loop. A
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representative value for tol used in our simulations is tol = 0.2. Computation of the least-

stable mode zpin,m involves the solution to the dense eigenproblem (2.3.3).

Algorithm 3.2.1 Greedy stability-approximation balancing (SGreedy-plus) algorithm

Input ZN background space
M number of sensors

tol >0 threshold for the stability constant

Output Uy, update space

Stability

1: Compute 29" := arg max,cq |Ci(z)[, m =1

2: while m < M do

3: Compute Sy m = milyez, MaXyey,, Hg’"mﬁn.
4: if /BN,m < tol then
5: Compute zmin,m := argmin, ¢ z, maxyey,, m
6: Compute x%)il = argmax,cq | Zmin,m () — Ui, Zmin,m ()]
7: Set U1 = Up, Uspan{ Ry (-, z025 1)}, m = m + 1.
8: else
9: Break
10: end if
11: end while
Approximation
1: while m < M do
2: Compute 207 | 1= argmax,cq min, 1, ||z — 2%

3: Set U1 = Un, U span{ Ry (-, 2955 ,)}.
4: m=m+ 1.

5. end while

Since By = 0 for m < M, if tol > 0, at least the first M points are selected within
the first loop. As By, > tol, the algorithm selects well-separated points in the attempt to
reduce the approximation error. We further remark that in our implementation we control

whether or not each point selected by the stability loop (Line 6) is well-separated from the
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other observation centers: for m < N the stability loop might select points that are too close
to each other, especially for sufficiently large transducers’ widths; this would ultimately lead

to an ill-conditioned linear saddle-point system.

We observe that, for N = M, the point selection routine coincides with the routine
proposed in [140] for the Generalized Empirical Interpolation Method (GEIM). We also
observe that the stability stage is related to the E-optimality criteria considered in the
design of experiments (|83]). On the other hand, the strategy for the approximation step
is strongly related to the so-called farthest-first traversal approach to the minimax facility

location problem (see, e.g, [167]), first proposed by Rosenkrantz et al. in [186].

We can interpret our procedure as a stabilization for the saddle-point system (2.3.2b).
Assuming that (3, ...,y is an orthonormal basis of Zp, and recalling (cf. Proposition 2.3.2)
that [A™| = min (Amin(K), 5]2\/7 A ), we observe that the stability loop aims to maximize the
minimum eigenvalue by maximizing the inf-sup constant, while the approximation loop aims
to maximize |\™"| by maximizing Amin(K). We have indeed that for localised observations

obs

Amin(K) depends on the minimum separation distance hys = miny, py=1, . M, m£m [|20° —

obs

x27%||2 between observation points. We refer to [197, 160] and [230, Chapter 12| for a rigorous
analysis for pointwise measurements; for localized measurements, we are not aware of any
theoretical result that relate Amin(K) to BM. However, we empirically observe a strong

correlation between these two quantities.

3.3 A synthetic problem: Helmholtz in R?

3.3.1 Problem definition

We illustrate the behavior of the PBDW formulation through a two-dimensional Helmholtz
problem!. Towards this end, we first introduce the domains QP* and Q, Q = QPk = (0,1)?

and the mathematical problem:

—(1+iep) Aug(p) — pPug(p) = p (227 + ™) + pg in €,
(3.3.1)

On ug(ﬂ) =0 on 69,

!The model problem is the same considered in [142, Section 3].
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where p > 0 is the wave number, € = 1072 is a fixed dissipation, and g € L?(f2) is a bias
term that will be specified later. Here, the parameter y > 0 constitutes the anticipated,
parametric uncertainty in the system, which might model our uncertainty in the speed of
sound, while the function g constitutes the unanticipated and non-parametric uncertainty in
the system. Since Q = QP¥, in what follows, we simply use the former to indicate both the

domain of interest and the domain in which the mathematical model is properly defined.

We can restate problem (3.3.1) in weak form as
Gy (ug(p), v) = a*(ub*(p),v) — F*(v) =0 YoveU; (3.3.2a)
where Y = VX = H1(Q),
a“(w,v):(l—l—ie,u)/QVw-Vﬁdw — ,uQ/sz_zdm; (3.3.2b)
and

Fl'(v) = M/Q (223 + €™ + g) vd . (3.3.2¢)

To assess the performance of the PBDW formulation for various configurations, we define
the true field u'™¢ as the solution to (3.3.1) for some '™ € PP¥ and for the following two

choices of the “bias" ¢

@)

perfect model;
g = (3.3.3a)
g =0.5(e™™ + 1.3cos(1.3mz2)) imperfect model.

On the other hand, we define the bk manifold as

MPE = Lugo(p) : p € PPRY (3.3.3b)

Figure 3-2 shows the true field for three choices of the wave number p and for the two
choices of the bias g. We approximate the solution using a triangular P? finite element dis-
cretization (N = 3312). The use of a high-order method is here motivated by the smoothness
of the true field.
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Figure 3-2: Application to a synthetic acoustic problem: visualization of the truth solutions
associated with the synthetic Helmholtz problem for perfect (¢ = 0 ) and imperfect (¢ = §) models.

3.3.2 Construction of the PBDW spaces

Recalling the definition of the inner product for ¢/ in (3.2.1), we build the background spaces

{Zn} N using the weak-Greedy algorithm based on the residual estimator

AR () = inf (|G (@™ (1))l
ZEZN

where || - ||y denotes the dual norm. Figure 3-3 shows the behavior of the best-fit error over

Pirain C P
gy u™™e ()l
B = max I VTR (3.3.4)
nePil,  lume(wll
where PPX. is a uniform discretization of P, |PPX. | = 20. We observe that for the perfect

model E]r\?l rapidly converges to zero as N increases. On the other hand, in the case of imper-
fect model, E}”\?l exhibits a plateau for V > 4. This can be explained recalling the discussion

in section 2.1.2: as N increases, the modeling error dominates over the discretization error.

In this synthetic example, we model the observation by a Gaussian convolution with
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Figure 3-3: Application to a synthetic acoustic problem: best-fit error EX¢! (3.3.4) for perfect and
imperfect model (y = 1).

standard deviation r» = 0.02:
1 9 .
exp | =5 5llz —yll2 ) v(y) dy;

where C(z) > 0 is such that (1, x) = 1 for all z € Q. Figure 3-4 shows the behavior of
the stability constant By s with M for three different choices of the threshold in Algorithm
3.2.1 and for three different values of N for v = 1. On the other hand, Figure 3-5 shows
the behavior of the condition number of the matrix (2.3.2b) with M. We remark that the
stabilization stage of Algorithm 3.2.1 is performed only for tol > 0, while the approximation

stage is performed only for tol < 1.

10° 100 100 .
Pt e e L
Y e S PR ¥
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(a) tol=1 (b) tol =0.2 (¢) tol =0

Figure 3-4: Application to a synthetic acoustic problem: behavior of By ) with M for three
different choices of the threshold tol in Algorithm 3.2.1 and for three different values of N (v = 1).

We observe that the stabilization stage of Algorithm 3.2.1 significantly improves the
stability of the variational formulation and consequently of the saddle point linear system.
We further observe that for large values of M the condition number of the saddle system is

slightly smaller if we consider tol < 1.
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Figure 3-5: Application to a synthetic acoustic problem: behavior of the condition number of the
matrix (2.3.2b) with M for three different choices of tol in Algorithm 3.2.1 and for three different
values of N (y =1).

3.3.3 Results of the data assimilation procedure

We first visualize the PBDW state estimates for two distinct choices of u*™¢. We consider
p = 7.5, and we consider u"™"® = ug—o(p) and u"™® = uy—g(u); PBDW state estimates are
based on the background Zy—5 and on M = 32 measurements chosen using Algorithm 3.2.1
with tol = 0.2. Figure 3-6 shows (the real part of) the true state, the PBDW state estimate

true

u*, the deduced background z* and the update n*. We observe that for u = ug—o(p)
the update n* is negligible; the reason is that the true state is well-approximated by its
projection over Zy. On the other hand, for u*"® = u,—5(11) we observe that the update is
appreciable, and plays a significant role in improving the accuracy of the state estimate u*.

These results strenghten the interpretation of the components of the PBDW state estimate

provided in Chapter 2.

We now assess the performance of the data assimilation procedure. Towards this end,

we compute the maximum L? error over PPk, c PPk

Hutrue<

_ *
Bl o~ max ) — u* (1)l 22 (o) (3.3.5)
pePLE [[utrie ()| L2 (o)

train

where u*(11) denotes the PBDW state estimate associated with u'™¢(u), and |PPX. | = 20.

Figure 3-7 shows the behavior of EX¢  with M for three different choices of the threshold
in Algorithm 3.2.1 and for three different values of N. We observe that the stabilization
procedure for the selection of the sensors’ locations leads to a significant improvement of the

performances for small values of M. On the other hand, as M increases, our results show

that selecting well-separated observation points improves performances. We further observe
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Figure 3-6: Application to a synthetic acoustic problem: visualization of the PBDW state estimates
for N =5, M = 32. The states in Figures (a) and (e) correspond to p = 7.5. The black points in
Figures (a) and (e) indicate the transducers’ locations.

that increasing IV improves performances in the case of perfect model; on the other hand,
in the case of imperfect model, increasing N from 4 to 6 does not have any effect. This is

in good agreement with the plot in Figure 3-3.
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Figure 3-7: Application to a synthetic acoustic problem: behavior of E*¢. (3.3.5) with M for

max

three different choices of tol in Algorithm 3.2.1 and for three different values of N.
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Figure 3-8 shows the anticipated and unanticipated mean fractions of the state

2% ()]l -
mean,, e pbk m, anticipated,
and
[l () .
meanﬂeptbr];in m, unantICIpated.

We observe that in the case of perfect model the update component of the state is essentially
negligible, while it is significant in the case of imperfect model to address the deficiencies of

the primary approximation. This confirms the results in Figure 3-6.
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Figure 3-8: Application to a synthetic acoustic problem: behavior of the anticipated and unantic-
ipated fractions of the state for perfect and imperfect models (N =4, tol = 0.2, y = 1).

Figure 3-9 investigates the behavior of E™! (3.3.5) with M for three different choices of

max
v 1in (3.2.1). We observe that while in the case of perfect model, performances are essentially
independent of the choice of 7, in the case of imperfect model — in which the secondary
approximation provided by the update is crucial to guarantee an accurate reconstruction —
the choice of the parameter v is extremely important for large values of M. As 7 increases,
the smoothing effect of the H' term in the inner product (3.2.1) decreases, and Ry/2,
approaches C(x)exp (—#H - —x9P%13), which clearly is not suited to capture the low-order
components of the error 4% — z*. On the other hand, for sufficiently large M, we envision
that too small values of v might not be able to capture high-order components of the error

utue — 2* We further address this point in Chapter 6.
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Figure 3-9: Application to a synthetic acoustic problem: behavior of E™! (3.3.5) with M for
three different choices of v (N = 4, tol = 0.2).

3.4 A physical system: the thermal patch experiment

3.4.1 Experimental apparatus

The thermal patch system consists of a 1.5[mm] thick acrylic sheet heated from behind by
a resistive patch. Heat is generated through an electrical resistance with input power equal
to 0.667W. The goal of the data assimilation procedure is to estimate the temperature field

over a portion Q°PS4™ of the external surface of the plate at the steady-state limit.

We use an IR camera (Fluke Ti 9) to take measurements in the rectangular region
Qobs,dim — 193 85 23.85] x [~17.85,17.85][mm] centered on the patch. Figure 3-10 shows
the IR camera. After the patch power is turned on, we take measurements using a sampling
time of 4 seconds until steady state is reached; the total duration of the experiment is
roughly 5 minutes. The external temperature is about 20°C, roughly constant throughout
the experiment. Each surface measurement taken from the IR camera corresponds to 160 x
120 pixel-wise measurements; the pixel size is roughly Ahdevic® = 0.3[mm)], which is much
smaller than the spatial length scale of the phenomenon of interest.

In view of the mathematical description of the problem, we present formal definitions
for the geometric quantities involved. First, we introduce the domain QP¥4™ — R3 corre-
sponding to the three-dimensional acrylic sheet. We denote by I'Patchdim — R2 the surface
of the sheet attached to the patch, and we denote by I'™4™ the face of the sheet that

contains T'PAehdim e recall that QoPsdim « gOPkdim j5 the region in which the IR camera

takes measurements. Then, we introduce the Cartesian coordinate system xclhmxgimxgim;
according to our definitions, the IR camera takes measurements in the x(lﬁm:rgim plane. Fig-

ure 3-11 clarifies the definitions of QoPs:dim Qbkdim =ppatch.dim 54 pindim 554 shows the
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Figure 3-10: Thermal patch experiment: IR camera.

characteristic dimensions of the patch.

Fin,dim

Qobs,dim

Fpatch dim

pdim HI
3
:E(Qiim
L
dim
1

Figure 3-11: Thermal patch experiment: mathematical description of the acrylic sheet. L =
22.606mm, H = 9.271mm.

In order to estimate the noise level in the dataset, we compute the difference y°Psdim —

pHdm where the field w°PSdMm is obtained directly from the IR camera, and plilhdim g
obtained applying a Wiener filter (see, e.g., [136]) based on a 3 by 3 pixel averaging to the
field u°P>4m - Figure 3-12 shows two spatial slices of the difference u°Psdim — g filt.dim By

filt,dim obs,dim

comparing u and u , we deduce that the magnitude of noise in the measurements

is approximately +0.5°C, roughly independent of the spatial position.

79



1
N uubs,dim _ uﬁlt,dim N u()bs,dim _ uﬁlt,dim
i;/ é 0.5
2 o = af
w = Z ol
-0.005 = g L
& - & -0.5
-0.02 -0.01 0 0.01 0.02 1 1
,13[11““ -0.02 -0.01 0 0.01 0.02 -0.02 -0.01 0 0.01 0.02
z8im(m) zdm (m)
(a) websdim (b) z§™ = 0.2mm (c) z§™ = —12.0mm

Figure 3-12: Thermal patch experiment: comparison between filtered and unfiltered fields. Figure

(a): observed thermal field u°P*4™. Figures (b) and (c): spatial slices of the difference u°Ps:dm —
filt,dim
g,

3.4.2 Engineering motivation

We shall now motivate this model problem from the engineering standpoint. Full-field
information is typically not available; in practical applications, we envision a system with a
local sensor or a small sensor array. For this reason, we want to design a data assimilation
state estimation procedure that is able to reconstruct the full field based on a small amount
of local measurements.

Since the IR camera provides full-field information, in this work, we synthetize local
measurements — the experimental input to our methods — from the IR camera to obtain
9P = f(u°Ps, 29P%) where the observation functional £(-,2°%) is designed to represent a

local measurement in the sensor location 29” € Q°P. We observe that the IR camera

permits us to conduct convergence studies that would typically not be feasible in actual

field deployment.

3.4.3 Mathematical model and background space

We resort to a steady-state heat-transfer model in which we rely on a Robin boundary
condition to describe the heat-exchange between the patch and the sheet. In more detail,

we consider the bk model for the thermal field yPkdim . Qbkdim _ 1.
[ Aybldim _ 0, in QPkdim
Kanubk,dim 4 ,y(ubk,dim _ @room,dim) — gdimXFpatch,dim on Fin,dim, (341)

K/anubk,dim =0 on agbk,dim \ Fin,dim’
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where v is the convective heat transfer coefficient, x is the thermal conductivity of acrylic,
@reom.dim — 90°C (= 293K) is the room temperature, and g9™ is the incoming flux, which
models the heat exchange between the patch and the plate. Textbook values for the model
parameters are £ = 0.2[W/(m - K)], v = 10[W/(m? - K)]. We remark that the value of 7 is
computed as v = % Here, Kairy = 0.0257[W/(m - K)] is the thermal conductivity of air,
L = 22.606mm is the length of the edge of the patch (see Figure 3-11), Nu = 0.59(Ra)'/4
is the Nusselt number, and Ra = 5.9 - 10* is the Rayleigh number defined as Ra = %SEE},
where g = 9.81[m/s?], v = 1.81-1075[m?/s] is the kinematic viscosity of air, 8 = 1/300[1/K]
is the thermal expansion coefficient, a = 1.9 - 107°[m?/s] is the thermal diffusivity of air,
and A© = 50°C(= 50K) is a rough approximation of the temperature difference between
the far-field and the center of the patch.

Given the thermal field uP¥9™  we introduce the non-dimensional counterpart

bk,dim z _ @room,dim
uPk(z) = 4 ( 326 . (3.4.2)

We observe that uP* = uP%(u1) satisfies

—AuPk(p) =0, in Pk,
OpuPk (1) + pu () = g onI™, (3.4.3a)
OnuPX(1) =0 on OQPK \ T'n,

\

where pu = Ly /k =~ 1.13 and ¢ is defined as follows:
g(x) = CXl"patch (SC). (34.3b>

We observe that uP¥ depends on the parameters p and C. Since the model is linear
with respect to C' and our ultimate goal is to define a linear space associated with the bk
manifold, we can simply set C' = 1. On the other hand, assuming that the estimate of k is
accurate and that v ~ 10+ 5W /m?, we obtain that u € PP* = [0.5650, 1.650]. We can thus
define the bk manifold as follows:

MPE = {ubk(u)ymbs L ne Pbk} . (3.4.4)
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We further introduce the weak form of the bk model (3.4.3): given p € P"X, find u*(u) €
VPK such that

GYH (uP(), v) = a* (P (p),v) ~ ) =0 Voe Vs (8.4.52)
where VPk = H(QPK),

at(w,v) = Vw'Vvdqu;L/' wods; (3.4.5Db)
QObk Tin

and

F(v) = / vdx. (3.4.5¢)
T'patch

We observe that our parametrized model encodes the uncertainty in the material proper-
ties v and k. On the other hand, it does not take into account the nonlinear effects associated
to natural convection, and to the heat-exchange between the patch and the sheet. The latter
represent the non-parametric uncertainty in the model.

The background space Zy associated with (3.4.3)-(3.4.4) is built using the weak-Greedy
algorithm. More in detail, we apply the weak-Greedy algorithm based on the residual

estimator

AR (p) = inf [ GPH (U (1)) ey

ZGZ]ka

to build 28k € VP& where |- [[ (ypry denotes the dual norm. Then, we restrict the space ZRk
to the domain of interest Q = QP8 to form Zx. To compute the solution to the bk model,
we appeal to a P3 continuous Finite Element discretization based on N' = 40000 degrees of

freedom.

3.4.4 Best-knowledge and observed thermal fields

We now show plots of the observed and bk fields. For convenience, we consider non-
dimensional fields — which are based on the non-dimensionalization (3.4.2). Furthermore, to
simplify the comparison, we scale the bk fields such that max__zons uPk(z) = max _cobs u°bs ().
This corresponds to adjust the value of C' in the bk model (3.4.3). Figures 3-13(a), (b) and

(c) show the non-dimensional observed field u°"® as measured by the IR camera, the bk field
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uPX for g = 1.13 and the error field u°? — uP¥. Figures 3-13(d), (e) and (f) show the bk
field uP¥ for three different values of u. We observe that u* is symmetric with respect to

S

x3 = 0 for each value of v , while u°”® is markedly asymmetric. This is clearly related to

the nonlinear effects of natural convection.

0.8 0.9 0.9 0.2
oy i . ' "
0.5 0.5
0.4 0.7 07
0.1
0.2 0.6 0.6
0.5 g 05 g 0 _ ‘ 0.05
-0.2 0.4 0.4 0
-0.4 0.3
i 0.3 05 05 -0.05
A 0.2 02 a1
-0.8
0.1 01 \
-1 0.5 0 0.5 1 -1 -0.5 0 0.5 1 - -0. :
Ty T1

Z3
o
o

1 0.5 0 0.5 1
(a) u® (b) ™ —u (), p=1.13 (¢) w —u(u), p=113
0.9 09 0.9
0.8 0.8 0.8
: 107 0.5 0.7 9 07
0.6 0.6 -0.6
g 0.5 g 0 0.5 & 0 -05
0.4 0.4 0.4
0.3 05 o3 05 0.3
’ 02 ’ 0.2 ’ 02
0.1 0.1 0.1
-1 -0.5 0 0.5 1 »‘1 -d.S 0 0.5 1 -1 -0.5 0 0.5 1
(d) u"(u), p=0.565 (e) u™ (), p=1 (F) u (n), p = 1.565

Figure 3-13: Thermal patch experiment: comparison between observed field and bk solutions.

Figure 3-14 shows the basis (1, (2, (3 of the three-dimensional space Zpy, while Figure

3-15 shows the behavior of the L? relative discretization error computed as

Erel,bk —  max ”ubk(,u) - HZN,L2 ubk(M)HLQ(QObS) (3 A 6)
N HEP K n [[uPk ()] 12 (obs) ’

where Iz 12 denotes the projection over Zx with respect to the L? norm, PPX. is a uniform

train

discretization of Pbk, Nirain = 20, and of the L? relative best-fit error computed as

Erel,best—ﬁt L ”uObS T HZN,LQ uObSHLQ(QObS) (3 4 7)
N T e e +
L (Qo s)

We observe that for N > 3 the best-fit error remains essentially constant, while the dis-

cretization error decreases exponentially with V.
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Figure 3-14: Thermal patch experiment: basis of the background space obtained using the weak-

Greedy algorithm.
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Figure 3-15: Thermal patch experiment: behavior of the L? relative discretization error (3.4.6)
and of the L? relative best-fit error (3.4.7) in linear (Figure (a)) and logarithmic (Figure (b)) scale.

3.4.5 Numerical results

We now present the results of the application of the PBDW data assimilation procedure to
the thermal patch problem. We here apply our procedure to the non-dimensional field, and

we synthesize local measurements to obtain £9P% = £(u°b%, x9P%) where

o, 2) = ) [ e (~glle—l3) vt as

r > 0 and C(z) > 0 is such that (1, z) = 1 for all x € Q. Recalling the definitions of
Chapter 3.4, our goal is to estimate the thermal field in © = Q°Ps.

Figure 3-16 shows the behavior of ER’?}M7
lu™ (1) — wy g (1)l 220

Erel — 7
A [[uoPs ()l L2 (o)

(3.4.8)

with respect to M for four values of N and for two values of 7, r = 0.02 (r&™ = 0.452[mm]),

and r = 0.1 (r¥™ = 2.26]mm)]). To build the update space, we set v = 1 in the inner product
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(3.2.1), and we run the SGreedy-plus algorithm using the threshold tol = 0.2. We observe
that reducing the value of r deteriorates the performance of our approach. This issue does
not seem to be solvable by simply tuning the value of v. We argue that this is related to

the fact that as » — 0T, the PBDW becomes inconsistent: we have indeed that as r goes to

zero the dual norm of the functional £(-, 29>%) diverges.
10° 10°
= . Tt e 88,0000 Y g 1 T PN N
2107 o) 3 2107 . I
5 oo g ] ] e e
N=0 \. N =0 T,
. N = e . N= “‘?\-
N = .N= ~
-2 L 2 L
100 10’ 102 100 10’ 102
M M
(a) 7rGauss = 0.02 (b) 7Gauss = 0.1

Figure 3-16: Application to the thermal patch experiment: behavior of E}“\?IM (3.4.8) with M for
three values of N and for two values of rgauss (v = 1, tol = 0.2).

Figure 3-17 shows the behavior of the anticipated and unanticipated fractions of the

state. We observe that due to the model error the unanticipated fraction is significant.

14
{5 --—anticipated
: - unanticipated

0.8r

06+

0.4

02l

0 20 40 60 80
M

Figure 3-17: Application to the thermal patch experiment: behavior of the anticipated and unan-
ticipated fractions of the state (v =1, tol = 0.2, rgauss = 0.1, N = 2).

3.5 Conclusions

In this chapter, we discussed the PBDW approach for perfect measurements. We presented
an a priori error analysis, which shows the quasi-optimality of the PBDW state estimate,
and an adaptive procedure for the selection of the observation centers. Numerical results
illustrated the role of the different elements of the formulation — namely, the background

space, the inner product, and the choice of the observation centers.
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The use of rapid-convergent background spaces {2y} allows us to properly take into
account parametric uncertainty in the system, and thus leads to accurate state reconstruc-
tions in the case of moderate model error. In addition, the stabilization strategy for the
selection of the observation centers allows us to consider N ~ M. On the other hand, nu-
merical results showed that the main issue of the formulation is the slow convergence with
M. This is explained by the poor approximation properties provided by the update space,
especially for nearly pointwise measurements. We address this issue in the case of pointwise

measurements in Chapter 6.
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Chapter 4

A posteriort error estimation and

output prediction

We present and analyze an experimental L2-a posteriori error estimation procedure based on
Monte Carlo sampling of observation functionals. Given J possibly noisy local measurements

true

over the domain €2, {E;?bs}" and a state estimate u* for the true field u'™¢, we provide

j=1’
confidence intervals for the L? error in state E = |u'™® — u*||z2(q), and the error in L?
outputs Ez = |L£(u""®) — L(u*)|. We further present an adaptive strategy, which relies on
the proposed error estimation procedure, to automatically enrich the PBDW background

space Zy based on unmodeled physics identified through data assimilation of a select few

configurations.

We provide an outline of the chapter. In section 4.1, we introduce the problem of valida-
tion and we introduce our method; we further illustrate the application of our techniques to
three data assimilation tasks. In section 4.2, we derive a confidence interval 65 for the error
in L? functional outputs; we also unfold the confidence interval to develop estimates for the
output £(u""®). In section 4.3, we discuss how to extend our technique to the estimation of
the L? error in state. Then, in section 4.4, we illustrate the application to subsequent state

estimation. Finally, in sections 4.5 and 4.6 we present a number of numerical results.
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4.1 Validation: definition and application to output prediction

and state estimation

4.1.1 A posteriori error estimation

According to the definition of ATAA ([57]), validation ([163]) is the process of determining the
degree to which a model is an accurate representation of the real world from the perspective
of the intended uses of the model. From a mathematical standpoint, validation is the process
of estimating the error in our model in a suitable metric of interest, e.g. a suitable norm or
seminorm.

frue gyer a specified spatial domain Q C R,

Given the estimate u* of the system’s state u
our goal is to estimate the L?(f)) state-estimation error, and the error in L?(£2) output
functionals based on J experimental measurements {Kgbs}jzl. We shall denote by E =
[uf™® — u*||[2(q) the L?(Q) state-estimation error, and by Ey = |L(u"™"®) — L(u*)| the
error in the L? output £ : L*(Q) — R. We shall further describe the measurements as
é‘j?bs = ((ure, x?bs, v) + €, where a:?bs € () is the transducer location, the constant v > 0
denotes the spatial width of the transducer, and ¢; is a random disturbance. The functional
(-, x;’bs, v) takes into account the averaging process performed by the experimental device.

In this work we follow a frequentist approach to derive confidence intervals for the error
in state and output. For either E, or E, we first build a Monte Carlo estimate for the
error (denoted by either Eg or E) Then, we build lower and upper error bounds for the
difference between the estimated error and the true error (either Ep —Eg or E—F ) based on
standard large-sample methods (see, e.g., [183, Chapter 8]). In more detail, we identify three
different error sources, here called finite-v error, finite-J error, and finite-noise error. Finite-
v error is related to the finite spatial width v of the transducer (which prevents us from
computing pointwise values of the error field). Finite-J error is related to the finite number
of measurements available. Finally, finite-noise error is related to the random error in the
measurements. We propose actionable lower and upper error bounds that take into account
finite-J and finite-noise error in the estimate. Furthermore, we develop a mathematical
theory to assess the conditions under which finite-v error is small. We observe that, while
we prescribe a probabilistic model for the observational disturbances, we do not make any

true

assumption on the error field u'™"¢ — u* apart from a very weak regularity hypothesis.

Large-sample methods — on which we rely to address finite-J and finite-noise errors —
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have already been extensively used to assess the accuracy of computational models in the
field of Validation and Verification (see, e.g., [196]). However, the idea of applying a Monte
Carlo approach to estimate the L? error in state and the error in output evaluations is new:
rather than comparing experimental measurements of the output with simulation prediction
for the output, we exploit (quasi-)pointwise experimental measurements to deduce the error
in output functionals of interest.

From the perspective of uncertainty quantification, our method complements Bayesian

true __

techniques [49, 50, 55, 164, 165] in that we make few assumptions on the error field u
uw*. If substantial prior information about the error field is available, we envision that
our approach might be outperformed by suitable Bayesian techniques. In absence of such
information our frequentist approach can still be applied and will yield good results in
particular if the model error is not too large.

From the perspective of uncertainty reduction, our approach may be viewed as the
experimental extension of recent efforts in variance reduction techniques for Monte Carlo
simulations. In more detail, the idea of using a surrogate model — in this case the state
estimate u* — to reduce the variance of a Monte Carlo process is related to the classical
control variates method (see, e.g., [189, Chapter 4]) and to a number of more recent works
for the estimation of statistical outputs of stochastic ODEs (|94, 95]), and stochastic PDEs
([13, 224, 161]).

Our method relies on the assumption that sensor locations are drawn randomly from a
given distribution and that the disturbance is homoscedastic. Measurements in arbitrary
spatial points can be acquired by appealing to robotic observation platforms. We refer to
[142]| for an application of the former data acquisition system to acoustics. On the other
hand, we observe that in distributed sensor networks (|68, 187]) locations should be selected
among a set of candidate grid points; in section 4.2, we discuss how to extend our procedure
to this scenario. Finally, the assumption of homoscedastic random noise is convenient for
the analysis and is reasonably accurate in many engineering applications. In Appendix B,

we discuss the extension of our theory to heteroscedastic noise.

4.1.2 Applications

Although the validation procedure is primarily designed to assess the accuracy of the

(PBDW) state estimate u*, we further apply our error estimator to three different tasks:
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output prediction, data-driven empirical enrichment of the PBDW background space Zy,
and adaptive selection of the PBDW tunable parameters. The first two tasks are illustrated
in this chapter, while the third task is discussed in Chapter 6.

Output prediction: exploiting the linearity of £, we employ our technique to provide
lower and upper bounds for the quantity of interest £(u'®). We demonstrate that, by
applying the Monte Carlo procedure to the output error instead of to the true field, and

true

exploiting the proximity of u* to u"™"¢, we can significantly reduce the variance of the process

and thus improve the output estimate £(u*) for the output L£(u'ru®).

Data-driven empirical enrichment of the PBDW background space Zy: we
provide a strategy to systematically incorporate the unmodelled physics identified by the
update n* € Ups to augment the background space Zy for subsequent data assimilation.
The goal is to reduce the number of observations for future configurations. The strategy,
which is designed for a many-query scenario and was first presented in [143], relies on the a

posteriort error estimator to guide the data-driven enrichment.

Adaptive selection of the PBDW tunable parameters: as explained in Chapter 2,
PBDW depends on the tunable parameter £ > 0, and potentially also on other parameters
related to the norm || - || of the space U. In Chapter 6, we discuss a strategy to systematically

select the value(s) of the hyper-parameter(s) based on estimates of the error in state.

4.2 A posteriori error estimation in L? functionals

4.2.1 General framework

We first introduce the problem we wish to address together with a number of definitions

and assumptions. Given the true deterministic field u™ : Q°" — R, an estimate for u™"e,

true

u* 1 Q°P 5 R, and the associated state estimation error e := u'™¢ — u*, we wish to exploit

J local assessment observations to compute a confidence interval 65 for the error
Er = L(e), (4.2.1)
where £ : L2(Q) — R is of the form

L(w) = /Q C(z)w(z) da, (4.2.2)

90



and the kernel ¢ :  — R is a L%(Q) function such that £ is bounded in L?(Q).

In order to develop the mathematical analysis, we assume that the v-neighborhood €2,
of Q, Q, = {z € QP : dist(z,) < v}, is compactly embedded in Q°P, Q, CcC Q°", for

some v > 0.

We model the experimental observations at "point" :L“;?bs as

E‘?bs —_ E(Utrue, v beS) + Ej5 ] = 1, e J. (423)

The random variables €1,...,e; are J independent identically distributed (i.i.d.) random
variables such that ¢; ~ (0,02) for j =1,...,J. The functional £(-, v, x?bs) : L2(Q°P%) - R

is defined as the convolution
l(w, v, x‘;bs) = / wd |z — x‘;bS])w(:c) dzx. (4.2.4a)
Qobs

The convolutional kernel wg, is given by

wa, (1) = C(d)w (i> , (4.2.4b)

vd v

where v, C(d) > 0 are given constants, and w(+) is a positive function such that w(p) = 0
for p > 1. We emphasize that the constant v > 0 reflects the filter width of the transducer,
assumed small compared to the characteristic length-scale of the true field, while a:;?bs €
reflects the transducer position. Finally, the function w describes the local averaging process
and is analogous to the spread function employed in blurring/deblurring of images. In
anticipation of the analysis, we also introduce the low-pass filter operator F,, : L?(Q°%) —

L?(£2) such that

Fo(w)(z) = L(w, v, z), Ve (4.2.5)

We can now introduce the limited observations error estimator E, as

J
. Q
Er(Jv) = J' > ). (4.2.6)
j=1
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Here, (9", ..., £5" are defined as

err __ pobs obs
O =070 — L(u*, v, 2F0). (4.2.7a)

We observe that {E?bs}j are taken experimentally, while {¢(u*, v, {L‘(])-bs)} ;j are computed nu-

merically. Recalling (4.2.5) and (4.2.3), we also observe that

6 = 0(u, v, a3%) + g5 — L(u*, v, 39%) = Fyle) (™) + &5 (4.2.7b)

In order to address the problem of estimating F, using the pointwise estimator E’L, we
identify three different sources of error.

Finite-v error: since the transducers have finite spatial width, we can only measure an

approximation of the pointwise values of u'1e.

Finite-J error: since the number of measurements is limited, only a finite number of

error evaluations are available.

Finite-noise error: since measurements are affected by homoscedastic error, we can

only observe a noisy value of £(u'™°, v, z9"%).

To formalize these definitions, we introduce the perfect unlimited observations error

estimator

EZ(v) = L(F(e), (4.28)
and then the finite-v error

A% (v) = |Bp — EX (v)|, (4.2.9)
and the combined finite-J and finite-noise error

AL (Jv) = |EX () — Ec(J,v)]. (4.2.10)

We emphasize that A7 is deterministic, while AZ’U is random.

We now present the outline of the remainder of this section. In section 4.2.2, we propose

an actionable procedure to estimate a confidence interval for EZO(Z/) Then, in section 4.2.3,
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we illustrate how to exploit the confidence interval for EZO(I/) to update the estimate of
the output £(u""®). In these two sections, we assume that the finite-v error is negligible.

Finally, in section 4.2.4, we provide conditions under which the finite-v error is small.

4.2.2 Construction of the confidence interval
Finite-noise and finite-.J error

In order to derive an asymptotic bound for the finite-noise and finite-J error, it is first

convenient to introduce a probabilistic interpretation of the quantities introduced in section

4.2.1. Towards this end, we assume that the observation points {x;?bs }]:1 are realizations of
the J ii.d. random variables X1, ..., X; ~ Uniform(Q2) such that X; and €; are independent
for each 4,5 = 1,...,J. As a consequence, recalling (4.2.7), we have that {E?“}jzl are

realizations of the i.i.d. random variables L™ = F,(e)(X;) +¢; and
BF () =E[101¢(X)) L] = E |25, (4.2.11)

where Z;?bs = |Q¢(X;) LS is introduced to simplify the notation.

We observe that E is the sample mean associated with the realizations {z;?bs =|Q|¢ (w?bs)@”}j:l;

therefore, Eg is an unbiased estimator for EEO(Z/), and we can apply the Central Limit The-
orem (see, e.g., [119, Theorem 21.1]) to derive an approximate confidence interval for EZO

We thus obtain:

aZ’U(J, v,a) = {EZ’EB(J, v, ), Eg”%B(J, v, )
(4.2.12)

~ 1 _— obs ~
= |:E£(J7 V) - T Seﬁl?Jtl—a/Q(J - 1)7E£(J7 1/) + \/j

VI

§e5t _ay2(J — 1)

where t1_q/5(J — 1) is the (1 — a/2) quantile of the t-distribution with J — 1 degrees of

freedom, and 5%01;1?3 =/ ijl(z;?bs — 7obs)2 zobs — %ijl z;?bs,

The confidence interval CAJ'ZJ is asymptotically correct for EZO, its size vanishes as J
goes to infinity, and it can be computed in real time (O(J)-computational complexity).
In addition, the quantity %éé%]is]tl_a /2(J — 1) asymptotically bounds the finite-J and
finite-noise error A‘ég in (4.2.10) with confidence 1 — «. We remark that this procedure
can be extended to the case of multiple outputs. We refer to [51] for a thorough analysis

of multivariate normal confidence regions. We further observe that other non-parametric
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strategies for the construction of confidence regions can be applied in lieu of the normal
confidence intervals employed in this work. In this respect , we mention bootstrap confidence
intervals (see |71, 69] and [228, Chapter 8| ).

Our construction relies on the assumption that we can take measurements in arbitrary
spatial points. Next remark shows how to extend our approach to the case in which sensor

locations should be selected among a set of candidate grid points.

Remark 4.2.1. We shall now discuss the case in which sensor locations should be selected
among a set of candidate grid points {:czgrid}é\il. With this in mind, we shall define the
functional L8 : C(Q) — R as

N
£ () = 10 Y u(@) (25 w;, (4.2.13)
i=1

where {wi}f\él is a set of suitable weights such that Zﬁl w; = 1. We shall further define
the probability distribution P8 such that Pgrid(mfrid) =w;,i=1,...,N.
Ezxploiting the definitions above, it is straightforward to verify that if X1,..., X  are i.i.d.

random variables such that X; ~ perid ghen
E [|QIC(X;) L] = £2YFy(e), j=1,...,J.

Therefore, provided that |L&Y(F,(€)) — L(F,(€))| is small, we can rely on C'\‘E]’U to estimate
EZO(V) This observation suggests (for smooth problems) a grid informed by high-order

quadrature schemes.

Computational procedure

Algorithm 4.2.1 outlines the computational procedure to generate the confidence interval
6‘2’0 for Ezo(y) Provided that A%(v) is negligible, we can rely on the same procedure to
estimate FE .

The computational cost associated with the procedure is very limited. If the approx-
imated field u* is discretized through the Finite Element method ([18]), calculation of
L(u*, v, x?bs) requires a search to find the element of the FE triangulation to which x;?bs
belongs. For structured grids, this operation is independent of the mesh size, while for un-

structured grids it scales in general with the size of the mesh. In both cases, the cost is
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negligible if compared to the cost of acquiring experimental data.

If sensor locations should be selected among a set of grid points {acg“d} (cf. Remark
4.2.1), we first introduce the functional £84 (4.2.13) by selecting the weights {w;}¥; then
we draw {a:?bs}j from Xi,...,X; ~ P& and we collect the corresponding experimental

results {K‘;bs} ;. The remainder of the Algorithm (steps 2-4) remains unchanged.

Algorithm 4.2.1 Confidence region for EEO(I/)

Input J number of measurements

u* : Q°P R approximated field

Output ég" confidence interval for E‘ZO (v)
1: Draw {:UObS J_, from X1,...,X; ~ Uniform(Q), and collect the experimental results
obs
{6y,

2: Compute (5" = E‘?bs —(u*, v, :cObS) forj=1,...,J.
Q err oDbs
8. Bp(J,w) =G50 e (asbs).

4: Compute the confidence region ég’” of (4.2.12).

4.2.3 Variance analysis and output updates

Proposition 4.2.1 provides a formula for the asymptotic behavior of the square of se%bi-

defined in (4.2.12).

Proposition 4.2.1. Let {X;}; and {e;}; be two i.i.d. random sequences such that X; ~
Uniform(Q) and ¢; ~ (0,0?%). Then, if X; and ¢; are independent for all j, we have

Jim (565)" = |0 (VIC(X) Fle)(X)] + E[C(X)?)0?) (4.2.14)

where the limit is in the almost sure sense.

Proof. Recalling the law of large numbers, it is sufficient to show that
V[Z°%] = |9 (V[¢(X) Fu(e)(X)] + E[C(X)*]0?),

where Z°P = |Q|¢(X)(F,(e)(X) + ¢€), and X ~ Uniform(Q) and & ~ (0,02) are two inde-
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pendent random variables. Since X, e are independent, E[f(X) g(e)] = E[f(X)]E[g(e)] for

any pair (f,g) of measurable functions (see, e.g., [119, Theorem 10.1]). Therefore, we obtain
E[Z°%] = E[QI¢(X)(Fu(e)(X) + )]

= II(ECCOF(X)] + EC(X)] Ele] ) = 12IB L) F (X)),
=0

and

E(2°) = 10P (EICOOFA) (X)) + EIC(X)?] B +2EIC(X)*Ful(e) (O] E[E] ).

= 1P (BIC(X)F(e)(X))’] + BIC(X)%)0?).

Thesis follows recalling that V[W] = E[W?2] — (E[W])? for any random variable . O

The limit (4.2.14) and the confidence interval (4.2.12) show that the variance of the
Monte Carlo process is the sum of two contributions: the first one is related to the accuracy
of the state estimate u*, the second one is related to the magnitude of the noise. The first

true

term vanishes when u'"™¢ = u* (perfect approximation), while the second term vanishes when

true __ u*

the measurements are noise-free. Provided that the noise is small, if the error e = u
is also small, we can accurately estimate the error for modest values of J.

Due to the linearity of £, and provided that the finite-v error is negligible, we can also
use our error estimator Eg to improve the estimate for the output. We have indeed that

lim L£(u*) + Br(J,v) = L(u* — Fy(u*)) + L(F, (u™)) =~ L£(u™). (4.2.15)

J—o00

Clearly, the variance associated with the process £(u*) + E(J,v) satisfies (4.2.14). On the

other hand, if we apply the Monte Carlo procedure to the true field, we obtain
2
Jim (5e5)" = 1912 (V [C0X) F (™)(X)] + EIC(X)% 0?).

Thus, by applying the Monte Carlo procedure to the output error instead of to the true
field, we can significantly reduce the variance associated to the process and thus improve
the output estimate even for modest values of J. This idea is related to control variates

method for variance reduction ([189]), and also to multi-level Monte Carlo approaches (|94,
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95, 13, 224, 161]). In section 4.5, we assess numerically the practical relevance of (4.2.15).

4.2.4 Analysis of the finite-v error

In section 4.2.2, we have proposed an actionable procedure to compute a confidence region
(?Z’U for EZO(V) In this section, we investigate under what assumptions we can neglect the
finite-v error A%(v) = |Er — Ezo(l/)\ and then interpret CAiVU as an appropriate confidence

interval for F,. We refer to Appendix A for a rigorous discussion of the finite-v error.

We present the error bound for A%(v). We assume that the filter width v is such that
Q, CC Q; we further assume that w(r) < M for all » > 0 and for some M > 0. Then, if

Ve € L1(Q,) for some g > d, we have
|Be — BE| < Cor™ 1102 2y | Vell oo . (1.2.16)

where C,, depends on the exponent ¢, on the dimension d, and on the filter shape w. We
observe that bound (4.2.16) is not actionable since ||Ve| rq(q,) is unknown; in section 4.5,

we investigate numerically the actual magnitude of A% (v) for the problems considered.

Unlike finite-J and finite-noise error, finite-v error admits a physical interpretation: it
is a balance between the filter width v and the characteristic spatial length scale of the
error field. Furthermore, finite-v error is related to the so-called minimum detectable signal
in radar systems [185] since it represents a way of assessing the maximum accuracy of our
estimate. However, in radar systems this concept has a different physical interpretation: it

is the ratio between signal and noise.

4.3 A posteriori L? error estimation

4.3.1 General framework

We now tailor the analysis of section 4.2 to the a posteriori error estimation of the L?(Q)-

true

error B = [[u"™® — u*||12(q). Due to the nonlinearity of £, the procedure is more involved;

however, the same ideas apply also to this case.
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Given {Eerr _, introduced in (4.2.7), we define the limited observations error estimator

E(J,v) = (4.3.1)
Then, we define the perfect unlimited observations error estimator

E*(v) = | F(e)llr2(0)- (4.3.2)
Finally, we define the finite-v error

AY(v) = |E — E¥(v)|, (4.3.3)
and the combined finite-N and finite-noise error

AV(J V) = |EX () — E(J,v)]. (4.3.4)

In the remainder of this section, we first propose a confidence interval for Em(y), and

we present an error bound for A¥(v).

4.3.2 Construction of the confidence interval

Finite-noise and finite-.J error

2 associated with the random noise is

We first consider the case in which the variance o
known a priori. Given J i.i.d. random variables Xi,..., X; ~ Uniform(2), we define the
random variables YjObS = 1Q( (Lerr —0?), where L3 = F,(e)(X;) +€;. We observe that
E [onbs} = (EOO(Z/)> . Therefore, assuming that ¢ is known and exploiting the positivity

of EOO(I/), we can apply the Central Limit Theorem to derive an approximate confidence

interval for E*(v):

2 1
CJU(J v, o, O' [\/ mod J v, U)) — ﬁtl—a/Q(‘]_ l)g\eyobs7J> N
+
(4.3.5a)

\/< a(J, v, o‘))2 + \}jtl_a/Q(J - 1)s%yobs,J> J
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Here, (a)+ = max{a,0}, the modified estimator Emod is defined as

Ewod(J,v,0) = \/((E(J, V)>2 — ]Q|02> , (4.3.5b)

+

while t_,/o(J — 1) is the (1 — «/2) quantile of the t-distribution with J — 1 degrees of

freedom, and §?3yob57 7 s the sample standard deviation associated with yobs.

J

Seyon ;= ﬁ 3 (!QI (¢emry2 — (E(J, V))2 )2. (4.3.5¢)

=1

We now consider the case in which o € [orp, oyp] for some known constants o g, oy >
0. Since Seyobs ; is independent of o2, the noise variance o only shifts the confidence region
Cle along the real axis. Therefore, finite-J and finite-noise errors can be asymptotically
decoupled in the limit of J — oo. The latter observation helps us manage uncertainty
through the value of o2: if we are confident that o € [o1p, oug], we can modify (4.3.5) as

follows:

~ ~ 2 1 ~
Cro(Jv,a,0) = <(Emod7LB(J, v, 0)) — —=ti_as(J - 1)S€Y0bs’J)
VJ +
(4.3.6a)

~ 2 1 .
\/((Emod’UB(J, v, O')) + ﬁtI,Q/Q(J — 1)Seyobs7j> ‘
+

where E’mod’LB(J, v,0), and Emod’UB(J, v,0) are defined as

Ernoan(Jsv.0) = \/ ((Eu, n) - |Q\J%B)+, Ernoa.un(J.,0) = \/ ((Eu, n) - rmaﬁB)

(4.3.6b)

+

Computational procedure

Algorithm 4.3.1 summarizes the computational procedure. Unlike the case of L? outputs,
we must provide an estimate for o2. As for L? functionals, if the finite-v error is modest,

we can employ the same procedure to estimate F.
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Algorithm 4.3.1 Confidence region for E*(v)

Input J number of measurements
OLB,OUB lower and upper bound for the noise standard deviation o

u* : QP R approximated field

Output C’° confidence interval for E*(v)

1: Draw {x;?bs}j from Xi,...,X; ~ Uniform(Q2), and collect the experimental results
{65>};5.

2: Compute (5" = E}’bs —l(u*, v, :L'?bs) forj=1,...,J.

4: Compute the confidence region C7 of (4.3.6).

4.3.3 Analysis of the finite-v error

Following the discussion in section 4.2.4, we assume that (i) Q, CC Q, (ii) w(r) < M for all
r > 0 and for some M > 0, and (iii) Ve € L(Q,) for some ¢ > d. Then, it is possible to

prove the following estimate
A (1) < Cun/T V=1 Vel 1o, (43.7)

where C,, > 0. As for L? functionals, finite-v error A¥(v) depends on the balance between
filter width v and characteristic spatial length scale of the error field. We refer to Appendix
A for the proof of (4.3.7), and to the numerical results for a rigorous assessment of the

practical effect of this contribution for a controlled synthetic example.

4.4 Application to subsequent state estimation

We consider the scenario in which during the offline stage (cf. Algorithm 2.4.1, Chapter 2.4)
we have the opportunity to acquire data from a number of system configurations (associated
with different values of the parameter). Our goal is to exploit these offline experimental
data to reduce the number of observations for future configurations. Towards this end,
we wish to augment the background space Zy,, based on the results of the PBDW data
assimilation procedure. To differentiate between offline and online measurements, we denote

by Mg the amount of experimental measurements available offline, and by M,, the amount
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of experimental measurements available during the online stage. We here assume that

Mon < Moff~

Algorithm 4.4.1 summarises the computational procedure used to augment the back-
ground space during the offline stage. This procedure was first proposed in [143, section 5.8].
The function [u*] = PBDW (Zy, {z2>}M_, {¢bs1M_ ) indicates the application of the PBDW
state estimation procedure based on the background Zy, and on the measurements {£2” =

E(utrue’ v, x?}’lL)S)

M_ . the function E(J,v) = a-posteriori(u* {:UObS ] {E?bs}%]_ ) refers

Jj=1

to the application of Algorithm 4.3.1 for o3 = oy = 0, and {f?bs = ((utve p, a?ObS) i1 -
Finally, we denote by {Ck}szl the system configurations associated with the available offline
experiments, and we denote by u'™"¢(C;) and u*(Cy) the true state and the state estimate
associated with the configuration C. The procedure can be easily extended to noisy mea-
surements. In section 4.6, we present numerical results for a synthetic acoustic problem; we

refer to [143, section 5.8] for an application to a physical system.

Algorithm 4.4.1 Data-Driven Empirical Enrichment of the background space

Input ZNox background space

Mog (Jogr) number of offline measurements used for training (validation)

Moy number of online measurements used for training

Nax maximum dimension of the background space

{Ce}E system configurations available for comprehensive testing
Output Zn_ enriched background space

1: for N = Ny, ..., Nmax — 1 do

2: Choose transducers’ locations {:CObS}m t{z Obs} off
3: for k=1,...,K do
) Compute the state estimate [u*(Cy)] = PBDW (2, {5} 502y, {€(C) Yy
5: Estimate the L? error E,,C(Jmcf7 V) = a-posteriori(u* {xobs}] g {gobS( )}}]Ogl)
6: end for R
Ey(J,

T Compute k* := arg max M

k=1 K [[u*(Cr)ll L2 (o)

8: Compute the state estimate [u*(Cg+)] = PBDW (2, {x‘,’,?s}%(’:ﬂl, {KSfS(Ck*)}%;ffl)

9: Compute Zy41 = Zn @ span{u*(Cp+) — Iz, u*(Cr+)}.
10: end for
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At each iteration of the external for loop, we first estimate the state for each configura-
tion Cy, based on Mo, measurements, and we estimate the L? error [|[u™¢(Cy) —u*(Ci)|| 12(q)-
Then, we compute the index k* that maximizes the error estimate over all configurations.
Finally, we estimate the state for the k*-th configuration based on Mg measurements and
we augment the space Zy with the update n*(Cp+) = w*(Cp») — Iz, u*(Cr+). We note that
the error estimator E plays the same role as the error bound ARK(1) in the weak-Greedy
algorithm (cf. Algorithm 2.1.1, Chapter 2.1.2). This is possible because Greedy techniques
do not exploit the structure of the parameter (or configuration) space, which is not in general
observable in the current framework. We further observe that we perform state estimation

based on M,g measurements only once per iterations.

The value Nyax should be chosen based on (i) the offline computational and experimental
budget (i.e., the amount of offline experiments that can be performed), and (ii) the amount
of online experimental measurements M,,. To explain the latter, we shall remember that we
should at least guarantee that the PBDW state estimation procedure is stable: this implies
that the inf-sup constant By az,, should exceed a given threshold for N = Ny, ..., Nmax.
The condition Sy, > tol for N = Ny, ..., Nmax can then be easily imposed as additional

termination condition in the external for loop in Algorithm 4.4.1.

4.5 Numerical results (I): error estimation

4.5.1 Application to a synthetic thermal problem

We first assess our computational procedures through a synthetic problem. Towards this

end, we consider the parametric problem:

~V - (k(p)Vu(p)) =0 in Q%

R(u) 25 = g onTy UL, UTs (4.5.1a)

u(p) =0 on Ty
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where QP = (J?_, Q;, and

1 onl'y,
1 in Ql,
K(z,p) = g(z)=1¢ 0 onTy, (4.5.1b)
122 inQi+1,i:1,...,8;
1—2x1 onljs.

Figure 4-1 shows the computational domain. We consider the domain of interest {2 = 5. In

true

order to assess our method, we generate the true field u and the approximate field u* by
considering the solution to (4.5.1) obtained using a Finite Element (FE) solver for different

choices of the parameter u:
™ =y (pte =[1,1,1,1,1,1,1,1]), «* =wu(p*=[1,1.2,1.5,0.6,1.6,1.3,1.1,1]).

We resort to a P? Finite Element discretization with N = 37249 degrees of freedom. Figure
4-2 shows the true field and the error field over Q2°P% and highlights the domain of interest
Q.

Local experimental observations are assumed to be truncated Gaussians with v = 2rgauss,

and standard deviation equal to 7gauss:

7“2

2r2

Gauss

1(r) = €0 )59 (= 55— ) Xireireunn 0 (452

In all the simulations, we consider observations of the form

obs true obs
& :é(u 2% >—|—€j,

where €1, . .., €7 are realizations of the i.i.d. Gaussian random variables ey, ...,e; ~ N(0,0?).
3.5
Iy
3
25 Q3 QG Qg

Wl Q| Q5] Qs (I

0.5 Ql 94 Q7

I's

-0.5

Figure 4-1: Thermal block synthetic problem: computational domain.
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Figure 4-2: Thermal block synthetic problem: visualization of the true field and of the error field.
The domain 2 is the rectangular region inside the black boundary.

Error in L? outputs

We first consider the case of L? outputs. We wish to estimate the error associated with the

output
1
E(utrue) — _/ utrue d:ll',
2] Jo

corresponding to ¢ = 1/|€2|. For this choice of £, we have
L(u'™¢) = ~1.9588, L(u*) = —1.8464.

Figure 4-3 shows the behavior of the error estimator EL and of the lower and upper
bounds EZ’:IZB and EZ”%B with respect to J for two values of o. In this test, we consider
a = 0.1, 7Gauss = 0.1. We observe that in the noise-free case (o = 0), Eg is an accurate
approximation of Ey for J 2 5, and that ég” is a meaningful confidence interval for
E; for J 2 10. By comparing Figure 4-3(a), and Figure 4-3(b), we observe that the
convergence with J depends on the magnitude of noise as expected from the theory (see
equation (4.2.14)).

Figure 4-4 shows that we can use our procedure to build a confidence interval for £(u'Tu®).
This observation confirms the result in (4.2.15). We observe that we can use our strategy
to update the estimate for £(u'"®) for J > 10 in the noise-free case, and for J 2 20 in the
noisy case.

Figure 4-5 shows the behavior of the size of the confidence interval, |5Z’U|, for two

different choices of o, and for v* = 0 and v* = u(pu*). We denote by 6’2‘; the region

104



—E;
0.4 STo 0.4
° ?S,LB
e
0.2 . + Ex0p 0.2
—F
0F ° ©oo £ 0
0.2 s“’*; -0.2
0.4 * 0.4
-0.6 -0.6
10° 102 10° 102
J J
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Figure 4-3: Thermal block synthetic problem: (1 — «)- confidence interval for the output error
(a = 0.1, rgauss = 0.1, L(u'™"® —u*) = —0.1124 ).

-1.5 — L(u™e) -1.5

-2.5 -2.5 +

(a) o=0 (b) 0 =0.25

Figure 4-4: Thermal block synthetic problem: (1 — a)-confidence interval for the output (o = 0.1,
TGauss — 01, £(utrue) = —1.9288 )

associated with v* = u(p*), and by ég; the region associated with v* = 0. As in the
previous test, we set a = 0.1, rGauss = 0.1. We observe that IGZT(J = 10)| = |623(J =
150)| in the noise-free case, and \GZT(J = 10)| = |6‘£]‘;(J = 40)| in the noisy case. The
results show that our procedure takes advantage of the proximity of u* to u""® to reduce
the variance of the process. We observe that the variance reduction strategy is less effective

in the presence of experimental noise: this is in good agreement with estimate (4.2.14).

L? error

We now consider the problem of estimating the L? error. Figure 4-6 shows the behavior of
E‘, Emod; and the lower and upper bounds /E\fjg and E‘{’ﬁg with respect to J and for two
values of o. In this test, we consider o = 0.1, rgauss = 0.05, and we assume that we know
the value of 0. We observe that our procedure provides a meaningful upper bound for the

error for J 2 5 in the noise-free case, and for J 2 20 in the noisy case.
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Figure 4-5: Thermal block synthetic problem: size of the confidence interval |6£U| for two different
choices of ¢, and for u* = 0 and «* = u(p*) ( @ = 0.1, rgauss = 0.1).

(a) o0=0 (b) 0 =0.2

Figure 4-6: Thermal block synthetic problem: confidence intervals for the L?(Q) error for two
different choices of o (v = 0.1, rgauss = 0.05, [[u™ — u*||p2(q) = 0.1756).

Finite-v error

In Figure 4-7, we investigate the effect of the finite width v in output error and L? error
estimation!. Figure 4-7(a) a shows the behavior of Er, E’Z’EB and EZ’,%B with respect to
TGauss for J = 2000. Similarly, Figure 4-7(b) shows the behavior of B, Egg and Eég with
TGauss for the same value of J. We observe that as rgaugs increases, E and the size of the
confidence regions CZ’U and C”’? decrease. We further observe that, for our particular choice
of the linear functional and of the error field, the effect of the filter spread is extremely

limited.

'For raauss > 0.5, condition 2, CC Q°P* does not hold; in this case, we simply adjust the constant
C = C(rcauss, d, ) in (4.5.2) by imposing that ¢(1,v,z) = 1 for any = € Q.
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Figure 4-7: Thermal block synthetic problem: confidence intervals for output error and L?(2)
error for different values of rgauss (0 = 0, « = 0.1, J = 2000).

Analysis of the finite-grid case

We now consider the case in which sensor locations should be selected among a set of grid
points {x?rid}}j:l. Towards this end, we consider two different cases: (i) a 10 by 10 grid of
equispaced sensors in €, and (ii) a 10 by 10 grid associated with the Gaussian quadrature

points in Q. Figure 4-8 shows the grids. For the first grid we define £874 (4.2.13) using

uniform weights w; = ﬁ, while for the second grid we consider the weights associated with
Gaussian quadrature.
2 S S B
2 N Y
1 6 1 6 o * * - - * - L |
1 4 . * . * . . * . 14 o - - - - - - L |
1 2 ) * ) ) ) ) * ) 1 2 * * * - - * - L |
1 1 -+ - L) L) L) - L) LI |
1 1.5 2 1 1.5 2
Ea z
(a) Uniform (b) Gaussian

Figure 4-8: Thermal block synthetic problem: sensor grids.

Figure 4-9 shows the behavior of the confidence intervals for E, and for £(u'"¢). We
here set rgauss = 0.1. We observe that for the Gaussian case results are comparable with

the results shown in Figures 4-3 and 4-4; on the other hand, for the uniform case we observe

that £&"4(F,(e)) — L(F,(e)) is not negligible.
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Figure 4-9: Thermal block synthetic problem: confidence intervals for the output error and for the
L?(Q) error for different values of 7gauss for two finite grids (o = 0, 7Gauss = 0.1, a = 0.1).

Validity of the large-sample approximation

We now assess the validity of the normal approximation, which has been exploited to derive
the asymptotic confidence intervals 62"’ (4.2.12), and C° (4.3.6). With this in mind,
for given values of J and «, we select ngaim = 103 different samples {{x0Ps(i)}/_, )/ tin
and, for each sample, we compute the error estimator Eg(J, v,1) and the confidence interval
GZ’U(J, v,a,i), i = 1,...,Ngrain- Then, we estimate the confidence level of the confidence
interval as

- card {z e{l,...,Nrain}: Er € CAZ'Z’J(J, V,a,i)}

CL(J) = ,

Ntrain

(4.5.3)

where card{-} denotes the cardinality of the set. If the normal assumption holds, we expect
that ﬁ(J) ~ 1 — a. Therefore, the difference IE’I(J) — 1+ af can be exploited to assess
the validity of the normal approximation. We can then repeat the same analysis for the L?

€rror.
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Figure 4-10 shows the results for the output error. In this simulation, we consider o = 0
(perfect measurements), & = 0.1 and rgauss = 0.03. Figures 4-10(a) and 4-10(b) show the
histograms of the distribution of E r(J, v, 1) for two different values of J. The red continuous
line indicates the true value of the error, while the black dashed line denotes the mean of
EE(J, v, 1) over the nain samples. We observe that for both J = 3 and J = 8 the distribution
of EE(J, v, 1) is approximately normal. Figure 4-10(c) shows the behavior of E’E(J ) with J.

As expected, EE(J ) converges to 1 — « as J increases.

;
0.9
0.8 .
CL(J)
—l -«
0 0 0.7 '
0.4 -0.2 0 0.2 -0. -0.2 -0.1 2 4 6 p 8 10 12
(a) J=3 (b) J =38 (c)

Figure 4-10: Thermal block synthetic problem: assessment of the Gaussianity assumption for
output error confidence intervals (rgauss = 0.03, « = 0.1, 0 = 0).

Figure 4-11 shows results for the L2 error. While for J = 3 the distribution of E (J,v,1)
is slightly asymmetric (Figure 4-11(a)), for J = 8 the distribution is approximately normal
(Figure 4-11(b)). This is a consequence of the Central Limit Theorem. We further observe
that the confidence level ﬁ(J ) associated with {GJ’U(J, v, o, 1) i does not converge to

1 — «a. This is a consequence of the shift determined by the presence of finite-v error.

1
0.9
0.8 _
o CL(J)
—1—«
0'72 4 6 8
0 0.1 0.2 0.3 0.4 7
(a) J=3 (b) J =38 (c)

Figure 4-11: Thermal block synthetic problem: assessment of the Gaussianity assumption for
L?(Q) error confidence intervals (rgauss = 0.03, @ = 0.1, o = 0).

109



4.5.2 Application to the thermal patch experiment

We present results for the thermal patch problem introduced in Chapter 3.4. Given the
domain Q = (—0.5L,0.5L) x (—0.5L,0) (L = 22.606mm), we wish to estimate the error

associated with the output

1
obsy __ -~ true
L(u®) = Q) /Q u™ dr,

and the L? error over Q, ||u®®® —u*|| r2(e)- Werecall that u°P® corresponds to the dimensional
thermal field estimated by the IR camera, and that [x] = m. With some abuse of notation,
in this section we omit the superscript 4™ to indicate dimensional quantities.

We now introduce the state estimate u* generated by solving the bk model (3.4.3) for

= 1. We observe that
L(u™) = 50.0640°C,  L(u*) = 52.5965°C,

and?

1™ = "l 2() = 0.0529C° x .

Figure 4-12 shows the observed field u°P®, the error field e°?® = u°P® — v*, and the domain

Q.

o

0.015

1
65 0.015
60 8
0.01 o 0.01 6
~ 0.005 s0, o 0.005 4
= g = 2 3
Z 0 5% 3 0- Z
2= 8 £ 08
=.0.005 40 =.0.005 2
-0.01 35 -0.01 4
30 5
-0.015 -0.015 -
25
002 -000 0 001 002 2002 -001 0 001 002

2 (m) i (m)
(a) UObS (b) uObS —ur

Figure 4-12: Thermal patch problem: visualization of the observed field and of the error field.
The domain (Q is the rectangular region inside the black curve.

Figure 4-13 shows the results. We observe that for J ~ 10 the 90% confidence interval
for the output error contains the true value, and has a half-amplitude equal to 1°C" (Figure

4-13(a)); therefore, we can use E to update the estimate of the output (Figure 4-13(b)).

2To provide a benchmark value, we observe that |u®® — E(uObS)HLz(Q) = 0.1275[C° X m)].
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Similarly, we are able to construct meaningful confidence intervals for the L? error for .J > 10
(Figure 4-13(c)). This shows that, also in this case, our procedure is able to provide accurate

confidence intervals for modest values of J.

2 o5 T 02
—L',(u*) + E, X
0 Hdo &)

N Aeo o L{u*) + @L]',LB 0.5
= o o N . * J.o =
= -2 R > L(u*) + EL &
g g \ E

% 4 e _EL % —L{(u") S 04
g ~ g% o L(u*) X
2 o BC = o
g -6 LLB g e ee g

g Py 5 o, £ 0.05
= o + EL,L'B H 50 W g
—E, e 2

-10 E o

10° 10? 10° 10? 10° 10 10°
J J J
(a) output error (b) output (c) L*(Q) error

Figure 4-13: Thermal patch: confidence intervals for the output error, the output, and the L?(£2)
error (a = 0.1, rGauss = 0.09mm, £(u°P — u*) = —2.5325°C, [[u®™® — u*||12(q) = 0.0529[C° x m]).

4.6 Numerical results (II): data assimilation

We discuss the application of the data-driven enrichment procedure presented in section
4.4 to the acoustic model problem introduced in Chapter 3.3. For this test, we set Q =
Q°Ps = (0,1)2, and we consider truncated Gaussians with v/2 = rgauss = 0.05; since €,
is not embedded in Q°P, we adjust the constant C' = C(rqauss, v, ) by imposing that
((1,v,x2) =1 for all z € Q. We generate Zy,, =2 based on the bk model corresponding to
g = 0. Then, we consider ngain = 15 offline experiments associated with the true model
corresponding to g = §, and nypaim different frequencies in PP = [2,10]. During the offline
stage, we consider either Myg = 32 or Mg = 64 for training, and Jog = 10 for validation.
We further assume that the number of measurements available during the online stage is
equal to My, = 10. During the online stage, we compute the PBDW solution for different
backgrounds and M,, = 10 experimental measurements, and we assess online performance

by computing the relative L? error

BE ) = ™™ () = (1) 2/ [0 () = " (0 20 (16.1)

for niest = 100 different values of the parameter u € Pbk,
Figure 4-14 shows the the behavior of the relative L? error E™°" for different background

spaces — we remark that the background N = 2 corresponds to the case in which no offline
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enrichment is performed — and for My, = 10 online measurements. The black dots denote
the values of the parameters associated with the configurations Cg+ selected during the offline
Greedy procedure. We observe that the offline enrichment dramatically reduces the state
estimation error over all frequencies. This shows that acoustic applications are particularly
suited to the enrichment due to the modal structure of the solution to the PDE. Interestingly,

the Greedy procedure selects updates associated with resonance frequencies.

o N =2 (no enrichment) o N =2 (no enrichment)

10° . N=3 101 . N=3
-+-N =4 -+~-N =4
100 | » p* 100} » p*

fJaf™e — w2/l 20
™ — || 20y /|l 22 o)

2 4 6 8 10 2 4 6 8 10
0 0
(a) Mg = 32 (b) Mg = 64

Figure 4-14: Data-driven enrichment for a synthetic acoustic problem. Behavior of E*:o%(p)
(4.6.1) with respect to u for several N (Npi = 2, Mog = 32,64, J°F = 10, nirain = 15, Mgess = 100,
M., = 10). The black dots denote the values of the parameters indirectly selected during the offline
Greedy procedure.

4.7 Conclusions

We proposed a Monte Carlo experimental procedure that provides confidence intervals for
the L? error in state and the error in L? outputs. The procedure relies on a state estimate
u* for the true field u'™° and on J possibly noisy local experimental functionals, and is
based on the identification of three different sources of error: the finite-v, the finite-.J error,
and the finite-noise error. Our approach implicitly takes advantage of variance reduction,
through the proximity of u* to u'™°, to provide tight confidence intervals even for modest
values of J.

Numerical results for a synthetic model problem and for the experimental thermal patch
configuration illustrate the elements of the methodology, and clarify the role played by the
finite-v, the finite-J error, and the finite-noise error. While finite-J and finite-noise errors can
be bound through an asymptotically rigorous statistical procedure, the effect of v depends

on the spatial scale of the field and on the transducer resolution, and can only be assessed
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on a case-by-case basis.

We also illustrated the application of our error estimation procedure to two data assim-
ilation tasks: output prediction and data-driven enrichment of the background space Zy in
the PBDW framework. For output prediction, we exploit the linearity of the functional to
provide lower and upper bounds for the quantity of interest £(u'™"¢). Due to the modest

variance of the process e = u'™¢

— u*, we can obtain meaningful confidence intervals for
L(u'™®) for moderate values of J. For the enrichment of the background space Zy, we rely
on the a posteriori error estimator E to properly enrich the background in a Greedy fashion.

Numerical results for a synthetic problem demonstrated the effectivity of the approach.
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Chapter 5

The PBDW approach for localised

state estimation

We study the application of PBDW to the problem of localised state estimation. In more
detail, we study the case in which the bk model is (i) defined over a domain QP¥ that
strictly contains the domain of interest €2, and (ii) depends on a high- (possibly infinite-)
dimensional set of parameters. Since in PBDW the bk model is only employed to generate
the background space, the focus of this chapter is on the development of efficient strategies
for the construction of local approximation spaces {Zx}y, which can then be employed in
the PBDW formulation.

We first motivate the problem from an engineering standpoint, we introduce the general
idea of the localisation procedure, and we discuss a simple model problem that explains
under which condition localisation is feasible (section 5.1). Then, we propose the computa-
tional strategy (section 5.2), and we present a number of theoretical results concerning the
optimality of our construction (section 5.3). Finally, in section 5.4, we present numerical

results for two synthetic acoustic problems.

5.1 Preliminary discussion

5.1.1 Localisation strategy

For practical applications, bk mathematical models might be characterized by extremely

high-dimensional parametric uncertainty. In the process of defining the model, we have
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indeed to specify potential topology variations in the structure, material properties, initial
and boundary conditions, just to mention a few; since all these quantities are typically
subject to uncertainty, the effective number of parameters associated with the mathematical

model of a full engineering system might number in the hundreds.

In many cases, we are interested in performing state estimation in a subregion of the
whole system: for acoustic applications, active systems for noise cancellation rely on the
estimation of the sound pressure level in a particular region of interest; in damage identi-
fication, engineers are often able to anticipate the region of the structure of interest that
is more likely prone to failure, and consequently monitor only specific components of the
structure. Once we restrict the model to the domain of interest, we have to face two different
sources of uncertainty: (i) uncertainty in the physical parameters, and (ii) uncertainty in the
boundary conditions at the interface. While we might reasonably assume that the former
source of uncertainty leads to a low-dimensional parametrization, the latter clearly leads to

a high-dimensional and possibly infinite-dimensional parameter space.

To address the uncertainty related to boundary conditions, in this work we propose a
two-stage localisation procedure. If we denote by QPP the domain associated with the full
system, and by © C QPP the domain of interest in which we want to estimate the state,
we introduce the bk domain QP¥ such that Q C QP c QPP. The domain QP¥ is chosen to
exclude many parameters associated with QPP \ QPX. We further denote by T'™ the portion
of 90PX in which boundary conditions are uncertain. Then, we define our bk mathematical

model as follows:
GURH (), v) = f(v), Yo eV, upm =g, peP™ geT. (5.1.1)

Here, VPk = VPk(QPK) is a Hilbert space defined over Q% VP& .= {v € VX @ y|pm = 0},
T C T is a, possibly infinite-dimensional, subset of the Sobolev space T~ = T(I'™), p denotes
the parametric uncertainty in the model, GPX# : PPk x V(l)’k — R is a parametrized variational
form defined over QP%, and f € (VPX) is associated with the external forces acting on the

system. Based on the previous definitions, we can define the bk manifolds:

MK = {u?k(u) c pePPK ge ’7'} cVk T, (5.1.2a)

116



and

M= {ubk()lo : peP geThcy, TCT, (5.1.2b)

where Y = V() is a suitable Hilbert space defined over §2.

The objective of this chapter is to propose a model-order-reduction strategy that gener-
ates local hierarchical approximation spaces Z; C ... C Zy,,, for the bk manifold MP"¥ in
(5.1.2b). We observe that if T is infinite-dimensional, we cannot expect that the manifold
MPX can be well-approximated by a low-dimensional linear space. In the next subsection, we

explain — through the vehicle of a particular model problem — why MP* might nevertheless

be well-approximated by a linear space.

5.1.2 A model problem

In order to get insights about the reduction task described in the previous section, we shall

consider the following differential problem associated with a semi-infinite wave-guide (|96]):

_Au];k(u) - ,u2 ng(ﬂ) =0, I Qbk = (07 OO) X (07 1)1

Oz, Ulg)k(x;ﬂ) =0 T e (0,00) X {Oa 1}7 (5.1.3)
ug®(a; ) = g(x) zeT™:= {0} x (0,1),

where g € T C T := HY2(I'™). We then define the domain of interest Q = (L, 00) x (0, 1).
For simplicity, we set PP¥ = {fi} and we omit the dependence on p. By exploiting separation

of variables, we obtain that

Nprop (0.9}
ugk(xl,:xg) = Z cn(g) e "t cos(nmza) + Z cn(g)e ™t cos(nmaa),
n=1 n:Nprop+1

where Nprop = | 2], a2 = |[n?n? — 2| and the coefficients {c,}, depend on the boundary
condition g. We observe that the first Np.op, modes do not decay as x1 — oo, while the
remaining modes decay exponentially as z1 — co. For this reason, we refer to the former as

propagating modes and to the latter as evanescent modes.

Let us now suppose that our goal is to approximate the bk manifold MP¥ through a N-
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dimensional linear space Zy under the assumption that 7 = {g € T : |ea(g)| < C, Vn > 1}.
For the sake of argument, we aim to guarantee that the L? best-fit error associated with the
bk manifold, €} = sup,,c pqox infrezy |w — 2|l r2(q), is below a fixed tolerance tol. We can

distinguish between two scenarios:

Nprop > N: since the dimension of the approximation space is less than the number
of propagating modes, we cannot accurately approximate the manifold MP* through a N-

dimensional linear space for any L > 0;

Nprop < N: in this case we can approximate all propagating modes; therefore, if the
effect of the evanescent modes is negligible, we can approximate the manifold MP* through
a IN-dimensional linear space.
In the latter case, we can indeed choose Zy = span{(, })_; with ¢, (71, x2) = e~ %1 cos(nmxs)
if n < Nprop, and (p (21, 22) = e~ %1 cos(nmxg) if N > Nprop. Then, assuming that we are

interested in bounding the L?-error, it is easy to verify that

00 —anL 00 —anlL

. bk € € bk,UB
Jnf (gt = zlTag = Y] (eal9)’ o <O DY =y
N n=N+1 " n=N+1 n

If L is sufficiently large, e%{’UB is below the specified tolerance tol. We have thus shown

that there exists a space Zy that meets our requirements; we then say that MPX is N-
reducible. We highlight that our definition of reducibility depends on the dimension N of
the approximation space — which is ultimately related in our setting to the number M of
available experimental observations — on the tolerance (tol > 0), and also on the norm of
interest (the L? norm).

The discussion of this section exemplifies two separate issues related to the problem at
hand. The first is related to the possibility of "reducing" a given bk manifold to a N-
dimensional linear space. This is strongly related to the PDE considered and is independent
of the particular reduction algorithm used to build Zy. The second issue is related to
the development of actionable computational procedures to identify the reduced space Zy:
in this respect, we observe that standard pMOR strategies — such as the Weak-Greedy
algorithm employed in the previous chapters — are not well-suited for this problem due to
the high-dimensionality of the parameter space. The remainder of this chapter is devoted
to the development of an actionable computational procedure to build rapid convergent

localised approximation spaces {Zn}n-.
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5.2 Methodology

We shall first introduce some notation and preliminary assumptions. We define the solution

maps AT x PPk — VPk and A : T x PPk — ) such that
Algin) = uf® (1), Algip) = w*(wlo,  VgeT, peP™ (5.2.1)

We assume that A and A are linear operators such that A(0;p) = 0, and A(0;p) = 0.
Recalling (5.1.1), this corresponds to assume that GP%* is a bilinear continuous inf-sup
stable form and f = 0. We note that the extension to f # 0 is straightforward, while the
extension to nonlinear operators appears difficult and is beyond the scope of this work. We
further endow the Hilbert space 7 with the inner product (-,-)7 and the norm || - ||7. We
denote by (-, )y the inner product of Y, and by || - ||y the induced norm. We also denote by
HJQ}() the projection operator onto @ C ) in ), and by HT,(-) the projection operator onto
Q' C T in T. We remark that in our setting the space )’ does not have to coincide with the
space U employed in the PBDW formulation.

We first consider the case PPX = {fi} (section 5.2.1), and then we consider the extension
to the more general case PP # {i} (section 5.2.2). To simplify notation, if PP = {a},
we omit the dependence on the parameter. We state upfront that our procedure intends —
but does not assume — that the bk manifold can be well-approximated by a N-dimensional

linear space. We come back to this point in the analysis.

5.2.1 The case P = {ji}

We introduce the transfer eigenproblem as follows: find (¢p, \n) € (T,R4) such that
(A(¢n), A(9)y = Mn(én. 9)7  VgeT, (5.2.2)
where A\ > A2... > 0. Then, for any N > 0, we define the transfer eigenspace
Z% = span{A(¢n)}_;. (5.2.3)

If we introduce the finite-dimensional discretization of T, Ty;, = span{g1,...,gn;,,} C T,

we can define the semi-discrete transfer eigenproblem: find (¢Nim, Min) € (Tx- ,Ry) such
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that

(A(N), A(g))y = Mm(ohn, 97 Vg€ Tains (5.2.4)

where )\f[‘“ > )\/2\["“ R )\'//:/[f“ > 0. Then, for any N > 0, we define the semi-discrete transfer

eigenspace:
Nin \
th\e; .= span{ A(¢\i")}N_,. (5.2.5)

Eigenproblem (5.2.4) can also be restated in a fully algebraic form as

[Ud):;'\/in — )\/g/in’]l‘d)ﬁfin’ for n = 1, e ,Mn7 (526&)

where U, T € RVinNin gre given by

Ui = (A(gi), Algi))y, Tiw = (gi,90)7, 47 =1,..., N, (5.2.6b)

and the vectors {¢\in},, are related to the transfer-eigenmodes {Qﬁ?/‘“}n by the relation

Ni
ghin = Z(fﬁﬁfi“)igi- (5.2.6¢)

i=1
We observe that eigenproblem (5.2.6) is not fully actionable since evaluations of the map
A(-) involve the solution to a PDE: we should thus replace A with the corresponding FE

counterpart A¥®. To simplify notation, we here omit the superscript F¥.

We recall that the transfer eigenproblem (5.2.2) has been first introduced and studied in
the approximation theory literature (see, e.g., [172]). More recently, Babuska and Lipton in
[8] employed the transfer eigenmodes to define local approximation spaces in the framework
of Generalized Finite Element method ([151, 7]). Similarly, Smetana and Patera in [204]
exploited the eigenmodes associated with the transfer eigenproblem in the context of Port-

Reduced static condensation Reduced Basis Element (PR-scRBE, [171, 72|) method.

The transfer eigenproblem is tightly connected to the eigenproblem obtained using POD.

In more detail, if we choose an orthonormal basis {gn}'gf‘z“l for Tn;, (5.2.6) reduces to the
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eigenproblem

Ughim = MmgMn - forn =1,..., Nin;

this corresponds to the eigenproblem obtained by applying POD based on the method of
snapshots (|202]) to the set { A( gn)}ﬁi‘l. We observe that, unlike the reduced space generated

by POD, the reduced space Z]t\(;’M“ is independent of the particular basis of 7x; employed.

5.2.2 The case P = {1}

If PPk =£ {7}, we adopt a two-stage procedure based on the combination of the method
presented above and POD. We first consider a finite-dimensional discretization of PPX,

Pt]?rl;in = {p'}in . Then, we solve niain transfer eigenproblems, one for each value of

the parameter, to obtain n.m N-dimensional transfer eigenspaces {Z}\?’Ni“ (ui)}?;rfi“. Fi-

nally, we generate the background space Zy by applying POD to the set of snapshots
{A((ﬁnimi;ﬂi)}i,m where |’¢nimi

5.2.1 summarises the computational procedure. We refer to [204] for a different strategy to

construct Zy when PPK £ {fi}.

r=1foralli=1,..., Naim and n=1,..., N. Algorithm

Algorithm 5.2.1 Construction of the localized reduced space

Input Phk. = {put}lain © PPk discretized parameter space

N dimension of the background space
Output Zy background space
1: Define the basis {g1,...,9n;, } for Ty, .

2: for i =1...Nipan do

N

Compute the first N normalised eigenmodes {¢y in/? associated with A? :=

w

n=1
A(+ ) using (5.2.4), (|gh ™7 =1,i=1,..., ngraim, n = 1,..., N).
4: end for
5: Apply POD to the set of snapshots {A(¢ﬁfi“’i;u")}n:17_,_7]\17 i=1,...nuain 1O generate Zy C

V.
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We observe that
LA )} = (AW ), A5 ') = XYt (v, ghind )y — Ao,

Therefore, the POD reduction implicitly takes into account the relative importance — quan-
tified by the value of the corresponding transfer eigenvalue — of the different snapshots.
Recalling the connection between transfer eigenspace and POD, we can reinterpret the pro-
cedure described in Algorithm (5.2.1) as a Hierarchical Approximate Proper Orthogonal
Decomposition (HAPOD, [108, 169]). Using terminology introduced in [108], our approach
corresponds to a distributed approximated POD. We exploit this connection in the analysis.
We finally observe that the construction of Zy requires the solution to ntrain - Nin PDEs
in the bk domain QP¥, the solution to Nrain eigenproblems of size Nj,, and the solution to
an eigenproblem of size Nty - IN. Although computations can be trivially parallelized, we
envision that Algorithm 5.2.1 is affordable only for moderate values of nipain. Therefore, our

technique can be applied only to low-dimensional parameter spaces PPX.

5.3 Analysis

5.3.1 Optimal approximation spaces

In view of the analysis, we present a first definition of optimality in the sense of Kolmogorov

([172]).

Definition 5.3.1. Given N > 0, we say that Z}i}’lm C Y s the optimal N -dimensional

approzimation space for A(T) :={A(g) : g € T} if and only if

ZKolm inf d(A(T), Z 3.1
N argZNC)J,ldIilmZN:N (A(T), Zx), (5.3.1a)

where d (A(T), Zn) is defined as

1Y
d(A(T),Zn) = sup 14(9) HZNA(Q)Hy
9€T gl

(5.3.1b)

We say that dy(A(T)) = d (A(T), Z§'™) is the Kolmogorov N-width associated with the
manifold A(T).
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Several variants of Kolmogorov N-width have been proposed in the literature. In the
MOR literature, provided that the manifold MP¥ is compact, Kolmogorov N-width is defined

as (see, e.g., [56])

dy(MPK) = inf sup |Ju—TI% uly. (5.3.2)
Zncy, dimZy=N uempk N

Kolmogorov N-widths measure the performance of the best linear approximation space
of size N: they thus provide a lower bound for the best-fit error associated with any V-
dimensional linear space obtained using a model-reduction technique. For this reason, we can
interpret them as measures of the reducibility of the manifold MPX. A priori results for the
convergence of the N-width with N are limited to a few model problems: see [100, Example
3.4, [188, Section 8.1.1|, [215, Example 2.5], and [8, Theorem 3.3]. Several empirical studies
suggest that N-widths converge rapidly for diffusion-dominated problems, and significantly
less rapidly for advection-dominated problems. Recalling the example in section 5.1.2; this

is strongly related to the concept of evanescence.

Next Proposition shows an interesting relation between (5.3.1b) and (5.3.2).

Proposition 5.3.1. Let us assume that T is the ball of radius C in T, and let us consider

the bk manifold MP* = A(%) Let us further define the optimal space

732 — arg inf sup |Ju —TI%_ully.
ZNCY,dimZN=N ueMbk N

Then, Z™? = Z5m and dy(MPX) = C d(A(T)).

Proof. Using the definition of MPX, we first obtain:

kolm,2 .
Zy 7 = arginfzycy dimzy=N SUDyeppk || — H%NUHJ/

= arginfzycy dimzy=N SUPgeTg)r<c |A(9) =TIy Alg)ly
Since A — H%NA : T — Y is a linear operator, we find

kolm,2 .
Zy" = arginfzycy dimzy=N SUPgeT |gl=c [[A(9) — T2 A(9) ]|y
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Finally, multiplying by % and recalling (5.3.1), we find

A(g) —TIY_A(g
Zjli,Olm’Q =arg C inf sup 149) 2y A9l = ZXolm
ZNCY,dimZN=N geT lgllr

This proves the first statement of the proof. The second statement can be shown using the

same argument. O

We now provide another definition of optimality. For simplicity, we state the definition
for a finite set of snapshots rather than a continuous manifold. We refer to |28, section 2.3|

for the generalization of this definition to manifolds.

Definition 5.3.2. Given N > 0, and the set of snapshots S = {Ui}l‘i‘p we say that Zf\? cy
is the optimal N -dimensional approzimation space for S in the {?-sense if and only if

IS|

e _ : % _ 1 Y2
Z% = arg chy,h?izN:N d“ (S, Zn) == 5 ; s — T w3 (5.3.3)

We further define dﬁ(S) = d” (S, Zf\?)

5.3.2 The case P"* = {ji}

We first state the key result of this section. We refer to [172, Chapter 4, Theorem 2.2| for

the proof.

Proposition 5.3.2. Let A: T — Y defined in (5.2.1) be a linear compact operator. Then,
for any N > 0 the space Z]t\? defined in (5.2.3) is the optimal N -dimensional approzimation

space for A(T), i.e., 2% = ZK™ . Furthermore,

d(A(T)) = VAN11- (5.3.4)

Exploiting Proposition 5.3.1, provided that T is the ball of radius C in T, it follows
that Z§¢ = Zjli,Olm’Q and dy(MP*) = C\/An41. Next Proposition provides a bound on the

performance of the semi-discrete transfer eigenspace Z}\?’M“ (5.2.5).

Proposition 5.3.3. Let Ty;, = span{gi,...,gn;, } C T, and let Z}“\‘;’M“ be the corresponding
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semi-discrete transfer eigenspace (5.2.5) computed based on (5.2.6). For any g € T, we have

Nin
1A(g) — H%,Nm/l(g)\ly < 1Az ) ||H%HQHT + /ANl (5.3.5)

where )\é\vfij_l is the N 4+ 1 eigenvalue of the semi-discrete eigenproblem (5.2.4).

Proof. Exploiting the linearity of the operator A and applying (5.3.4) in the finite dimen-

sional case, we find

inf,_eni [A(9) = 6lly < inf,_sen [A(9) = A (T, g) lly + 14 (107, g) — ol

< Allegrg, 3 1T, gllr + inf e, 14 (1, g) = ol
te,Nin
< [ Allgere ») IIH% gl +d(A(Tr)s Z280) llgllT,
= Aﬁ\vfarrﬁ
Thesis follows. O

Proposition 5.3.3 is extremely important in the context of data assimilation. In many
engineering applications, the set of possible inputs might be very high dimensional, but it
might be well-approximated by a lower dimensional space. Proposition 5.3.3 shows that we
can reduce the dimension of the discrete input space without significantly deteriorating the
approximation properties of Z;\?’M“. This leads to a two-step reduction, the former on the
input port (based for instance on a polynomial expansion) and the second one in the interior
of the domain (based on the transfer eigenproblem). We observe that by reducing N,, we
can substantially reduce the offline computational cost, which is dominated by the solution

to Min PDEs in the large domain Q.

Sufficient conditions for compactness

Proposition 5.3.2 shows that the reduced space built by solving the transfer eigenproblem is
optimal in the sense of Kolmogorov if the solution map A (5.2.1) is compact. We now provide
sufficient conditions under which the solution map associated with a given mathematical

model is compact.

Hypothesis 1. (geometry and functional spaces) Let Q% C R? be a d-dimensional

Lipschitz domain, let T™ C 9QPX be an open set and let Q C Q% be either a d-dimensional
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open set or a (d—1)-dimensional open set. Then, let us introduce the space VP = H*(QPK),
the space T = H*~1/2(T'™), and the space Y to be either H*(Q) if Q is d-dimensional or
H12(Q) if Q is (d — 1)-dimensional.

We assume that Q and T'™ satisfy the condition

dist(Q, ™) = min min ||z —yl]» > O. (5.3.6)
2€Q yer™

Furthermore, we assume that s is a strictly positive integer, s > 1.

Hypothesis 2. (solution operators) We assume that AT = VM is a linear continuous
operator, Ae L(T, VP%), and that GP* : YPk x V('fk — R is a continuous bilinear form. We
further assume that for any d-dimensional domain Q* C QPX, dist(ﬁk,fin) > 0, there exists

C = C(Q"%, Q%) > 0 such that for any g € T
1A(9) | 715 () < C(Q", Q)| A(9) | o1 (v - (5.3.7)

We briefly comment on the two hypotheses. Recalling the continuity of the trace oper-

ator, Hypothesis 1 implies that there exist C'(VP¥,T), C(VPX, ) > 0 such that

lulpinll7 < COPS T lully, — Nulelly < COPED)lullym, — Yu e VP,

~

Combining the latter with Hypothesis 2, since g = A(g)|pin, we find that

1 ~ ~
COE,T) 97 < AT < IANZ 7o lallF

This implies that we can endow 7 with the inner product (g,¢')7 = (A\(g), g(g,))vbk.

Next result motivates the previous hypotheses.

Proposition 5.3.4. Let Hypotheses 1 and 2 hold. Then, the operator A is compact from T
to Y.

Proof. We must show that given the sequence {gn}n C T, ||gn|l7 < C, then the sequence
{A(gn)}n admits a strongly convergent subsequence in V. Recalling that A € £(T,VP¥),
the sequence {A(gn)}n is bounded in VP, Then, due to Banach Alaoglu theorem (see,
c.g., [192, Theorem 6.12]), there exists a subsequence {A(gn,,)}m that converges weakly to
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@ € VP Recalling the definition of weak convergence, and recalling that for any ¢ € VX,

GPX(-, ¢) € (VPKY, we have that
0=G" (A(gn, ). 0) > ™ (@,6) =0 ¥oe I~

This implies that @ = A(@|pm). Then, exploiting (5.3.7), we find that for any Q* c QP
dist (@7, T") > 0,

| — A(gny) |z ey < C(2°%, Q%)]|a — A\(gnm)HHS—l(Qbk)'

Since VP& = H*(QPK) is compactly embedded in H5~1(QPK) (see, e.g., [181, Theorem 1.3.5]),
we have that ||a — K(gnm)HHs—l(Qbk) — 0 as m — oo.

In order to complete the proof, we must distinguish two cases. If @ C R?, then thesis
follows by substituting * = Q and observing that ||u — E(gnm)”Hs(Q) = |lu — A(gn,,)||y-
On the other hand, if © C R?!, thesis follows by considering Q* such that Q C 9* and

then invoking the continuity of the trace operator from H*(Q*) to H*~1/2(Q). O

Exploiting Proposition 5.3.4, given a particular bk model, we can assess whether or not
the reduced space based on the transfer eigenmodes is optimal by verifying Hypotheses 1
and 2. We observe that Hypothesis 1 depends only on the geometry and can be trivially
checked. On the other hand, Hypothesis 2 depends on the particular differential operator
and should be checked separately. Typically, the hardest condition to verify is inequality
(5.3.7), known as Caccioppoli’s inequality. In Appendix C, we show that the differential
operators associated with (i) linear damped elastodynamics, (ii) Stokes flow, (iii) advection-

diffusion-reaction equation, and (iv) Helmholtz equation satisfy this inequality.

5.3.3 The case P # {ji}

Exploiting the connection with Hierarchical Approximate Proper Orthogonal Decomposi-
tion, we can show the following Proposition. We refer to [108, Corollary 3.5| for the proof.
We observe that the result does not address whether or not our construction is optimal and

in which sense; this is the subject of ongoing research.

Proposition 5.3.5. Let {g1,...,9n5,} C T be an orthonormal basis of Ty;,. Let us define

t . ! T 3 . . y . .
ex’ = izvl:nN-H )\ﬁfl“’l for i = 1,..., Nrain, where {\y™"}1 are the transfer eigenvalues
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associated with (5.2.4). Let us further define ex°P = ZHNH}\‘}?} APOD phere {A\POD Y Nitrain

are the POD eigenvalues. Then, if €¥ >0 and w € (0,1) satisfy

te,i< V]-_WQ *

-1 . POD < V:;in *
€N S —F/——€ 1= 1,...,Nrain; €N —
\/.—_1
Ttrain

we™, 5.3.8a
" \/MNtrain ( )
the following holds

1n Ntrain

y i\ (12 *\2
Mnntraln Z Z HA gn, H A(‘gn’ )H)} < (6 ) . (538b>

n=1 =1

Furthermore, the number of POD modes associated with {A(g p*)}in required to obtain the

1—w?
Ngrain— 1

accuracy € = €* is greater or equal than N :

N < min {N’ € {1, nuain - Nin} + der({A(gn; 1) bni) < 2’2} , (5.3.8¢)

where dﬁ is introduced in Definition 5.3.2.

5.4 Numerical results

5.4.1 Application to a two-dimensional acoustic problem
Problem definition

We consider the following model problem:

—(1 4 ei)Aut™(p) — pPu™(p) = f in QP
anutrue('u) =0 on GQPb \ I‘; (541)

true

1=y on I';

utrue(

\

where € = 1074, f(z) = 52%exp( — 5oz ((x1 + 0.75)% + (z2 — 1.5)%)), 0 = 0.2, QPP =
(—1,3) x (0,3) \ QU Qeut — (—0.75,—0.5) x (0,1), T = {1} x (0,3). In all numerical

true

simulations, we consider ¢"""¢ = gi(x2) = sin(mwkxy) for k = 1,2,3 and we consider different

choices of . We then consider the domain of interest 2 = (2, 3)2.
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We consider the bk domain Q% = (0, 3)2 and the bk model

—(1+ 62')Au§k(u) - uzugk(u) =0 in QPk;

Onup(p) =0 on 9QPk\ Tin; (5.4.2)
ulg)k(,u) =g on I'n;

where T'™ = {0} x (0,3). We observe that for f|gue = 0 and for any g™ ¢ HY2(I') in
(5.4.1) we have that the true field belongs to the bk manifold associated with (5.4.2), that
is ufte € MK = {ubk(u)q :p e PP ge T = HY2(I'™)}. Provided that the effect of the
source term in QP¥ is limited, we expect that the true field is close to the bk manifold MP¥,

Figure 5-1(a) shows the geometry.

Computations are based on a P4 FE discretization with A’PP = 12289 degrees of freedom
in QPP APk = 9409 degrees of freedom in Q¢ and N = 1089 degrees of freedom in €.

Figure 5-2 shows the field u*™"¢ () for different g'™¢ and p. Figure 5-3 shows the variations

true

i [|u""(p)[| 1 (evy as a function of p for g™ = g1; note that there are ten resonances in

the parameter range PP* = [2, 4].

Qpb Pk |

,,,,,,,

]_" Flni

|

Figure 5-1: Application to a two-dimensional acoustic problem: computational domain.

The case Pk = {1}

We first introduce the transfer eigenproblem and the transfer eigenspace. We consider
Y = H'(Q) endowed with the inner product (u,v)y = [, Vu - V0 + uvdz; we consider
VPk = H1(QPK) endowed with the inner product (u,v)ywx = [ Vu - VU 4 ud dz; and we
consider 7 = HY2(I'™) endowed with the inner product (u,v)7 = (E(u), E(v))ybk, where
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Figure 5-2: Application to a two-dimensional acoustic problem:

visualization of the true field
utrue(u)_

10*

£10 f
e [
= Hﬂ | 4
SR MT ‘JL‘*’HW A
= : i1 1ed ]
i &ﬁd@%% ww@l %

100:2 3 4 5 6

Figure 5-3: Application to a two-dimensional acoustic problem: behavior of [lug™(u)|| g1 vy With
r(g=g).

E : T — V"% is defined as the solution to the following PDE:
—AE(9)+ E(g) =0 inQ", 9,E(g) =0 ondNP*\I'™; E(g) =g onI™.

Finally, we consider a Nj, = 20-dimensional discretization of the input space 7 based on

Legendre polynomials.

Figure 5-4(a) shows the behavior of )\é\vfijl_l with NV for three different values of 1, while
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Figure 5-4(b) shows the behavior of the relative H! best-fit error

- [l () = T e mi i (1) | (5.4.3)
N = max = o
k=1,2,3 [Jugre () |y

where uf™°(y) is the solution to (5.4.1) for g™ = g;. We observe that w/)\é\vfi_’;l > E&: this
can be explained by recalling Proposition 5.3.2, and observing that the source term f in
(5.4.1) is negligible far from z* = (—0.75,1.5). We also observe that the transfer eigenvalues

increase as u increases: this is in good agreement with the discussion in section 5.1.2 for the

semi-infinite wave-guide.

H'! best-fit error

(a) (b)
Figure 5-4: Application to a two-dimensional acoustic problem: transfer eigenproblem. Behavior

of \//\fvfiﬁ (Figure (a)), and of the H' best-fit error (5.4.3) (Figure (b)), for three values of

Figure 5-5 shows the performance of the data assimilation procedure. We here apply
PBDW based on Gaussian functionals (rgauss = 0.1), with observation centers selected
based on SGreedy-plus algorithm (tol = 0.2) and U = ). To assess performance, we both
consider L? and H' maximum relative error over the three choices of the Dirichlet datum
gr(z2) = sin(wkxe), k = 1,2,3. By comparing Figures 5-5(a) and (b) with Figure 5-4(b),
we observe that, for sufficiently large M, the state estimation error is of the same order as
[|utrue — H%NutrueH y: this is in agreement with the a priori result shown in Chapter 3. We
further observe that convergence with M due to the secondary approximation provided by
the update space is slow: the estimated convergence rate in L? norm is roughly M ~! for all

values of N considered! we address this issue in Chapter 6.

In more detail, EX5Y ~ M0 for N = 1,3, B2 ~ M~ for N = 5,6, 7.
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Figure 5-5: Application to a two-dimensional acoustic problem: behavior of the relative L? and
H' errors (u = 2).

The case P’ # {ii}

We first study the behavior of the eigenvalues associated with the application of Algorithm
5.2.1. We here set nrain = 11 and N, = 20, and we consider different values of N. Figure
5-6(a) shows the behavior of the transfer eigenvalues AVin for different values of u € [2,4],
while Figure 5-6(b) shows the behavior of the POD eigenvalues APOP for different choices of
N. We observe exponential convergence of the POD eigenvalues. We further observe that
POD eigenvalues are weakly affected by the value N: this means that only the first few

transfer eigenmodes contribute to the final background Zy.

10° 10°
N a
< 2=
~<
10710~ 10710
0 0 10 20 30 40
N
(b)

Figure 5-6: Application to a two-dimensional acoustic problem: application of Algorithm 5.2.1.
Figure (a): behavior of the transfer eigenvalues MVin for different values of p € [2,4]. Figure (b):
behavior of the POD eigenvalues A\FOP for different choices of N (n¢rain = 11, Miy = 20).

Figure 5-7 shows the performance of the data assimilation procedure. As in the pre-
vious example, we here apply PBDW based on Gaussian functionals (rgauss = 0.1), with

observation centers selected based on SGreedy-plus algorithm (tol = 0.2) and U = Y. To
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assess performance, we consider H' maximum relative error over the three choices of the
Dirichlet datum gy (z2) = sin(rkxs), k = 1,2,3, and niesy = 5 different values of u in PPk,
To interpret results, we also report the behavior of the relative H' best-fit error. We observe

that our procedure is able to generate an extremely accurate background space for the bk

manifold MPk.

5 107
-
)
& <]
0 £
£ 102 w
T
-4
10
10° 10" 102
N
(a)

Figure 5-7: Application to a two-dimensional acoustic problem: data assimilation results. Figure
(a): behavior of the H' best-fit error with V. Figure (b): behavior of the PBDW relative H' error

with M. (ntrain = 117 Mn = 2Oa Ntest = 5)

5.4.2 Application to a three-dimensional acoustic problem

We now consider the three-dimensional model problem:

—(1 + €i)Aug(p) — pug(p) =0 in QPP = QPk;
Onug(p) =0 on ONPP \ Tin; (5.4.4)
ug(p) =g on '

where e = 1074, QPP = (—1.5,1.5)x (0, 3) x (0, 3)\Q°ut, Q°ut = (—0.5,0.5)x (0.25,0.5)x (0, 1),
e = (—1.5,1.5) x {0} x (0, 3), and we choose = (—1.5,1.5) x (2,3) x (2,3). Figure 5-8

shows the geometry. In this example, we consider the bk manifold M = {ul*(u)|q

ug(p)la : p € PP = [2,4),g € T = HY?(T'™)}; for simplicity, we consider QP* = QP and
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we consider u™" = u,(u) with
1 cos(x3) kE=1;
9=gr(r1,23) = ¢ (x1 — 23)log(1 + (z1 +23)?) k=2;
\ sin(3mx123) k= 3.

Computations are based on a P3 FE discretization with A*X = 50389 degrees of freedom
in QP% and V' = 6253 degrees of freedom in Q. Figure 5-9 shows the solution to (5.4.4)
true

for g = g, k =1,2,3, and p = 4. Figure 5-10 shows the variations in [[ug™(1) || g1 (qory as

a function of p for g = g1; note that there are several resonances in the parameter range

considered.
Qbk ***********************
cht }7 T j\
lglcuti
) | sl
(b) (c)

Figure 5-8: Application to a three-dimensional acoustic problem: bk and extracted domains.

The case Pk = {i}

We first introduce the transfer eigenproblem and the transfer eigenspace. We consider
Y =HYQ), VP* = H(QX), and T = H'/?(T'™), each of them endowed with the same inner
products considered in section 5.4.1. We further discretize 7 through a 6 by 6 tensorized
Legendre polynomial expansion (N, = 36).

Figure 5-11(a) shows the behavior of )\ﬁ\vfﬁl with N for three different values of y, while
Figure 5-11(b) shows the behavior of the relative H' best-fit error EXS! defined in (5.4.3).
We observe that eigenvalues decay exponentially with a rate that strongly depends on the
wave number p. We further observe that, for the choices of g considered, only a subset
of modes actively contribute to reduce the best-fit error. Interestingly, the same pattern
is also empirically observed in [204, Figure 6.4]. We recall that (cf. Figure 5-10) there

are several resonances close to p = 4 and g = 6, and, due to (approximate) symmetry,
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Figure 5-10: Application to a three-dimensional acoustic problem: behavior of [Jug™ (1)l g1 (v
with p1 (g = g1).

many quasi-multiple eigenvalues: the former explains the slow convergence of the transfer
eigenvalues; the latter explains the staircase convergence of the best-fit error (essentially,

we must go through various symmetries which provide roughly the same eigenvalue before

finally arriving at the modal structure relevant to our particular solution).

The case Pk # {1}

We first study the behavior of the eigenvalues associated with the application of Algorithm

5.2.1. We here set ngpain = 8 and N, = 36, and we consider several values of N. Figure
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H* best-fit error
o

(a) (b)
Figure 5-11: Application to a three-dimensional acoustic problem: transfer eigenproblem. Behavior

of 4/ )\f\v/ijgl (Figure (a)), and of the H' relative best-fit error for three values of u (N, = 36).

5-12(a) shows the behavior of the transfer eigenvalues XVin for different values of p € [2, 4],
while Figure 5-12(b) shows the behavior of the POD eigenvalues APOP for different choices

of N. As in the previous case, we observe exponential convergence of the POD eigenvalues.

N

/\l’()l.)

(a) (b)

Figure 5-12: Application to a three-dimensional acoustic problem: application of Algorithm 5.2.1.
Figure (a): behavior of the transfer eigenvalues AM\i» for different values of p € [2,4]. Figure (b):
behavior of the POD eigenvalues A\EOP for different choices of N (n¢rain = 8, Nin = 36).

Figure 5-13 shows the performance of the data assimilation procedure. As in the pre-
vious example, we here apply PBDW based on Gaussian functionals (rgauss = 0.1), with
observation centers selected based on SGreedy-plus algorithm (tol = 0.2) and U = Y. To
assess performance, we consider H' maximum relative error over the three choices of the
Dirichlet datum gy (z2) = sin(rkas), k = 1,2,3, and nes; = 5 different values of p in PPk,
To interpret results, we also report the behavior of the H' best-fit error. We observe that,

as N increases, the background accurately represents the elements of the bk manifolds.
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Figure 5-13: Application to a three-dimensional acoustic problem: data assimilation results. Figure
(a): behavior of the H' best-fit error with V. Figure (b): behavior of the PBDW relative H' error
with M. (Nrain = 8, Min = 36, ntest = 5).

5.5 Conclusions

In this chapter, we presented a model reduction procedure for the construction of local
approximation spaces associated with parametric manifolds. This procedure is then em-
ployed to generate background spaces {Zx}n for localised state estimation in the PBDW
framework. The key elements of the technique are the transfer eigenproblem to manage
uncertainty in the boundary conditions, and a POD to manage uncertainty in the model
parameters. As explained in section 5.1, in developing our technique, we intended, but we
did not assume, that the localised solution manifold MP¥ is reducible.

Theoretical and numerical results were presented to demonstrate the effectivity of our
approach. If the uncertainty is confined to the boundary conditions of the PDE model, we
proved that our approach is optimal in the sense of Kolmogorov for a wide class of linear
inf-sup stable elliptic operators. In addition, numerical results for two acoustic problems
demonstrated that, for moderate wave numbers, it is possible to generate accurate local
approximation spaces even in presence of high-dimensional uncertainty at the boundaries of
the domain.

We finally highlight that our procedure relies on the assumption that the underlined
PDE model is linear and elliptic. Extensions of the procedure to nonlinear problems do not

appear to be straightforward.
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Chapter 6

The PBDW approach for noisy

measurements

We here discuss the PBDW formulation for pointwise noisy measurements. We introduce

the M experimental observations Yy = {y1,...,ynm} such that

Ym = M (2P) 4 e, m=1,..., M. (6.0.1)
Here, €1, ..., €5 are unknown disturbances caused by either systematic error in the data
acquisition system or experimental random noise, while X, = {a;‘l’bs, ey x‘j}s} denote the

M distinct observation centers contained in the domain of interest Q C R? associated with
the measurements Y. Then, given the background space Zy C C(2) and the Hilbert space
@, - 1), the PBDW state estimate u; associated with the dataset Dy = {(29b8, y ) Y M

m=1

is the solution to the minimization statement:

1 M

T 37 ) + () — )

() =g win €l +
1

(z,n)EZN X
which corresponds to (2.1.5) for £, = 6,01+, and 0P =y om=1,..., M.

We provide an outline of the chapter. In section 6.1, we introduce the key elements
of the theory of Reproducing Kernel Hilbert Spaces (RKHS), and we comment on their
application to our framework. We then present a priori (section 6.2) and a posteriori
(section 6.3) error analyses for the L? state estimation error, and we discuss an adaptive

strategy to improve performance (section 6.4). Finally, we present numerical results for a
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synthetic model problem, and for the experimental thermal patch configuration.

6.1 Reproducing Kernel Hilbert Spaces for PBDW

6.1.1 Theoretical background

Reproducing Kernel Hilbert Spaces (RKHS) are ubiquitous in several fields of applied mathe-
matics and engineering. The notion of Reproducing Kernel was first introduced by Stanislaw
Zaremba in 1907, and then systematically studied by Aronszajn in 1950 (|5]). Since then,
RKHS have become central in the modern theory of learning for regression and pattern
recognition ([201, 199]), scattered data approximation ([41, 230]), and meshless methods for
solving PDEs ([19]). General introductions of the theory of RKHS are provided in Berlinet,
Thomas-Agnan ([29]), and Wendland ([230]). We shall here present a brief overview of the
main definitions and central results from the perspective of scattered data approximation.

An Hilbert space (U, || - ||) is a RKHS if the point evaluation functionals are continuous,
ie. §; € U for all x € Q. This is equivalent (cf. [230, Theorem 10.2]) to assume that
there exists a function K : Q x © — R such that (i) K(-,xz) € U for all z € Q, and (ii)
(K(-,z), f) = f(x) for all z € Q and f € U. The function K is called Reproducing Kernel.
With some abuse, in what follows, we use notation K, = K(-,z). We observe that K, is
simply the Riesz element associated with the point evaluation functional d,, K, = Ryd:.

A function K : Q x Q — R is a symmetric positive definite (SPD) kernel if (i) K(z,y) =
K(y,z) for all 2,y € Q, and (ii) for any set of N distinct points in Q, {z»}N_, C Q, the
matrix K € RV defined as Ky = K (m?lbs,xfl]?s) is positive definite. It is easy to verify
that if ¢ is a RKHS such that point evaluation functionals are linearly independent then
the corresponding reproducing kernel is SPD (cf. [230, Theorem 10.4]). The converse is also
true: given the SPD kernel K there exists a RKHS for which K is the reproducing kernel,
which is referred to as native space of K. The latter result is known as Moore-Aronszajn
theorem and was first proved in [5].

Given the SPD kernel K, it is important to characterize the regularity of the correspond-
ing native space Y = U(K). Next Theorem and the subsequent corollary address this point.

Given the function f € L?(R%), we denote by f the corresponding Fourier transform.

Theorem 6.1.1. (/230, Theorem 10.12]) Suppose that ® € C(RY) N L' (RY) is a real-valued
function such that K : Q x Q@ — R defined as K(x,y) = ®(x —y) is a SPD kernel. Then,
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the real space

G= {f € L*(RH N CRY) : / € L2(Rd)} (6.1.1a)

endowed with the inner product

(f.q) = (27:)(1/2 3 W du (6.1.1b)

1s the native space of K.

Corollary 6.1.2. (/230, Corollary 10.13]) Suppose that ® € C(R%) N L*(RY) satisfies
(14 [|wl3) ™" < Bw) < c2(1+[|wll3) %, w e R, (6.1.2)

for some c1,c2 > 0 and s > d/2. Let us further suppose that K(z,y) = ®(x —y) is a SPD

kernel. Then, the native space associated with K coincides with the Sobolev space H*(R?).

An important class of kernels, which is employed in the numerical simulations, is given
by the compactly supported radial basis functions of minimal degree (csRBFs), also known
as Wendland functions. This class of kernels was first proposed by Wendland in [229], and
is defined as K, (x,y) = ¢qr(7||z — y||2) where x = [k, 7] and

Pak(r) = (6.1.3a)
0 r>1
The polynomial pgj has the following form for £ = 0,1 and for all d:
(1 — r)bar k=0
Pak(r) = (6.1.3b)

(1 —m)fartl (lgr+1Dr+1) k=1

and lq) = L%J + k + 1. We observe that it is possible to generalize (6.1.3b) to the more
general case k € N; we refer to [230, Table 9.1] for the explicit formulas.

Next result clarifies the connection between csRBF and Sobolev spaces. We refer to [230,

Theorem 10.35| for the proof.

Theorem 6.1.3. Let us consider the compactly supported RBF K., K, (x,y) = ¢qr(v||x —
yll2), introduced in (6.1.3). Let Q = R?, and let either one of these conditions hold: (i)
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d>3, k>0, o0r (i)d>1, k>0. Then, the native space for K, is the Sobolev space
H(d+1)/2+k<Rd).

We observe that by restricting ourselves to csRBF kernels, the choice of the inner product
reduces to the choice of the parameters y = [k,~]: the parameter k determines the Sobolev
regularity of the native space, while the constant v influences the characteristic length-scale
of the elements of the update space. Recalling the scaling property of Fourier transform and
(6.1.1), for fixed k we find that the Kernel K, (z,y) = ¢qr(v||z — yl|2) induces the inner

product o
v f@ie)

(f,g)vz(gﬁ)dﬂ Ri D(w/v)

)

where ® is the Fourier transform of ®(z) = ¢ar(||z]]2). We observe that as v decreases, we

penalize more and more high-frequency modes.

6.1.2 PBDW for pointwise measurements with explicit kernels

Algorithm 6.1.1 PBDW approach for pointwise measurements. Offline-online computa-
tional procedure
Offline stage

1: Choose a family of kernels (e.g. (6.1.3))
2: Generate the background Zy C U
3: (If possible) Select the observation centers 28, ... z5b € Q

4: Compute the matrix L (2.3.1)

Onine stage
1: Acquire the measurements y1,...,yn
2: Choose the parameters of the kernel and the regularizer weight £ (cf. section 6.4)
3: Assemble the matrix (2.3.2b) and solve the linear system (2.3.2b)

4: (If needed) Evaluate the state using (2.3.2a).

The duality between RKHS and SPD kernels has important implications for our discussion.
In Chapters 3, 4 and 5 we first proposed an inner product (-,-) and then we appealed

to a FE discretization to compute the Riesz representations of the observation functionals
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(cf. Algorithm 2.4.1, Chapter 2). For pointwise measurements, we might first propose an
explicit SPD kernel, and then appeal to Moore-Aronszajn theorem to recover the variational
formulation. This prevents us from having to solve M FE problems to build the update space
Upr. In addition, since K is known explicitly, we can efficiently adapt the characteristic
length-scale of the elements of the update space during the online stage. As discussed in
Chapter 3, this might be extremely important for sufficiently large values of M.

Algorithm 6.1.1 summarises the computational procedure. We observe that during the
online stage we should first select the parameters of the kernel. We discuss how to practically
select these parameters in section 6.4. We further observe that, although we can compute
the solution to (2.3.2b), the matrix Z (2.3.1) is not in general computable. As a consequence,
we cannot estimate the inf-sup constant Sy s (2.2.2). Therefore, we cannot directly apply

the SGreedy-plus algorithm described in Chapter 3 to select the observation centers.

6.2 A prior: error analysis for pointwise noisy measurements

We present a priori estimates for the L?(2) state-estimation error Hutme—ugH r2(q)- We state
upfront that in this section we assume that Zy C Y. The importance of the error analysis
is twofold. First, it motivates our formulation from a theoretical viewpoint. Second, it
provides insights about the role of the different pieces of our formulation: the regularization
parameter &, the background space Zy, the kernel K and the centers X);.
In order to derive error bounds for the L?(f)) state-estimation error ||u""¢ — ugl 2
we must first introduce assumptions on our dataset Djs. To our knowledge, three different

scenarios have been considered so far.

1. Random-design regression: the pairs {(x9>, 4,,)}_, are drawn independently from a
joint unknown distribution p(x y). In this case, the objective of learning is to estimate

the conditional expectation E[Y|X = z].

2. Fized-design regression: the centers Xy = {x$P,... 29>} are fixed (non-random)

points in , while the responses Vs = {ym }M_; satisfy y, = u'™(22%) + €,,, where
u™e : Q — R is the deterministic field of interest and ey,...,€ep are independent

identically distributed (i.i.d.) random variables with zero mean and variance o2, €, ~

(0,02).
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3. Scattered data approximation: both centers Xj; and responses YVjys are non-random,
and we assume that there exists some unknown & > 0 such that |y, — u""(z°P%)| < 6

forallm=1,..., M.

The first scenario has been extensively studied in the statistical learning literature (see, e.g.,
[174, 221]). We refer to [99] for a complete review of the error bounds available. The second
scenario has also been studied in statistics; we refer to the survey [91] for further details
about a specific class of kernels. Finally, the third scenario has been studied in approximation
theory and radial basis functions (see, e.g., [230]). From the modeling perspective, the first
scenario refers to the case in which we do not have control on the observation centers, the
second scenario addresses the problem of random error in the measurements, and the third
scenario addresses the problem of systematic deterministic error. In this thesis, we provide

error bounds for the second and the third scenarios.

6.2.1 Preliminaries

In view of the proofs of the error bounds, we introduce a regularized formulation of the

APBDW statement proposed in this work: given A > 0, £ > 0, find uj\é € U such that

uhe = argmin J{() = &l + o7 f (ula) —om) (6.2.1)
m—
where the seminorm | - ||y x is defined as
lwll} & = AT zywl® + [Tz w]*. (6.2.2)
We observe that for any A > 0, the function || - ||y x is a norm equivalent to || - ||. We also

observe that for A = 0, problem (6.2.1) corresponds to (2.2.7).

Next Proposition summarizes a number of properties of problem (6.2.1).
Proposition 6.2.1. Let By > 0. Then, the following hold.

1. For any A > 0, the solution to (6.2.1) exists and is unique. Furthermore, if we introduce
Me = Hzﬁujﬁ, ¢ =1lzyul ¢, we have that ny . € span{HZﬁ Kxgr?s}%:l and 23, €

span{Ilzy K oope }i1-
2. For any € > 0, the solution u’j\g converges to the solution ug to (2.2.7) when A — 0%,
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3. For any A > 0, the following bounds hold:

o
||utrue —ur H)\,N < 2”utrue||>\7N + —, (623&)
M 2V/€
and
I el < VAT (54 55y, (6230)

M
where [[ull 2y = v/ SH (u(aghe))2.
We prove each statement separately.

Proof. (statement 1) For any A > 0, u Hu”?\N is strictly convex, while u — Vjs(u) is
convex. This implies that for any £ > 0 the objective function Jy ¢(u) = £||u||§\N + Var(u)
is strictly convex. Therefore, existence and uniqueness of the solution to (6.2.1) follow from
[74, Theorem 3, Chapter 8.2]. We observe that z € Q N = iz K, + HZ]#KJ;, is
the Riesz representer associated with d, in (U, || - ||z n). We have indeed that for all v € U

and x € 2

A
(@2 )N = X(HZNK:E’U) + (HZI#K:E,U) = (K, z,v+ Hzﬁv) = (K, v) = v(x).

Exploiting the representer theorem (see, e.g., [230, Theorem 16.1]) we have that u}, €
span{@ . As aresult, we have that n} . € span{HZL il

obs obs m 1>

for any A > 0. 0l

Proof. (statement 2) Let {)\;}; be a real sequence such that \; — 07. Exploiting the first
statement of Proposition 6.2.1, we have that sequences {nij,g}jv {Zij,g}j belong to finite
dimensional spaces that do not depend on A. Furthermore, applying Lemma 2.2.2, it is
possible to verify that they are uniformly bounded for all j. Therefore, applying Bolzano-
Weierstrass theorem, the sequence {Uij,g = 77,*\1,5 + Zij,g}j admits a strongly convergent
subsequence {u}, (}x to uz € U.

We now show that ?Ig = ug We first observe that

M
1 2 1)~
IeC08,0) = A [l sl 3 (1ot —um) = I ko
~———

1
<C =
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We further observe that for any Ag > 0

1
T

1
() S TVep), k=12,

75

and by taking the limit on both sides, we obtain

IO @) < IO ()

Since ug is the unique minimizer of (2.2.7), we must have uf = u;. Furthermore, by the
same argument, ug is the only limit point of the sequence; therefore, the entire sequence

converges to u/\g Thesis follows. O

Proof. (statement 3) For A > 0, || - ||y n is a norm for U; therefore, estimates (6.2.3a) and
(6.2.3b) follow directly from [129, Corollary 4.3] and [129, Lemma 4.5]. The extension to

A = 0 follows by observing that uj\é converges to uz when A — 0T (cf. statement 2). O

Given the observation centers X3, and the background space Zp, we define the constant

Cnx,, as
HUH%Q(Q)
CnN,x,, 1= sup , (6.2.4)
T e W Il + kG Tl
where hy,, is the fill distance defined as
hx,, = sup minM |z — 2°P%|5. (6.2.5)

zeQ m=1,...,

We anticipate that the constant Cy x,, enters in the upper bounds for the state-estimation
error. Next Lemma shows a bound for Cy x,, that depends on the constant ¢y, s introduced

in (2.2.10).

Lemma 6.2.1. Let Q be a Lipschitz domain and let U be the Sobolev space H™ () with
T > d/2. Let us assume that the inf-sup constant By defined in (2.2.2) is strictly positive
and hy,, < 1. Then, the constant Cn x,, defined in (6.2.4) is bounded by

1

: 27—d ’
min{cy a1 — hXM

Cnay <

(6.2.6)
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where cn ar is defined in (2.2.10) and C depends on the domain Q and on (-, ).

Proof. Let us define the constant

o HUHQLQ(Q)
Yy, i= Sup .
M ueu b |lull? +h§fMHUH§2(Xm

Recalling [129, Theorem 4.§], GXM is bounded from above by a constant C that does not
depend on M.

Since Bn,m > 0, recalling Lemma 2.2.2, we have that
MLz g ul® + [l gy, = enarllull?,

where ¢y a7 > 0 is given by the expression in (2.2.10). Then, we observe that

hggM”HZf\-,uHQ + hg(MHu”?Q(XJW) = h%gM (”HZI{-,UHQ + ||UHEQ(XM)) + (hg(M - h%(TM> Hu||%2(XM)
—d
> CN,Mh%(TMHUHQ t (1 - h?\z;u ) hg{M HUHEQ(XM)
. 2r—d 2 2
Z mln{CNyM, 1— h.XT]\/I ( XIMHUH + hX]\/j ||52(X]\4)> :
As a result,
. ul22 0 ( ]z o) ) 1
N, Xy = Sup - b i ‘
Y weu W Mzl + G el uetd W3 Mull? + s, lullfe x,,) ) mindew,ar, 1= 3
SC’
Thesis follows. =

Exploiting the definition of ¢y as (2.2.10), we find that Cy x,, is asymptotically bounded
as M — oo for fixed N; on the other hand, the dependence on N heavily depends on
the background Zy. Practical estimates of Cy x,, require the solution to a a generalized
eigenproblem?, which involves the matrix Z in (2.3.1); this requires that the basis (1,. ..,y

satisfies (, () = Zk 1 gk Kz, ,(-) for some {a, 1} and {Zp} CQ,n=1,...,N.

'We refer to [103] for a discussion on the use of meshless methods based on csRBF for the solution to
eigenproblems.
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6.2.2 An a priori error bound for scattered data approximation

We state the main result of this section.

Proposition 6.2.2. Let Q2 be a Lipschitz domain and let U be the Sobolev space H (2) with
T >d/2. Let By in (2.2.2) be strictly positive. Let us further assume that measurements
are of the form ym, = u™ (2% + €, with |ey| <6 form=1,... M.

Then, if u'™ € U, the following holds:

2 2
[0 22y < Covns ( 35, (2™l + S L) 4wt ar (54 YL uime)
elrzQ) = » XM X Zx 2\/5 X 9 Z% )

(6.2.7)

where Cn x,, is defined in (6.2.4), and hyx,, is defined in (6.2.5).

Proof. The proof replicates the argument of [129, Theorem 4.11]. Recalling the definition

of Cn,x,,, we have
2 2 2 d 2
o gy < Oy (W, ML (0™ = )2 + A, 1™ = )

Then, using (6.2.3a) and (6.2.3b), we obtain

NGRS

1 2 2
™ 2y < O (h%zM (2 52 ) i, 01 (54 g ) ,

VE
which is the thesis. O

Remark 6.2.1. For quasi-uniform grids, hx,, ~ M=, for M — o, the right-hand side

reduces to
rue * rue T 1 2

where

VEIT e
N

: (6.2.8b)

By minimizing with respect to A, we obtain that the asymptotically optimal choice of &
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18

5 2/3
¢ = () Yl (6.2.9a)

ML wtree]

For this choice of the hyper-parameter, we obtain:
a7 — uf |20y S O (anﬁutmnﬂ?’ AR LI 52) M - . (6.2.9b)

We observe that for any finite § > 0, we do not expect convergence in a L? sense. We also
observe that the optimal value of & is directly proportional to §, inversely proportional to the

background best-fit error ||I1 - ut™ €| and decreases as M increases.
2:N

Remark 6.2.2. In the case of perfect measurements, estimate (6.2.7) reduces to

1
'™ oy < 3O Tz (16h3, + b, ME ). (6:210)

We can decouple the right-hand side of (6.2.10), as the product of two terms: (i) Cn x,, HHZﬁutrueH{

and (ii) 16h%};M + hgl(MMé. Recalling that Cn x,, is asymptotically independent of M (cf.
Lemma 6.2.1 and (2.2.10) ), we find that the first contribution is independent of the number
of measurements M ; on the other hand, the second contribution is independent of the back-
ground Zy. We thus observe a multiplicative effect between M convergence (associated with
the update) and N convergence (associated with the deduced background). We note, however,
that while the M term is guaranteed to decrease as M increases, in general it is not possible

true ||2

to guarantee that C’N,XMHHZJ#U is monotonic decreasing with N. We investigate such

multiplicative effect of the approach in the numerical results.

6.2.3 A priori error bounds for fixed-design regression

In view of the presentation of the main result, we define the matrix A; € RN+MN+M

MI+K L
Ag = § , (6.2.11a)
LT 0

149



associated with the linear system (2.3.2b). Then, we introduce ¥ € RN+MN+M

Y= . (6.2.11b)

Finally, we introduce M € RN+M:N+M gch that

qubs l:].,,M
M= [ Gle)vo@)ds, i) =4 (6.211¢)
N Gy i=M+1,.... M+ N

We further decompose the datum y;; as

Ym = yy\l;[ue + €, y?\l;[ue = [utrue(x(l)bs), ) utrue<x§)\l/}s)]7 €= [61’ SRR €M},

and we define €,,5 = [€,0] € RM TN We observe that V(€,y) = 023, where ¥ is defined in

*,0=0 true

(6.2.11). Then, we introduce the solution u to (2.2.7) for yy = yj'® and the vectors

of coefficients u*, u*=0 ¢ RM+V,

associated with ug and ug’azo.

We can now state the error bound.

Proposition 6.2.3. Let 2 be a Lipschitz domain and let U be the Sobolev space H™ (2) with
T >d/2. Let By in (2.2.2) be strictly positive. Then, if u'™® € U, the following holds:

E [||utrue . ug||§2(m} < %CN,XM (16h§gM + thMM§> Iz u™e)|? + 202 T, (6.2.12)
where T7 = trace (Agl MAgl E). Furthermore, if ut™® € Zx, we have
E [||utfue . uguig(m} =527, (6.2.13)
Proof. We observe that

*,0=0

Huz N ug H%2(Q) _ (u* _ u*’JZO)TM (u* o u*,O'ZO) _ egug (Agl MAE1> €aug-
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Then, applying [183, Theorem C, Chapter 14.4], we find
E [[lu —uf " )20y | = o trace (A MA; z) (6.2.14)

We now distinguish two cases. If u'™¢ € Zy, then uz’ozo = '™ and (6.2.14) implies

(6.2.13). On the other hand, if u"™® ¢ Zy thesis follows by observing that

T r ,0=0 ,0=0
E [||u§ — uell%Q(Q)] < 2[u"™ — w0 Ty + 2E [HUE — g H%Q(Q)]
and then combining estimates (6.2.10) and (6.2.14). O

We observe that (6.2.12) can be easily extended to correlated noise by appropriately
modifying the matrix ¥. We further observe that, unlike in the previous case, it is not
evident how to provide explicit estimates for the optimal value of £. However, since 77 is
computable, in the case of perfect model, we can estimate numerically the optimal value of

& a priori. We investigate this aspect in the numerical section.

6.3 A posteriori error analysis for pointwise noisy measure-

ments
Next result provides the identity of interest.

Proposition 6.3.1. Let {xObb I 1 be drawn independently from an uniform distribution
over Q). Let y; = utr“e(x‘]?bs) +0; + €5, where €1,...€5 are i.i.d. random variables such that
€5 ~ (0,0%) and 61,...,0; are deterministic unknown disturbances. Let us further assume
that {:U;?bs}}]:l and {ej}jzl are independent random sequences.

Then, we have that the mean squared error

MSE, = & Z( yi — uf( 0b5)>2 (6.3.1)

J=1

satisfies

EMSE;] = E?

mean

% \

z:: 922;7: </ "“e(x)—ug(x)dx> (6.3.2)
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where E2... is defined as follows:
2
E2 . = 9] / u"™(z) — uf(z))” da. (6.3.3)
Proof. To simplify notation, we introduce the random sequence {e; = utme(mg?bs) ug (xObS) ]J:y
We observe that eq,...,e;y are i.i.d. and E[ez] = ﬁ”utr“e - u)\£||L2(Q Then, exploiting

obs J

linearity of the expected value operator and the fact that {z$"};_; and {; }] , are inde-

pendent, we find

E[MSE;] =E [ei] +E [€]]

km—‘

Thesis follows. O

We observe that MSE; = ‘ | (J v = 0) where E is the error estimator defined in
Chapter 4.3.1 for ¢(-,x,v = 0) = §,. As discussed in Chapter 4, in absence of systematic
noise (0; = 0), identity (6.3.2) reduces to

EMSE;] = E2.., +0°. (6.3.4)

mean

Estimate (6.3.4) shows that for random noise (4; = 0) the mean squared error (6.3.1) can be

2 is independent

used to asymptotically bound the squared L?(€2) error. Furthermore, since o
of the state estimate, minimizing the mean squared error is equivalent to minimize the L?(£2)

error. The latter observation motivates the adaptive strategy presented in section 6.4.

6.4 Adaptivity

As observed in the previous sections, our procedure depends on a fair amount of design
choices, which include the choice of a number of hyper-parameters and the choice of the
observation centers and background space Zy. In section 6.4.1, we discuss how to exploit
the error analysis to perform some design choices a priori. Then, in section 6.4.2, we discuss
the adaptive strategy used to tune the parameters of the formulation after having acquired

data.
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6.4.1 A priori considerations

We recall that the PBDW state estimate ug is given by

M
. 1 2
ug = arg min fHHzﬁUHQ + i E <u(x$,'fs) — ym> (6.4.1)
m=1

where Zxy = span{(,}"_;. We observe that the formulation depends on the regularization

obs}M
m

parameter £, the sensor locations Xy = {25}, _; and the choice of the reproducing kernel

K associated with (U, || - ||).

The hyper-parameter £ > 0 controls the amount of regularization introduced: for £ =0,
the solution to (6.4.1) interpolates exactly the data while for & — oo, the solution to (6.4.1)
converges to the least-squares solution. Our error analysis shows that the choice of £ strongly
depends on the noise variance o2 and on the maximum systematic error 6 and also on the
accuracy of the model ||II zi u'™||; in some applications, noise level can be estimated from

reanalysis, on the other hand, it is extremely difficult to estimate ||II zi u™®|| a priori.

Since in this work we employ csRBF kernels, the choice of the kernel K reduces to the
choice of the hyper-parameters k and v in K, (z,y) = ¢q4r(7||z —yl|2), where ¢4, is defined
in (6.1.3). As stated in Proposition 6.1.3, the parameter k determines the Sobolev regularity
of the RKHS. Recalling estimate (6.2.9) and Proposition 6.1.3, the optimal value of & should

trueHhEg;;l)/ 2k it is thus extremely problem-dependent. The parameter v

minimise ||[IIz . u
N
regulates the length scale of the kernel functions. In our experience, for small values of
M, the choice of v weakly influences the results; we can thus pick v a priori such that the
kernel functions {Kjobs},, share the same length scale with the elements of Zy. On the
other hand, for larger values of M, the choice of v significantly influences the performance

of the method and it must be adapted using data. We remark that by changing k and ~ we

effectively modify the inner product (-,-) and thus the penalization term || - || in (6.4.1).

If we neglect the effect of the sensor locations on the stability constant Cx x,,, the
error analysis suggests to choose the observation centers to minimize the fill distance hy,,
in (6.2.5). For N ~ M, sensor location might influence significantly the value of Cy x,,.
As a result, it might be worth to choose the observation centers to maximize Cy x,, for
any given M. In Chapter 3, we presented a Greedy strategy (cf. Algorithm 3.2.1) for the

selection of the observation centers that tries to maximize the inf-sup constant Sy ys defined
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in (2.2.2) in a Greedy manner. In this respect, we observe that calculations of Sy s (and
also Cn x,,) involve computation of the matrix Z in (2.3.1). As observed in section 6.2.1,
computation of accurate approximations of the matrix Z for general background spaces is
unfeasible. Extension of Algorithm 3.2.1 to pointwise measurements is the topic of ongoing
research.

In our numerical simulations, we choose adaptively the regularization parameter £ and
the kernel parameter ~, while we pick k a priori, and we simply consider equispaced obser-
vation centers. We remark that equispaced observation centers prevent us from considering
N ~ M. In the next section, we present the algorithm used to perform online adaptation.
We note that our adaptation procedure could be also applied to automatically select the

hyper-parameter k.

6.4.2 Adaptive procedure

In the Statistical Learning literature, several approaches have been presented to tune the
design parameters of reguralized regression formulations; we refer to [104, Chapter 7] and
to [128] for a thorough overview. The adaptive strategy depends on the size of the dataset,
which in our context corresponds to the amount of available transducers. If we denote by L

:c‘l?bs, yg)}£:1 the corresponding dataset,

the number of available transducers and by Dz, = {(
for large values of L, the holdout method is the most widely used approach. On the other
hand, for small values of L, k-fold cross-validation is typically employed. In the remainder
of this section, we briefly review these techniques and we discuss their application to our
problem.

The holdout method partitions the dataset Dy, into the two mutually exclusive subsets
Dar = {(22, y)}M_, and Dy = {(x?bs, ;) 3]:1. Given the finite dimensional search space

Hhwrer for (€,7), we generate the state estimate ug - based on the training set and then we

compute the mean squared error over the validation set
1 * obs 2
MSEy(&7) = = Y (v — k(™)) (6.4.2)

for each (£,7) in $HPe". Finally, we choose the state estimate associated with the choice
of (£,v) that minimizes MSE;(£,v) over $™Per. Recalling Proposition 6.3.1, if {:c?bs}j

are drawn from an uniform distribution over 2 and the disturbances are homoscedastic,
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this choice of the hyper-parameters asymptotically minimizes the L? state-estimation error.
This result holds independently of the strategy employed to compute the state estimate and
thus independently of the strategy employed to select the training observation centers. As
discussed in Chapter 4, if ugﬁ is an accurate description of the true field «**%¢, M SE rapidly
converges to its expected value. Therefore, the number J of measurements that should be
reserved for validation is modest.

Cross-validation is based on the partition of the dataset Dy, into k equal-sized subsamples
(folds) {D(Lk)}zzl. Of the & folds, a single fold is retained for testing and the remaining x — 1
folds are used for training. The procedure is then repeated x times with each of the x folds
used once as the validation dataset. In the limit L = k, the procedure is known as Leave-
One-Out Cross-Validation (LOOCV). We observe that, even for moderate L, x-fold Cross-
Validation can be quite expensive if k ~ L. For this reason, generalized cross-validation
strategies, which focus on computing computationally inexpensive approximations of the
error indicator, have been developed. We refer to [104, Chapter 7.10] and to the references
therein for further details.

In this paper, we exclusively employ holdout validation and we refer to a future work
for the application of more advanced cross-validation strategies. Motivated by the previous

discussion, in this work, we here choose the validation sensors by sampling uniformly over

Q.

6.5 Numerical results

6.5.1 Application to a synthetic two-dimensional acoustic problem

We first consider the two-dimensional acoustic problem introduced in Chapter 3.3. To

assess the performance, we introduce the relative L? error averaged over \Pg'}l;in] = Nirain

fields associated with different choices of the parameter u:

1 [ut (1) — ug ()l L2

Ntrain et Hutrue (,u) HL2(Q)

train

E;S/lg (ntrain) =

(6.5.1)

In all our numerical tests, we consider noisy observations with additive Gaussian noise:

id

Yo = u(xy) + €, e T~ N(0,02). (6.5.2)
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As in Chapter 3.3, we build the background spaces { Zx } 5 using the weak-Greedy algorithm.
We employ csRBF with k = 1; recalling Proposition 6.1.3, this corresponds to U = H*°(R?).

6.5.2 Results of the data assimilation procedure (noise-free case)

We first visualize the PBDW state estimates for two distinct choices of u™€. We consider

i = 6.6, and we consider u'®

= ug—o(p) and u'™® = uy—z(u); PBDW state estimates
are based on the background Zy_5 and on M = 25 equispaced measurements. We rely on
holdout validation (J = 12) to choose the value of the hyper-parameters &,v. Figure 6-1
shows (the real part of) the true state, the PBDW state estimate ug, the deduced background
z¢ and the update 7. As observed in Chapter 3 (cf. Figure 3-6), for u"™® = ug—q(u) the
update 77’5* is negligible; the reason is that the true state is well-approximated by its projection
over Zy. On the other hand, for u"™"® = u,—;(u) we observe that the update is appreciable,
and plays a significant role in improving the accuracy of the state estimate uz These results

strenghten the interpretation of the components of the PBDW state estimate provided in

Chapter 2: zg addresses the parametric uncertainty in the model, while n* accomodates

non-parametric uncertainty.

| I

0 02 04 06 08 1

(b) R(ug) (e) R(z) (d) R(ng)

(e) R(u"™),9=9 (f) R(ug) (8) R(z) (h) R(n¢)

Figure 6-1: Application to a two-dimensional acoustic problem: visualization of the PBDW state
estimates for N = 5, M = 25, J = 12 (perfect measurements). The states in Figures (a) and (e)
correspond to p = 6.6.

Figure 6-2 shows the convergence of E;f,lg with IV for fixed M and noise-free measure-

ments. We compute E;f,lg using (6.5.1) based on nyain = 20 fields. We observe that conver-

156




gence with N is in good qualitative agreement with the behavior of the best-fit error

) Hutrue(u) _HZN’LQ Utrue(M)HLZ(Q)

Ntrain e Phk Hutrue (:u) ||L2 ()

train

E]r\‘;‘l =

)

where ITz 12 is the projection operator with respect to the L? inner product. If ut™e € MPk,
we observe fast convergence with N on the other hand, if u!™® ¢ MPX we reach a strictly

positive plateau.

10%6 10° 10
t— “M=9 “M=9

- M =25 - M =25

102 102 *—\ - M =64 o] - M =64
2 4

Error

best-fit error
Error

12

--perfect model | *
. ——imperfect model .

2 4 6 8 6 8 10 2 4 6 8 10
N N N

(a) L2-best fit (b) g=0 () g=4g

Figure 6-2: Application to a two-dimensional acoustic problem: convergence of E;‘f,lg with N for
fixed M for perfect (g = 0) and imperfect (g = §) model. Figure (a) shows the L2-best-fit error.

Figure 6-3 shows the convergence with M for fixed N and noise-free measurements. We
assess performance by computing E;f,lg in (6.5.1) averaged over ny.in = 20 fields. We observe
that, with the exception of N = 5 for perfect model, the rate of convergence with M weakly
depends on the value of N: in this test, we observe E;f’,{o, ~ M™% with s € [1.3,1.5] for all
cases considered. This empirically confirms the multiplicative effect between N convergence
and M convergence observed in Remark 6.2.2. A possible explanation for the contrasting
results for the case (N = 5,¢ = 0) is due to discretization effects: since in this case the error
utrue — zg is highly oscillatory, the adaptive procedure selects large value of the parameter

~ that are not well-resolved by the Finite Element mesh used to estimate the norms and to

compute the true solution.

6.5.3 Comparison with H'-PBDW

We now wish to compare the approach presented in this chapter with the original PBDW
approach discussed in Chapter 3. We refer to the former as adaptive PBDW (A-PBDW) and
to the latter as H'-PBDW. For N = 5, we compare the behavior of the averaged L2-relative
error Eel (6.5.1) for nipain = 10 different fields. We consider both the case of perfect model

avg
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Error
Error

10" 162 103 10" 162 103
M M
(a) g=0 (b) g=3

. . . . . . i . 1 .
Figure 6-3: Application to a two-dimensional acoustic problem: convergence of E;5, with M for

fixed N for perfect (¢ = 0) and imperfect (¢ = §) model (I = M/2). Estimated convergence rates
for perfect model: —1.48 (N =1), —1.30 (N = 3), and —1.00 (N = 5). Estimated convergence rates
for imperfect model: —1.46 (N =1), —1.32 (N = 3), and —1.32 (N =5).

and the case of imperfect model. For H!-PBDW we consider Gaussian functionals with
standard deviations rgauss = 0.01 and rgauss = 0.02. In all cases, we consider the same
set of training points chosen based on the SGreedy-plus algorithm presented in Chapter
3. We remark that for A-PBDW we use pointwise measurements, while for H!-PBDW
measurements are evaluations of the Gaussian functionals.

Figure 6-4 shows the results?. We observe that A-PBDW significantly outperforms H'-

PBDW. The difference becomes even more evident if we consider a smaller value of rgauss-

6.5.4 Interpretation of the hyper-parameters v and &

We investigate the connection between the optimal value of £ and the signal-to-noise ratio.
In Figure 6-5, we compute the mean squared error over the validation set for the estimation
of the state associated with the parameter p = 5.8. We consider M = 225 and we compute
the mean squared error based on J = 110 measurements. We both consider the case of
perfect model ( g = 0), and the case of imperfect model (g = g). For this test, we employ
the background Zy_5. We observe that the optimal £ depends on model error and on noise
level. In more detail, we observe that for g = 0, the adaptive procedure selects large values
of ¢ regardless of the noise level, while for ¢ = § it selects £ ~ 1077 for ¢ = 0.05 and

€ ~ 107° for 0 = 0.4. Therefore, the optimal ¢ increases as noise increases, and decreases as

2We note that, as a result of validation, A-PBDW requires 3/2M measurements, while H'-PBDW only
requires M measurements. We argue, however, that the use of J = M /2 measurements is unnecessary for
noise-free observations. In addition, we might significantly reduce the gap by resorting to more advanced
cross-validation strategies.
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Figure 6-4: Application to a two-dimensional acoustic problem: convergence of E;f,lg with M for
fixed N for adaptive PBDW (A-PBDW) and for H!-PBDW (N =5, v = 1).

best-fit error increases. The latter empirical observation is in good agreement with (6.2.9a),

although the latter has been rigorously shown only for systematic noise.

In Figure 6-6, we investigate the influence of the kernel parameter v. We study the
behavior of E;f,lg with M associated with nt.m = 10 different values of the parameter u, for
the five-dimensional background Zy—5 and for two different search spaces $"P¢": in more
detail, in the first case we seek + in {0.1,0.5,1}, and in the second case we choose v in
{3,3.5,4}. Since we consider perfect measurements, results are not sensitive to the choice of
&. We observe that in the perfect-model case (Figure 6-6(a)) large values of v significantly
improve performance; on the other hand, in the imperfect model case (Figure 6-6(b)), the
first choice of $H™P" leads to more accurate results for all values of M considered. This can
be explained by observing that v has to match the length-scale of the field u'™"¢ — zg, and
strongly depends on the distance between observations (and thus M). This test motivates

the importance of adapting the value of 7. We remark that adaptation in - relies on the

availability of explicit expressions for the Riesz elements K,
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Figure 6-5: Application to a two-dimensional acoustic problem: interpretation of £. Results
correspond to u"™"® = u,(p = 5.8). (M =225, J =112, N =5).
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Figure 6-6: Application to a two-dimensional acoustic problem: interpretation of v (N =5, ¢ = 0).

6.5.5 Noisy measurements

We first study the behavior of the constant 77 introduced in (6.2.12). Figures 6-7(a) and
(b) show the behavior of 77 for equispaced measurements with respect to the value of £ and
for two values of 7. We observe that 77 is monotonic decreasing in £ and reaches a lower
bound for £ — co. Figure 6-7(c) shows the behavior of ming 77 with respect to the number
of measurements: ming 77 is independent of  and converges to 0 with rate M.

Figure 6-8 shows performance in presence of noise. As in the previous tests, we assess

performance by computing E;f,lg in (6.5.1) for npain = 1 (1 = 6.6); to take into account
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Figure 6-7: Application to a two-dimensional acoustic problem: 7. Figures (a) and (b): behavior
of 77 with & for v = 0.1 and v = 2. Figure (c): behavior of ming 77 with M for several values of 7.

randomness in the results, we average over 24 realizations of the random noise. We consider
the background Zy_5. In the case of perfect model, the estimated convergence rate in the
noisy case is roughly M %5 for all values of standard deviations o considered: this is in
agreement with the results shown in Figure 6-7(c) and with the mathematical analysis. On
the other hand, in the case of imperfect model, the estimated convergence rate in the noisy
case is roughly M %4, Interestingly, also in this case, the convergence rate weakly depends

on o.

10%} 10° ‘ 1
@ - = e T i 0.1\
TR~ T
co=1 _ co=1
10’ y 102 10’ . 102
(a>9:5’N:5 (b)g:;;,N:5

Figure 6-8: Application to a two-dimensional acoustic problem: convergence with M for fixed IV for
perfect (g = 0) and imperfect (g = §) model in presence of homoscedastic Gaussian noise. Estimated
convergence rates for perfect model: —0.5114 (¢ = 0.1), —0.5091 (¢ = 0.2), —0.5297 (0 = 0.4), and
—0.4641 (o = 1). Estimated convergence rates for imperfect model: —0.4759 (o = 0.1), —0.3235
(0 =0.2), —0.4155 (0 = 0.4), and —0.4443 (o = 1).

6.5.6 Application to the thermal patch experiment

We apply our procedure to the thermal patch configuration. For this test, we interpret pixel-
wise measurements as pointwise evaluations associated with the center of the pixel. Asin the

previous test, we perform holdout validation for £ and v with J = M /2. We assess perfor-

161



mance by computing the relative mean squared error M SE*! = Hu‘)bs—ugﬂiz(m / ||u°bs||%2(m
based on the full-field information. Figure 6-9 shows the convergence of M SE™! with M for

three values of V.

We observe that, while including the first snapshot leads to a substantial improvement
in the performances, considering N > 1 does not lead to any substantial improvement. We

further observe that for M ~ 100 we reach the estimated noise level

0.5°C
|| AO HL2(Q)

[[uebs|| L2 ()

est -—

2 . this can be explained by

As M increases, M SE™ becomes significantly lower than o2:

observing that for large values of M the amount of pixels used for learning (training plus
validation) is not negligible compared to the entire dataset. For M = 100, the amount of
pixels used for learning is 150, which is 8% of the total number of pixels. This introduces a

bias in our calculation of the relative MSE, M SE™!.

MSE™

10®
10" 102 10°
M

Figure 6-9: Application to the thermal patch experiment: convergence of the relative mean squared
error M SE™! with M for fixed N.

6.6 Conclusions

In this chapter, we extended the PBDW formulation to pointwise noisy measurements. The
extension relies on an adaptive procedure that properly takes into account the noise level,
and the characteristic length-scale of the difference u'™"¢ — zg. Adaptation in the value
of ¢ allows us to properly weight the trust in the bk model with respect to the trust in
the experimental measurements. The use of explicit kernels allows us to perform online

adaptation to tune the characteristic length-scale of the update functions. We presented
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a priori and a posteriori error estimates for the L? state-estimation error to motivate the
approach from a theoretical standpoint.

We also presented several numerical results to illustrate the different elements of the
formulation. In more detail, numerical experiments demonstrated (i) a multiplicative effect
between N convergence (associated with the primary approximation provided by the back-
ground Zy) and M convergence (associated with the secondary approximation provided by
the update Uyy), (ii) the practical importance of adapting the shape of the Riesz representers
based on data, (iii) L? convergence of the PBDW estimate to the true state even for noisy
measurements, and (iv) the improvement in the convergence rate with M with respect to

the H'-PBDW formulation considered in the previous chapters.
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Chapter 7

The microtruss problem

In this chapter, the first one of the second part of the thesis, we introduce the damage identi-
fication problem considered in this work: the microtruss problem. This physical companion
experiment will serve to illustrate and motivate the definitions given in Chapter 1.3.2, and
the computational approach proposed in Chapter 8. We first introduce the experimental
apparatus and procedure (section 7.1); then, following the general paradigm proposed in
[78] and outlined in Chapter 1.4.2, we provide an actionable definition of damage (section
7.2), we describe the data acquisition system, and we introduce the experimental outputs
(section 7.3). In section 7.4, we propose a parametrized mathematical model for the struc-
ture of interest which shall serve to estimate the experimental outputs, and we introduce a
mathematical description of the space of system configurations. In section 7.5, we formalize
the problem of feature extraction and we present the choice of the features for the microtruss
problem, and in section 7.6, we state the classification problem and we summarize all the

key definitions.

7.1 Experimental apparatus

We consider the acrylic microtruss system shown in Figure 7-1. The microtruss consists of
a 4 by 4 lattice of blocks of size lpiock X Lhlocks block = 0.25[in], linked together by horizontal
and vertical joints of size Ljoint X Rjoints Ljoint = 1[in] and Ajoing = 0.015[in]. The depth of
the microtruss is equal to ditruss = 1[in]. We state upfront that the actual geometry of the
microtruss is to be considered uncertain due to the (3d-printing) manufacturing process.

For this reason, the values reported above should be interpreted as nominal, and we shall
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refer to the configuration described above as the nominal geometry. We resort to cartesian
coordinates; since the geometry is independent of the third dimension, we use notation
dim _ L 1

x joint LT = Ljoint rier + Ljoint T2€2 = Ljoint

T2
to indicate a physical point in the microtruss; here e; and es are the canonical unit vectors,
and Ljoint = 1[in] is the non-dimensionalization constant. In what follows we exclusively
refer to non-dimensional quantities unless otherwise indicated. We refer to the blocks using
the matrix notation (4, ), 4,7 = 1,...,4: the i-index corresponds to the z; position and is
ordered from left to right in Figure 7-1(b); the j-index corresponds to the xo position and

is ordered from bottom to top in Figure 7-1(b).

Our goal is to detect the presence of added mass on top of block (1,4) and of block
(4,4). More precisely, we wish to distinguish between K = 4 states of damage: no added
mass (y = 1), added mass on top of block (1,4) (y = 2), added mass on top of block (4,4)
(y = 3), added mass on top of both block (1,4) and block (4,4) (y = 4). Note that state 1
shall correspond to no damage, and states 2, 3, and 4 shall correspond to different damage
configurations. We refer to the case of no added mass as the undamaged case. Figure 7-
1(c) shows the detail of the added mass on top of block (1,4) for a particular experimental

configuration. Added mass is of the same material as the microtruss system.

block

Shaker
(1,1) .atts(hment

-"‘f““ [m]

(b)

Figure 7-1: Microtruss experiment. Figure (a): experimental apparatus. Figure (b): schematic of
undamaged configuration at rest. Figure (c¢): detail of the added mass on top of block (1,4).
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7.2 Definition of damage

In view of the definition of damage, we first introduce the non-dimensional ratios

Vieft ‘/}ight (7 9 1)

= ]_ = 1
SL + ‘/-I'IOD'I7 SR + Vnom ’

where Viem = h fhlock dmtruss, B = %(fblock — hjoint ), is a nominal volume, Vg is the volume
of the added mass on top of block (1,4), and Vign is the volume of the added mass on top of
block (4,4). We observe that the ratios in (7.2.1) do not rely on any model of the structure.

We can now introduce the function f48m :[1,2]2 — {1,2,3,4} such that

1 sp,sp < 1.5,

_ sy, > 1.5, sp < 1.5,
F™(sp, sr) = " f (7.2.2)

sp, < 1.5, sgp > 1.5,

- W N

sr,8r > 1.5.

The function fd2™ reflects our actionable definition of damage for the structure of interest;
given the system configuration described by the pair (sz, sg), y = f4*™(sr, sg) denotes the
corresponding state of damage. For this reason, we refer to f9%™ as the damage function.
From an engineering perspective, equation (7.2.2) implies that system configurations should
be classified as damaged only if the added mass is "substantial", in our case of volume larger
than 0.5V,om ~ 0.37 - 1073[in]. We remark that, from a practical perspective, the proper
choice of the threshold is extremely important and should be related to appropriate safety
factors ([242]). In section 7.6 we shall provide a general form for the damage function in

terms of the system configuration.

7.3 Data acquisition and experimental outputs

We rely on a camera to acquire measurements of the xo displacement of the 16 respective
centers of the blocks as a function of time ¢ associated with @ different time-harmonic
inputs. The camera is carefully calibrated to permit its use for precise measurement. A
stroboscope flashing at the 10 Hz frame rate of the camera "freezes" the oscillation of the
blocks to yield crisp images suitable for subsequent processing. Frequencies of excitation are

offset by 0.1 Hz from integer values to ensure that each set of 100 consecutively captured im-
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ages corresponds to 100 equally spaced instants in a single period of oscillation. Excitations
are imposed by a linear voice coil actuator attached to the joint between blocks (2,1) and
(3,1); Figure 7-1(b) highlights in red the region of the microtruss attached to the actuator.
A linear flexure bearing is used to ensure that the excitation is imposed almost exclusively
in the xo direction.

We introduce the system configuration C associated with the particular specimen con-
sidered; we defer the formal definition of C to section 7.4. Then, we denote by { fq}ngl C
Ty := [20,80][Hz] the input frequencies and we denote by {lep(tZ f4C) | the raw time
signal for the xo-displacement obtained experimentally for the block (7, j) and the frequency
f4. Finally, we introduce the fitted amplitude {AEXp( f9C)}ijq and phase {ﬂXp( f4C)} g
such that!

gP(h f5C) m ALY (fY; C)cos(%fqtuqse"p(f C)) i,j=1,...,40=1,... L.

(7.3.1)
It is convenient to rescale amplitudes and phases as follows:

Anom S eX >'¢ —Tex —TeXxX
Aexp(fq C):= W Aijp(fq;c), &° p(fq C) = P(f C)— P(fq C), (7.3.2)
for Apom = 0.25. Figure 7-2 demonstrates the accuracy of the time-harmonic fit for the
blocks (1,4) and (4,4) in absence of added masses. In section 7.4, we describe how we shall

estimate {A7;°(f%;C)} and {¢;5"(f%C)} based on simulations.

7.4 Mathematical model for the experimental outputs

We first provide a mathematical description of the nominal geometry at rest. With this in
mind, we introduce the disjoint domains Q1, Q2,23 C 2, Q1 UQ UQ3 = Q. The subdomain
Qy is associated with the region of block (1,4) subject to potential damage; similarly, the
subdomain 3 is associated with the region of block (4,4), while ©; denotes the remainder
of the microtruss. We then recall the geometric parameters sp,sg € [1,2] in (7.2.1) such

that (sg — 1) Vaom and (sg — 1) Vjom correspond to the volume of the added masses on top

! Amplitudes and phases are estimated using the Matlab function fit ([150]), which relies on Levenberg-
Marquardt algorithm.
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Figure 7-2: Microtruss experiment. Time-harmonic xs-displacement of blocks (1,4) and (4,4) in

absence of added masses. The shaker input is displacement: AY™ cos(27 ft)es, AY™ = 0.02[in],
f = 35 [Hz].

of blocks (1,4) and (4,4), respectively. Assuming that the depth of the blocks is uniformly
equal to duptruss and the width of the block is uniformly equal to fpock, then we have that
(s —1)h and (sg — 1) h equal the thickness of the added masses on top of (1,4) and (4,4),
respectively. Figure 7-3 shows blocks (1,4) and (4,4) and provides a graphical depiction of
the previous definitions. In what follows, we introduce s := (sr,sg) and we denote by Qg

the domain Qs = Q1 U Qa(sz) U Q3(sg).

sph Qa(sz) Q3(sr) sph
,,,,,,, Tia | R
,,,,,,,, e ______~__— - -
h Ql Ql
(a) block (1,4) (b) block (4, 4)

Figure 7-3: Microtruss experiment. Parametrization of blocks (1,4) and (4,4).

We can now introduce the mathematical model of the displacement field in strong form.
With this in mind, we introduce the Young’s modulus E[Pal, the Poisson’s ratio v, the
density p[kg/m?], and the non-dimensional Rayleigh-damping coefficients «, 3. For acrylic,

density and Poisson’s ratio are well-characterized in the literature?: we therefore set

p=1180 kg/m?], v =0.35.

2See, e.g., [102, Chapter 3.6.2] for the Poisson’s ratio and the webpage pubchem.ncbi.nlm.nih.gov for
the density.
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On the other hand, we consider o, 3, F as uncertain parameters. We assume that the
(non-dimensional) displacement field associated with the microtruss system is of the form
UPk(z,t) = R{uP(z) es'} where wy = 27f and uPX : Qg — C? satisfies (in a distribu-
tional sense) the following linear two-dimensional (plane strain) elastodynamics model with

Rayleigh damping:

—pLE g Wi uP 4wy P (W) 4 L (uPK) =0 in Q,
uPK = g dir on I, (7.4.1a)
O’(ubk) n=20 on BQS\Fdir,

where I'Y" refers to the shaker attachment, o (uP¥) is the stress tensor, and n is the outward

normal. Here, the Dirichlet data is
g = dir ’ (7.4.1b)
the damping operator is
cdamp () = oz,oLJ?Omt v+pBL(v), (7.4.1c)
and finally the elasticity operator £(v) = —div(o(v)) is
sym (Vv) 4+ v

: E .
L(v) = —div (1 —|—y AT -2 d1v(v)]I> , (7.4.1d)

where I is the 2 by 2 identity matrix. Recalling the definition of the experimental outputs

in (7.3.2), it is easy to verify that the constant ¢ does not influence the outputs. For this

reason, we arbitrarily set ¢4 = 1.

We now introduce the anticipated configuration p as
w=lo,B,E, sL,sg] € PPk c RO, (7.4.2)

We observe that the solution uP* to (7.4.1) depends on the input frequency f and on g,

which we shall emphasize in the notation uP* = uPX(f; ). We further observe that the
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pair (sr,sg) is directly related to the definition of damage in (7.6.1), while the triplet
(a, B, E) collects material properties that are difficult to estimate exactly. We thus refer to
a, B, E as "nuisance variables". It is important to identify an appropriate domain for these
variables: too restricted a domain may confuse normal variations in the nuisance variables as
distinctions between different states, too expansive a domain may artificially conflate classes
and thus degrade classifier performance. We postpone the definition of the configuration set

PPk t6 the end of this section.

We observe that our mathematical model does not include some factors that may affect
the experimental outputs. More in detail, we do not take into account potential inaccu-
racies in the manufacturing process, which lead to extremely high-dimensional geometric
uncertainties, or to inhomogeneities in the material properties. Furthermore, we do not
prescribe a stochastic model for experimental noise. In anticipation of the development of a
rigorous mathematical formulation of the inference problem, we introduce an additional set
of parameters £ € V C RP, here referred to as hidden, such that the pair (, &) completely

identifies a system configuration:
C:= (1, &) € PP .= PPk x V. (7.4.3)

Our bk model corresponds to £ = 0.

Given the anticipated configuration i € PPX, we define the bk representation of the

experimental outputs Af);.p and qu);.p as follows:

A
and
bkee. ). bk .. .. f. _ bk - fe 7.4.5
z,](f?ﬂ) = arg { ug (xz,j7f7,u') arg | ug (332,17f7li) ) ( e )

where z; ; denotes the center of the mass (4, j) and arg(c) denotes the phase of the complex
number c. As stated before, the bk outputs considered do not depend on the value of

c¥™ in (7.4.1b). Provided that the linear model (7.4.1) captures accurately the physical
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phenomenon and the influence of the hidden parameter £ is limited, we expect that
ATP(f5 ) = APS(fim),  O5P(f5 ) ~ oP5(fi ),
for all f € Zy, pePPkandi,j=1,...,4.

7.4.1 Finite Element model

We resort to a FE discretization to estimate the bk outputs. In all our numerical simulations,
we appeal to a P4 FE discretization with n, = 528 elements, and 14670 degrees of freedom.
We observe that experimental outputs involve pointwise evaluations of the displacement field.
We do not implement any adaptive strategy to control pointwise error in the finite element
solution; we refer to the literature (see, e.g., [178|) for actionable methods to estimate and
control pointwise errors in FE approximations of elliptic problems

The use of high-order elements prevents the onset of shear-locking effects. It is indeed
well-known that P1 (and even P2) elements might fail to appropriately represent the correct
solution due to the poor approximation properties of linear (or quadratic) basis functions.
We refer to the Finite Element literature for a thorough discussion about this issue (see
[113] and [10, 9, 133]). Figure 7-4 empirically demonstrates this issue. We consider two FE
triangulations with ne = 528 and n, = 1296 triangular elements, and we consider different
FE discretizations of order one to five. Figures 7-4(a) and (c) show the behavior of AP (-, 1)
as a function of the frequency f for u = [5-107%,107%,2.8-10%, 1, 1]; similarly, Figures 7-4(b)
and (d) show the behavior of gZ)likl(‘, 1) as a function of the frequency f for the same value
of u. We observe that the P1 discretization fails to capture the resonance, while the P2
discretization significantly overestimates the resonance frequency, especially for the coarser
grid. On the other hand, for the P4 discretization, the FE error is negligible. For this reason,

we base our results on the latter discretization.

7.4.2 Choice of the anticipated configuration set P«

Recalling the interpretation of the parameters, we set upper bounds for sp,sr based on
the maximum added mass to be detected, while we choose a confidence region for «, 8, F
based on textbook values and on a single preliminary experiment for the undamaged case

(i.e., sp = sg = 1). To take into account experimental noise, we perform three independent
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Figure 7-4: Microtruss experiment: comparison of different FE discretizations for output evalua-
tions (u=1[5-10"%,107%,2.8 - 10%,1,1]).

trials of the experiment. In more detail, we choose PP¥ such that for all frequencies and all

realizations we obtain

min  APS(f% p) < ATP(f% P, 65P) < max APS(f9 ), (7.4.6a)
HEE100 HEZ100

and
min GP5(f% ) < o5 (S P, E5P) < max. o5 (f% ), (7.4.6b)
HEE100 HEET0

where Z190= {(a™, 8™, E™,1,1)}M_, C P K is based on uniform random samples. Following

this criterion, we choose
PP =10.25-1073,0.8-1073] x [0.05-1073,0.2-107%] x [2.65-10°,2.85-10%] x [1,2]%. (7.4.7)

Figure 7-5 shows a comparison between experimental and synthetic displacement amplitudes

of block (1,1) for this single system configuration with no added masses. In Figure 7-
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5(a), we report min,e=,, Alf’kl(fq;u) max,ez,, A $(f% u), and the amplitude measured
experimentally for each of the three trials. Similarly, in Figure 7-5(b), we report min,cz,,,
qS $(f95 1), maxyes, qSE’kl( f% p) and the phase measured experimentally for each trial. We

observe that our choice (7.4.7) satisfies the constraints (7.4.6).

15 4
— min APX - min @b
exp exp
° A1,1 3 ° 925 ,,,,,
10 ——max AP |] max R

2
1
. .
20 40 60 80 20 40 60 80
f (Hz) f (Hz)
(a) (b)

Figure 7-5: Microtruss experiment; choice of the parameter space. Comparison between experi-
mental results and synthetic results in absence of added masses.

7.5 The problem of feature extraction

7.5.1 Problem definition

We formalize the problem of feature extraction for the microtruss system: given the experi-
mental outputs {Ajj(jp(fq 1, &) }ijq and {d)eXp(fq; 1, &) }Yijq determine the set of @ features

z®*P such that

27 (1, €) = F ({ASP (108 s {657 (5 1 O bia) (75.1)

where F : R32Qr — RY. We observe that, by construction, experimental features depend
on the system configuration C = (u,§). Appropriate features should be sensitive to the
expected damage, and insensitive to noise. In the next section, we propose a particular
choice of F motivated by a physical reasoning for our system and damage classes. We defer
automated identification of features from experimental outputs to a subsequent work.
Exploiting the bk representations of the experimental outputs provided in section 7.4,

we can define the bk features as

2 (1) = F ({AVS (7% ) o (S5 (P 0 Y1) - (7.5.2)
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We observe that, without loss of generality, we can rewrite the experimental features as

2P (1, &) = 2™ (p) + 0z(1, &), V(1 §) € PP, (7.5.3)

we can then interpret zP% (1) as nominal features associated with the configuration C = (u, £),
and 0z(u, &) as a perturbation. The norm ||dz(u, §)||2 reflects the magnitude of the model
error for a given configuration. We anticipate that (7.5.3) will help us draw a connection

between our formulation and Robust Optimization (RO) statements for classification.

7.5.2 Choice of the features for the microtruss problem

Given the frequencies { fq}qufl, we introduce the set of features
AVS(f; 1)
() = [ UV ) = (7.5.4)
A4,4(fa :U‘)
Feature z]fk(‘; p) measures the asymmetry of the structure between left and right corners.

From symmetry arguments it is easy to verify that

1
(f;aaﬁvasRasL)’

bk
21 (f;Oé,B,E,SL,SR) = bk
1

which implies that by exploiting this feature we should be able to discriminate between the
three classes k = {1,4}, k = {2}, kK = {3}. We here use the term "class" to refer to any
subset of the states of damage, k C {1,...,4}.

We then introduce the set of features

ABY (f; 1) + AR5 (f; )
AR (fs ) + ARS (f5 )

25" (1) = [ZSk(fl;u),~--72§’k(fo;u) L 25(f ) = (7.5.5)

It is easy to verify that the amplitudes {Aglj‘-}m are monotically decreasing in «,f (i.e.,
increases in damping reduce the amplitude of the masses’ displacements) and also in sz, sg
(i.e., increases in the total mass reduce the amplitude). However, while variations in «, 8
affect all masses, variations in sy, sg should be mostly confined to the left and right masses
(i.e., masses (1,5) and (4,7) for j = 1,...,4). Therefore, the ratio z5%(-; 1) should reduce
the effect of damping on our feature without affecting the effect of sy, sg, thereby improving

discrimination between x = {1} and k = {4}.
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2.5

+ y = 1,4(bk)
o y = 2(bk)
211« y=3(bk)
y =1,4(exp)

(c) 2 (d) 2

Figure 7-6: Microtruss experiment; discrimination capabilities of the features. Figures (a) and
(b): behavior of {m}"*(k)}, and {std} " (k)}, for the three classes k = {1,4}, k = {2}, k = {3},
and comparison with the experimental data. Figures (¢) and (d): behavior of {mZ’bk(n)}q and
{std2P*(k)}, for the two classes k = {1} and x = {4}, and comparison with the experimental data.
For each experimental configuration, we report results of three independent realizations.

We now demonstrate the effectiveness of our choice of the features for the problem at

of PPk of
Nain = 10%. Given the frequencies f1,..., f9f, Qy = 16, we define

hand. With this in mind, we introduce a finite-dimensional discretization Ptram

cardinality ] tram ’

the in-class mean and standard deviations:

1
mgbk(/{) P ()l Z 254 ), (7.5.6a)
train epglém( )
and
() = LS (R - mten) (7.5.6b)
’Ptraln( )’ -1

PEPEE. ()

train
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where £ = 1,2, and PRk, (k) = {p € PEX. @ fdam(u) € k}, and k C {1,2,3,4}. We further
consider experimentally the five different nominal system configurations corresponding to
(i) s = sgp =1, (ii) s, = 1, sg = 2.06, (iii) s, = 1, sgp = 1.53, (iv) s = sg = 2.06, and
(v) s = sg = 1.53. For each configuration, we perform three independent trials for a total
of 15 experimental datapoints. Figures 7-6 show the behavior of {mg’bk(n)}q for £ = 1,2.
For ¢ = 1, we consider classes K = {1,4}, k = {2} and k = {3}; for £ = 2, we only consider
k= {1} and k = {4}. To take into account the variability of the features due to changes in
1, we report error bars corresponding to twice the in-class standard deviation stdg’bk(/i). We

further report experimental observations from the appropriate class to show the agreement

between bk and experimental features.

7.6 Inference stage

We summarise key quantities introduced in the previous sections. We first define the antic-
ipated configuration set P°* € RP, and we denote by p a generic element of the set. The
parameter i encodes our bk representation of a system configuration and the space PP¥ con-
tains the bk anticipation of each system configuration that can occur during the operations
(online stage). We further introduce the hidden parameter ¢ € ¥V C RP such that the pair
C = (u, &) € PP := PPk x V uniquely identifies the observed experimental outputs during
the online stage. Then, we introduce the damage function f4*m . Pbk — f1 . K} such

that

o™ (= [, B, B, 51, 88)) = f¥™ (s, sR), (7.6.1)

where f48m is defined in (7.2.2). As already mentioned in section 7.4, the actual value of
the model parameters «, 8, E does not influence the state of damage. We further introduce
the bk and experimental features zP% : PPX — R? and z®P : PP — R?, respectively.

In view of the classification statement, we introduce the (unknown) probability density

function (pdf) over V, p¢ : V — Ry, such that

PEe) = [ 1) nle)de. acy. (7.6.2)

where 14 is the indicator function associated to the set A. We use notation E¢.y,[-] to
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indicate expected values with respect to the measure induced by ps. We further denote by

£O1) the 0-1 loss:

0 — ¢
LOD(y 1) = Y (7.6.3)

1 y # t.
Finally, we define the weight wP*, wP< : PPX — R, | such that
/ wP () dp = 1. (7.6.4)
Pbk

We postpone interpretation and actionable definition of the weight wP¥ until the end of this

section.

We now introduce two classification problem statements.

Monitoring problem: given the damage function f92™ : PPk 5 1 . K}, and the
experimental features z®P : PP — R, find the classifier g°P* : R? — {1,..., K} that

minimizes the experimental risk:

it B = [ Be, [£OD(g (0 €), £ )] 0 () d

g measurable

(7.6.5)
= /Pexp £(0’1)(9(Z6XP(M,§)), fdam(ﬂ))wbk(u)pg(f) dp de,

where pg : V — Ry is defined in (7.6.2), £V in (7.6.3), and wP* : PPk — R, in (7.6.4).

Bk monitoring problem: given the damage function fd™ : Pbk 5 f1 K}, and the
bk features zP¥ : PPk — R?, find the classifier g°PtPk : RC — {1,..., K} that minimizes the

bk risk:

inf  R"(g) = LOD(g(z™ (1)), f5™ (1) w" () dpa. (7.6.6)

gmeasurable Pbk

where £V is defined in (7.6.3), and wP* : PP* — R, (7.6.4).

We interpret the bk monitoring problem as a surrogate for the (actual, physical) mon-
itoring problem. We observe that while the monitoring statement relies on experimental
observations and depends on unknown quantities (the hidden parameter £ and the corre-
sponding pdf p¢), the bk statement is entirely synthetic (except of course implicitly through

the definition of PP¥ as described in the previous section) and thus can be tackled even in
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the absence of experimental observations. At this stage of the discussion, we have not yet
discussed how the solution to (7.6.6) is related to the optimal solution to (7.6.5). This clearly
depends on the magnitude of the perturbations 0z in (7.5.3). In Chapter 8, we illustrate
the connection between these two problems, and we also discuss the well-posedness of the

mathematical statements.

We now interpret the function w"* in (7.6.5) and (7.6.6). In our framework, the weight
wPX reflects the importance (assigned by the user) of classifying correctly a given configura-
tion and is not related to the (unknown) likelihood that the bk configuration u is observed
during the online stage. This observation implies that the bk risk RP*(g) should be in-
terpreted as a user-defined measure of the misclassification error rather than an expected

loss.

We introduce our choice of the weight wP* for the microtruss problem. We consider the

weight

W () = i) wh(8) wh(E) wf (st sp), (7.6.7a)

where w?*, whk wP* correspond to constant weights and

100 (sr,sgr) € S1 :=[1,1.05)%;

10 (sp,sr) € Sy == [L1.5,2] x [1,1.05];
w}f}g(sL,sR) = (7.6.7b)
10 (sz,sp) € S5 == [1,1.05] x [1.5,2];

1 (sp,sRr) € Sy:=[1.5,2]2

\

We choose constants such that fpbk wbk(u) du = 1. We observe that each of Sy,...,S, are

assigned equal weight.

Some comments are in order. Our choice of wff}fr) in (7.6.7b) implies that we target our
SHM classifier to detect added masses in the range [1.5,2]h, and to avoid "false damaged"
predictions if sy;,sgp < 1.05. In view of the probabilistic interpretation of the problem
statement and of the numerical procedure, we observe that our choices of wlfk,wg’k,wgk

correspond to the assumption that «, 3, E' are independent uniformly-distributed random
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variables such that
a ~ Uniform([0.25-1073,0.8 - 1073]),
B ~ Uniform([0.05-1073,0.2 - 1073]), (7.6.8a)

E ~ Uniform([2.65 - 10, 2.85 - 10%]).

On the other hand, our choice of wﬁ)}}) corresponds to assume that the random pair (sz, sg)

can be written as a mixture of independent uniform distributions over S, ..., S4:

4

(sL,SR) Z ( — 0D (S, k:)) Ey, Ej ~ Uniform(Sk), S ~ Uniform({1,2,3,4}).
k=1

(7.6.8b)

We shall later formally identify wP* with a probability density. Table 7.1 summarizes the

definitions and provides links to their instantiations for the microtruss problem.

Table 7.1: Simulation-Based Classification: main definitions

symbol name microtruss definition
€ PPk anticipated configuration (set) | (7.4.2) — (7.4.7)
(n,&) € PP configuration (set) (7.4.3)

fdam . pbk 5 1. K} | damage function (7.6.1)

z&P . PP RQ experimental features (7.5.1)

zP% . PPk R@ bk features (7.5.2)

wPk PP S R, bk weight (7.6.7)

Before concluding, we state another definition, and an important remark.

Definition 7.6.1. Let us define the partition of the configuration set {Pbk(kz)}szl as
PPR(E) = {pe PPk flam) =k}, k=1,..., K.
Then, we define the type-k error of a classifier g as

RO(gik) = [ By [0 (g (0. €), 1] () (76.9)
PPk (k)xV
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similarly, we can define the bk-type-k error as
R™(g; k) = / LOY(g(z"™ (), k) w () dp. (7.6.10)
PO (k)

If K =2, provided that y = 1 is the null hypothesis, our definition of type-k error coincides
with the standard type I and type Il errors in Hypothesis Testing.

It is straightforward to verify that

K K

R™(g) =Y R"™(g;k),  R™P(g) =) R™(g;k).

k=1 k=1

We observe that if we define the bk confusion matrix C**(g) € R¥X associated with the

classifier g such that
CRiolo) = [, L0V (g 1), K wH()
POk (k)
then, the bk type-k error is the sum of the off-diagonal terms of CP¥(g):
R™(g,k) = Cu(9)-
K/ £k

An analogous discussion applies to the type-k error. We further observe that the choice of
wPk regulates the importance of the different types of error. More specifically, for each F,

we can interpret the quantity

PPk = / w (1) dp (7.6.11)
POk (k)

as a measure of the importance of classifying correctly configurations of class k. For the

microtruss problem, we have

1
bk bk
Pl — ... = A4 :Z

This implies that it is equally important to classify correctly configurations of all four classes.

Remark 7.6.1. (The perspective of Robust Optimization) Adopting the interpretation
of bk and experimental features provided after equation (7.5.3), we can view (7.6.6) as the

nominal problem, and (7.6.5) as the perturbed problem. This discussion shows the connec-
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tion between our formulation and Robust Optimization (RO) statements for classification.

To stress this, we observe that we can restate the experimental risk in (7.6.5) as follows:

Ro2(g) = [ B, [£00 (o0 + 2). £270)| w (7612

where the probability distribution Ps,,, is given by

Prup(4) = /V 14(652(u, €)) pe(€) dé. (7.6.13)

and is defined over (a suitable o-algebra of) RQ. We rigorously show (7.6.12) in Chapter
8.2.

7.7 Conclusions

In this chapter, we introduced a mathematical framework for the problem of damage identi-
fication. This provides the foundations for the development of our computational procedure.
For purposes of clarity, we introduced our formulation through the vehicle of a particular
example, a microtruss; in parallel we provided the abstraction applicable to a broad range
of problems.

The microtruss problem corresponds to a four-way classification problem. We defined
the presence of added masses as the damage to be detected, and we identified two potential
locations where damage may occur. We thus argue that this problem, despite its simplicity,
exemplifies a typical SHM Level 2 task (i.e. detection and localisation); for this reason, in
the next chapters we consider this problem to validate our numerical approach.

The discussion for the microtruss problem also showed that the quantity of interest
only depends on a subset of the full parameter vector u, namely the parameters sy, sg.
The presence of "nuisance variables" in the model complicates the classification task, and
motivates the development of feature-extraction techniques to limit their effect. In Chapter
9, we demonstrate that the choice of the features in section 7.5.2 is well-suited to limit the

effect of nuisance variables.
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Chapter 8

Simulation-Based Classification:

methodology and analysis

In this chapter, we introduce Simulation-Based Classification (SBC). The approach is de-
signed to tackle inverse problems for discrete-valued quantities of interest associated with
systems governed by (parametrized) PDEs. We first present the computational procedure,
and we clarify the role of model reduction (section 8.1); then we study the existence and
uniqueness of the solution to the bk monitoring problem (7.6.6), and we comment on the
consistency of our numerical procedure (section 8.2). Finally, we propose an error bound

that clarifies the influence of model error on classification performance (section 8.3).

8.1 Computational approach

8.1.1 Simulation-based classification

In view of the development of the computational approach, we define the probability measure

on PPk P . such that

P, (A) = / La(p)) wPs () dy!', A c PPX. (8.1.1)
Ppbk

Then, we denote by p a random vector distributed according to Pk, pt ~ P, bk.
We formalize our strategy to generate the classifier g. We generate M independent

bk,m7 ym) M where

samples pt, ..., pM from P, vk, and we generate the dataset DR}‘ ={(z 1

ZPkm — gPk(ym) ym — gdam(m)  Then, we employ a supervised learning algorithm that
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takes as input the dataset DR}[‘ and returns the classifier gj,.

Several techniques are available to generate independent samples from an arbitrary prob-
ability density function wP¥. We refer to [189, Chapter 2| and to [81, Chapter 3] for further
details. Here, we resort to identities (7.6.8) to generate samples of the configuration pu.

A supervised learning (SL) algorithm for classification can be interpreted as a procedure
that takes as input a dataset D2 C R? x {1,..., K} and returns a classifier g%, : R9 —
{1,...,K}:

[g3;] = SL-algorithm (DR};) . (8.1.2)

Several different algorithms of the form (8.1.2) have been proposed in the literature; we
refer to [104, 120, 157] for a thorough introduction to supervised learning algorithms for
regression and classification. In our numerical examples, we apply five different state-of-the-
art techniques to the classification problem considered in this work.

Algorithm 8.1.1 summarizes the computational procedure to approximate the solution
to the bk monitoring problem: both the Offline stage described above, and the Online stage

in which, given experimental features, we wish to classify our system.

Algorithm 8.1.1 Simulation-Based Classification for SHM.
Offline stage

iid
1: Generate PYK = {ut, ..., pM} € PPK im0 Pk

2: Generate the dataset D% := {(z°™ y™)}M_| where zPm = zPk(ym), ym = fdam(ym),

3: Employ the learning algorithm (8.1.2) to generate the classifier gj,.
Online stage

1: Collect the experimental measurements and extract the features zP.

2: Return the label gy, (z%P).

We observe that, unlike in model-based approaches, our procedure directly addresses
the task of interest — the estimation of the state of damage — and does not — either
implicitly or explicitly — provide estimates for the actual value of p. We claim that the
estimation problem for p is (unnecessarily) much more general than the original classification

problem of interest, and in particular the former will typically be ill-posed. For instance, the
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application of model-based approaches to the microtruss problem requires the estimate of the
full vector p, which includes both quantities related to damage (the geometric parameters
sp,Sr) but also nuisance variables (the material properties «, 3, E) of no direct interest
to the engineering task at hand. For more realistic problems with many more parameters
the nuisance variables can easily number in the hundreds and often without any evident

correlations.

Another distinguishing feature of Simulation-Based Classification is related to the possi-
bility of incorporating information related to model error without the need for fully charac-
terizing the configuration C = (u,&). We can indeed include estimates of the perturbation
0z to inform the learning procedure. The process of including data uncertainties at training

stage is usually referred to as robustification. We shall consider this in future work.

8.1.2 Application of pMOR

As already mentioned in Chapter 1.4.2, classification performances strongly depend on the
size M of the dataset. Since each datapoint involves the solution to several PDEs (in our
case @, one for each frequency), the offline computational burden is extremely large. This

explains the importance of model order reduction.

We briefly discuss the application of pMOR in the context of Simulation-Based Classi-
fication. During a preprocessing stage (typically denoted the offline stage), we generate a
Reduced Order Model (ROM) aPX( f; i) ~ uP¥(f; p) such that we may form zP% (1) ~ z"*(p)
for all 4 € PPK. Then, for each parameter ', ..., ™, we estimate zP%(u™) using the ROM
zZP%(u™). We observe that if M is sufficiently large and computing z°%(u™) is significantly
less expensive than computing zP* (™), then we can amortize and indeed neglect the cost

of the preprocessing stage.

Algorithm 8.1.2 summarizes the computational procedure. Note that both the offline
stage and the online stage of the pMOR procedure are effected in the offline stage of the
classification algorithm. In Chapter 9, we discuss the application of the particular pMOR

technique, the Reduced Basis method, adopted in this work to tackle the microtruss problem.
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Algorithm 8.1.2 Simulation-Based Classification for SHM with pMOR.
Offline stage

iid
1: Generate PYK := {ut, ..., pM} € PPK ™m0 Pk

2: a. MOR: construct the Reduced Order Model,

b. MOR: use the ROM to generate the dataset DY := {(zP%(u™), fdam (um))} M

m=1
3: Employ the learning algorithm (8.1.2) to generate the classifier gj,.

Online stage

1: Collect the experimental measurements and extract the features z*P.

2: Return the label gj,(z°P).

8.2 Mathematical analysis

8.2.1 Probabilistic interpretation of the monitoring problems

We shall now introduce a probabilistic interpretation of the monitoring problems. This will
help us develop and analyze our computational approach. With this in mind, we first recall

the definition of P, ux in (8.1.1),

wak(A):/ La(p) w () dy!, A c PPK,
Ppbk

and we define the probability measure on PP, P(efg), such that

PR (A B) = / La(p) Lp(€) w (1) pe(&) di'dg’, A CP™, BCV. (821)
((723)] bk

Recalling (7.6.4) and (7.6.2), it is easy to verify that P, ux is a probability measure over
PPk and P(e;z) is a probability measure over P*P. As in section 8.1, we denote here by p

a random vector distributed according to Pk, p ~ P,

vi; similarly, we denote by (u, &) a

random pair distributed according to P(e;(lg).

Recalling the definitions of the bk features z

fdam . pbk 5 £1 K}, we define the random pair

bk . pbk _y RQ and of the damage function

(Z°5Y) = (2™ (), [ (), o~ Py
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We further denote by P vk yy the corresponding image probability distribution defined over
R x {1,...,K}:

Py (A x (1) = [ WP ()
(zPk, fdam) =1 (Ax{k})

where (z°%, f4am)=1 (A x {k}) := {u € PPk (z"%(p), f92 (1)) € A x {k}} is the pre-image
of Ax{k}. We observe that Pzvx yy 1s uniquely identified by the weight wPk, the bk features

z"% and by the damage function f9%™. Similarly, we can define the random pair

(220,Y) o= (2P (. ), S (1), (&) ~ P

and the corresponding image probability distribution P(zexp yy.
Recalling the change of variable formula, we can restate the two problem statements

proposed in Chapter 7.6. In more detail, the monitoring problem (7.6.5) can be restated as

follows

¢ =arg it R(g) = Bzeoy)ap ey, [E00 (9(27), V)], (822)

g measurable

while the bk monitoring problem can be restated as follows:

optbk — arg inf RP(g) = E 7ok vy

g measurable

g [Nvl) (g(Zbk), Y)} . (823)

(zPk,y)

Problem statements (8.2.2) and (8.2.3) are well-suited for the analysis. We can indeed

rigorously address the following questions.

Existence and uniqueness of the solutions to (8.2.2) and (8.2.3): we can determine
sufficient conditions under which the solutions to (8.2.2) and (8.2.3) (and thus to (7.6.5) and

(7.6.6)) exist and are unique. We present a formal result in the next section.

Unified statistical interpretation of model error: from the learning perspective,
random experimental error and systematic error due to model inadequacy introduce a shift
of the statistical properties of the predictors (features). This shows the connection with the
notion of concept drift ([232, 218]) and dataset shift ([153]) studied in machine learning.
It is possible to show that this shift can be completely characterized by the probability

distribution of dz. We present the precise result in the next section.
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Consistency of SBC: if u!,..., u™ are independent identically distributed (iid) sam-
ples from P, ux, /,L,Z?;Jd\wak, then the dataset DR}[‘ consists of M independent samples from
the joint distribution P(;ux yy. This has two important implications. First, for a wide class
of classifiers (e.g., kernel methods, [210] ), we can exploit standard results in learning theory

to study the consistency of the classifier g3, for the best-knowledge monitoring problem,

that is (see, e.g., [220])

p lim R"(¢},) =  inf R"(g),

M—oc0 g measurable

where plim denotes the limit in probability. Second, we can formalize questions related to
the Design Of Experiment (DOE) such as frequency selection and sensor placement in a
rigorous mathematical fashion, as (grouped-) variable selection problems. In this work, we
do not address the connection between DOE and variable selection, which is the topic of

ongoing research.

8.2.2 Technical results

We present two technical results that complete the discussion started in section 8.2.1. First,
we discuss existence and uniqueness of solutions to the monitoring problems and indeed we
develop an explicit — through not readily evaluated — expression for g°P*PX. Second, we
clarify the relationship between the probability measures P(zexpy) and P vk yy. For the

sake of clarity, we recap the definition of P, uk in (8.1.1),

wak(A):/ 1a(p)wP(u)dy!, A c PP,
'pbk

and of PGXE

oF in (8.2.1),

PR (Ax B) = / La(p) 15(&) w™ (1) pe(&) dp' d¢', A C P, BcV.
(1:8) by

We assume here that P, . and P(e;qz) are Borel-measurable, that is they are defined on all

open sets of PP and PP, respectively. A sufficient condition for which P, ur and P(e:fz) are

Borel-measurable is that w € L'(PP¥) and pe € L1(V). We further recall the random pair

(Z°5Y) = (2" (u), S (W), p~ Pys,
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with probability distribution Pk y), and

(Zexp,Y) = (Zexp(lul’g)’fdam(,u))? (,U,,f) ~ P(e;g)a

with probability distribution P zexp y).
Next Lemma shows that if 2P and z®*P are continuous, f4*™ is Borel-measurable, and

P, vk and P(efz) are Borel-measurable, then P zvx yy and P zexp y) are also Borel-measurable.

Lemma 8.2.1. Suppose that

1. the probability measures P,yx in (8.1.1) and P(e;flf)) in (8.2.1) are Borel-measurable;

2. the bk features zP¢ : PPX — R and the experimental features zP : PP — R? are

contInNuouUs;
3. the discrete function f4%m : PPk — {1 .. K} is Borel-measurable.

Then, the probability measures Pizvy) and P zep yy are Borel-measurable on RQ x

a,...,K)}.

Proof. We only prove that Pk yy is Borel-measurable. The proof of the measurability of
Pzexp )y is analogous. Let A C R? be an open set and let k € {1,..., K}. We must show
that P zoxyy(A x {k}) is well-defined. By construction, we have that

P (A x (k) = [ WP*(p) ds.
(ZPRY) =1 (Ax{k})

As a result, we must show that
(ZPY)H(Ax{k}) = {pePP: 2" (u) e A, f™(u) = k}

= (") 71 (A) n () (k)

is a Borel set. Since zP*

is continuous and A is open, (zbk)_1 (A) is also open. On the other
hand, by assumption, ( f dam) ! (k) is Borel. Thesis follows by recalling that the intersection

of Borel sets is also Borel. O

Next Proposition addresses the problem of existence and uniqueness of the solution to

(7.6.6). An analogous discussion applies also to the monitoring problem (7.6.5).
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Proposition 8.2.1. The optimal solution g°P*P* to (7.6.6) is given by

g7 (@) = arg, max Py (Y = K|Z* = ). (8.2.4)

Here, Pzocyy(Y = k| 7Pk = z) denotes the conditional probability of the event {Y = k}

given {ZP% = z}.

Furthermore, if there exists e > 0 such that

_ t,bk bk __ _ bk __ _
Py (P(Zbk,y)(Y =g (@) 2% =2) 2| e Pigwy)(Y = k|27 = z) + e) =1,

(8.2.5)

then any solution g to (7.6.6) satisfies g°"*PX(z) = g(z) for Pyuc-almost every z € RY.

Proof. We first show that (8.2.4) is measurable. Recalling [67, Theorem A.24 page 586], since
P zvx yy is Borel-measurable, if we denote by P ux the corresponding marginal distribution,
there exists for Pyix- almost-every z € R? and for k = 1,..., K a measurable function
Pk 1 R? — R such that ¢P¥(z) = Py yy (Y = k|ZP% = 7). Recalling that the pointwise
maximum of measurable functions is also measurable, this implies that, under the hypotheses

of Lemma 8.2.1, the function g°P"P* in (8.2.4) is measurable.

We now observe that

R™(9) = [aaxq,..xy L0V (9(2),9) APy (2),9) = Jro Lirg(ay Piavey)(Y = k|2 = 2)) dPy(2)
= 1- fRQ Pzvx vy (Y = g(2)| 2" = 2)) dPu«(z)
> 1 - [re maxg Py (Y = k| ZP% = z)) APy (z) = RPK(g°PhPK).

opt,bk :

Since ¢ is measurable, this implies that g°P*PX is a solution to (7.6.6).

Let g be a classifier such that RP¥(g°PtPk) = RPK(g). Using the same reasoning as before,

it is possible to verify that

Rbk(g) — Rbk(gopt,bk)+/

» (P (Y = g7 (2) 2% = 2) = Pguyy (Y = 9(2)| 2" = 2)) dPyu.(2).
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Recalling (8.2.5), we find

R"™(g) = R"(¢°P"™) + e o L0 (g(z), g°P""(2)) d Pvx(2).

Then, we must have

£ (g(z), 6" (2)) d Ppui(2) = 0,
RQ

which implies that g(z) = g°P%PK(z) for Pyu-almost every z € R%. O

In view of the proof of a formula that relates the probability measures P zexp y) and

P(zvx ), we recall the probability distribution Pj, ,, defined in (7.6.13):

Pryy(A) = /V 14 (62 (1, €)) pe(€) dé.

We observe that since pe € L'(V) and 6z(p, ) is continuous P, , is a Borel measure (cf.

Lemma 8.2.1). We further introduce notation
A-v:={w-v:we A}, VACR?Y veRP.

Next Proposition contains the key result.

Proposition 8.2.2. Given the Borel set A C R and k € {1,..., K}, the following identity
holds:

Pgen) (A (1) = | sy, Pl A= 5) w) (3.2.6)

where PPX(k) is defined in Definition 7.6.1, wP* is defined in (7.6.4), and Py, is defined in
(7.6.13).

Proof. Exploiting (7.6.13), we find

Pzewy)(Ax {k}) = /Pbkxv L (2 () + 021, €)) Ly (£ (1)) W (1) pe (&) dpp g

N /pbk(k) (/v Ly () (02(12, €)) pe(€) d{) wP () dp

- /p gy Foon (A= 2 0) 0 )
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Before concluding, we derive (7.6.12). Assuming that pe € LY(V) and dz : PP — R? is

continuous, we find

R®*P(g) = /Pbk </v LOD (g(zP () + 6z(p, £)), fdam(,u))pg(f) df) WPk (1) dps
= /P - Eep [5(0’1)(9(2“‘(#)+5Z(u,§)), fdam(u))} wP (), dpt

= /7: Bty [ﬁ(o’”(g(zbk(u) + 62), fdam(u))} WP (1), d,

which is (7.6.12). Here, in the first equality we employed the definition of expectation with
respect to a probability measure, while in the second step we employed the change of variable

formula.

8.3 Error analysis

8.3.1 Main result

We first present two definitions.

Definition 8.3.1. Given the classifier g : R? — {1,..., K}, we define the k-acceptance
region

Z(g, k) = {z € RY : g(z) = k}, (8.3.1)

where k=1,..., K.
Definition 8.3.2. Given the classifier g : R® — {0,1} and the constant ¢ > 0, we define

the e-uncertainty indicator EP* as

0 if B(z"%(n)) cC Z(g, k), for some (unique)k € {1,...,K};
E"(g,¢€,p) =
1 otherwise;

(8.3.2)

where Be(z) is the Q-dimensional ball of radius € centered in z € RY, and Z(g, k) is defined
in (8.3.1).

The e-uncertainty indicator EP¥ is equal to zero if zP%(u) is sufficiently far from the
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separating hyper-planes associated with the classifier g. Furthermore, EP¥ is monotonic
increasing in ¢, and E”(g,e = 0,) = 0 unless z”%(u) lies on a separating hyper-plane.
Therefore, it can be interpreted as a measure of local robustness to data uncertainties. We

further observe that EP(g, e, 1) = 0 if and only if
9(z" () = g(2""() +62) Véz € B.(0).
Recalling the definition of 0 — 1 loss, we thus find

£O (g (), g(2™ (1) + 02)) < E™(g,e,1) ¥z € B(0). (8:3.3)

We formally relate the e-uncertainty indicator (8.3.2) to other measures of local robust-
ness that have been proposed in the literature. Given the parameter p € PP and the

classifier g, we define

bk . bk
> (u, g) == inf z—z ()2, 8.3.4
(k:9) z2€2*(g,9(z" (1)) H Wl ( )

where Z*(g,k) = Uy 2(9,k') and Z(g, k') is defined in (8.3.1). It is possible to show

that we can rewrite the e-uncertainty indicator EP* as

0 if rP(u,g) > &
E™(g,e,p) =
1 otherwise.

The quantity 7°%(u, g) in (8.3.4) is known as stability radius, and it is widely used in control
theory ([109]), and optimization (|244]) as measure of local robustness. It can be shown (see
[205]) that the stability radius is also an instance of Wald’s maximin model ([227]), which

is employed in statistics and decision theory.

We now present the main result of this section.

Proposition 8.3.1. Let the classifier g : R? — {1,..., K} and the damage function fda™ .

PPk 5 {1,..., K} be measurable functions. Let us further define €®™ > 0 as

€™ = ||02| poc (peso @), (11, €) = 27 (1, €) — 2”5 (w). (8.3.5)
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Then, the following hold:

BP(g) < B (@) + | B (g w)wP () dps = B (9. ™), (8.3.6)

and

R (g; k) < R"(g; k) +/ E" (g, €™, p) w () du =: RGp (9, €™, k),  (8.3.7)
POk (k)

fork=1,...,K and for any choice of p¢ : V — Ry in (7.6.5).

Proof. We show only (8.3.6), as the proof of (8.3.7) is analogous. Applying the triangle

inequality, we find

Revg) < [ LD (g ). £ 0) w0 el dude

=(n)
+/pe><p 5(071)(g(zbk(u)), g(ZEXp(%f))wbk(u)pg(f) dy dé

—(11)

Then, recalling the definition of wP* in (7.6.4), we observe that

(1) = [ OV ), £ ) 0 ) [ pe()de du= B¥g).
Pbk V

=1

On the other hand, recalling (8.3.3), we find

a0 < [ EMad w0 [ e dn = [ B ) ) di

=1

Thesis follows. O

Our error analysis clarifies that the online performance of a classifier g depend on two
distinct factors: (i) the bk risk RP¥(g), and (ii) the integral involving the e-uncertainty
indicator EP¥. The bk risk RP%(g) accounts for the nominal performance of the classifier;
the integral involving EP¥ accounts for the robustness of ¢ to data uncertainties and depends
on the roughness of the separating hyperplane(s). As observed in section 8.2, traditional

machine learning algorithms aim to minimise the nominal risk (here R”*(g)). If model error
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is moderate, estimate (8.3.6) shows that minimising the nominal risk leads to accurate online
performance. On the other hand, if model error is sufficiently large, then this choice does
not necessarily lead to accurate decision rules for the online stage.

Before concluding this section, we state a remark.

Remark 8.3.1. (The separable case) We discuss the special case in which configuration

classes are separable and the classifier g separates them over PPK, that is
R"(g) = 0.

In this case, provided that the model error is sufficiently small, we can guarantee perfect

separation even in presence of model error. Let us define the quantity

ok = inf inf 2% (1) — zl|o.
k HEPPE: g(zPk (1)) =k 2€Z*(g,k) || (/J) ||2

where Z2*(g, k) = Up 1 2(9: %) and Z(g, k') is defined in (8.3.1). Then, if Pk < ming 6y,
we find that
EP (g™, u) =0, VpeP*

and exploiting Proposition 8.53.1 we find that
RO (g) = 0
this implies that the classifier g is a solution to problem (7.6.5).

8.3.2 Model bias and experimental risk

We now wish to relate model bias to classification performance for a special case. This will
provide insights about the connection between the modelling stage and the inference stage.

Let us assume that experimental features can be written as'

2P (1, &) = F (u™P(p,€))

where u™P(u, &) € U is the system state associated with (u,&), U = U(R) is a suitable

Hilbert space defined over a domain Q ¢ R?, and F is a linear continuous functional over U ,

"We consider here the case of static data to not deal with the dependence on frequency.
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Feu , with continuity constant Cr. Let us further assume that the bk features are given
by

2" (1) = F(uP (),

where uP¥(

) is the solution to the variational problem
GPR (W (u); ) = L(p), U

Here, we assume that Gbk(-; w) is an inf-sup stable linear operator with stability constant

BP%(1) and £(p) € U’ for any p € PPX. If we define the model bias P12 : PP — U’ as

PP (11, €) = GO (U, ) p) — L), Y (,€) € PP,

we obtain

50t )l = IF (0. €) — P () < 70l
which implies that
bk bias
G sp sl S sup = CE () o (8.38)
i WD 55

Combining estimates (8.3.8) with (8.3.6), we obtain that the performance of our monitoring
system depends on four distinct factors: (i) the nominal performance through the bk risk
RP%(g), (ii) the robustness of g to data uncertainties throught the e-uncertainty indicator
EPk (iii) the stability of the PDE through the stability constant 3°(u), and (iv) the un-
certainty in the model through the bias fP#. We observe that a direct consequence of
estimates (8.3.6) and (8.3.8) is the accomodation of the inevitable, even if small, departure
of the physical system from our idealization. However, we observe that (8.3.8) is not fully

actionable since || fP1(u, €)||;¢ is typically unknown.

8.4 Conclusions

We presented a Simulation-Based Classification approach for Structural Health Monitoring;

the approach takes advantage of recent advances in parametrized Model Order Reduction to
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inexpensively form quasi-exhaustive synthetic training datasets based on a bk parametrized
mathematical model. We further presented a mathematical analysis, which motivates the
problem formulation introduced in Chapter 7 and shows that, for proper choices of the
supervised-learning procedure for classification, the classification rule obtained based on
SBC approaches the optimal bk risk in the limit M — oo. Finally, we presented an a
priori error analysis that links nominal performance (associated with the bk risk RX(.)),
to experimental performance (associated with the experimental risk R*P(-)). We observed
that, if estimates for the error in feature evaluations are available at training stage, we can

exploit our error analysis to inform the machine-learning procedure.
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Chapter 9

Application to the microtruss

problem

We discuss the application of the Simulation-Based approach presented in Chapter 8 to the
microtruss problem. We first present the strategy used to generate the classifier (section
9.1), we describe the application of the RB method to speed up the calculations (section 9.2),
and we present the classification results (section 9.3). Finally, in section 9.4, we compare

our technique with two model-based approaches.

9.1 Computation of the classifier

Exploiting the reasoning of Chapter 7.5.2, we now introduce the classifier used in the nu-

merical tests: given the set of features z{"" and z5™®,

e Level 1: distinguish between {1,4}, {2} and {3} based on z]"";
e Level 2: if Level 1 returns {1,4}, distinguish between {1} and {4} based on z5™".

We observe that the first layer corresponds to a threeway classification problem, while
the second layer corresponds to a binary problem. From a practical perspective, our proposal
requires the training of two classifiers: a threeway classifier for the first level and a binary
classifier for the second level. We can thus interpret a classifier g as the pair g = (g1, 92)
where g : R9F — {0,2,3}, go : R%F — {1,4}, and 0 is the label associated to {1,4} for the

first level.
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In view of the presentation of the numerical results, we define the level-1 and level-2 bk

risks:

ROetig) = [ L0 (o (), S0 () w™ ) dp (9.1.1a)

and

B 1

Rbk,leve12 — /
9= B Jpimnis

LOD (ga (25" (1), f*™ (1)) wP () ds, (9.1.1b)
where PPX ... PP are defined in (7.6.11), and

0 if fm() € {1,4},
damp) = {9 if pdam(y) = 2, (9.1.1¢)
3 if fdam(y) = 3.

We observe that 0 < RPRlevell(g) Rbllevel2(gy < 1 Similar definitions can be given for

level-1 and level-2 experimental risks REP1evel2(g) and RexPlevel2(g),

9.2 Reduced-Basis Approximation

In this section, we discuss how we reduce the computational burden associated with the
construction of the dataset DR}‘ for the microtruss system. More specifically, we wish to

speed up computations of the map

(f, 1) = APS(f3 )

in the limit of many queries using the Reduced Basis (RB) method. With this in mind, we
first present the weak formulation of the bk model (section 9.2.1), then we present the RB
approximation (section 9.2.2), and finally we provide numerical results to demonstrate the

effectiveness of the RB approach (section 9.2.3).

9.2.1 Parametrized microtruss model

We first introduce the weak statement associated with the time-harmonic asymptotic solu-

tion to (7.4.1) in the configuration-dependent domain €)g: given the frequency f, and the
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bk configuration p = [a, 8, E, sr, sg|, find uP*(f; p) € Us := H*(Q; C?) such that

(1 +iwgB) E ba, (uPk(f; p),v) + (—w} +iwsa) pLPma, (uP*(f; p),v) = 0.

(9.2.1a)
s =

for all v € Us g = OFdIY(QS,(C ), where wy = 2 f,

ma, (u,v) = / u-vdx, (9.2.1b)
Qs
and
1 -

ba, (u,v) = /QS T+ sym(Vu) : sym(Vv) + 0T 1/)1(/1 ~5) div(u) div(v) dz. (9.2.1c)

Here, ~ refers to the complex conjugate.

We then introduce a geometric mapping between a parameter-independent domain Qe
and the configuration-dependent domain ;. With this in mind, we introduce the reference
domain Q™ := QI UQLT UQL! such that Q5°f = Oy, O = Qo(sy, = 1), OFF = Q3(sp = 1),

and we define the affine map

T ifx € Qref
T et x 1, 2]2 — (g, T(z,sL,8r) = r1€1 + spxoey ifx € Qref (9.2.2)

r1€1 + sproey ifx € Q§9f7

where {ej, ey} is the canonical basis. By tedious but straightforward calculations, we find

that, for any u,v € H(Q; C?),
(1 +iwsB) E b, (u,v) + (— wf + iwra)mq, (u, v) Z O4(f; 1) a?(u,v) (9.2.3)

where 4(z) = w(T(z,s)), v(x) = v(T(z,s)), and the parameter-dependent coefficients
{©,}0 ¢~1 and the parameter-independent bilinear forms {aq} 2, are reported in Appendix D.
Then, we introduce the lift v € H(Q"f; C?) such that v = 0 outside Q, uhft(:):,',j) =0
for all i,5 = 1,...,4, and e = ud; we observe that v!if*(7—1(z, s, sg)) does not
depend on the values of s;, and sp.

We can now introduce the parametrized best-knowledge model for the lifted field in
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the reference configuration and we relate the solution to the experimental measurements.
Given a frequency f and bk configuration p in P2X we seek the solution @PX(f;u) =

uPK(T (-, 5), fip) — ul € Uy = HY L, (0°F; C?) to the following variational problem

(@ (f; ), v; f ) = L(v; fp), Vo €U, (9.2.4a)
where
10 10 )
a(w,v; f,1) =Y Og(fp)al(w,v),  Llv; fop) = =Y Og(f, ) a?(u™,v), (9.2.4b)
q=1 q=1
and
(f, 1) € PP =T x PPX, (9.2.4c)

Recalling the definition of the map 7T (such that 71(z; j, sr,sg) = x;; for all sr, sg), and

the definition of u'f, we finally find

Anom

o bk
= “mom A 9.2.5

APS(f5 )

where 4,5 = 1,...,4, and (f,pu) € le?k. Since ub¥(w; ;; f, 1) = W8%(xi 5 £, p) + ul (2 ;) =
WSk (2i 45 £, 1), (9.2.4)-(9.2.5) is equivalent to (7.4.4).

In view of the application of the RB method, we define the norm for U

Jeall = \/E*fber (w,0) + pL2mger (u,w), (9.2.6)

where E™f = 2.8 - 10°[Pa], and mgqpet (-, -) and bgret (-, -) are defined in (9.2.1b) and (9.2.1c),

respectively. We further define the dual norm of the residual

R(u; f, M) = sup |CL(’LL,U; f: M) B E(U; fa N)‘ '

(9.2.7)
= o]

Finally, we introduce the FE discretization L{é\/ of the space Uy based on P4 polynomials
and N = 14670 degrees of freedom (cf. Chapter 7.4.1). We denote by aRF(f;u) € Uy the

FE approximation of the solution to (9.2.4).
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9.2.2 Application of the Reduced Basis (RB) method

The key idea of RB is to restrict trial and test spaces in (9.2.4) to a low-dimensional
space Wy C Z/IN with N < N. For a given pair (f,u), we define the RB approximation

fl,lj\}‘, v (fi 1) € Wiy of 4RF(f; p) as the solution to the N-dimensional variational problem:

a(iin (f5 ), 05 fom) = €(vs fop), Vo € Wy (9.2.8a)

The RB outputs are then evaluated as

Anom

Abk
A5 (i) = )

oA (@R (g £o)) I (9.2.8b)

| (UNN(@ 1 f,

i,5=1,...,4, (f,n) € PPX, which yields features (see (7.5.4) and (7.5.5)):

gbk :
2 (n) = [z}’k(fl;u),...,2‘fk(fo;u)}, AR(fip) = ggz;;”i, (9.2.8¢)
and
~ ~ _ Kbk( s1) + ASK(f3 )
bk — bk pl. bk, rQr. 24 3,4

We generate the space Wy based on snapshots from the bk manifold MRF = {aRF(f; ) :
(f,n) € fk}. More precisely, we consider a Lagrange (|175]) approximation space Wy
as the span of N snapshots {aRE(f™; ™)}, where {(f, u")}_, are selected based on
the residual-based weak-Greedy algorithm (cf. Algorithm 2.1.1): given {(f™, u™) 7]:7:_11, set
(fN, ") equal to

(Y pN) =arg max AR (f, ) = RER v (f5 05 S 1),
(f 'LL)E,Pf train
where Pf s ain 1S @ suitably finite-dimensional discretization of Pf of cardinality \Pf K ol =
Tirain- We recall that this procedure allows us to identify quasi-optimal reduced spaces Wy

relative to the Kolmogorov gold standard (see [32] and [56, section 8]).

To reduce the computational cost in the limit of many queries, we pursue an offline /online

strategy. During the offline stage (step 2.a in Algorithm 8.1.2), we construct the space
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Wy, and we assemble and store suitable parameter-independent quantities related to the
construction of the linear system (9.2.8) in terms of the offline expansion (9.2.4b). Then,
during the online stage (step 2.b in Algorithm 8.1.2), we compute the coefficients of the RB
solution associated with a suitable basis of W)y, and we evaluate the outputs of interest and
subsequently features; the operation count (for a given (f, 1)) depends only on N. The offline
stage is performed once and is parameter-independent, while the online stage is repeated for
each value of (f, u): since the cost of a single online evaluation is significantly less expensive
than the corresponding FE evaluation, we can easily amortize the offline computational cost

in the limit of many queries.

9.2.3 Numerical results

Figure 9-1(a) shows the convergence of AR | (fV, V) of the weak-Greedy algorithm (rain =
10%). We observe that convergence is not monotonic with N: this is to be expected since
the problem is not coercive and we consider only Galerkin projection; monotonicity could be
guaranteed by appealing to the minimum residual formulation ([144]). We further observe
that for N 2 15 the residual stagnates: this is due to round-off errors in residual evalu-
ation; potential strategies to address this issue are proposed in [45, 42]. Nevertheless, we
observe that for N > 15 we already obtain a sufficient 10 reduction in the residual value.
Furthermore, Figures 9-1(b)-(c) show that for N = 20 the RB error prediction in feature
evaluation is negligible if compared with intra-class differences. In what follows, we may
thus effectively equate i’LR}‘ and ﬁlj)\}‘zzo’ e

Finally, we comment on the computational cost. We consider here a P4 FE discretization
(N = 14670) and a RB reduced model based on N = 20 snapshots. Simulations are
performed on a Mac OS-X Intel Core i7 2.8GHz, RAM 16GB. The RB offline cost is roughly

24s, while the cost of a single input-output evaluation is roughly
0.18s for FE, 4.4-1073s for RB.

Assuming that each datapoint z"*(u) is based on Q ¢ frequencies, our RB approach is com-

putationally advantageous if 24s 4+ 4.4 - 10735 x MQ; <0.18s x MQy, or

MQ; = 180.
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Since we consider M ~ 104, Q ¢ ~ 10, the cost of the offline stage is negligible. We also

observe that in three space dimensions the RB advantage will further increase.

108 1.6 1.4
*x /,’
* 1.4 12 £
10* 1 o
) 1.2 N 0.8 b%%%g /B/gd
* & ) g P
102 o 1 06 &
o “FE (s, =sn=1) 0.4 S P
08[| ° BB (su=sp=1) | ; %y vl
0 * —=FE (sp = Lsp = 15) [} / 0.2 R
10 Taaak 06 RB (s, = 1,50 = 1.5)| o ‘\\.’\s%‘;f
20 30 40 50 60 70 80 20 30 40 50 60 70 80
0 5 10 15 20 f (Hz) f (Hz)
(a) (b) (c)

Figure 9-1: Microtruss experiment: RB Approximation. Figure (a): convergence of the weak-
Greedy. Figures (b) and (c): comparison between FE and RB feature predictions for o = 5- 1074,
B=10"% E =2.8-10° and three different choices of the geometric parameters.

9.3 Classification results

We consider five distinct classifiers for both levels : one-vs-all Support Vector Machine
with Gaussian kernels (ova-SVM,[184, 61, 58|), decision trees ([38]), x = 5-nearest neighbor
(kNN, [104, Chapter 13]), artificial neural network with 10 hidden layers (ANN;, [34]), and
nearest-mean classifier (NMC). We recall that NMC assigns to observations the label of the

class of training samples whose centroid m(k) is closest to observations in a suitable norm.

Two standard NMC procedures, which correspond to two different choices of the norm, are

Q
g(z) := arg ke{rﬁig}{} qzzl (24 — m;’k(k))Q, (9.3.1)
and
Q — mPk(k))2
g(z) :=arg min Z w (9.3.2)

ke{l,..,K} stdpk(k)

q=1

where mgk(k), stdg’k(k) are sample mean and sample standard deviations of the training
samples of the class k = {k} as defined in (7.5.6a) and (7.5.6b). We standardize data® for

the second level, whereas we do not standardize data for the first level: due to the small

"We recall that standardization of data implies that we train the classifier based on the modified features

_ bk
% where m;’k, stdf]’k are respectively the sample mean and the sample standard deviation of the

Zq = S

training set for all classes.
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variations of z; far from resonance, standardization of z; increases sensitivity to model error.

For NMC, we apply (9.3.1) for the first level and (9.3.2) for the second level.

We appeal to off-the-shelf Matlab implementations ([150]) of ova-SVM, decision trees,
kNN and ANN. More precisely, we rely on fitcsvm for binary SVM, fitctree for decision
trees, fitknn for kNN and train for ANN. We refer to the Matlab documentation and to

the above-mentioned references for further details.

In order to assess performance on experimental data, we consider experimentally the five
different nominal system configurations introduced in section 7.5.2. For each configuration,
we consider three independent trials for a total of 15 experimental datapoints. We remark

that these experimental datapoints do not include the datapoint employed to estimate PP,

We first study performance on synthetic data. More specifically, we study the dependence
of the bk risk on the number M of training points. We generate a dataset with Niyain = 10*

datapoints corresponding to the following 9 frequencies:
{fq}fil ={20.1,25.1,30.1,35.1,40.1,45.1,65.1, 70.1, 75.1}.

We choose to not consider frequencies close to resonance since the noise is higher. Then, we
consider M datapoints for training and Ny, — M datapoints for estimating the bk risk.
In order to account for the effects of partition, we average results over 100 random splits of

the dataset.

107!
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10° 102 10° 10*
M
(a)

Figure 9-2: Microtruss experiment: behavior of the overall (both levels) bk risk RP*(g%,) with M
for five different Machine Learning algorithms.

Figure 9-2 shows the behavior of the bk risk RP*(g%,) with M for the above mentioned

classifiers. We observe that performance strongly depends on the amount of training data;
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this demonstrates empirically the importance of pMOR in the generation of sufficiently large
datasets. We further observe that, unlike the other classifiers, performance of NMC does
not improve as M increases; this is to be expected since NMC is not in general consistent.

We now study performance for real experimental data. Towards this end, we consider
a dataset D}O\}zmin with Nirain = 10* datapoints based on the same 9 frequencies considered
for the previous test. We reserve M = 7 - 103 datapoints for training and validation, and
3-102 for testing. As for the previous test, we average results over 100 random splits of the
dataset. For this test, we report estimates of the synthetic and experimental risks separately

for first and second level (see (9.1.1)).

Table 9.1: Classification performances, R*'*v!!(g) and R*'®v*!2(g), for different learning algorithms
for 100 random permutations of learning and test synthetic datasets

Level 1
bk-risk RPK1evell(g) [ exp risk (5 x 3) RePlevell(g)
ova-SVM 0.0012 0.0107
decision tree 0.0007 0.0533
kNN (k =5) 0.0013 0
ANN (10 layers) 0.0006 0.5773
NMC 0.0161 0
Level 2
bk-risk RP®1eVeI2(g) [ exp risk (3 x 3) RPIevel2(g)
ova-SVM 0.0096 0.3333
decision tree 0.0013 0.6667
kNN (k = 5) 0.0079 0
ANN (10 layers) 0.0017 0.5773
NMC 0.1044 0

Table 9.1 shows results for both levels and for both synthetic and real data. We observe
that kNN and NMC succeed in classifying all the experimental data, while decision trees
and Neural Networks perform extremely poorly on experimental data. This demonstrates
empirically that SVM, ANN and decision trees are more sensitive to data uncertainty than
kNN and NMC. We further observe that, among the choices considered in this work, kNN
is the only option that guarantees accurate synthetic and experimental performances.

Before concluding, we apply the five classification algorithms considered in the previous
test to the four-way classification task based on the outputs {4; ;(f?)}i q (e, @ = 144
predictors, single-level classification). For this test, we reserve M = 7 - 103 datapoints for

learning, and 3 - 10° datapoints for testing; furthermore, we average results over 40 random
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splits of the datasets. Table 9.2 shows the results for both standardized and unstandardized
data. We observe that classifiers built on the full dataset of outputs {4;;(f?)}i;q are
significantly more sensitive to data perturbations. This explains the poor performance on
real data.

Table 9.2: Classification performances for four-way classification based on the bk (or experimental)

outputs {A; ;(f?)}ij,q Bk and exp risks, RPX(g) and R*P(g) for different learning algorithms for
40 random permutations of learning and test synthetic datasets.

(a) with standardization

bk-risk Rbk(g) exp risk (5 x 3) R®P(g)

ova-SVM 0 0.6000
decision tree 0.0018 0.6422
kNN (k = 5) 0.0003 0.8000
ANN (10 layers) 0.0003 0.8000
NMC 0.0921 0.6000

(b) no standardization

bk-risk RPX(g) | exp risk (5 x 3) R®P(g)

ova-SVM 0.0213 0.2000
decision tree 0.0016 0.6400
kNN (k =5) 0.0141 0.0133
ANN (10 layers) 0 0.4889
NMC 0.2453 0.5978

9.4 Two model-based approaches for the microtruss problem

9.4.1 Formulation of the inverse problem

As explained in the introduction, in the model-based approach we first must solve an inverse
problem for the full parameter vector y, and then return the label § = 4™ (;*) where p* is
the estimate of the anticipated configuration. In this section, we appeal to a deterministic
approach to tackle the inverse problem. Given the features z7,z5 € R€f, we consider two

different minimization statements:

pot = arg min (2] — 2P ()ll3 + 25 — 28 ()3, (04.1)
uePPk
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and

pr?=arg  min_lz] — 2y ()3 + |25 — 235 (w13, (9-4.2)

neUj—1 Sk
where Sj, = {p = [a,B,E, 51,58 € P°* : (s1,5g) € Sk}, and Sy,...,S, are the regions
defined in (7.6.7). We remark that in both approaches we estimate both the quantities di-
rectly related to our definition of damage (the geometric quantities sy, sg), and the nuisance

variables (the material properties F, «, [3).

We resort to an off-the-shelf Matlab optimizer to solve (9.4.1) and (9.4.2). In more
detail, we resort to fmincon, and we consider both on an interior-point algorithm (see, e.g.,
[43]), and a sequential quadratic programming (SQP, see e.g. [35]) method for non-convex
optimization. The gradient of the objective function is estimated through finite difference.
We appeal to the RB approximation described in this chapter to reduce the computational
burden. For (9.4.1), we consider four different initial conditions — one for each region

§1, ce S4. On the other hand, we decompose (9.4.2) into the four distinct problems

"2k = argmin |12} — ()3 + 175 — BB k=1,

HESk

"

and then we define p*? as follows:

. bk bk
pt=arg  min ozt — 23 + 125 — 28w 3.
pe{pe2FY

9.4.2 Numerical results

Table 9.3 shows the unnormalized confusion matrices for synthetic (M = 40) and experi-
mental (M = 5-3) data. We observe that both approaches classify correctly all synthetic
datapoints, but they fail to discriminate between the states y = 1 and y = 4 for real data.
The reason is the presence of non-parametric error in the mathematical model. As observed
in Chapter 8.1, this should not be surprising: the estimate of the full vector u is a much more
general problem than the estimate of the state of damage f4%™ (1), and thus is more likely
to be ill-posed (see [220, Chapter 1.9]). We observe that it could be reasonably contended
that the inability to discriminate y = 1 and y = 4 is due to the lack of any regularization

relative to u (apart from the constraint p € PPX). However, although we could certainly
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include a prior relative to the anticipated physical problems, we cannot in good faith include
any prior information on the geometric parameters directly related to damage.

As regards the computational cost, a typical solve for a single initial condition requires
roughly 100 — 150 iterations and 800 — 1000 evaluations of the objective (7200 — 9000 PDE
solves) for the interior-point algorithm, and 30 — 50 iterations and 300 — 500 evaluations of
the objective for SQP. For more challenging problems with several parameters the required
number of iterations and also the number of required restarts would be much larger. For
this reason, despite more advanced model reduction techniques as well as more careful
implementations might speed up calculations, we envision that the approach is not well-
suited for real-time calculations.

Table 9.3: Confusion matrices for the model-based approaches (9.4.1) and (9.4.2) for synthetic and
real data. Results reported are based on the interior-point algorithm.

(a) Strategy (9.4.1) (b) Strategy (9.4.2)
Synthetic data Synthetic data
y=1|y=2|y=3|y=4 y=1|y=21y=3|y=4
y=1 11 0 0 0 g=1 11 0 0 0
=2 0 9 0 0 y=2 0 9 0 0
=3 0 0 11 0 =3 0 0 11 0
y=4 0 0 0 9 y=4 0 0 0 9
(c) Strategy (9.4.1) (d) Strategy (9.4.2)
Real data Real data
y=1|y=2|y=3|y=4 y=1|y=2|y=3|y=4
=1 0 0 0 0 y=1 3 0 0 6
y=2 2 0 0 0 y =2 0 0 0 0
=3 0 0 6 0 y=3 0 0 6 0
=4 1 0 0 6 y=4 0 0 0 0

9.5 Conclusions

We applied the Simulation-Based approach presented in Chapter 8 to the microtruss prob-
lem. We introduced physically-informed features, which are tailored to the particular states
of damage we wish to detect, and a Reduced Basis approximation, which dramatically re-
duces the offline computational cost. We applied five different machine learning algorithms,
at least one of which performs very well on both synthetic and real (experimental) data.
We further discussed the application of two model-based approaches to the same classi-

fication problem. Numerical results show that, although both model-based approaches are
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accurate for synthetic data, they are not able to discriminate between the state y = 1 and
the state y = 4 for experimental data. This empirically shows that both these model-based
approaches are more sensitive to model error than the simulation-based technique discussed
in this thesis. Furthermore, they are not well-suited for the real-time framework due to the

large amount of PDE solves required online.
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Chapter 10

Conclusions

10.1 Summary and conclusions

This thesis presents work toward the development of efficient model reduction strategies
for Data Assimilation (DA) for systems modeled by PDEs. We specifically focused on two
DA tasks: state estimation for stationary problems, and damage identification for SHM
applications.

In Part I of the present thesis, we developed and analysed the Parametrized-Background
Data-Weak (PBDW) approach to the problem of steady-state variational data assimilation
(state estimation). The approach was originally proposed by Maday et al. in [142] for perfect

measurements and is characterized by the following characteristics.

e Projection-by-data: in PBDW the mathematical model is only used to generate the
background space Zx. This feature simplifies the implementation, and provides flexi-
bility regarding the choice of the domain of interest 2 and the choice of the ambient

space U.

o Variational formulation: PBDW relies on a variational formulation. This feature
provides a suitable framework for the analysis, and also for properly addressing tasks

related to the design of experiments (e.g. sensor placement).

e Background and update spaces: PBDW state estimate is the sum of two components:
the former, the deduced background z*, is informed by the experimental observations,
through the background space Zp, and addresses the uncertainty in the parameters

of the model; the latter, the update n*, is informed by the experimental observations,
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through the space of Riesz representers s, and addresses the deficiencies of the bk

model.
In this work, we provided three contributions to the original PBDW formulation.

e A posteriori error analysis (Chapter 4): we proposed an experimental procedure based
on Monte Carlo sampling of observation functionals that provides confidence intervals
for the L? error in state and the error in L? outputs. Although the error estimation
procedure was primarily designed to certify the accuracy of a given state estimate, it
can also be applied to other DA assimilation tasks: (i) the prediction of L? outputs,
(ii) the data-driven empirical enrichment of the PBDW background space Zx based
on unmodeled physics identified through a set of preliminary (offline) DA results, and

(iii) the adaptive selection of the PBDW tunable parameters.

e Localised state estimation (Chapter 5): we proposed a model reduction approach for
the construction of local approximation spaces over a domain 2 strictly contained
in the domain QP¥ in which the PDE model (and thus the corresponding solution
manifold) is properly defined. We presented a thorough mathematical analysis to
prove the optimality (in the sense of Kolmogorov) of our construction, and we also

presented several numerical results to show its effectiveness.

e State estimation based on pointwise noisy measurements (Chapter 6): we extended
the PBDW formulation to pointwise noisy measurements. By exploiting the theory of
RKHS, we considered spaces U for which the Riesz representers {Kj,, }nm associated
with the observation functionals {d,,, }m are explicitly known. We demonstrated that
explicit expressions for the representers greatly improve the flexibility of the approach,
and also guarantee faster convergence with respect to the number of measurements M
than in the approach presented in [142, 143|. The extension relies on an adaptive
procedure — guided by the error estimator developed in Chapter 4 — that takes into
account the noise, model accuracy, and the characteristic length-scale of the difference
utrue — zg. In particular, adaptation in the value of ¢ allows us to properly weight
the trust in the bk model with respect to the trust in the experimental measurements.
We presented a priori error estimates to motivate the approach from a theoretical

standpoint, and several numerical examples to illustrate the different elements of the

methodology.
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In Part II, we proposed a Simulation-Based approach for classification, and we dis-
cussed its application to a Structural Health Monitoring problem, the microtruss problem.
Simulation-Based approaches exploit (i) synthetic results obtained by repeated solution of a
parametrized mathematical model for different values of the parameters (corresponding to
different configurations), and (ii) supervised-learning algorithms to generate a classifier that
monitors the damage state of the system. In this thesis, we exploited recent advances in
parametric Model Order Reduction to reduce the computational burden associated with the
construction of the offline training dataset, we proposed a mathematical formulation which
integrates the PDE model within the classification framework, and we derived an error bound
which clarifies the influence of model error on classification performance. We finally applied
our technique to the microtruss problem: for certain choices of the classifiers we were able

to predict the correct state of damage associated with experimental configurations.

10.2 Future work

During the course of this work, we have identified several areas of future research. For
purposes of presentation, we shall distinguish between state estimation and damage identi-

fication.

10.2.1 State estimation
Generalization of the PBDW formulation

In section 2.1.1, we found that we can rewrite the partial-spline model for a rank-N back-

ground, uRK(z; p) = Zgzl On(1)Ca(x), as (cf. (2.1.4)):

M

N 2
(ug,mf) ==arg  min  &[p|® + % > <€?n <Z %(u)cn) +£5,(n) —ff;?S) :
n=1

bk
(nm)ePPixU —1

and we can then define the corresponding state estimate ug = 227:1 Gn(pg)Cn + M- It s

straightforward to verify that the state estimate ug equals ag = ZnN:1 $§7n Cn + 772, where

2
o 1 al
(¢ ig) =arg  min  &ln|* + 57 > (6& (Z On <n> + () —£°mb5) :

(€PN X -1 n=1
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and ®n = {[p1(p), ..., on ()] : p € PPK}.

In this thesis, we substituted ® y with the full space RY to obtain the PBDW formulation
(2.1.5). Although this greatly simplifies the implementation, and also the analysis, it might
lead to an excessive loss of information, especially when N ~ M. If we denote by i € PPK

the centroid of PP¥ and we normalize the basis (i, ..., y, we typically observe

ma [61() — 61(7)| > max [ba(n) — o) > ...
neP HEP

By considering ® = RY, we completely discard this information.

Based on the previous discussion, we might consider more stringent relaxations ® N €
RY. Clearly, the choice of d ~ should be a compromise between (i) proximity of ® N to @y,
and (ii) computational complexity associated with the corresponding optimization problem
to solve. In this respect, in [33], the authors proposed a generalization of the PBDW in
this direction, which corresponds to the solution to a suitable recovery problem of the form

described in Chapter 2.2.2.

Localised state estimation with nonlinear models

In Chapter 5, we presented a computational approach to construct local approximation
spaces associated with potentially high-dimensional solution manifolds. The procedure —
based on the solution to a transfer eigenproblem — and the analysis relied on the assumption
that the underlined PDE model was linear. Extending the computational procedure and,
even more ambitiously, the analysis to nonlinear problems would increase significantly the

range of applications to which the technique can be applied.

Selection of the observation centers for pointwise measurements

In Chapter 3, we presented a strategy (cf. Algorithm 3.2.1) for the selection of transducers’
locations for the noise-free PBDW formulation based on the maximization of the inf-sup
constant [y ar. Numerical results demonstrated the importance of properly chosing the
observation centers for N ~ M. In Chapter 6, we observed that if we rely on explicit
kernels we cannot in general compute the inf-sup constant Sy as; as a result, we cannot
apply Algorithm 3.2.1 for the selection of the observation centers.

For this reason, we aim to design strategies for the selection of the observation centers
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that address both stability and approximation that do not involve the calculation of the inf-
sup constant By . In this respect, we wish to combine the Greedy procedure presented in
Algorithm 3.2.1 with techniques developed in the kernel methods’ literature for collocation

methods for PDEs (|111, 198]) and scattered data approximation (|156, section 3.1.1|, [237]).

10.2.2 Damage identification
High-dimensional damage description: PR-scRBE

A prerequisite for good classifier performance is a sufficiently rich description of undamaged
and damaged states. Absent such a complete description (i) a classifier will certainly not
be able to discriminate between different states of damage (not represented in the offline
training dataset), and (ii) we may not be able to identify features which can discriminate
between undamaged and damaged states.

For practical engineering systems — such as airframes, shiploaders, bridges, offshore
platforms — accurate parametrizations should take into account variations in material
properties, geometry, boundary conditions, and also topology; this clearly leads to very
high-dimensional parameter domains. The dimensionality of the parameter domain pre-
cludes application of the classical Reduced Basis approach employed in this thesis: we are
confronted with the well-known curse of dimensionality. However, we might appeal to a
more ambitious parametrized Model Order Reduction approach: the Port-Reduced static-
condensation Reduced-Basis-Element (PR-scRBE, [171, 72, 203|) method. PR-scRBE com-
bines Component Model Synthesis (CMS) technique [116, 11]— as regards components and
ports — and the Reduced Basis (RB) method — as regards bubbles and in particular para-
metric treatment.

The PR-scRBE method, like the simpler classical RB approach, consists of two stages:
a pMOR offline stage, and a pMOR online stage. During the offline stage, we construct
a library of parametrized and interoperable archetype components. Each archetype com-
ponent represents a specific geometric form, for instance a beam or a fin, and may fea-
ture various ports of different types; in addition, all components of a library share the
same parametrized mathematical component (e.g., Helmholtz acoustics, Helmholtz elasto-
dynamics, heat-transfer). During the online stage, we synthesize any parametrized bk model,

for given bk model parameter p € PP, as an assembly of instantiated archetype compo-

217



nents. We then appeal to the RB method to reduce the degrees of freedom in the interior of
each component, and we appeal to port-reduction approaches to reduce the degrees of free-
dom at the interfaces (ports) between components. The combination of these two reduction
techniques leads to a dramatic decrease of the total number of degrees of freedom compared
to the high-fidelity model, and thus leads to dramatic computational speed-ups.

For many engineering systems of interest for SHM applications, the description of dam-
aged and undamaged system configurations in terms of components is particularly favorable.
We have indeed that many of the systems described above are naturally described by an as-
sembly of, possibly parametrized, building blocks; in addition, damage generation is a local
phenomenon, and thus can be effectively described at the component-level. For this reason,
we envision that the use of PR-scRBE might enable us to tackle more realistic engineering

problems.

Automatic feature identification

As shown in the numerical results of Chapter 9, appropriate choice of features is absolutely
crucial for classification. In particular, features which are sensitive to the anticipated damage
but relatively insensitive to nuisance variables and measurement noise greatly simplify the
classification task and ultimately improve the robustness and hence performance of the
deployed classifier. Furthermore, we may view feature identification, or “extraction" —
which includes both sensor placement and frequency selection, and perhaps also actuator
considerations — within the broader context of Design of Experiment (DOE).

In this thesis, given the experimental outputs {A?(jp( f9)}ijq, we proposed the features
z,(-) = [z'l(fl;-)]?:ll, z,(-) = [Z'Z(fl;-)](f:ll defined in (7.5.4) - (7.5.5). Numerical results
demonstrate that our choices are well-suited to discriminate between the undamaged state
and damaged states. The relations (7.5.4) - (7.5.5) are identified by inspection of bk model
predictions, preliminary experimental studies (prior to the offline stage of the classification
procedure), and physical arguments informed by the classical disciplines of elasticity and
dynamics.

As future work, we wish to develop computational techniques for automatic, or at least
semi-automatic, feature extraction. These methods promise not only more effective classi-
fiers but also more effective deployment; for example, in the microtruss context, we may be

able to reduce the number of sensors as well as the number of shaker excitation frequencies.
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We envision that automatic feature extraction techniques can greatly benefit from recent
advances in Robust Optimization (RO, |20, 30]) and Mixed Integer Optimization (MIO,
[31]). Since RO and MIO techniques are directly informed by the target risk RPX(), we
might design feature that are “optimal” with respect to our stated objectives as reflected in
wPX. We might also consider feature extraction by (grouped-)variable selection techniques

developed in the DOE literature (see [121], [36, Section 7.5|, [179]) for regression analysis.

Impulsive and ambient loading

We have until this point largely taken the source and nature of excitation as given. We can
expand our choices to perhaps better discriminate and to more effectively deploy.

For our microtruss problem, we resort to a shaker to apply a known displacement at
prescribed frequencies. Shakers provide a high signal-to-noise ratio and furthermore can
excite a broad range of modal frequencies. However, shakers are cumbersome and expensive
to install and particularly difficult to apply in situ. Furthermore, shakers are not practicable
if we wish to continually monitor structures in the field.

Impact hammers represent an important alternative to shakers for SHM actuation in
particular as regards installation and operation. From a mathematical standpoint hammer
excitation can be interpreted as an impulse in the time domain; the Laplace transform
connects the frequency and time domain. An example of impulsive SHM is Acoustic Pulse
Reflectometry (APR, |4, 200]): a microphone measures the reflections of an acoustic pulse in
a pipeline to deduce damage “scatterers" such as holes or obstructions; similar concepts may
be applied more generally within the elastodynamics context. Quite apart from practical
considerations, these impulsive — effectively, time-of-flight — protocols would appear to
offer very good sensitivity to damage; “feature extraction” concepts can then be applied to
optimize sensor and actuator location and also sampling strategies.

It is also of interest to consider not just active systems in which we provide forced and
controlled (say, hammer) input excitations, but also passive systems — “output-only" meth-
ods — which rely on ambient loading as naturally arises in operation of the deployed system
(|79, Chapter 4.11],|65]). The latter are of course ideal as regards installation and mainte-
nance in real structures in the field. The SHM literature proposes a variety of approaches for
passive systems: in particular we cite Operational Modal Analysis (OMA, [6]) which iden-

tifies modal properties of structures from ambient vibration data; representative examples
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of OMA techniques include peak-picking ([146]), Frequency Domain Decomposition (FDD,
[39]), and Time Domain Decomposition (TDD, [125]).

Integration of our pMOR Simulation Based Classification approach to SHM with time-
domain analysis and impulsive excitation, and ambient or operational load conditions rep-

resents a very promising area of future research.
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Appendix A

A posteriort error estimation:

analysis of the finite-v error

In this Appendix, we present a thorough analysis of the finite- error in both L? functionals

and L? error. In more detail, we rigorously demonstrate that finite-v error is a balance

between transducer resolution and regularity of the spatial field. In section A.1, we present

a number of definitions, and an useful lemma. Then, in section A.2, we present the proofs

of the two main results presented in Chapter 4.

A.1 Preliminaries

We first introduce the convolutional kernel

Wd,l/(r) -

C(d)w (7’) 7

vd v

where C'(d) is a normalization constant such that
/ way(|lz —yl)de =1, Va,y € RY,
Rd
and w: Ry — R, is a positive function such that

w(p) =0, Vp>1.

221

(A.l.1a)

(A.1.1b)

(A.1.1¢c)



Given wg,, we can introduce the function g4 : R4 — R4 such that

1/r
ga(r) :== fd(dl) /0 Sdlﬂw <i) ds, (A.1.2)
and the constant
o 1/p
Culp,d) = (A(d) /0 (gd(r))prd_ldr> , (A.1.3)

where A(1) =2, A(2) = 2w, A(3) = 4 is related to the dimension.
Next Lemma shows that C,,(p, d) is finite if p < 725 and w(r) ~ r~® as r — 0% for some

a <d.

Lemma A.1.1. Let p < C[%l and let wq, be the kernel defined in (A.1.1). Then, if w(r) ~

r~* asr — 07 for some a < d, the constant C,,(p,d) in (A.1.3) is finite.

Proof. Let us consider the function

. 1/r 1 1
ga(r) ::/0 Y (S> ds.

Applying change-of-variables formula, and recalling (A.1.1c), we find

1
R / s w(s)ds ifs < 1;
ga(r) = r
0 otherwise.

«

Since w(r) ~r~* as r — 0 for a < d, gq is bounded for any r > 0.

We now consider the integral

o0 1
(Colp. @) =A@ [~ (aur)ys*dr = A@) [ )l 140

Since gq is finite for 7 — 07, C,(p,d) is finite if and only if (d — 1)(1 — p) > —1, which
implies p < d%dl. Thesis follows. O
Previous definitions are motivated by Lemma A.1.2.

Lemma A.1.2. Let & € WH(Q0P), where Q°" € R? and q € (d, 0], and let wq, be a
convolutational kernel. Let us further recall the definition of v-neighborhood of Q Q, = {z €
RY : dist(Q, x) < v}.
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Then, if 0, CC Q% the following estimate holds:
17 (€) = €l pee(y < Cu(p, )9 VE|| 1o, (A.1.4)

where C,(p,d) is defined in (A.1.3) and F,(§)(z) = fﬂobs wa |z —y|) £(y) dy.

Proof. Since & € C(Q2°™) (see, e.g., [181, Theorem 1.3.5]), we must show that |F,(&)(z) —
£(z)] < Culp, =49 VE|| 1q (qovsy for all z € Q. With no loss of generality, we assume
£ € C1(2°%); the generalization to & € W1 can be performed using a density argument.

We omit this passage.

Let us take Z € . Since 0, CC Q°" we have that  + B,(0) C Q°PS. Then, referring

to the Fubini theorem and the Cauchy-Schwartz and Holder inequalities, we can estimate

Fu(&)(T) — £(T) as

FA@ = @) = [ wnulle - 2l la) do — €(a),

/ way |z —z]) (&(z) — &€(T)) do (A.1.1b),
/Qobs w(lz —zl/v) </ VEE + t(w — ))~(w—f)dt> dz,
B /0 (/ B.(z) CI/(‘?) w(lz —z|/v) VE(Z + t(z — 7)) - (z — @) dﬂ?) dt (Fubini theorem),
! C(d
- /0 </Bw(o) th<d21 (/) V@ +y) ydy) dt (t(x —z) =y, tlde = dy),
! C(d
:/0 </Bu(o) V"t(‘”)l W(lyl/tv) Ve@ +y)-ydy ) dt (w(p) =0, Vp>1),
— /Bu(o) Vé(xz+vy) -y (/0 dth w(lyl|/tv) dt) dy, (Fubini theorem)
- _ 1 v/l C(d) -
a /Bu(x) ety ly|4 (/0 sart w(1/5) ds) dy, (tv/lyl = s)
- T A
- /Bu(;i) v£( +y) ’y| pd—1 gd(|y|/ ) d

Fu(&)(T) — &) < ||

ga(] - ‘/V)HLP(Rd)vaHLq(QU) (Holder).

pd—1
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We finally observe that:

I gall - /) v = e (S22 (9alp/v)) =t dp) '

= (AW@) 5 (galr)Prt=t dr) 7 eI = G gy w1,

Thesis follows. O

A.2 Error bounds for the finite-v error

We now wish to apply Lemma A.1.2 to show error bounds for the finite-v error in output
functionals and in L? error. For convenience, we report the statements already presented in

Chapter 4.

Proposition A.2.1. Let wq, be a convolutional kernel of the form (A.1.1) such that w(r) ~

=% for some o < d. Then, if Q, CC Q°P3, the following hold.

o Ifec WH(Q) g€ (d, 0], then

B — BF| < Culp. '~ Q0Y2¢]| 12 I Vell oo . (A2.1a)

o IfC e WH(Q), q € (d,00], e € LX(Q°%), then

Be — BRI < Culp,d) CL@, Q) =/ 1le]| 2oy ¢ lwiagoy
(A.2.1b)

+Ca(Q, 0" )wle]| oo (0, 1€ 1.0 (0)-

Proof. Estimate (A.2.1a) follows by applying Lemma A.1.2 and the Cauchy-Schwartz in-
equality.

We now show (A.2.1b). Since Q, CC Q° recalling [1, Theorem 5.24], there exists
¢t € Wha(Q°) such that

la=¢ IE™ lwraggensy < CLE Q)¢ lwra@)- (A.2.2)

Then, we introduce F,, : L%(£,) — L%(€,) such that

F(w) = / wa (| — y)w(y) dy. (A.2.3)

v
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We observe that for all w € L*°(Q,), we have
Fo(w)(z) = Fy(w)(z), Vo € @ |F(w)(@)] < |[wl|pe,) Vo €\ Q. (A.2.4)
It follows from (A.2.3) and (A.2.4) that

JoCy) Fule)y)dy = [q, ¢*(y) (fQV wa |z —yl)e(x) dw) dy = Jo,\0 ¢ (¥) Fole)(y) dy
= Jo e@ FACH @) dr + o0 (W) (D) = Fole)) =) ) dy.

Then,

Be-Bf = [ ela) (¢la) = R™)@) o+ [ (el BC0) ~ F)C0) du

Q\Q

(I (IT)

Applying Lemma A.1.2 to (**, recalling (A.2.2) and using the Cauchy-Schwartz inequality,

we obtain

(D)] < Culp,d) C1(Q, Q%)Y e]| 20y ¢ w0 -

On the other hand, observing that for every £ € L>(°%) we have that
[ €@ de] <@gl oo
Q\Q
we find that
| (I1)] < 2C(Q)v]|e (™" || peoq,) < Ca(Q, Q) v|el| oo (o) 1€l wra(ey-

Thesis follows. O

Proposition A.2.2. Let e € W19(Q°P), where Q°* € R? and q € (d,0]. Let wy,, be a
convolutional kernel of the form (A.1.1) such that w(r) ~ r=* for some a < d. Then, if

Q, CC QP the following estimate holds:

A¥(v) < Culp, VI 1| Vel oo, - (A.2.5)
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Proof. Using the inverse triangle inequality, and (A.1.4), we find

[E>(v) - E|

<

llellzz@) = IFv ()l 2@l < lle = Fole)llrz@),

VIQllle = Fu(e)l| o) < Culp, d)1/19] V=41 Ve| L, )-
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Appendix B

A posteriort error estimation:

extension to heteroscedastic noise

B.1 Main result

We study the extension of the discussion of Chapter 4 to the case of heteroscedastic random

noise. Specifically, we consider the following set of assumptions.
e H1 {X; }3]:1 is a sequence of J i.i.d. random variables such that X; ~ Uniform(2).
e H2 {¢; }3]:1 is a sequence of independent random variables such that E[e;] = 0, V[e;] =

O'j2- € [03 5, 0% 5], and

sup E[l¢;[*] < oo, sup E[le;|"] < oo.
J J

e H3 X, and ¢; are independent of each other 7,5 =1,...,J.

We observe that the extension to heteroscedastic noise does not affect our discussion
about the finite-v error; thus, in what follows, we only focus on finite-J and finite-noise
error. For simplicity, we only consider the case of L?(Q) functionals; the same ideas can also
be applied to the estimation of the L?() error.

We state the main result of this appendix.
Theorem B.1.1. Let {F;}32, and {G;}52, be two random sequences such that
1. F\, By, ... arei.i.d. random variables such that E[F}] = up, V[Fj] = o%, E[|F}|*] < oo;
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2. G1,Ga,... are independent random wvariables such that E[G,] = 0, V[G,] = 0% €

(0 Rins s> 5uD; E[CGf*] < 00 and sup; E[|G]"] < o0

3. E[FyGj] = 0, sup; E[|F;|G3] < oo, sup; E[F} |G;]] < oo for j,j =1,2,....

Then, if we define Y; = F; + G; and the sample mean and variance

1 & 1
=5 SNV, &Y= Z (Y; - Y7)2, (B.1.1)
j=1 3:1
the confidence region
-~ = <1 2 <1 2
CJ(a) = |:YJ - \/%/ \/ eYJ +Umax - mm +6 YJ + \/%/ \/ €YJ + Umax - Ur2nin +9

(B.1.2)

satisfies lim inf; P (,up € éJ(a)) >1—a, for any 6 > 0.

Theorem B.1.1 can be applied to the estimation of EZO(I/) by considering
Fy = Fu(e)(X;5) ¢(X;) [, Gy = &5 ¢(X;) 9]

and assuming that {Xj; } _; and {sj} _, satisfy H1, H2, H3. We observe that the random
variables Y are observable — realizations of {Y;}; are {£§};; while we have that o2 =
Elofrp and o, = EZo} g with EZ = [Q*E[((X1)?].

The remainder of this Appendix is organized as follows. In section B.2, we present four

preliminary results. Then, in section B.3, we present the proof of Theorem B.1.1.

B.2 Preliminaries

Definition B.2.1. We say that the random sequence {Z;}; converges in probability towards
the random variable Z if for all 6 > 0:

lim P(|Z; — Z| > §) = 0. (B.2.1)

j—}OO

We denote convergence in probability by plim; Z; = Z.
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Lemma B.2.1. Let {Z;}; be a sequence of random variables such that sup; E[ZJQ] < 00,
and E[Z; Z;) =0 if i # j. Then,

<l

J
1
plim > z;=o. (B.2.2)
i=1

Lemma B.2.1 is a consequence of Chebyshev’s inequality (see, e.g., [119, Chapter 5,Corol-
lary 5.2]). We refer to Ref. [119, Exercise 20.1] for a guided proof.

Lemma B.2.2. Let {Z;}; be a random sequence of independent random variables such that

E(Z;] = pj, V[Z;] = 0]2, with pimin < pj < fmax and O'JQ- < 3% < 00. Then, for every 6 >0

J—00

J
. 1
lim P | pomin =0 < ;Zj < fmax + 0 | = 1. (B.2.3)

Proof. We observe that

J J J

1 1 1

j Z Zj < j Z (Zj Hj + :umax) j Z Z]O + Hmax; (B'2'4a)
J=1 7=1 7j=1

and

1< 1< 1<

j Z Zj > j Z (Zj — 5+ Mmin) = j Z; + Hmin; (B'2'4b)
j=1 j=1 j=1

where Z7 = Z; — p;.
We observe that the random sequence {Zj‘?}j satisfies the hypotheses of Lemma B.2.1.
Then, thesis follows from (B.2.2). O

Lemma B.2.3. Let {®;};, {V;}; be two random sequences such that
] plimj (I)j - \I/j = 0,’
ii there exists o, 8 > 0 such that for all § > 0, lim; Pla —6 < W¥; < B +6) =1.

Then, for every § > 0,

ImPla—d<®; <p+6)=1.
J
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Proof. Let us introduce the events
AJ,(S = {w : |(I)J(w) — \I/J(w)| S %(5},
Ejs ={w: ¥ (w) €a—105/2,8+0/2]},

where § > 0.

Using hypothesis (i), for any given ¢’ > 0, there exists J* such that for all J > J*:
0" > P(|2y(w) = Uy(w)| =2 6/2) = 1= P(|2;(w) — ¥y(w)| < 6/2) =1 - P(Ayy).
Using the total probability theorem, we find
P(Ajs) = P(Ajs N Ejs) + P(Ajs N ES;).

We observe that
P(AJ,(SQE‘L(;): P((\DJ—5/2§®J§\I/J+5/2) N (04—5/2§\IIJ§/6+5/2))
< Pla—0<d;<5+90).

On the other hand, we have that P(A,;5N ES;) < P(ES;), and then
8 >1-Pla—6<®;<pB+06)— P(E,).

Recalling hypothesis (ii), we have that P(ES;) — 0 as J — oo for every 6 > 0. This implies
that there exists J** such that for all J > J** P(ES ;) < ¢'; as aresult, for J > max(J*, J**),
we obtain

Pla—5<®;<pB+6)>1-25.
Since ¢ can be chosen arbitrary small, thesis follows. O

We now exploit the previous lemmas to prove an important limit in probability.

Proposition B.2.1. Let {F};}; and {G;}; satisfy the hypotheses of Theorem B.1.1, and let
sey j be defined in (B.1.1). Then, for any § > 0, we have that

)

lim P (—0Pax + 585, — 0 < 0 < —opy, + 56y, +6) =1. (B.2.5)



Proof. Let us define

J
1
— 2 2 _ 2 o2 2: 2
(I)J_O—F_SeY7J7 \I/J—O'F—Sep,J‘i‘j GJ
i=1

where .§E’2F7J = %Z}le (F; —Fj )2 Fy= %Z}Ll F;. Recalling that plim; sAe%J = 0% and

then applying Lemma B.2.2, it is straightforward to verify that

1
lim P (07, — 6 < Wy < 07 +6) =lim P | o, — 6 <

min max min

<

J
Y Gi<on | =1
j=1
for any § > 0. On the other hand, we observe that

J
2 2 = —
@J—\P]:—*ZP}'G]‘—F(GJ) - F;Gy,
J 4 ——
j=1 \;(1/1-)/ =(III)

=)

where Gj = 1 Zj']=1 Gj.

We study the limits of (I), (I1) and (III) separately. Since the random variables Z; =

F; G; are independent and Z; satisfy the hypotheses of Lemma B.2.1, we find that
lim(I) =0
plim (1) =0,

Furthermore, applying [119, Theorem 17.5] and exploiting the fact that plim; G; = 0

(consequence of Lemma B.2.1), we find that
plim (1) = (Gs)” = 0.

Finally, we observe that we can write (I11) as follows: (I1) = % Z}]:1 Z; with Z; = F ; G;.
Recalling the third hypothesis of Theorem B.1.1, we observe that
_ 1

E[Z;] =E[F, Gj] = 5 Y E[Fy Gl =0

5/

J'=1
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and also sup; E[ZJQ] < 00. Then, applying again Lemma B.2.1, we conclude that
pli(gn (I1I) =0.
By combining the three different pieces, we obtain
pli}n (®;—T,) = plilI]n (I) + pli}n (IT) + pli}n (I1I) =0.
Thesis then follows by applying Lemma B.2.3. O

B.3 Application of Lyapunov Central Limit Theorem

We first verify that the random sequence {Y; := Fj + G;}32, satisfies the hypotheses of
Lyapunov Central Limit Theorem (see, e.g., [119, Theorem 21.2]). We have indeed that

E[Y;] = E[F;] + E[Gj] = pr; (B.3.1a)
E[Y]] = E[F}] + E[G}] + 2E[F;G}] = of + puf + 0F < 003 (B.3.1b)
E([Y; %) < BIE[ + EIG; ] + 3E(F IG5 + 3E[ 1G5 2] < oc. (B.3.1¢)

Applying Lyapunov Central Limit Theorem to the random sequence {Y}};, we obtain

1

O () = [YJ -+

— 1
Sgt]h Rl—a/2) YJ + —= StJh Zl—a/2:| )

VI

where (S1)2 = 1 Z}‘]=1 V[y;] =2 ijl ajz + 0%, is a (1 — a) asymptotic confidence interval

for pr. Exploiting Proposition B.2.1, we find
im P ((Sgh)2 < 56% 7 + Opax — Opuin + 5) =1,
and thus lim; P(C'*(a) C Cy(a)) = 1. As a result, we obtain that
liminf P (up € Cy(a)) > liminf P (nr € C}h(a)) ~lim P (uF € Cf]h(a)) ~1-a

Thesis follows.
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Appendix C

Caccioppoli inequalities for some

elliptic PDEs

In this appendix, we prove Caccioppoli inequalities for the solution to a number of elliptic
problems. Caccioppoli inequalities represent the basic tool to prove regularity results for
elliptic boundary value problems. We refer to the book of Giaquinta and Martinazzi [93] for
further details.

This appendix is organized as follows. In section C.1, we introduce some preliminaries.
Then, in section C.2, we first consider the case of harmonic equations (Laplace’s equation)
and we observe that the same strategy can be easily extended to advection-diffusion-reaction,
Helmholtz’s equations and to linear elastodynamics. Finally, in section C.3, we study the

problem of Stokes.

C.1 Preliminaries

We first present some definitions and general hypotheses. We denote by ulgjk e Vhk =

H'(QPK) the solution to the variational problem:

G(ugk, v)=0 VYoeVPk ugklpm =g,

where VX := {v € V*X : | = 0}, g € T = HY/2(I'™). In what follows, we assume that
I'™ is an open subset of 9QP¥ and that QP¥ is a Lipschitz domain. We further introduce

Q C Q% ¢ R? such that § := dist(Q, fin) > 0.
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The objective of this appendix is to show that
IVupt|r2) < lupsllpzey, — VgeT. (C.1.1)

We recall that (C.1.1) guarantees that the space generated by the transfer eigenmodes is

optimal in the sense of Kolmogorov (see Chapter 5).

We further introduce quantities that will be used to prove estimates of the form (C.1.1).

First, we introduce the t-neighborhood of © in QPk:
Q= {z € QP : dist(z,Q) < t}. (C.1.2)
We observe that Q; C Qp if ¢ < /. Then, we introduce 7 s € Cl(Rd) such that

1 in Qt,
0<ms(z) <1, ms(z) = (C.1.3)
0 in QPk\ Q,

where t < s. We observe that we can choose 7; s such that

C
19352l < ——, (€14

where C' might depend on 2. We further observe that if s < §, 1 |pin = 0.

Before concluding, we comment on the notation adopted. In this appendix, we employ
bold letters to indicate vector-valued functions. Furthermore, we denote by || - ||2 the Eu-
clidean norm in C? with the understanding that if v is complex ||v||2 = /v - v. Similarly,
we denote by || - || the Frobenius norm in C%?¢. We state upfront that, in what follows, we

denote by C' a positive constant that uniquely depends on ©, QPK.
C.2 Laplace’s equation and simple extensions
We first study the Laplace’s equation. Next theorem coincides with [93, Theorem 4.1].
Proposition C.2.1. Let ugk € VPX be the solution to
Vul* - Vode =0,  VYoeW* ulm=g, (C.2.1)

Qbk
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where g € T. Then, given the Lipschitz domain Q C QP%, § := dist (€, fm) > 0, we find

c©
/Q IVubk |2 e < §2) /Q (b (C.2.2)

Proof. Let us consider v = ulg)knt%s with 0 <t < s < §. By substituting in (C.2.1), we find

/Q Hvubk”Znt ,8 de = =2 /Qbk (nt,svu3k> (u};kvnt,s) .

Then, applying Cauchy-Schwartz inequality,

1/2 1/2
/|wm%mﬂx9%/ WW%ms> </ Wmﬂw%wQ .
Qbk Qbk QPbk

By dividing both sides by ([qux HVuEkH%nZS dx) 2 and then squaring both sides of the

equation, we find

/ wwm%ms4/<ﬁ¥w%ﬁm
Q Qbk

Finally, if we set t = 0 and s = 0, recalling (C.1.3)-(C.1.4), we find that 1, s = 1 in 2 and

(Ve s(z)]2 < % for all € QP As a result, we find

4C
[vaiizar< [ vt < 4 [ @ IVnlia < R

Thesis follows. O

Some comments are in order. First, we observe that with the same proof we can generalize

the result as

Q
/||vu‘;k||§dm < ¢ )/ W~ A)2dz,  AeR.
9] QObk

52 g

Second, we observe that we do not require that Q CC QP but only that § > 0, that is, we
require that T is well-separated from €.

We now extend the result to a wider class of PDEs.

Proposition C.2.2. Let ugk € VPX be the solution to

/ I/Vu;’k-Vv + (b . Vu];k) v+ culg)kvda: =0 Vo e Vhk u2k|p =g, (C.2.3)
Qbk
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where v,b,c € L¥(OPK). We assume that v(x) > vmin > 0 and that b,c guarantees the

existence and uniqueness of the solution u;’k for any choice of g € T.

Then, the following holds:

I 1112 gy C(9)
[ 1vuizan < ‘<ucumbk)+ O ) Iy (C24)

I/Hlln

We observe that Proposition C.2.2 includes advection-diffusion-reaction and Helmholtz’s
equations as special cases. We also observe that with analogous proof we can consider more
general boundary conditions on open subsets of 9QPX \ T that are well-separated from .

For example, if we consider the problem
S VVuEk Vv + (b . Vu};k) v+ culg)kvd:n + Jo hugkvda = [ hugkvda Vo e Vi
ugslr = g,

estimate (C.2.4) still holds provided that we substitute § with

§ = min (dist(ﬁ, fin), dist(, f/)> .

We now consider the case of linear elastodynamics. Although the proof follows the exact

same ideas of the proof of Proposition C.2.1, we report the proof.

Proposition C.2.3. Let ugk € VPK be the solution to

Jopic 2usym(Vup®) : sym(Vv) + Adiv (ul®) div (ubk) do — A(w) foue ugs-vdz = 0 Vv e Vg,

ugkh“in =8
(C.2.5)

where g € T and A(w) = _;“_i;jga, (1, A) are the Lamé elastic moduli and (c, 3) are the

Rayleigh-damping coefficients. Then, we have

1 C
Va0 < g (246 + 500+ 0) ) Tl (©.2.60)
Q
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where Cskzorn > 0 s defined as

Jo 2ullsym(Vw)II3 + A ldiv (w)[2 da

Ckorn =  mmin C.2.6b

Q@ weHL(Q) HVWHQLQ(Q) ( )
and

IV llaa = /Q VW) da.. (C.2.60)

Proof. We define 1 = 19 s. Then, we introduce
Bl = [ (2 sy (Tl + Aldiv(uf)? ) o de
We observe that
Blan) = [ (2 lsym(Va) I + Adiv(ul ) ) do > O™ 19 0¥, (€27

and CE™ > 0 due to Korn’s inequality (see, e.g., [112]).

By substituting v = ugkn2 in (C.2.5), we find

B(u';k,n) = Aw) bek Hung%HQ dx + bek (\/2usym(Vulg’k)n) : (2\/2;1,V?7®u75k> dx

+ Joni <\/ﬁndiv(ugk)) <\/ﬁV?7‘uTg’k) dz.

Applying Cauchy-Schwartz and Young’s inequality at the right hand side, we find

Bl ,n) < A ey + 52 BOaEE ) + o<+ X) b 3o o
Substituting € = %, we find
Bk n) <2 (14 + 5500+ 3) ) [l (C28)
Thesis follows by combining (C.2.7) and (C.2.8). O

237



C.3 Stokes’ problem

We now study the extension to Stokes problem: find (up¥, p) € VP& x L3(QP¥) such that

Japi Vulg)k : Vv — p(div(v)de =0 Vve Wk

Jo a(div(u}®)dz =0 Vqe L3(Q) (C.3.1)

bk —
ug ‘I‘in — g

The proof here reported follows the same argument of Kang in [124].

We first present two lemmas.

Lemma C.3.1. (/89, Theorem II1.3.1, page 171]) Let Q' be a Lipschitz domain. Let f €
L*(QY) such that [, f dz = 0. Then, there exists w € Hg(Q') such that

div(w) = f, Vw2 < Cllfllizz @)
where C depends on €, but does not depend on f.

Lemma C.3.2. ([92, Lemma 3.1, page 161]) Let f : (10,71) — Ry, f € L*®(70,71), 170 > 0.
Suppose that
Ft) < (A(s =)™+ B) +0f(s)

forall g <t <s<m and for A,B,a,0 >0, 0 < 1.

Then, we have

() < C(Als— 1)+ B),

forallmg <t<s<my, and C =C(a,d) > 0.
We now present an interesting estimate for the pressure.

Proposition C.3.1. Let Q,QP% be Lipschitz domains. Let p € L3(QP%) be the solution to
(C.3.1). Then, for every 0 <r < s < ¢, the following estimate holds:

C
2 < bk 12 7. 3
/m pPdr < Tl /Q Jup |3 de (C.3.2)
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Proof. If we substitute v = ugkms in (C.3.1)1, we find
[ IVt e = [ vl e Vo + [ (T ul o
Obk QObk QObk
We observe that

C
M sVugt (gt @ Vi e) < ong |V ug |F + S lug 3 [ Vs 3,

DO |

where C' > 0 depends only on the dimension d. Then, observing that ||V s||3 > 0 only in

Qs \ ; and exploiting Cauchy-Schwartz inequality, we obtain

L, v aiipde < ¢ [ IV + [ omotde(©33)

S\Qt

We now introduce 7,4, r < t < s. Recalling Lemma C.3.1 we further introduce w €

HE(Q) such that

div(w) = pn?, — pn?,, VWl 2200, < Clipng il 2

where pn?}t denotes the mean of pnf,t over {);. We observe that w € V('fk. Then, recalling

that p € LZ(2P¥) and exploiting (C.3.1);, we find

/ p(pny,) do = / p(pnZ, — pn2,) de = / pdiv(w)dz = [ Vul* : Vwdz
Qbk Qbk Q Q

Then, applying Cauchy Schwartz inequality and recalling that ||[Vw/| 12(q,) < C| pnitH L2(Q0)5
we find

1 1
/pMQM=/HW$@M+&/p%%mg/HW$%M+&/p%%w
Qbk 46 O Oy 46 O

Q

where in the second identity we used the fact that n,; < 1. By choosing € = %, we find

/ p2dm§/ pznitda: SC/ ||Vul;k|]%dx. (C.3.4)
Q- Q Q
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Combining (C.3.3) and (C.3.4), we find

(C.3.3)
< S Jo, WKz + C fo g, PP

fQT p*dx < Cth ||Vu;’k||%d:5 < (Sg)2 fQS HuEkH% de + C fQS\Qt p?dx

If we sum Cfﬂr p? dx on both sides, we find

2 bk 2
dr < ——— d _ dzx.
Af’x /HuH2x+C+IAf)w

Applying Lemma C.3.2 with f(7 fQ p? dx, we finally obtain (C.3.2). O
We can now show Caccioppoli inequality.

Proposition C.3.2. Let Q, QP% be Lipschitz domains. Then, for any g € T, we have that

c
/ IV de < G [ e e (C.3.5)

Proof. Let 1 =19 5/2. Then, by substituting in (C.3.3),

/Wwﬁum<c/ wWﬂmme+/ (pn.s)? de.
~— Q52
<(C/é8)?

If now we apply Proposition C.3.1 with » = §/2 and s = §, we find

C
‘/WWMx<y/|WWW+p/|W%W

Thesis follows. O
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Appendix D

Parametric-affine expansion for the

microtruss problem

Below, we report the parameter-dependent coefficients {Gq}

—, and the parameter-independent

bilinear forms {aq}1 1 associated with the microtruss problem considered in this work.

(1 +1iwsB)E q=1,
(—w —i—uufa)pLz qg=2,
Oq(f,u= o, B, E,sp,sr]) = (1+iwsB)sy E q=3,
(1 +1iwsB)E q=14,
(1+iwB)s,' B q=5,

and

thief (U, U)

al(u, v) mret (U, v)

/ 1—v 8u1 8’1)1 + 1

241

(— wf +iwra)pL?s,  q =6,
(1+iwsB)sr B q=71,
(1 +iwsB) E q=3,
(1+1WfB)SR qg=29,
(— wf + waa)pLQSR g = 10,

(D.0.1a)

8U2 81}2
) 8%‘1 8.7}1



a(u,v)

' / v Our 0%
Qléef (1"‘7/)(1—2]/) 8.7;1 8:52

1—v 6’1&@

Qus oo\ 1 (0w 00y
Oxo 011 2(14+v) \ Oxg 01
1 ouq %

/Qgef (14 v)(1 —2v) dxy dxo * 2(1 + v) Oxy Oy

mQEef(u, U)
/ l-v. 0w on

/ v Our 0%
aeet (1+0v)(1=2v) \ Oz Oz

/ L-v  Ou 00y
Qgef (1 + V)(l — 21/) 81‘2 &Tz

mQEef (u, U)
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1 Oug ODo
2(1+v) dxy dry
Oxg 011 2(1+v) \ Oz 0x1
1 Ouy 0vq

(1 +v) Bz D "

Ous D01\
8331 81’2

n Ous 8171> dx

dx1 0wy

(D.0.1¢)

q=4,
q=79,
q =6,
q=71,
q=28,
q=29,
q =10,
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