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AN ADAPTIVE PARAMETRIZED-BACKGROUND DATA-WEAK APPROACH
TO VARIATIONAL DATA ASSIMILATION

ToMMASO TADDET !

Abstract. We present an Adaptive Parametrized-Background Data-Weak (APBDW) approach to the
steady-state variational data assimilation (state estimation) problem for systems modeled by partial
differential equations. The variational formulation is based on the Tikhonov regularization of the
PBDW formulation [Y Maday, AT Patera, JD Penn, M Yano, Int J Numer Meth Eng, 102(5), 933-
965] for pointwise noisy measurements. We propose an adaptive procedure based on a posteriori
estimates of the L? state-estimation error to improve performance. We also present a priori estimates
for the L? state-estimation error that motivate the approach and guide the adaptive procedure. We
provide numerical experiments for a synthetic acoustic problem to illustrate the different elements of
the methodology, and we consider an experimental thermal patch configuration to demonstrate the
applicability of our approach to real physical systems.

Résumé. Nous présentons une méthode variationelle d’assimilation de données pour des systémes
modélisés par des équations aux dérivées partielles, nommément ” Adaptive-Parameterized-Background
Data-Weak” (APBDW). Cette approche est fondée sur la régularisation Tychonoff de la formulation
PBDW [Y Maday, AT Patera, JD Penn, M Yano, Int J Numer Meth Eng, 102(5), 933-965], et consiste en
une procédure adaptative pour considérer le bruit expérimental. Des estimations a priori et a posteriori
de I'état L? (estimation d’erreur) motivent 1’approche et servent de guide la procédure adaptative.
Nous présentons des résultats numériques pour deux problémes de modéle synthétique pour illustrer
les éléments de la méthodologie. Nous considérons aussi une configuration expérimentale de patch
thermique pour montrer que notre approche est applicable dans le cadre de systémes physiques.
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1. INTRODUCTION

Data, assimilation refers to the estimation of the state u'*¢ of a physical system over the domain of interest

Q C R? by combining experimental data with a mathematical model of the dynamics of the system. For real-
time and in situ applications, data assimilation techniques should provide an estimate of the state rapidly with
little or no communication with extensive offline resources. Furthermore, for safety reasons, it is key to certify
the reliability of our estimate using either probabilistic (i.e., confidence intervals) or deterministic (i.e., error
bounds) approaches.
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The goal of this work is to develop a variational data assimilation procedure that combines a parameterized
best-knowledge (bk) mathematical model and experimental data to rapidly obtain a reliable estimate of the state
u'tie € Y over €. In this work, we shall focus on steady-state data assimilation. We denote by {y, }X_; the set
of experimental measurements, and we denote by uP* (1) € U the solution to our parameterized bk mathematical
model for the parameter value u € PPk, GPRH(uPk(1)) = 0. Here, the space U = U(R) is a suitable Hilbert
space defined over ), GP¥#(.) denotes the parameterized bk mathematical model, and PX C R” reflects the
uncertainty in the value of the parameters associated with the model. Since experimental apparatuses are
typically affected by errors, measurements are in general of the form y,, = £2, (u'™"°) + €,,, where £, : U — R is
a known functional and ¢, reflects the observational noise. On the other hand, the uncertainty in the parameters
of the model leads to the definition of the bk manifold MP* := {u(x) : u € PPk} C U, which collects the
solution to the parameterized bk model for all values of the parameter in PPk,

In [36,37], Maday et al. introduced the so-called Parameterized-Background Data-Weak (PBDW) approach.
The key idea of the PBDW formulation is to seek an approximation u* = z*+n* to the true field «*"® employing
projection-by-data. The first contribution to u*, z* € Zy, is the “deduced background estimate.” The linear
N-dimensional space Zy C U is informed by the bk manifold MP¥, which we hope is close to the true field.
The second contribution to u*, n* € Uy, is the “update estimate”. The linear M-dimensional space Uy is the
span of the Riesz representations of the M observation functionals {¢9,}2_,. The pair (z*,n*) € Zy x Uy is

m=1
then computed by searching for #* of minimum norm subject to the observation constraints €2, (z* + n*) = yum,
for m =1,..., M. While the background estimate incorporates our a priori knowledge of the state, the update

addresses the deficiencies of the bk model by improving the approximation properties of the search space.

As discussed in the original papers, PBDW provides some new contributions. First, the variational for-
mulation facilitates the construction of a priori error estimates, which might guide the optimal choice of the
experimental observations. Second, the background space Zy accommodates anticipated uncertainty associated
with the parameters of the model; the construction of Zy based on MPX relies on the application of parametric
Model Order Reduction (pMOR) techniques. Third, unlike standard least-squares methods, PBDW provides
a mechanism — the update n* — to correct the deficiencies of the bk model. Finally, projection-by-data, as
opposed to projection-by-model, implies that the parameterized model is not directly used during the data as-
similation procedure. This feature significantly simplifies the computational procedure and guarantees real-time
responses.

We observe that several of these ingredients have appeared in different contexts. The variational formulation
is built upon least-squares ([25,30]); the correction of unmodeled physics through Riesz representation of
observation functionals is first introduced in the work by Bennett ([2,3]). On the other hand, the bk background
space Zy, as opposed to a background singleton element in the original 3D-VAR ([32, 33]), is found in the
context of gappy Proper Orthogonal Decomposition ([17,59]), Generalized Empirical Interpolation Method
(GEIM, [34,35]), and nearfield acoustical holography (NAH, [10,60]). Finally, the use of model order reduction
techniques within the context of data assimilation is found in the already-mentioned gappy-POD and GEIM,
and in a number of recent papers in the context of 4D-VAR ([9, 14,49, 50,54,62]).

In this paper, we present an adaptive Parameterized-Background Data-Weak (APBDW) approach that ex-
tends the original PBDW formulation to the case of pointwise noisy measurements; ¢, := d,, for some z,, € 2,
m = 1,..., M. Our approach is based on the Tikhonov regularization of the PBDW formulation; to explain
the connection with other data assimilation formulations, we derive APBDW from the 3D-VAR minimization
statement, and the partial-spline model ([56, Chapter 9]). The extension to pointwise measurements is based on
the theory of Reproducing Kernel Hilbert Spaces (RKHS, [1]) and exploits the connection with kernel methods
for regression ([42,53]).

We rely on an adaptive procedure for the selection of the hyper-parameters associated with the Tikhonov
penalization term, and with the characteristic length-scale of the kernel. The adaptive procedure chooses the
hyper-parameters that minimize an estimate of the L? state-estimation error on a validation dataset. The
adaptive procedure employed in this work is based on holdout validation (see, e.g., [21, Chapter 7] and [27]),
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and relies on the Monte Carlo a posteriori error estimation procedure discussed in [51]. Adaptation allows us
to properly weight the trust in the best-knowledge model.

We further present a complete a priori analysis for the L?(2) state-estimation error in presence of noise. We
both consider the case of homoscedastic random noise and the case of systematic noise. This analysis motivates
the approach from a theoretical standpoint, and guides the adaptive procedure. We anticipate that our result
for systematic noise can be seen as a generalization of the a priori result proved in [28].

The theory of RKHS allows us to consider spaces U for which the Riesz representers {K,  }, associated
with the observation functionals {0, } ., are explicitly known. We demonstrate that explicit expressions for the
representers greatly improve the flexibility of the approach; in addition, we find much faster convergence with
respect to the number of measurements M than in the approach presented in [36,37]. We here remark that
pointwise measurements represent a convenient idealization. We have indeed that physical transducers estimate
averages over a finite spatial region. However, if the radius of the region is sufficiently small compared to the
characteristic length-scale of the field of interest, we can replace local averages with pointwise observations.

The outline of the paper is as follows. In section 2, we present the formulation and the well-posedness
analysis. We further relate our formulation to a number of other methods proposed in the data assimilation and
statistical learning literature. In section 3, we present a priori and a posteriori estimates for the L2(f2) state-
estimation error. In section 4, we exploit the error analysis to design an adaptive procedure for the selection of
the parameters. In section 5, we present numerical results for a synthetic acoustic problem. Finally, in section
6, we present the results for a physical thermal patch configuration.

2. FORMULATION

2.1. Preliminaries

By way of preliminaries, we introduce notation used throughout the paper. Given the Lipschitz domain
Q C R?, we introduce the space of continuous functions over €2, C(Q). Then, we introduce the Hilbert space U
such that U C C(Q); we endow U with the inner product (-,-) and the induced norm || - || = \/(+,). For any
closed linear subspace Q@ C U, we denote by Ilg : U — Q the orthogonal projection operator onto Q, and we
denote by Q% its orthogonal complement. Given z € €, we denote by K, € U the Riesz element associated
to the corresponding point evaluation functional, (K, f) = f(x) for all f € U, and we introduce the function
K : Q x Q — R such that K(z,y) = (K5, K,) for all ,y € Q.

Given a random variable X, we denote by E[X] and by V[X] the mean and the variance, where E denotes
expectation. We denote by X ~ N (m,0?) a Gaussian random variable with mean m and variance o2. Similarly,
we denote by X ~ Uniform(Q) an uniform random variable over Q. Furthermore, we refer to an arbitrary random
variable € such that E[e] = 0 and V[e] = o2 using the notation € ~ (0, 0?).

2.2. Problem statement

We aim to estimate the deterministic state u'™¢ € U over the domain of interest @ C R%. We shall afford
ourselves two sources of information: a best-knowledge (bk) mathematical model

GPH (W () =0, (1)
where i € PPX € RY indicates a set of uncertain parameters associated with the model; and M experimental
observations Yar = {y1,...,ym} associated to the M distinct observation centers Xp; = {z1,...,zpm} C Q

ym:utrue(ﬁm)""emv mzl,...,M. (2)

Here, PP* C RF is a confidence region for the true values of the parameters of the model, while {e;,}2_,
are unknown disturbances caused by either systematic error in the data acquisition system or experimental
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random noise. For purposes of exposition, we introduce the dataset Dys = {(Zom, ym)}M_, associated with the
experimental observations (2), and the bk manifold MP* = {uP*(y) : u € PPX} associated with (1).

If PP% = {f}, we propose to estimate the state u'™'® as follows:
uf i= argmin &flu — uw(@)[> + Var(u), (3a)
ueU
where
1 U 2
Vi) = 23 () — ). (3b)
m=1

The first term penalizes the distance of the state estimate from the background, while the second term penalizes
data misfit; here, the parameter ¢ > 0 regulates the relative importance of the background u"*(fi) compared to
the data. We observe that if €1, ..., €y are independent identically distributed random disturbances such that
Elem] = 0, Elemem/] = 028,,m/ then (3) corresponds to the 3D-VAR statement ([4, Chapter 2], [33]).

If we consider PP¥ = {ji}, we can generalize (3) as follows:

* ok : bk 2
, = - + Vi 4
(kg ug) == arg i Ellu —u” (p)] M () (4)

Formulation (4) is known as partial spline model ([56, Chapter 9]), and can also be restated in terms of the
update 77 = uf — ubk(ug):

* ok : 2 bk
, = + Vi +n). 5
(kg mg) := arg o Elinll v (u” (1) + 1) ()

We observe that (4) (and equivalently (5)) is non-convex in y; furthermore, evaluations of the map p +— uP*(y)
involve the solution to the bk model. Therefore, it is not suitable for real-time computations. We remark that
statement (4) is not the only possible variational formulation that incorporates parametric uncertainty in the
model. Here, the bk model enters in the objective function, in other approaches the model is employed as
constraint for the minimization of Vj; in the latter class of methods, the parameter & can be interpreted as a
Lagrangian multiplier, and enters directly into the minimization statement. We refer to [40] for a representative
example of the second class of approaches for cardiovascular applications.

If we introduce the rank-N approximation ([13]) of the bk field u"*(u), uR¥(z, p) = ij:l On (1) Co(x), for
r € Q and p € PPX, we can approximate statement (5) as

(km) EPPRXU

N
(ngmg) ==arg  min £ln|* + Vi (Z bn(1)Cn +n> (6)
n=1

Then, we can relax (6) as (¢g,7f) = argmingg ,)cr™ xu ElII* + Vs (Efj:l n Cn +77) , which can also be
rewritten as

(mg) =amg  inf  Je(n) = €l + Vil ), (7

where Zy = span{(,}\_, C U is the N-dimensional linear space induced by {¢,}N_;. We further denote by
ug = z7 +ng the corresponding state estimate.

Statement (7) is the Adaptive Parametrized-Background Data-Weak (APBDW) formulation, and ug = zf+n;
is the APBDW state estimate. We observe that APBDW is a (convex) relaxation of the partial spline model for
a parametric affine background: instead of penalizing the distance between the state estimate and the manifold
MPE = LyPk(y) © € PPEY. we penalize the distance from the linear space Zy. Our derivation allows us
to interpret zg as the deduced background: zg is the component of the state informed by the prior knowledge
of the system, and represents anticipated uncertainty in the mathematical model. Similarly, we can interpret
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n; as the update, the component of the state that accommodates unanticipated or non-parametric uncertainty.
Consistently, we refer to Zx as the background space. Finally, we observe that the parameter £ should be chosen
based on the accuracy of the background space — hence on the accuracy of the bk mathematical model — and
on the magnitude of the disturbances €1, ..., €. In section 4, we propose an adaptive strategy to select &.

2.3. Well-posedness analysis

Given the background space Zx C U, and the observation centers X, = {xm}%:l, we introduce the update
space Uys as
Unr = span{ Ky, } 11, (8)
and the stability constant By s as
- (2.9)
Ot = B 2P Tellal ©
We observe that for perfect measurements (i.e., ¥, = u'™°(z,,)) the inner product (u
of experimental observations

M M M
(utrue’ qg= Z amem> — Z Oéfrn(utl'ue7 Kajm) = Z amyn’u (10)
m=1 m=1 m=1

for any g € Up;. For this reason, we say that Uy is experimentally observable. We further observe that the
stability constant Sy s is a non-increasing function of background span (NNV), and a non-decreasing function of
observable span (M). Furthermore, Sx s = 0 for M < N.

In the remainder of the paper, we assume that the observation centers z1,...,z5 € Q are distinct. This
assumption has two important consequences: first, the update space Uy is M-dimensional; second, the matrix
K € RMM K, v = K(Tpm, T ), is symmetric positive definite. The proof of the first statement is straight-
forward, while the proof of the second statement is provided in [58, Theorem 10.4]. We extensively use these
results in the proofs of this section.

Next Proposition contains the main result of this section.

true ") is a weighted sum

Proposition 2.1. Suppose that Zy C U, and let By be defined in (9). Let us further suppose that the
observation sites x1,...,xp € Q are distinct. Let £ > 0. Then, the following hold.

(i) Any solution (2,mF) to (7) belongs to Zn x ZxNUy.
(i) The pair (2£,nf) is a solution to (7) if and only if uf = zf +nf is a solution to the problem

ug = argirellfl Jél)(u) = f”HZﬁqu + Vs (u). (11)

(iii) If BbJE/,M > 0, there exists a unique solution (zf,n¢) to (7). Furthermore, (zf,nf) solves the following
problem:

2607,0) + 7 Lty (3 (@) + 7 (@) = ym) a@m) =0 V€ Un;

(n¢,p) =0 VYpe Zy.

(12)

In view of the proof of Proposition 2.1, we first present two lemmas. The first lemma is proven in [35,
Proposition Appendix A.1].

Lemma 2.2. Let Uy := span{K, }*_, and let By ar be defined as in (9). Then, we have that

11 n
s — it Mzl
neu; |l
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Lemma 2.3. Let Uy = span{Kmm}%lzl, M’ < M. Let us introduce By pp = inf,cz, SUPy e, %, and
the matriz KM ¢ RM'-M" K%g, = K(Zm, Tm). Let us further define
1 . Amin (KO
= CN AL ey = min | = A (KDY, 2w > g2 14
CN,M M’I:nl?‘.}.i.,M CN,M’, CN,M min <2/\m n( )7 2+ )\min(K(M,)) 6N,M ’ ( a)

where )\min(K(M')) denotes the minimum eigenvalue of the matriz KM,

Then, the following bound holds:
N M
J(w) = |Tzpull® + > (u@m)? > enmlull?,  Yuel. (14b)
m=1
Proof. We first claim that for any M’ such that Sy p > 0 we have

M/
Tar () = |[Mzpul>+ Y (u(em)® > enarlul?, Vueu. (15)

m=1

Given (15), we find that

J(U) > jM/('LL) > éN,M/Hu||2 VM <M = j(u) > (HJ%/%X éN,M’) ||'LLH27

which is the thesis. ,
We now show (15). Given u € U, we introduce uy = Iy u, up = Iy, u = ZAm{l(uQ)mem. Then, we
M/ -
observe that

ur(zy) = (Kg,, , u1) =0, m=1,...,M". (16)
—~—
Uy,
We further observe that
M’
> (a(em)’ = KO ugl3, o = uf KM w,
m=1
which implies that
M’ 2 ’
min 2om=t (2@m) L MK walls a7)
w2 €U, ||’LL2||2 uy ERM’ ug KAL) Us min

Combining (16) and (17), we obtain

M’ M’ ,
Z (u(xm))2 = Z (U2($m))2 > /\Inin(K(M )) ”uQH2
m=1 m=1

Now, recalling the identity 2ab > —%aQ — €b? valid for any € > 0, and Lemma 2.2, we obtain:

Tar(w) = Ty (wn +uz) 2 [Tzl + Tzl + 2 Mz Tzu) + Anin(KO) [fuz?

> (1-) Bl + (1= 1) Tz ual® + Amin(KO)fug 2
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Let us consider € € ( - Recalling that [[TIz L uz| < [Juzl], we obtain

N S
1+ Amin (KM

Tarw) 2 (1= B ap unl? + (Mmin(KO) +1 = ) Jug]

€

v

min (Amin(KO) +1 = 1, (1= 8 ap ) (w2 + Jfua]?)
—_— ————

e’

=[lull?

Estimate (15) follows by considering € = O

2
2+ Amin (K(M7))*

We observe that ¢y, is monotonic increasing with M therefore, it is asymptotically bounded from below
in the limit M — oco. We also recall that )\min(K(M /)) > 0 since the sites z1,...,x ) are distinct. Therefore,
cn,um is strictly positive if By ps is strictly positive.

Proof. (Proposition 2.1). We first prove that 7 € Uy N Zx (Statement (i)). Thesis follows by observing that
Je(z,m) = Je(z, My m) + €| Me )|, and Je(z,n) = Je(z + zyn, M zin) + &Mz, n]*. We omit the details.
We now show that (z7,n;) solves (7) if and only if uf = 27 + 5 solves (11) (Statement (ii)). Exploiting
Statement (i), we have
min Je(z,m) = min Je(z,m).
(z,m)EZN XU 5( 77) (z,n)EZNXZﬁ E( 77)
Thesis follows by observing that Jg(l)(u) = Je(lzyu, 1z, u), and recalling that U = Zy & Z5%.

We now prove (iii). Applying Lemma 2.3, we find that the objective function Jg(l) :U — R is strictly convex
if By, > 0. Existence and uniqueness of the solution to (11) then follow from [16, Theorem 3, Chapter 8.2].
Exploiting Statement (ii), we find that the solution (zf,7{) to (7) exists and is unique. Furthermore, recalling

that the solution uf must be a zero of the first variation of Jél), we obtain

M
* * 2 *
5J(u5,v):2§(HZﬁu§7v)+M E (uf (Zm) = Ym) v(zm) =0. Vv el,

m=1
which implies (12). Thesis follows. O

Before concluding, we present a number of observations. First, in Proposition 2.1, we rely on the assumption
that Zy C U. This is required to define Sy ar in (9), and also the single-field formulation (11). In section
2.4, we derive sufficient conditions for the well-posedness of (7) that do not rely on the hypothesis Zy C U.
Second, statement (i) of Proposition 2.1 is extremely important from a practical standpoint since it provides
an a priori finite-dimensional representation formula for the solution to (7): we rely on this finite-dimensional
representation to derive an efficient algebraic counterpart of the variational statement.

2.4. Algebraic formulation

In this section, we present the PBDW algebraic formulation, and we study the stability properties of the
linear system. Then, as anticipated in section 2.3, we present a well-posedness result that does not rely on the
assumption that Zny C U.

2.4.1. PBDW algebraic statement

In view of the algebraic formulation, we first introduce the matrices K € RMM 7 ¢ RV L € RMN such
that

Km,m’ = K(!.Cm, xm’)a Zn,n’ = (Cna Cn’)7 Lm,n = Cn(‘rm)y (18)
form,m’=1,...,M,and n,n’ =1,...,N.
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Next Proposition shows the algebraic counterpart of the APBDW statement (7). We note that the compu-
tation of the solution to (7) does not require the computation of the matrix Z.

Proposition 2.4. Let y,m > 0, and let £ > 0. Then, the solution to (7) uf = zf +n; is given by

N M
Ug() = Z ZE,nCn() + Z ng,szm(')a (193)
n=1 m=1

where the pair (z¢,m;) € RY x RM solves

o 3 [5]=[% ) we]

Ym

Proof. Recalling Proposition 2.1 (Statement (i)), we have that uf is of the form (19a). Then, substituting (19a)
in (12) and choosing ¢ = K, , p = (,, we find

2£K+T%WK2 KL [me ] [ &Ky |
L 0 zf 0

Since K is invertible, thesis follows by multiplying the first equation by %Kil. O

We now wish to investigate the spectral properties of the linear system (19b). With this in mind, we first
present a standard result (see, e.g., [35, Lemma 3.3]).

Lemma 2.5. The inf-sup constant By ar is the square root of the minimum eigenvalue of the following gener-
alized eigenproblem:

LYK 'Lz, = v, Zz,, n=1,...,N. (20)
Next Proposition provides a bound for the minimum eigenvalue of the saddle point system (19b).

Proposition 2.6. Suppose that Sy v > 0, and let (1,...,(n be an orthonormal basis of Zy. Let )\gﬂn be the
minimum (in absolute value) eigenvalue of the saddle point system (19b). Then, the following bound holds:

(21)

i Amax(LTL
|)\IEH1H‘ > min ()‘mln(K) + £M7 ﬂ]QV,M - é-M ( ) ) )

/\min (K) ({M + )‘min(K))
and the bound holds with equality for € = 0.

Proof. Following the argument in [5, Section 3.4], we observe that the saddle-point system (19b) is congruent
K 4+ M1 0

0 —LT(K n fM]I)_l]L . Therefore, we find:

to the block-diagonal matrix {

IAZ™| = min (Amin(K) + €M, Amin (L7 (K + £MT)7'L)) .
We now estimate Apin (]LT(]K + &M ]I)*IL). Towards this end, we first observe that

K+EMD) ™ =K —eMXe, Xe=(K+&MD) K™
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Therefore, recalling standard linear algebra results and Lemma 2.5, we find

VvILT (K + ¢MT)~'Lv

Amin (HJT(K+£M]I)_1L) = mjn ||V||2
2
"LTK'L TLTX,L
> min %*meax #
v [vI3 v [Iv|I3
> BRar — EMAmax(Xe) Amax (LTL).

Thesis follows by observing that

T —1m—1
Amax(Xf) = max Y (K ha SM]I) Ky

v VI3

2.4.2. An improved well-posedness result

Proposition 2.7 shows a well-posedness result that does not rely on the assumption Zy C U.

Proposition 2.7. Let Zy C C(2). Then, the solution (2£,m;) € Zn xU to (7) exists and is unique if and only
if the matriz L has rank N. Furthermore, the state estimate uf = z{ + ng satisfies the representation formula
(19).

Proof. We observe that Je(z,1) = Je(2,y,,n) + §||Hu]\777||2~ Therefore, any solution 7f to (7) belongs to Ups.
This implies that any solution to (7) is of the form (19a).
Substituting (19a) in the minimization statement, we find

1
. T obs |12
min n K’I]+ —_— K’I}—‘r—LZ —/ .
[— }RNXijg M ” M ”2

By deriving the stationary conditions, we find

(§K+ ﬁKQ) n* + ﬁK}Lz* = ﬁKy

(22)
LT Kn* + LTLz* =LTy
By premultiplying (22); by MK~!, we find
(EMI+K)n* +Lz* =y. (23a)
If we now premultiply the latter equation by LT and we subtract (22)q, we obtain
L'n=o0. (23b)

Saddle system (23a) - (23b) is well-posed since K is invertible and L is full-rank by hypothesis. Thesis follows. [

We observe that if Zy C U, the condition rank(L) = N is equivalent to Sy > 0 (cf. Lemma 2.5).
Therefore, Proposition 2.7 is equivalent to Proposition 2.1 if Zy C U.

2.5. Construction of the spaces

2.5.1. Construction of the background space Zn

If we denote by €>X , uP¥(u)|| the modeling error, and by €3 = inf, ¢z, |[ut™® — 2|| the

best-fit error associated with Zp, we aim to choose Zy such that eglj)d % e}o\}‘. Since the stability of the APBDW

= infuepbk ”utrue —
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formulation strongly depends on the value of N, we further wish to keep IV small compared to the number of
observations M. We observe that we may bound the best-fit error as follows:
bk

—z[| < sup inf [JuP(u) =z + inf [luP(u) —u" = efion +amoar  (24)
pePek 2€EZN pEPPK ’

bk : true
= f
N T LEEn e

bk

where €3\ = sup,cpucinf.cz, [uPs(u) — 2| is the discretization error. Therefore, if €2X ;| is small, we can

practically construct Zy to minimise e‘(ﬁ‘sc’ N-

If the bk model is defined over the domain of interest, we observe that the task of constructing the space
ZN is equivalent in objective to the task of constructing the reduced trial space in parametric Model Order
Reduction (pMOR). Therefore, we can resort to state-of-the-art techniques proposed in the pMOR literature to
generate Zp, such as Proper Orthogonal Decomposition (POD, [6,24,29]), Proper Generalized Decomposition
(PGD, [11,12]), Taylor expansions ([18]), and Greedy algorithms.

In this work, we rely on the Weak-Greedy algorithm for the construction of the space Zy. The algorithm
was first proposed in [43,44] in the context of Reduced Basis method ([22,45,47]), and has been applied to
elliptic and parabolic, linear and nonlinear, differential equations. The convergence with respect to N of the
reduced space obtained using this Greedy procedure has been extensively studied in [7,8,15] and linked to the
so-called Kolmogorov N-width [41]. We refer to [45, Chapter 7] for a thorough overview of the computational
procedure; we further refer to [13, Section 8| for a review of the theoretical results.

We briefly address the more general case in which the bk model is defined in a super-domain QP¥ that
contains (). In this case, we might first appeal to one of the techniques presented above to build a space Zy
for the manifold MP* = {uPk(p) : QP% — R : g € PPk}, Then, we might define Zy := {z|q : z € Zy}. If
the manifold MP¥ is low-dimensional and reducible!, this approach should guarantee accurate reduced spaces
for the bk manifold MPX. However, if MPX is not reducible, and  is strictly contained in QPX, this approach
might either be unfeasible or lead to poor approximation spaces. This issue is subject of ongoing research.

2.5.2. Construction of the update space: Reproducing Kernel Hilbert Spaces

In [36,37], authors first choose an inner product (-,-) for the space U, and then appeal to a Finite Element
(FE) discretization to compute the Riesz representations of the observation functionals, K, ,..., K,,,. This
requires the solution to M FE problems. For pointwise measurements, we can exploit the theory of Reproducing
Kernel Hilbert Spaces (RKHS, [1]) to avoid the implicit construction of the update space.

An Hilbert space (U, || -||) is a RKHS if the point evaluation functionals are continuous, i.e. d, € U’ for all
x € Q. This is equivalent (cf. [58, Theorem 10.2]) to assume that there exists a function K : Q x @ — R such
that (i) K(-,x) € U for all x € Q, and (ii) (K(-,2), f) = f(z) for all z € Q and f € U. The function K is
called Reproducing Kernel. For any = € ), we observe that K, is the Riesz element associated with the point
evaluation functional d,,.

A function K : Q x Q — R is a symmetric positive definite (SPD) kernel if (i) K(z,y) = K(y,z) for all
z,y € Q, and (ii) for any set of N distinct points in Q, {z,})_; C Q, the matrix K € RY" defined as
Kyt = K(xn, Tp) is positive definite. We already mentioned that if U is a RKHS such that point evaluation
functionals are linearly independent then the corresponding reproducing kernel is SPD. The converse is also
true: given the SPD kernel K there exists a RKHS for which K is the reproducing kernel, which is referred to
as native space of K. The latter result is known as Moore-Aronszajn theorem and was first proved in [1].

The duality between RKHS and SPD kernels has important implications for our discussion. We might first
propose an explicit SPD kernel — for instance, the csRBF kernel (25) — and then appeal to Moore-Aronszajn
theorem to recover the variational formulation. This prevents us from having to solve M FE problems to build
the update space Uy, .

An important class of kernels, which is employed in the numerical simulations, is given by the compactly
supported radial basis functions of minimal degree (csRBFs), also known as Wendland functions. This class of

IWe refer to [45, Chapter 5] for a formal discussion about the reducibility of parametric manifolds.



TITLE WILL BE SET BY THE PUBLISHER 11

kernels was first proposed by Wendland in [57], and is defined as K, (z,y) = ¢qr(V]|z — y|2) where x = [k, 7]

and -
) par(r) 0<r<1;
Ga.k(r) = { 0 r> 1. (25a)

The polynomial pg 1 has the following form for & = 0,1 and for all d:

[ (1 —r)ta k=0
pak(r) = { (1 r)lartd (bgp + D +1) k=1 (25b)
and lq ) = LgJ + k + 1. We observe that it is possible to generalize (25b) to the more general case k € N; we
refer to [58, Table 9.1] for the explicit formulas.

Next result clarifies the connection between csRBF and Sobolev spaces. We refer to [58, Theorem 10.35] for
the proof.

Theorem 2.8. Let us consider the compactly supported RBF K, K, (z,y) = ¢ar(vllx — yll2), introduced in
(25). Let Q = R%, and let either one of these conditions hold: (i) d >3, k>0, or (i) d > 1, k> 0. Then,
the native space for K, is the Sobolev space H(4T1V/2+k(Rd),

2.6. Computational procedure

Algorithm 1 summarises the computational procedure. As in [36,37], we exploit an Offline-Online computa-
tional decomposition. During the offline stage, which is performed before acquiring the experimental measure-
ments, we generate the background space Zpy, we select the observation centers x1,...,x) and we assemble
the matrix L in (18). During the online stage, we first acquire data yi,...,ya, we choose the parameters of
the Kernel K and the constant £, and then we solve the linear system (19b). The offline stage is computation-
ally intensive since it requires the solution to the bk model for multiple values of the parameter; on the other
hand, the online stage is independent of the dimensionality of the FE mesh used to compute Zp, and is thus
computationally inexpensive for moderate values of M. We further observe that we have not discussed yet how
to select the observation centers during the offline stage, and how to select kernel parameters and the constant
& we address these points in section 4.

Algorithm 1 APBDW approach. Offline-online computational procedure
Offline stage

Choose a family of kernels (e.g. (25))

Generate the background Zy C U (cf. section 2.5.1)

Select the observation centers x1, ...,z € Q (cf. section 4)
Compute the matrix L (18)

Online stage
Acquire the measurements y1, ...,y
Choose the parameters of the kernel and the regularizer weight & (cf. section 4)
Assemble the matrix (19b) and solve the linear system (19b)
(If needed) Evaluate the state using (19a).

2.7. Connection with other formulations

2.7.1. Connection with other data assimilation procedures

In the statistical learning literature, APBDW is closely related to the approach presented and analyzed in [26]
by Kimeldorf and Wahba. In more detail, the two approaches are equivalent if we choose Zx as the set of all
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polynomials of degree less or equal to x, k > d/2 — 1, and U = H**1(Q) endowed with a proper inner product.
We also observe that, exploiting the connection with [26], we can re-interpret our formulation in a Bayesian
setting as a Gaussian linear system with improper prior (see [55]). In this work, we do not pursue this feature
of the approach.

Furthermore, for N = M APBDW formulation is equivalent to the solution to the Generalized Empirical
Interpolation Method (GEIM, [34]), while for £ — oo and Zx built using a Proper Orthogonal Decomposition
(POD, [29]), APBDW is asymptotically equivalent to Gappy-POD ([17,59]). On the other hand, in the limit
¢ — 0% our formulation (7) is asymptotically equivalent to the ”noise-free” formulation presented in [36]. Next
Proposition shows the two asymptotic results.

Proposition 2.9. Let By,m > 0. Let uf = nf + 2 be the solution to (7). Then, we have

li *—wuf]| =0, 26
Jim ] (26)
and
lim ||u§ —z1g|l =0, (27)
£—o0
where u* = z* + n* satisfies
(n*, z*):=arg  min (17l subject to z(xm) + N(Tm) = Ym, m=1,..., M; (28)
(Z,’I’])GZN xU
and 27 g € Zn satisfies
2] g :=arg min Vis(z). (29)
zEZN

Proof. Let us first consider the limit £ — 0%. Recalling [36, Section 2.4], we have that u* is of the form (19a)
with coeflicients nj, 2§ satisfying
][] ]
LT 0 z} 0o |’
Therefore, we just have to show that
* *
o (5[] e[ 52
£—0+ Zg zg:o
Exploiting Proposition 2.6, we can show that each eigenvalue of the saddle-point system (19b) satisfies [A¢ ;| >
%min()\mm(K),ﬁJQ\,,M) > 0 for all ¢ < ¢, for some € > 0. Therefore, we find [ufllz < C for all £ < €.
Let {¢;}; be a positive sequence such that £; — 0T, and let ug, be the solution to (19b) for £ = ¢;. Since

wf }; is uniformly bounded, applying Bolzano-Weierstrass theorem, we obtain that, up to a subsequence,
& 47
ug, — u. We further observe that

yvy | _ | K L * I o0 * yu | | K L | .
{0}_[1? o}ufﬁ@M[oo Mez o [T LT oo™
— 00

Since the linear system (19b) for £ = 0 admits a unique solution, we must have u = uf_,. Using the same
reasoning, we find that UE:O is the only limit point of the uniformly bounded sequence {ugj };. Therefore, the
entire sequence is convergent (see, e.g., [38, page 67]).

We now consider the case £ — co. As for the previous case, we must prove that for £ — oo

z; — ZLs = LTL) LT y,,, ng — 0.

The proof exploits the same argument of the previous case, £ — 07. We omit the details. O
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2.7.2. A two-stage regression procedure: connection with Kalman filter

We can rewrite the linear system (19b) as follows:

{ ]LT(gMHJrK)*lIng =LT(EMI+K) ly,, (30)
(EMT + K)ng =y — Lzg.
Formulation (30) is the algebraic counterpart of the following two-stage procedure:
zg = arg win [|Lar(2) — yarllwe;
M (31)

1
* L : 2 err) 2 err .__ *
ng = argmin Ellnl* + 7 >0 en) =y Y= g = 2 (om),

m=1

where We = (K+EMI) ™Y, Laf(2) = [2(x1),. .., 2(xa)], and ||d|lw = VdTWd. Problem (31); corresponds to a
weighted least-square regression problem, while (31)s corresponds to a smoothing problem applied to the error
field u'"® — 2.

Equation (31) can be exploited to interpret the APBDW components zg and ng: the deduced-background
estimate zg € Zy represents our predicted state estimate based on prior knowledge (here encoded in the back-
ground space); on the other hand, the update n; € Unr represents the innovation induced by the measurements
and only depends on the residuals yii" =y, — zf*(xm) This interpretation of the APBDW components clarifies
the connection between our approach and least-square statistical linear estimation (LSSLE, [52]), and thus with
Kalman filtering? ([25,30]). We remark, however, that, while in LSSLE the predicted state estimate is uniquely
determined by prior knowledge and possibly by observations at previous times, in our approach both zZ and 7
are determined through experimental data.

We further observe that — from the perspective of approximation theory — APBDW formulation introduces
a hierarchy between the approximation provided by the background space Zp, and the approximation provided
by Ups. In more detail, the background space Zy should provide primary approximation, while the update
space Uy is designed to complete any deficiency in Zy. This asymmetry between Zy and Uj, is motivated
by the underlying assumption that elements of Zy have better generalization properties (see, e.g., [53]) than
elements in Uy, since Zp is directly informed by the mathematical model. In this respect, by adapting the
parameter £, we can properly tune the relative importance of primary and secondary approximation.

3. ERROR ANALYSIS

We present a priori and a posteriori estimates for the L*(Q2) state-estimation error [[u*"® — uf||12(q). The
importance of the error analysis is twofold. First, it motivates our formulation from a theoretical viewpoint.
Second, it provides insights about the role of the different pieces of our formulation: the regularization parameter
&, the background space Zp, the kernel K and the centers X);.

3.1. A priori error analysis
In order to derive error bounds for the L*(Q) state-estimation error [|u*"® —uf||12(q), we must first introduce
assumptions on our dataset Dj;. To our knowledge, three different scenarios have been considered so far.

(1) Random-design regression: the pairs {(2m, ym)}M_, are drawn independently from a joint unknown

distribution p(xy). In this case, the objective of learning is to estimate the conditional expectation
E[Y|X = z].

2We recall that Kalman filter can be interpreted as a sequential form of statistical LSSLE (see, e.g. [52, section 4]).
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(2) Flized-design regression: the centers Xpr = {x1,..., 25} are fixed (non-random) points in €, while the
responses Vs = {ym }M_; satisfy y,, = ut™(2,,) + €, where ut™¢ : Q0 — R is the deterministic field of
interest and €1, ..., epr are independent identically distributed (i.i.d.) random variables with zero mean

and variance o2, €, ~ (0,0?).
(3) Scattered data approzimation: both centers Xy, and responses Y, are non-random, and we assume that
there exists some unknown § > 0 such that |y, — u™"®(x,,)| <6 for allm =1,..., M.

The first scenario has been extensively studied in the statistical learning literature (see, e.g., [42,53]). We
refer to [20] for a complete review of the error bounds available. The second scenario has also been studied
in statistics; we refer to the survey [19] for further details about a specific class of kernels. Finally, the third
scenario has been studied in approximation theory and radial basis functions (see, e.g., [58]). From the modeling
perspective, the first scenario refers to the case in which we do not have control on the observation centers, the
second scenario addresses the problem of random error in the measurements, and the third scenario addresses
the problem of systematic deterministic error.

In the next two sections, we present error bounds for both the second and the third scenarios. Our analysis
for the third scenario exploits results first proved in a work of Krebs, Louis and Wendland ([28]). We state
upfront that in the remainder of this section we assume that Zy C U.

3.1.1. An a priori error bound for scattered data approzimation

We state the main result of this section.

Proposition 3.1. Let Q be a Lipschitz domain and let U be the Sobolev space H™(Q) with 7 > d/2. Let By m
in (9) be strictly positive. Let us further assume that measurements are of the form ym, = u®(z,,) + €y with
lem| <6 form=1,..., M.

Then, if u'™ € U, the following holds:

5 1\2 VE 2
[ = g2y < O (hEIM <2||Hzﬁutme|| + 2\/.§> + i, M (5 + 2||Hzﬁu““e> ) . (32)
where Cn, x,, is defined as

||U||2L2(Q)

CnN,xy, i= sup (32D)
M well h%—MHHZﬁq‘dP +thM||u||§2(XM),
[ulle22epp) = Zﬁl/le u(zm)?, and the fill distance hy,, as
hxy, =sup min || — zy||2. (32¢)
zeQ m=1,...M

Proof of Proposition 3.1 is technical and for this reason we present it in Appendix A. In the remainder of
this section, we state a number of remarks.

Remark 3.2. We observe that the constant C'y x,, is associated with the maximum eigenvalue associated to
a generalized eigenproblem. Provided that the inf-sup constant Sy s > 0 and hy,, < 1, the constant Cy x,,
defined in (32b) can be estimated as follows:

1

. — b)
min{cy, ar, 1 — hQXTM d

Cnxy < (33)

where ¢y ar is defined in (14). We rigorously prove (33) in Appendix A. We remark that to practically estimate
CN, x> We need to numerically approximate the maximum eigenvalue of the generalized eigenproblem associated
with Cn, x,,. Recalling the definition of ¢y ar (14), we find that Ciy x,, is asymptotically bounded as M — oo for
fixed IV; on the other hand, the dependence on N heavily depends on the background Zy. Accurate estimates
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of Cn x,, require the estimate of the matrix Z in (18); the latter requires that the basis (1,...,({y can be
represented as (,(-) = 222:"1 an,q Kz, () for some {an }q and {Zp, x}q CQn=1,...,N.

n,q

Remark 3.3. For quasi-uniform grids, hx,, ~ M~? for M — oo, the right-hand side reduces to

e — ¢ B S © (nnzﬁumnz i (1 ;) + 01+ A>2) (340)
where
By minimizing with respect to A, we obtain that the asymptotically optimal choice of £ is
o o 4/37
&= <W) hy (35a)

The optimal value of £ is directly proportional to §, inversely proportional to the background best-fit error
Mz ut™¢|| and decreases as M increases. For this choice of the hyper-parameter, we obtain:

™ — ey £ O (IMzgu™ | W37 6% +6%) M = oo, 350

We observe that for any finite § > 0, we do not expect convergence in a L? sense.

Remark 3.4. In the case of perfect measurements, estimate (32) reduces to
1
Hutrue — ’U,EH%Q(Q) < ECN’XM (16hggM + hc;l(MM€> HHZﬁutrueH% (36)

We can decouple the right-hand side of (36), as the product of two terms: (i) CN,XMHHZﬁu“ueHQ, and (ii)
16h/2{M + hng M¢. Recalling that Cy x,, is asymptotically independent of M (cf. Remark 3.2 and (14)), we
find that the first contribution is independent of the number of measurements M; on the other hand, the
second contribution is independent of the background Zy. We thus observe a multiplicative effect between
M convergence (associated with the update) and N convergence (associated with the deduced background).
For £ = 0, the M term is guaranteed to decrease as M increases since hy,, is monotonic decreasing in M; on
the other hand, it is not possible to guarantee that Cn x,, |1z u'r°||? is monotonic decreasing with N. We
investigate this multiplicative effect in the numerical results.

3.1.2. A priori error bounds for fized-design regression

We first introduce some notation. First, we define the matrix A, € RN+M,N+M

EMI+K L ] (373)

Af:{ LT 0

associated with the linear system (19b). Then, we introduce ¥ € RN M N+M

z;:[g g] (37b)
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Finally, we introduce M € RN+M-N+M gych that

K, i=1,....M
M v 1:/ Vi(z) i (2) da, i) :{ _ (37¢)
Q C’i—M Z:M+1,,M+N

We can now state the error bound.
Proposition 3.5. Let Q be a Lipschitz domain and let U be the Sobolev space H™(Q) with T > d/2. Let By m
in (9) be strictly positive.

Then, if ut™e € U, the following holds:

[~ l3aiey] < 5 v (1603, + iy, ME) [Tz + 2077, (38)
where T = trace (Agl MAgl E). Furthermore, if u™"® € Zy, we have

E[J[u™ — w320 = 0* 7. (39)

Proof of Proposition 3.5 is presented in Appendix A. We observe that (38) can be easily extended to
correlated noise by appropriately modifying the matrix ¥. We further observe that, unlike in the previous case,
it is not evident how to provide explicit estimates for the optimal value of £&. However, since 77 is computable,
if utv® € Zy, we can estimate numerically the optimal value of £ a priori. We investigate this aspect in the
numerical results.

3.2. A posteriori error analysis
Next result provides the identity of interest.

Proposition 3.6. Let {z;}!_, be drawn independently from an uniform distribution over Q. Let y; = u'™®(z;)+
0;+e€;, where €1, . ..€r are i.i.d. random variables such that €; ~ (0, 02) and 61, ...,07 are deterministic unknown
disturbances. Let us further assume that {x;}1_, and {€;}._, are independent mndom sequences.

Then, we have that the mean squared error

2

I
1
MSE; = - Z — uf(z;)) (40)

satisfies

1 d 2 true *
BIMSE] = Fl +% 73261 - ,WZ(S ([ vt~ uzto o) ()

where E2 1s defined as follows:

B2 = 1 /Q (u'™ (z) — ug(2))” da. (42)

Proof. To simplify notation, we introduce the random sequence {e; = u'™(x;) — uf(x;) I_|. We observe that
e1,...,er are i.i.d. and E[e?] = ﬁ”u““e

and the fact that {z;}/_, and {¢;}._; are independent, we find

- u‘;\ £||2L2(Q)' Then, exploiting linearity of the expected value operator

I
E(MSE;] =E [e}] +E[€] Z 0 — ii} 8 Eles].
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Thesis follows. O

In absence of systematic noise (§; = 0), identity (41) reduces to
E[MSE;] = E2.,., + 0> (43)

Estimate (43) shows that for random noise (8; = 0) the mean squared error (40) can be used to asymptotically
bound the squared L?(Q2) error. Furthermore, since o2 is independent of the state estimate, minimizing the
mean squared error is equivalent to minimize the L?(Q) error. The latter observation motivates the adaptive
strategy presented in section 4.

4. MODEL ADAPTATION

As observed in the previous sections, our procedure depends on a fair amount of design choices, which include
the choice of a number of hyper-parameters and the choice of the observation centers and background space
Zn. In section 4.1, we discuss how to exploit the error analysis to perform some design choices a priori. Then,
in section 4.2, we discuss the adaptive strategy used to tune the parameters of the formulation after having
acquired data.

4.1. A priori considerations

We recall that the APBDW state estimate ug is given by

M
1
* : 2 . _ 2
ug 1= arg min §||Hzﬁu|| —+ N E_l (u(Zm) — Ym) (44)

where Zy = span{(,}Y_;. We observe that the formulation depends on the regularization parameter £, the
sensor locations Xy = {x;, }M_; and the choice of the reproducing kernel K associated with (U, || - ||).

The hyper-parameter £ > 0 controls the amount of regularization introduced: for € — 07, the solution to
(44) interpolates exactly the data while for £ — oo, the solution to (44) converges to the least-squares solution.
Our error analysis shows that the choice of ¢ strongly depends on the noise variance o2 and on the maximum
systematic error ¢ and also on the accuracy of the model [[TIz. u™"°||; in some applications, noise level can be
estimated from reanalysis, on the other hand, it is extremely difficult to estimate |[TIz. u'™®|| a priori.

Since in this work we employ csRBF kernels, the choice of the kernel K reduces to the choice of the hyper-
parameters k and v in K, (x,y) = ¢aqr(7]|x — yl||2), where ¢q 1 is defined in (25). As stated in Proposition 2.8,
the parameter k determines the Sobolev regularity of the RKHS. Recalling estimate (35) and Proposition 2.8,
the optimal value of k should minimise [|IIz. u“ueth?;l)/ >k, it is thus extremely problem-dependent. The
parameter v regulates the length scale of the kernel functions. In our experience, for small values of M, the
choice of v weakly influences the results; we can thus pick v a priori such that the kernel functions {K,, }m
share the same length scale with the elements of Zx. On the other hand, for larger values of M, the choice of
~ significantly influences the performance of the method and it must be adapted using data. We remark that
by changing k and v we effectively modify the inner product (-,-) and thus the penalization term | - || in (44).

If we neglect the effect of the sensor locations on the stability constant Cy x,,, the error analysis suggests to
choose the observation centers to minimize the fill distance hy,, in (32c). For N ~ M, sensor location might
influence significantly the value of Cnx x,,. As a result, it might be worth to choose the observation centers to
maximize Cy x,, for any given M. For the PBDW formulation, in [36], the authors propose a Greedy strategy
for the selection of the observation centers to maximize the inf-sup constant Sy s defined in (9). In this
respect, we observe that calculations of Sy (and also Cy x,,) involve computation of the matrix Z in (18).
As observed in Remark 3.2, computation of accurate approximations of the matrix Z for general background
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spaces is unfeasible. Extension of the Greedy procedure proposed in [36] to our framework is the topic of ongoing
research.

In our numerical simulations, we choose adaptively the regularization parameter ¢ and the kernel parameter
v, while we pick k a priori, and we simply consider equispaced observation centers. We remark that equispaced
observation centers prevent us from considering N ~ M. In the next section, we present the algorithm used
to perform online adaptation. We note that our adaptation procedure could be also applied to automatically
select the hyper-parameter k.

4.2. Adaptive procedure

In the Statistical Learning literature, several approaches have been presented to tune the design parameters
of regularized regression formulations; we refer to [21, Chapter 7] and to [27] for a thorough overview. The
adaptive strategy depends on the size of the dataset, which in our context corresponds to the amount of available
transducers. If we denote by L the number of available transducers and by Dy, = {(z¢,y,) }._, the corresponding
dataset, for large values of L, the holdout method is the most widely used approach. On the other hand, for
small values of L, r-fold cross-validation is typically employed. In the remainder of this section, we briefly
review these techniques and we discuss their application to our problem.

The holdout method partitions the dataset Dy, into the two mutually exclusive subsets Das = {(Zm, ym ) }M_,
and Dr = {(;,y:)}!_,. Given the finite dimensional search space H'¥P¢" for (£, ), we generate the state estimate
ug - based on the training set and then we compute the mean squared error over the validation set

MSEI 53

N\H

I
Z —ug o ( xz))2 , (45)

for each (&,v) in HM¥Per. Finally, we choose the state estimate associated with the choice of (£, ) that minimizes
MSE;(&,7) over §'Per. Recalling Proposition 3.6, if {z;}; are drawn from an uniform distribution over 2 and
the disturbances are homoscedastic, this choice of the hyper-parameters asymptotically minimizes the L? state-
estimation error. This result holds independently of the strategy employed to compute the state estimate and
thus independently of the strategy employed to select the training observation centers. As discussed in [51], if
ug ., is an accurate description of the true field ut™ e M SE; rapidly converges to its expected value. Therefore,
the number I of measurements that should be reserved for validation is modest.

Cross-validation is based on the partition of the dataset Dy, into k equal-sized subsamples (folds) {D(Lk)}zzl.
Of the k folds, a single fold is retained for testing and the remaining x — 1 folds are used for training. The
procedure is then repeated x times with each of the k folds used once as the validation dataset. In the
limit L = &, the procedure is known as Leave-One-Out Cross-Validation (LOOCV). We observe that, even for
moderate L, k-fold Cross-Validation can be quite expensive if Kk &~ L. For this reason, generalized cross-validation
strategies, which focus on computing computationally inexpensive approximations of the error indicator, have
been developed. We refer to [21, Chapter 7.10] and to the references therein for further details.

In this paper, we exclusively employ holdout validation and we refer to a future work for the application of
more advanced cross-validation strategies. Motivated by the previous discussion, we here choose the validation
sensors by sampling uniformly over 2.

5. NUMERICAL RESULTS FOR A SYNTHETIC PROBLEM

In this section, we illustrate the behavior of the APBDW formulation through a two-dimensional acoustic
Helmholtz problem®. We here employ csRBF with k& = 1; recalling Proposition 2.8, this corresponds to U =
H?*>(R?%). We appeal to the weak-Greedy algorithm to generate the background spaces {Zx}n. We rely on
holdout validation for the choice of ¢ and of the kernel parameter v: we consider uniform grids of training

3This model problem is the same considered in [36, Section 3].
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observation points {x,}»_,, and uniformly random generated validation points {z;}/_;. In all our tests, we
consider I = %

5.1. Problem definition

Given the domain © = (0, 1), we define the acoustic model problem:

{ —(1+iep) Aug(p) — pPug(p) = p (223 +€*2) + pg in €,
(46)

an Ug(/J) =0 on aQ,

where 1 > 0 is the wave number, ¢ = 1072 is a fixed dissipation, and g € L?(Q) is a bias term that will be
specified later. Here, the parameter p > 0 constitutes the anticipated, parametric uncertainty in the system,
which might model our uncertainty in the speed of sound, while the function g constitutes the unanticipated
and non-parametric uncertainty in the system.

To assess the performance of the APBDW formulation for various configurations, we define the true field
u't® as the solution to (46) for some p'® € PPk and for the following two choices of the “bias” g

0 perfect model;
g:= (47a)
g =0.5(e™™ + 1.3cos(1.3mzz)) imperfect model.
On the other hand, we define the bk manifold as
M = {ug—o(n) : p € PP} (47b)

Figure 1 shows (the real part of) the true field for three choices of the wave number p and for the two choices
of the bias g. We approximate the solution using a triangular P° finite element discretization (A" = 3312). The
use of a high-order method is here motivated by the smoothness of the true field.

To assess the performance, we introduce the relative L? error averaged over |PpX,
with different choices of the parameter u:

| = Ntrain fields associated

el 1 [t () — ug ()l L2
Eavg(ntrain) = o true . (48)
Ntrain pephl [|lu (,U)”L"’(Q)
In all our numerical tests, we consider noisy observations with additive Gaussian noise:
iid
Yy = u““e(xg) + €y, €p ~ N(O, 02). (49)

5.2. Results of the data assimilation procedure (noise-free case)

We first visualize the APBDW state estimates for two distinct choices of u"“¢. We consider u = 6.6, and we
consider u"® = u,_o(p) and u'™° = u,—z(pn); APBDW state estimates are based on the background Zy_s5 and
on M = 25 equispaced measurements. We rely on holdout validation (I = 12) to choose the value of the hyper-
parameters £,y. Figure 2 shows (the real part of) the true state, the APBDW state estimate ug, the deduced

true

background zf and the update 7;. For u = ug=o(p) the update n¢ is negligible; the reason is that the true
state is well-approximated by its projection over Zy. On the other hand, for u""® = u,—;(u) we observe that
the update is appreciable, and plays a significant role in improving the accuracy of the state estimate ug. These
results strengthen the interpretation of the components of the APBDW state estimate provided in section 2: zg

addresses the parametric uncertainty in the model, while n* accommodates non-parametric uncertainty.
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FicURE 1. Application to a synthetic acoustic problem: visualization of the truth solutions
associated with the synthetic Helmholtz problem for perfect (¢ = 0 ) and imperfect (¢ = §)
models.

Figure 3 shows the convergence of E;ﬁg with N for fixed M and noise-free measurements. We compute E;f,lg

using (48) based on nyai, = 20 fields. We observe that convergence with N is in good qualitative agreement
with the behavior of the best-fit error

1 [ut™e (1) — Tzy 12 v (1)l| L2(0)

Ntrain pEPPE ||utrue(u)||L2(Q)

train

rel .
EN -

)

where Ilz, 12 is the projection operator with respect to the L? inner product. If ut¢ € MPX, we observe fast
convergence with N; on the other hand, if u*® ¢ MPX we reach a strictly positive plateau.

Figure 4 shows the convergence with M for fixed N and noise-free measurements. We assess performance by
computing E;f,lg in (48) averaged over ny,in = 20 fields. We observe that the use of csRBF kernels guarantees
rapid convergence with M. We further observe that, with the exception of N = 5 for perfect model, the
rate of convergence with M weakly depends on the value of N: in this test, we observe E;ﬁg ~ M~ with
s € [1.3,1.5] for all cases considered. This empirically confirms the multiplicative effect between N convergence
and M convergence observed in Remark 3.4. A possible explanation for the contrasting results for the case
(N = 5,g = 0) is due to discretization effects: since in this case the error u%*1¢ — z¢ 1s highly oscillatory, the
adaptive procedure selects large values of the parameter v that are not well-resolved by the Finite Element
mesh used to estimate the norms and to compute the true solution.
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FicURE 2. Application to a two-dimensional acoustic problem: visualization of the PBDW
state estimates for N =5, M = 25 (perfect measurements). The states in Figures (a) and (e)
correspond to p = 6.6.
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FIGURE 3. Application to a two-dimensional acoustic problem: convergence of E;f’,lg with N
for fixed M for perfect (¢ = 0) and imperfect (g = §) model. Figure (a) shows the L2-best-fit
error.

5.3. Interpretation of the hyper-parameters v and ¢

We investigate the connection between the optimal value of £ and the signal-to-noise ratio. In Figure 5,
we compute the mean squared error over the validation set for the estimation of the state associated with
the parameter p = 5.8. We consider M = 225 and we compute the mean squared error based on I = 110
measurements. We both consider the case of perfect model (¢ = 0), and the case of imperfect model (g = g).
For this test, we employ the background Zy—_5. We observe that the optimal £ depends on model error and on
noise level. In more detail, we observe that for g = 0, the adaptive procedure selects large values of £ regardless
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FIGURE 4. Application to a two-dimensional acoustic problem: convergence of E;\e,lg with M
for fixed N for perfect (¢ = 0) and imperfect (¢ = §) model. Estimated convergence rates for
perfect model: —1.48 (N = 1), —1.30 (N = 3), and —1.00 (N = 5). Estimated convergence

rates for imperfect model: —1.46 (N = 1), —1.32 (N = 3), and —1.32 (N =5).

of the noise level, while for g = g it selects £ ~ 1077 for ¢ = 0.05 and ¢ ~ 1075 for ¢ = 0.4. Therefore, the
optimal £ increases as noise increases, and decreases as best-fit error increases. The latter empirical observation
is in good agreement with (35a), although the latter has been rigorously shown only for systematic noise.
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FI1GURE 5. Application to a two-dimensional acoustic problem: interpretation of . Results
correspond to u™™® = u,(p = 5.8). (M =225, [ =112, N =5).

In Figure 6, we investigate the influence of the kernel parameter v. We study the behavior of E™, with
M associated with nyain = 10 different values of the parameter pu, for the five-dimensional background Zpn_5
and for two different search spaces $H"™P°: in more detail, in the first case we seek 7 in {0.1,0.5,1}, and in
the second case we choose « in {3,3.5,4}. Since we consider perfect measurements, results are not sensitive to
the choice of £. We observe that in the perfect-model case (Figure 6(a)) large values of « significantly improve
performance; on the other hand, in the imperfect model case (Figure 6(b)), the first choice of H™Per leads to
more accurate results for all values of M considered. This can be explained by observing that v has to match
the length-scale of the field u'™¢ — z{, and strongly depends on the distance between observations (and thus
M). This test motivates the importance of adapting the value of v. We remark that adaptation in v relies on
the availability of explicit expressions for the Riesz elements K, .

5.4. Noisy measurements

We first study the behavior of the constant 77 introduced in (38). Figures 7(a) and (b) show the behavior
of 77 for equispaced measurements with respect to the value of £ and for two values of v. We observe that 77
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FIGURE 6. Application to a two-dimensional acoustic problem: interpretation of v (N =5, o = 0).

is monotonic decreasing in ¢ and reaches a lower bound for { — co. Figure 7(c) shows the behavior of ming 77
with respect to the number of measurements: ming 77 is independent of v and converges to 0 with rate M.

10°
—v=0.1
ey = 0.5
[-: 1071 | 0y =
E:
102
10° 10° 10" 102

M
() y=2

(a) y=0.1

FIGURE 7. Application to a two-dimensional acoustic problem: 77. Figures (a) and (b):
behavior of 77 with £ for v = 0.1 and v = 2. Figure (c¢): behavior of ming 77 with M for
several values of 7.

Figure 8 shows performance in presence of noise. As in the previous tests, we assess performance by computing
E;f,lg in (48) for ngrain = 1 (4 = 6.6); to take into account randomness in the results, we average over 24
realizations of the random noise. We consider the background Zy—_s5. In the case of perfect model, the estimated
convergence rate in the noisy case is roughly M 95 for all values of standard deviations o considered: this is
in agreement with the results shown in Figure 7(c) and with the mathematical analysis. On the other hand, in
the case of imperfect model, the estimated convergence rate in the noisy case is roughly M ~0-4. Interestingly,
also in this case, the convergence rate weakly depends on o.

6. APPLICATION TO A THERMAL PATCH CONFIGURATION

6.1. Experimental apparatus

The thermal patch system consists of a 1.5[mm] thick acrylic sheet heated from behind by a resistive patch.
Heat is generated through an electrical resistance with input power equal to 0.667W. The goal of the data
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FIGURE 8. Application to a two-dimensional acoustic problem: convergence with M for fixed
N for perfect (g9 = 0) and imperfect (¢ = ) model in presence of homoscedastic Gaussian noise.
Estimated convergence rates for perfect model: —0.5114 (¢ = 0.1), —0.5091 (¢ = 0.2), —0.5297
(0 = 04), and —0.4641 (0 = 1). Estimated convergence rates for imperfect model: —0.4759
(0 =0.1), —0.3235 (¢ = 0.2), —0.4155 (¢ = 0.4), and —0.4443 (o = 1).

assimilation procedure is to estimate the temperature field over a portion Q°P$4™ of the external surface of the
plate at the steady-state limit.

We use an IR camera (Fluke Ti 9) to take measurements in the rectangular region Q°Psdim = [—23.85, 23.85] x
[—17.85,17.85][mm] centered on the patch. Figure 9(a) shows the IR camera. After the patch power is turned
on, we take measurements using a sampling time of 4 seconds until steady state is reached; the total duration
of the experiment is roughly 5 minutes. The external temperature is about 20°C', roughly constant throughout
the experiment. Each surface measurement taken from the IR camera corresponds to 160 x 120 pixel-wise
measurements; the pixel size is roughly Ahd¢Vi®® = 0.3[mm], which is much smaller than the spatial length scale
of the phenomenon of interest.

In view of the mathematical description of the problem, we present formal definitions for the geometric
quantities involved. First, we introduce the domain QP%d™ < R3 corresponding to the three-dimensional
acrylic sheet. We denote by I'Pateh.dim — R2 the surface of the sheet attached to the patch, and we denote
by I'™dim the face of the sheet that contains I'Pateh:dim = We recall that Q°Psdim ¢ gOPkdim i the region in
which the IR camera takes measurements. Then, we introduce the Cartesian coordinate system z{imzgimzdim;
according to our definitions, the IR camera takes measurements in the x{™z$™ plane. Figures 9(b) and (c)
clarify the definitions of QoPs:dim Qbkdim ‘ppatch.dim 54 pindim and show the characteristic dimensions of the
patch.

In order to estimate the noise level in the dataset, we compute the difference u°Psd™ — where the
field u°P>4™ is obtained directly from the IR camera, and 9™ is obtained applying a Wiener filter (see,
e.g., [31]) based on a 3 by 3 pixel averaging to the field u°?>4™  Figure 10 shows two spatial slices of the
difference u°Psdim — ¢/ filt.dim - By comparing wf4™ and 4°P*4™ | we deduce that the magnitude of noise in the
measurements is approximately +0.5°C, roughly independent of the spatial position.

uﬁlt,dlm

6.2. Engineering motivation

We shall now motivate this model problem from the engineering standpoint. Full-field information is typically
not available; in practical applications, we envision a system with a local sensor or a small sensor array. For
this reason, we want to design a data assimilation state estimation procedure that is able to reconstruct the full
field based on a small amount of local measurements.

Since the IR camera provides full-field information, in this work, we synthetize local measurements — the

experimental input to our methods — from the IR camera to obtain £2P% = ¢(u°P® x9%) where the observation
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FIGURE 9. Thermal patch experiment. Figure (a): IR camera. Figures (b) and (c): mathe-
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uobs,dlm _

filt,dim

functional £(-,z5P%) is designed to represent a fictitious measurement in the sensor location z5Ps € Q°Ps. We
observe that the IR camera permits us to conduct convergence studies that would typically not be feasible in

actual field deployment.

6.3. Mathematical model and background space

We resort to a steady-state heat-transfer model in which the heat-exchange between the patch and the sheet
is described by means of a Robin boundary condition. In more detail, we consider the following bk model for
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the thermal field ¢Pxdim ; Qbkdim _y .
_Aubk,dim — O7 in Qbk,dim’

n@nubk’dlm 4 w(ubk,dlm _ ®room,d1m) — gdlmXFpatch,dim on Fln,dlm, (50)

Hanubk,dim =0 on aQbk,dim \ ]_"im,dim7

where 1) is the convective heat transfer coefficient, » is the thermal conductivity, ©@*°°™dim — 20°C is the room
temperature, and ¢9™ is the incoming flux, which models the heat exchange between the patch and the plate.
Textbook values for the model parameters are £ = 0.2W/m, ¢ = 10W /m?.

Given the thermal field ©”%™  we introduce the non-dimensional counterpart

bk,dim ﬁ _ @room,dim
k(g = T O, 651)

where AO = §0°C’ is a rough approximation of the temperature difference between the far-field and the center
of the patch, L = 22.606mm is the length of the edge of the patch (see Figure 9). We observe that u* = u"*(y)
satisfies

—AuP*(p) =0, in QPk,
OnuPk(p) + puP(p) =g onT™, (52a)
OpuPk () =0 on OOk \ Tin)

where p = ﬁw/ k ~ 1.13 and g is defined as follows:

g(x) = C xpvaten (). (52b)

We observe that uP* depends on the parameters p and C. Since the model is linear with respect to C
and our ultimate goal is to define a linear space associated with the bk manifold, we can simply set C' = 1.
On the other hand, assuming that the estimate of  is accurate and that ¢ ~ 10 £ 5W/m?, we obtain that
p € PP = [0.5650,1.650]. We can thus define the bk manifold as follows:

Mbk = {Ubk(/l,)lﬂobs VRS Pbk} . (53)

We observe that our parametrized model encodes the uncertainty in the material properties ¢ and x. On
the other hand, it does not take into account the nonlinear effects associated to natural convection, and to the
heat-exchange between the patch and the sheet. The latter represent the non-parametric uncertainty in the
model.

The background space Zy associated with (52)-(53) is built using the weak-Greedy algorithm. To compute
the solution to the bk model, we appeal to a P? continuous Finite Element discretization based on N = 40000
degrees of freedom.

6.4. Numerical results

We interpret pixel-wise measurements as pointwise evaluations associated with the center of the pixel. As in
the previous test, we perform holdout validation for £ and y with I = M /2. We assess performance by computing
the relative mean squared error M SE™ = ||u°P® — u§||%2(9)/||u°bsH%2(Q) based on the full-field information.

Figure 11 shows the convergence of M SE™ with M for three values of N. We observe that, while including
the first snapshot leads to a substantial improvement in the performances, considering NV > 1 does not lead to
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any substantial improvement. We further observe that for M = 100 we reach the estimated noise level

H 0.5°C

A© HLZ(Q)
7ot o ey

As M increases, M SE™! becomes significantly lower than o2, : this can be explained by observing that for large
values of M the amount of pixels used for learning (training plus validation) is not negligible compared to the

entire dataset.
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FiGURE 11. Application to the thermal patch experiment: convergence of the relative mean
squared error M SE™ with M for fixed N.

7. CONCLUSIONS

In this paper, we extended the PBDW formulation first proposed in [36] to pointwise noisy measurements. The
extension relies on an adaptive procedure that properly takes into account the noise level, and the characteristic
length-scale of the difference ut¢ —zg. The use of explicit kernels allows us to perform online adaptation to tune
the characteristic length-scale of the update functions. We presented a priori and a posteriori error estimates
for the L? state-estimation error to motivate the approach from a theoretical standpoint. We presented several
numerical results to illustrate the different elements of the formulation. In more detail, numerical experiments
demonstrated (i) a multiplicative effect between N convergence (associated with the primary approximation
provided by the background Zy) and M convergence (associated with the secondary approximation provided
by the update Uyy), (ii) the practical importance of adapting the shape of the Riesz representers based on data,
and (iii) L? convergence of the APBDW estimate to the true state even for noisy measurements.

We now identify four extensions to the approach, which are subjects of future work. First, we wish to design
strategies for the selection of the observation centers that address both stability and approximation. This would
allow us to consider the case N ~ M, and would tighten the connection between our approach and the design
of the experiment. In this respect, we wish to combine the Greedy procedure presented in [36, Algorithm 2]
with techniques developed in the kernel methods’ literature for collocation methods for PDEs ([23,48]) and
scattered data approximation ([39, section 3.1.1], [61]). Second, we wish to consider more general observation
functionals of the form y,, = £2,(u""®) + €,,. This would allow us to take into account different sources of
information. In this respect, we observe that the well-posedness analysis can be trivially extended to the case
in which £9,...,¢4, € U’, while the error analysis relies on the form of the observation functionals. Third, we
wish to exploit the interpretation of APBDW as convex relaxation of the partial spline model for a particular
choice of the background to derive new probabilistic and deterministic error bounds and possibly improve the
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performance of the state-estimation procedure. Finally, we wish to extend our technique to time-dependent
problems.
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APPENDIX A. PROOFS OF THE ERROR BOUNDS

In this appendix, we provide the proofs of the results presented in section 3. The appendix is organized as
follows. In section A.1, we introduce a regularized formulation and we show the connection with our formulation.
In section A.2, we exploit the results for the regularized problem to prove Proposition 3.1. Finally, in section
A.3, we prove the result for fixed-design regression.

A.1. Preliminaries

We introduce a regularized formulation of the APBDW statement proposed in this work: given A > 0, £ > 0,
find u} . € U such that

. 1
uh e = argmin J{72(u) = Elullf y + Vi (), (54)
where the seminorm || - ||x,n is defined as
[wll} x = Az, w]|* + [Tz w]|*. (55)
We observe that for any A > 0, the function | - | x is a norm equivalent to || - |. We also observe that for

A =0, problem (54) corresponds to (11).
Next Proposition summarizes a number of properties of problem (54) that are crucial to prove the error
bounds for u.

Proposition A.1. Let By > 0. Then, the following hold.
(1) For any A > 0, the solution to (54) exists and is unique. Furthermore, if we introduce Me = Hzﬁu‘;\,&,
23 ¢ = lzyu} ¢, we have that 15 € span{llzL K. M_| and 2 ¢ € span{llz, K, M_,.
(2) For any £ > 0, the solution uj ; converges to the solution uf to (11) when A — 0F.
(3) For any A > 0, the following bounds hold:

§
true _ | *x <9 true , 56
K Ul ellaw < 20w N + NG (56a)
and Ve
o = ey < VAT (34 Sl ). (560)

We prove each statement separately.

Proof. (statement 1) For any A > 0, u — [ul3 y is strictly convex, while u — Vas(u) is convex. This implies
that for any & > 0 the objective function Jy ¢(u) = &l|ull3 y + Var(u) is strictly convex. Therefore, existence
and uniqueness of the solution to (54) follow from [16, Theorem 3, Chapter 8.2].

We observe that z € Q — &3V = 11z, K, + 171 Ky, is the feature map associated with (U, [| - [[x n). We
have indeed that for all v € i and z € Q

A
(@3N v)a N = X(HgNKw,U) + (Mg Kpyv) = (Kp, zyv + Tz 100) = (Kg,0) = o(2).
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Exploiting the representer theorem (see, e. g [58, Theorem 16.1]), we have that uj , € span{®)VIM_ - As

a result, we have that 73 . € span{HzL NN and 23 ; € span{llz, PyNIM_ | for any A > 0. d

T m 1
Proof. (statement 2) Let {)\;}; be a real sequence such that A\; — 0T. Exploiting the first statement of
Proposition A.1, we have that sequences {nf\jé}j, {Z;\jyg}j belong to finite dimensional spaces that do not
depend on \. Furthermore, applying Lemma 2.3, it is possible to verify that they are uniformly bounded for all
j. Applying Bolzano-Weierstrass theorem, the sequence {u}j)g = nﬁj,g + Zf\,-.g}j admits a strongly convergent

subsequence {u}, .} to uf € U.
We now show that u’\g = ug We first observe that

1 1) /~x
T e e) = M ll2h, el Hlimk, el + Var(uh, o) = JEO @8,k — .

<c

We further observe that for any Ag > 0
1 1
J)(\k)f(ukk 5) J)(\k)f( ) k:1,2,...,
and by taking the limit on both sides, we obtain
1) /~x 1 *
I @) < I ()

Since u} is the unique minimizer of (11), we must have uf = u}. Furthermore, by the same argument, u} must
3 ¢ 3 3

be the only limit point of the sequence; therefore, the entire sequence converges to 1’Z§ . Thesis follows. [l
Proof. (statement 3) For A > 0, || - ||~ is a norm for U; therefore, estimates (56a) and (56b) follow directly
from [28, Corollary 4.3] and [28, Lemma 4.5].

The extension to A = 0 follows by observing that u} ¢ converges to ug when A — 0. O

Before proving the error bounds, we prove (32b).

Lemma A.2. Let Q be a Lipschitz domain and let U be the Sobolev space H™ (Q) with 7 > d/2. Let us assume
that inf-sup constant By am defined in (9) is strictly positive and hx,, < 1.
Then,

1

min{cy ar, 1

CN7X1W S o hZde

where ¢y 15 defined in (14) and C' depends on the domain Q and on (-,-).

Proof. Let us define the constant

G s [ull72 0
Xy = :
M e Wl Sl v

Recalling [28, Theorem 4.8], éXM is bounded from above by a constant C' that does not depend on M.
Since By, a > 0, recalling Lemma 2.3, we have that

Mz g ull? + el gy > enonllull?,
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where ¢y pr > 0 is given by the expression in (14). Then, we observe that

W, Tzl + b el v,y = 13, (Mgl + lulr,) + (0, =13 Tl

Y

—d
enrh3, lull + (1= h377) h&,, lulZe )

: T—d
> min{ewar, 1=} (B3, ol + b, [l ) ) -

As a result,
. . ull22 q) ( w Jull7z o ) 1
N, Xy = < X -
el BT T P+ b ulB e, — Vet B3 Tl + b3, [ul ey, min{en a1 — H2 2
=C
Thesis follows. O

A.2. Proof of the error bound for scattered data

Proof. (Proposition 3.1) The proof replicates the argument of [28, Theorem 4.11]. Recalling the definition of
Cn x,,, we have

™ = w20y < O (P3G, Mz (05 = w2 + Bk, ™ = g oy ) -

Then, using (56a) and (56b), we obtain

IS

Hutrue _ UEH%z(Q) < CN,XM (h%érM (2 ||HZJJ\}utTueH2 +

1 2 2
\/g) +hg(MM <5+§|Hzﬁutrue”> )7

which is the thesis. O

A.3. Proof of the error bound for fixed-design regression

We first introduce some notation and preliminary definitions. We decompose the datum yj; as

Ym = yS\Z’uC + €, Y§\r4uc = [utruc(xl)y e autruc(xM)]a € = [ela R 6M]7
and we define €4,y = [ (E) } € RMHTN_ We observe that V[eg,,] = 023, where ¥ is defined in(37). Then,

we introduce the solution uz’gzo to (11) for yar = yi*°. We further introduce the vectors of coefficients

u*, u*,U:O c ]RMJrN’
* *,0=0
*_ | M x0o=0 _ | M
u = * ’ u - z*,a:() )

associated with uf and ug’gzo.

We have now the elements to prove Proposition 3.5.

Proof. (Proposition 3.5) We observe that

g = g ey = (=0 =) M ("~ w) = e, (A7 MAL) €quy.
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Then, applying [46, Theorem C, Chapter 14.4], we find

E [||ug — T 2| = o trace (Agl MA;! 2) . (57)

We now distinguish two cases. If u™™° € Zy, then ug’gzo =" and (57) implies (39). On the other hand,
if utue ¢ Zy thesis follows by observing that

* rue rue *,0=0 * *x,0=0
E g — ™ Fagey] < 2 0™ = ug ey + 2E [l - uf " [Fo)]

and then combining estimates (36) and (57). O
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