SEMI-CLASSICAL BEHAVIOUR OF THE SCATTERING PHASE FOR TRAPPING PERTURBATIONS OF THE LAPLACIAN

Vincent Bruneau

Mathématiques Appliquées - Université Bordeaux I 351, cours de la Libération - F-33405 Talence E-mail : vbruneau@math.u-bordeaux.fr

Abstract− We study the influence of trapping trajectories on the semi-classical asymptotic of the scattering phase (spectral shift function), s_h(λ) associated to Schrödinger operators, if λ is a non critical energy level. Some results are known when the set of closed trajectories has Liouville measure 0 and in the case of a potential well. In this paper, for smooth and sufficiently decreasing potentials, we describe the behaviour of s_h(λ + rh) in terms of the continuity properties of a certain oscillating function Q(h, r). This function, introduced by V. Petkov and G. Popov to study clustering of eigenvalues, is related to the periodic trajectories. If Q(h, r) is uniformly continuous in r for any h ∈ (0, h_0], we obtain a Weyl type asymptotic of s_h(λ + rh), with a second term containing Q(h, r). On the other hand, the point of discontinuity of Q(h, r) in r may give rise to a ”clustering” phenomena for the scattering phase. Hence, in contrast to non-trapping case, the derivative^d_{dλ} s_h(λ) can have no complete asymptotic expansion.

1 Introduction

Let us denote by H_0 the self-adjoint extension in L^2(IR^n) of (−h^2Δ), h > 0, Δ being the usual Laplace operator. We want to discuss the semi-classical asymptotic (i.e. as h ↘ 0) of the scattering phase s_h(λ) for a class of perturbations H_1 of H_0 of the following form: H_1 = −h^2Δ_g + B(x, hD), Δ_g being the symmetric Laplace-Beltrami operator, acting on Ł^2(IR^n), associated with a metric g and B(x, hD) := 1 2 ( a(x).hD + hD.a(x) ) + V (x), D = (−i∂/∂_{xj} )_{1≤j≤n} is a symmetric first order differential operator, where a = (a_j )_{1≤j≤n}, V , and g = {g_{ij}}_{1≤i,j≤n} are C^∞ on IR^n. Moreover, we assume the following condition: (H_δ): − For any α ∈ IN^n, there exist C_α > 0, δ > n such that: | ∂^α_x ( g − g_0 ) (x)|+ | ∂^α_x a(x)|+ | ∂^α_x V (x)| ≤ C_α⟨x⟩^{−δ−|α|}, where for any x ∈ IR^n, g_0(x) = 1l = {δ_{ij} } is the flat Euclidean metric and ⟨x⟩ = (1 + | x |^2)^{12} .

Hamiltonians of this type appear in quantum mechanics under the form: L(g, A, V )^{def}= −G^{−1/4} n∑ j,k=1 ( h∂_j + iA_j ) G^{1/2}g^{jk} ( h∂_k + iA_k ) G^{−1/4} + V , where ∂_j = ∂/∂_{xj} , {g^{jk}} = g^{−1}, G = det(g) and A = (A_1, ..., A_n) represents a magnetic potential.

Let us introduce the classical Hamiltonian associated with H_1: a_0(x, ξ) =< g(x)^{−1}ξ, ξ > +a(x).ξ + V (x). For the Hamiltonian vector field H_{a0} = (∂_ξa_0, −∂_xa_0), we will denote by Φ_{a0} (t) = exp(tH_{a0} ), the Hamiltonian flow.

In this paper, we consider a non critical energy level λ, i.e. ∇a_0(x, ξ) ≠ 0 on the set Σ_λ = a^{−1}_0 (λ). Our goal is to study the influence of trapped trajectories on the semi-classical asymptotic of the scattering phase. We will see that, near a trapping energy level, an oscillatory term could appear in a Weyl type asymptotic formula.

Let us now recall some results about scattering theory and the definition of the scattering phase. We consider the wave operators:

W_± = s − lim_{t→±∞} exp(−itH_1)exp(itH_0) which exist and are complete under the assumption (H_δ). The scattering operator defined by S = W^∗_−W_+ can be decomposed on the spectral representation of H_0 as follows: (Sf)(λ, ω) = (S(λ)f(λ, .))(ω), where λ > 0, ω ∈ S^{n−1} = {x ∈ IR^n; | x |= 1}. The scattering matrix S(λ) is an unitary operator on L^2(S^{n−1}). Moreover, using the stationary representation formula of S(λ) (see [31]), we can prove that Id−S(λ) is a trace class operator. Then it is possible to define detS(λ) and the scattering phase s_h(λ), modulo ZZ, as a smooth function satisfying: detS_h(λ) = e^{2iπsh(λ)}. According to the Birman-Krein theory ([1],[31]), s_h(λ) can be identified with the spectral shift function and the Krein formula : T r ( f(H_1) − f(H_0) ) = − ∫ IR s_h(λ)f^′(λ)dλ, ∀f ∈ C^∞_0 (IR), (1)

holds.

It is well known that for λ > 0 we have

s_h(λ) = h^{−n}γ_0(λ) + O(h^{1−n}), h ↘ 0 (2)

uniformly with respect to λ in compact subset of ]0, +∞[, and γ_0 ∈ C^∞(]0, +∞[) with γ_0(λ) = (2π)^{−n} ∫ IR^n (∫ a_0(x,ξ)≤λ dξ − ∫ |ξ|^2≤λ dξ ) dx. (3) In the case g = 1l and a = 0, we have:

γ^′_0(λ) = (2π)^{−n} ω_n 2 ∫ IR^n ( (λ − V (x))^{n2 −1}_+ − (λ)^{n2 −1} ) dx. The Weyl formula (2) can be proved by the classical method of Hörmander- Levitan ([12], [6], [9], [26]...), splitting s_h(λ) into two monotone pieces (see section 4 of [22]).

Moreover, if the set of closed trajectories has Liouville measure 0 on Σ_λ, then ( [20], [24], [26]) :

s_h(λ) = h^{−n}γ_0(λ) + o(h^{1−n}), h ↘ 0. (4)

At last, if J is a compact non-trapping interval in ]0, +∞[, that is if for any λ ∈ J, the classical flow associated to the Hamiltonian a_0(x, ξ) has not trapped trajectories in Σ_λ, then ([27], [24], [26]): d dλ s_h(λ) ≍ ∑ j≥0 h^{−n+2j}α_{2j} (λ), h ↘ 0. (5)

Let us mention that similar results are valid in high energy asymptotics for obstacle perturbation problems ([4], [14], [15], [18], [16], [25]) and for metric perturbation problems ([15], [22]). These forms of asymptotics are also known for the Dirac operator ([2], [3]).

The assumptions of null measure or of non-trapping condition are physically restrictives. It is important to understand the influence of the trapping trajectories on the asymptotics of scattering phase.

For trapping trajectories due to the presence of a potential well, it is known that some resonances occur [11] and the resonances close to the real axis produce big variations in the scattering phase (see Breit-Wigner formula in [7] and [24]).

The scattering phases associated to the Dirichlet and Neumann problems for the elasticity operator is studied by F. Cardoso and G. Vodev [5]. The asymptotic behaviour of the scattering phase is connected with the counting function of the Rayleigh resonances converging rapidly to the real axis. This yields a Weyl asymptotic with a second term.

The case of metric perturbation of the Laplacian was treated by V. Petkov [17]. He proves a Weyl type formula (in high energy regime) for scattering phase involving an oscillatory term which is related to the periodic trajectories of the Hamiltonian vector field H_{a0} .

We will prove similar estimates concerning the semi-classical asymptotics. We consider s_h(λ) at the energy level λ(h) = λ + rh, where the energy shift parameter r is bounded.

In this work, our aim is to describe the semi-classical behaviour of s_h(λ+rh) in terms of the continuity properties of a certain oscillating function Q(h, r). This term, defined below, involves dynamic and topological characteristics of the corresponding closed trajectories in Σ_λ. We shall obtain either semiclassical asymptotics of s_h(λ + rh) or energy levels λ(h) = λ + r(λ, h)h where s_h varies rapidely for small h.

Let us introduce some notation to define Q(h, r). A point ν ∈ Σ_λ is called periodic, if there exists T > 0 such that

Φ^T_{a0} (ν) = ν. (6)

For a periodic point ν, by γ(ν) = {Φ^t_{a0} (ν) : 0 ≤ t ≤ T (ν)} = {(x(t), ξ(t)) : 0 ≤ t ≤ T (ν)} we denote the primitive periodic trajectory issued from ν, where T (ν) = T_γ is the period of γ(ν) (i.e. the smallest positive number T for which (6) holds).

For any periodic point ν, we define the action along the corresponding primitive periodic trajectory γ(ν) by:

S(ν) := ∫ γ(ν) ξdx = ∫_{T (ν)} 0 ξ(t)x^′(t)dt. We denote by m(γ) ∈ ZZ_4 the Maslov index related to γ(ν) and set q(ν) := − π 2 m(γ). Let Π be the set of all periodic points on Σ_λ, and let us introduce the oscillating function Q(h, r) := (2π)^{−n} ∫ Π [ π − h^{−1}S(ν) + q(ν) − rT (ν) ] 2π T (ν)^{−1}dν, (7) where dν =| ∇a_0 |^{−1} dS stands for the Liouville measure on Σ_λ, dS being the induced Lebesgue measure. The residium [z]_{2π} is defined by: z = [z]_{2π} + 2πk, −π < [z]_{2π} ≤ π, k ∈ ZZ. The function Q(h, r) was introduced by V. Petkov and G. Popov [19] to study the semi-classical behaviour of the number of eigenvalues situated in the interval [E + rh − ch, E + rh + ch]. This function could be considered as a semi-classical analogue of the oscillating function defined by T. Guriev and Yu. Safarov [8], and Yu. Safarov ([28], [29]), who investigated the distribution of the eigenvalues at high energies for elliptic operators in compact manifolds.

It is obtained in the proposition 6.1 of [19] (see proposition 5.4 below), assuming there exist r_0 > 0, h_0 > 0 and ω_0 > 0 such that h^{−1}S(ν) + rT (ν) − q(ν) ≥ ω_0, ∀ν ∈ Π_+, h ∈]0, h_0], |r| ≤ r_0, (8) where Π_+ is the set of points ν ∈ Π of a positive Lebesgue density in Π. Let us note that the condition (8) holds if Σ_λ is of contact type, or under an assumption of strictly ξ-convexity for a_0(x, ξ) (see [19] for more details).

Let us recall some properties of the function Q(h, r). The limits Q(h, r ± 0) = lim_{ϵ↘0} Q(h, r ± ϵ) exist for any 0 < h ≤ h_0 and any r. Moreover, Q(h, r + 0) − Q(h, r − 0) = (2π)^{1−n} ∫ Ω_{h,r} dν T (ν) , where Ω_{h,r} := {ν ∈ Π : h^{−1}S(ν) − q(ν) + rT (ν) ≡ 0(2π)}.

The main difficulty, in the study of s_h, is to take into account all periodic trajectories of H_{a0} . To overcome this difficulty, we are inspired by results of V. Petkov and G. Popov [19] used for counting function, where the introduction of absolutely periodic points (adapted to the semi-classical case) allow the construction of suitable phase functions in special symplectic coordinates.

The difference with counting function, is that the scattering phase is not monotone. Then to apply a Tauberian theorem (see section 8) and results of [19], a first step is to split s_h into two terms : σ_1(h, λ) a monotone function which involve the contribution of all periodic trajectories and σ_b(h, λ) which does not involve the contribution of the periodic trajectories.

This splitting of s_h is the object of the section 3, where we prove a perturbation trace formula.

In section 4, we study the asymptotic behaviour of σ_b(h, λ), splitting it into two monotone terms σ_b± (h, λ) and using standard arguments of asymptotic analysis. It is related with the singularities at t = 0 of the propagator U_h(t) = e^{ith−1H1} . In section 5 the results of [19] are adapted for σ_1(h, λ).

The results stated in section 2 are proved in section 6 while in section 7, we give an example of Schrödinger operator for which ”clustering” phenomena occurs for the scattering phase.

2 Main results

Theorem 2.1 Let us assume (8) and (H_δ), δ > n. Let λ > 0 be a non critical energy level for a_0(x, ξ).

For r_0 > 0 there exist h_0 > 0, ϵ_0 > 0 such that for all h ∈ (0, h_0], | r |< r_0 and 0 < ϵ < ϵ_0 we have : h^{1−n}Q(h, r − ϵ) − C_0ϵh^{1−n} + o_ϵ(h^{1−n}) ≤ s_h(λ + rh) − h^{−n}γ_0(λ) − h^{1−n}rγ^′_0(λ) ≤ h^{1−n}Q(h, r + ϵ) + C_0ϵh^{1−n} + o_ϵ(h^{1−n}), (9)

with C_0 > 0 independent of h, r, ϵ.

Corollary 2.2 Suppose Q(h, r) uniformly continuous with respect to r ∈ [r_1, r_2], r_1 < r_2, for h ∈ (0, h_0].

a) Then for any r ∈ [r_1, r_2] and h ∈ (0, h_0], we have a second term Weyl type asymptotic :

s_h(λ + rh) = h^{−n}γ_0(λ) + h^{1−n} ( Q(h, r) + rγ^′_0(λ) ) + o(h^{1−n}). (10)

b) Let r_1 < R_1 < R_2 < r_2. Then there exists c_0 > 0 such that for any r ∈ [R_1, R_2], | c |≤ c_0 and h ∈ (0, h_0], we have : s_h(λ+rh+ch)−s_h(λ+rh) = ch^{1−n}γ^′_0(λ)+h^{1−n} ( Q(h, r+c)−Q(h, r) ) +o_{c0} (h^{1−n}).

Remark 2.3 In particular, if the set of closed trajectories has Liouville measure 0 on Σ_λ, then Q(h, r) vanishes, and for r = 0 the corollary 2.2 yields the formula (4).

Corollary 2.4 Suppose that there exist λ_0 > 0, an integer p and a subset Π^1 ⊂ Π ⊂ Σ_{λ0} of a positive Lebesgue measure such that,

r(h) := ( [q(ν) − h^{−1}S(ν)]_{2π} + 2πp ) T (ν)^{−1} , h ∈ (0, h_0]

does not depend on ν ∈ Π^1. Then we have:

a) There exists c_0 > 0 such that for any c ∈ (0, c_0], we have :

lim_{h↘0} inf h^{n−1} ( ±s_h(λ_0 +r(h)h±ch)∓s_h(λ_0 +r(h)h) ) ≥ (2π)^{1−n} ∫ Π^1 dν T (ν) . (11)

b) There exists a compact set K ⊂]0, +∞[ containing λ_0 so that h^n d dλ s_h(λ) is not uniformly bounded with respect to (h, λ) ∈ (0, h_0] × K.

In particular, d dλ s_h(λ) does not satisfy a complete asymptotic expansion of the form (5).

3 A Perturbation Trace formula

We start with a representation formula of s_h, adapted to the application of a Tauberian theorem and of results of [19]. We introduce the generator of dilation group of IR^n: A_h :=^1_2 (x.hD + hD.x) and a function ζ ∈ C^∞_0 (IR^n) which will be equal to 1 on a compact set containing the x-components of the periodic trajectories (as proved in the Appendix, under the assumption (H_δ), this compact set exists).

Proposition 3.1 For any f ∈ C^∞_0 (IR \ 0), and ζ ∈ C^∞_0 (IR^n) we have the trace formula : − ∫ f^′(λ)s_h(λ)dλ = T r ( ζ^2f(H_1) ) + T r ( W̃ (h)H^{−1}_1 f(H_1) ) , (12)

where W̃ (h) :=

([ζ^2, H_1] 2ih A_h + (1 − ζ^2)W (h) ) , is a 1-order h-admissible pseudodifferential operator vanishing on the interior of ζ^{−1}({1}) and W (h) := (H_1 − H_0) + (2ih)^{−1}[(H_1 − H_0), A_h].

Let us mention that an analogous formula was proved and exploited in [25] for obstacle perturbations. We can also prove similar formula for a more general class of functions and operators (see [30]), but f ∈ C^∞_0 (IR \ 0) is sufficient to study the scattering phase.

Remark 3.2 Of course H^{−1}_1 is not well defined, however for f ∈ C^∞_0 (IR \ 0), we can define H^{−1}_1 f(H_1) as the self-adjoint operator φ(H_1) where φ ∈ C^∞_0 (IR) satisfies: φ(λ) = { λ^{−1}f(λ) for λ ≠ 0 0 for λ = 0

Remark 3.3 To obtain the representation formula (12), we will use that H_0 satisfies: H_0 = −

[H_0, A_h] 2ih . Then, by the cyclicity of traces, formally we have: ”T r ( f(H_0) ) = T r ( H_0H^{−1}_0 f(H_0) ) = − 1 2ih T r ( [H_0, A_h]H^{−1}_0 f(H_0) ) = 0”

Consequently, we will be able to express s_h(λ) as a local spectral density of H_1 and to split s_h(λ) into a sum of monotone functions.

If we want to compare H_1 with another Hamiltonian of the same form, we have not this kind of representation formula by spectral densities. In this case, we can use the asymptotic representation formula proved by D. Robert [24]. However some difficulties occur when we estimate resolvants without nontrapping assumptions.

Proof of the proposition 3.1. − Let f ∈ C^∞_0 (IR\0). According to the Krein formula (1), we want to prove: T r ( f(H_1) − f(H_0) ) = T r ( ζ^2f(H_1) ) + T r ( W̃ (h)H^{−1}_1 f(H_1) ) .

For ζ ∈ C^∞_0 (IR^n), (ζ^2, 1 − ζ^2) is a partition of the unity and ζ^2f(H_1), ζ^2f(H_0) are of trace class. Consequently, T r ( [f(H_·)]^1_0 ) = T r ( ζ^2f(H_1) ) − T r ( ζ^2f(H_0) ) + T r ( (1 − ζ^2) [f(H_·)]^1_0 ) , (13)

where [f(H_·)]^1_0 = f(H_1) − f(H_0). Next we shall prove that T r ( (1 − ζ^2) [f(H_·)]^1_0 ) = T r ( ζ^2f(H_0) ) + T r ( W̃ (h)H^{−1}_1 f(H_1) ) . (14)

By using: H_0 = −

[H_0, A_h] 2ih , H_1 = −

[H_1, A_h] 2ih + W (h) (15)

we deduce that ( (1 − ζ^2) [f(H_·)]^1_0 ) has the form: ( (1 − ζ^2)W (h)H^{−1}_1 f(H_1) ) − (1 − ζ^2) [ [H_·, A_h] 2ih H_·^{−1}f(H_·)

]_1 0 . (16) Moreover, W (h) := (H_1 −H_0)+(2ih)^{−1}[(H_1 −H_0), A_h] is a 1-order h-admissible pseudodifferential operator of weight ⟨x⟩^{−δ}⟨ξ⟩, with δ > n. Consequently the first term in (16) is a trace class operator.

To compute the trace of the second term in (16), we apply the cyclicity of traces (see Appendix A of [22]) and the following relation:

(1 − ζ^2)[H_·, A_h] = [H_·, (1 − ζ^2)A_h] − [H_·, (1 − ζ^2)]A_h

The term containing [H_·, (1 − ζ^2)A_h] vanishes, and we obtain: T r (1 − ζ^2) [ [H_·, A_h] 2ih H_·^{−1}f(H_·)

]_1 0 = T r [ [H_., (1 − ζ^2)] 2ih A_hH^{−1}_. f(H_.)

]_1 0 . On the other hand, the operator [H_·, (1 − ζ^2)] = −[H_·, ζ^2] is a h-admissible pseudodifferential operator, compactly supported in suppζ, hence [H_·, (1 − ζ^2)]A_hH_·^{−1}f(H_·) is a trace class operator and the second term of (16) is equal to T r ( [H_1, ζ^2] 2ih A_hH^{−1}_1 f(H) ) − T r ( [H_0, ζ^2] 2ih A_hH^{−1}_0 f(H_0) ) . (17)

Now, using [H_0, ζ^2]A_h = [H_0, ζ^2A_h] − ζ^2[H_0, A_h], the cyclicity of traces again and (15), we prove: T r ( [H_0, ζ^2] 2ih A_hH^{−1}_0 f(H_0) ) = T r ( ζ^2f(H_0) ) . (18)

Thus (16), (17), (18) prove the relation (14) and we obtain the formula (12) applying the relations (13), (14).

We deduce now an useful pointwise representation formula for s_h(λ). Let us introduce E_{H1} (λ), λ > 0, the spectral projector of H_1, on ]0, λ[.

Corollary 3.4 Let 0 < λ̄_1 < λ_1 < λ_2 < λ̄_2 and g ∈ C^∞_0 (]λ̄_1, λ̄_2[) be such that g ≡ 1 on [λ_1, λ_2]. Then, for all λ ∈]λ_1, λ_2[, s_h(λ) can be decomposed in the following form:

s_h(λ) = σ_1(h, λ) + σ_b(h, λ), (19)

where σ_1, σ_b are the spectral densities: σ_1(h, .) : λ −→ T r ( ζg(H_1)^2E_{H1} (λ)ζ ) , σ_b(h, .) : λ −→ T r ( b(x, hD, h)g(H_1)^2E_{H1} (λ) ) , with

b(x, hD, h)g(H_1)^2 := ( [ζ^2, H_1] 2ih A_h + (1 − ζ^2)W (h) ) H^{−1}_1 g(H_1)^2

a classical h-admissible pseudodifferential operator of order 0. Moreover b belongs to the symbol class S(⟨x⟩^{−δ}) = {s ∈ C^∞(IR^{2n}) :| ∂^α_x ∂^β_ξ s(x, ξ) |= O(⟨x⟩^{−δ−|α|}⟨ξ⟩^{−|β|})} (20) with δ > n.

Proof. −Using functional calculus for h-admissible pseudo-differential operators (see [21], [10]...) and condition (H_δ), we obtain the properties of b claimed in the proposition, and we prove easily that ζg(H_1)^2 and b(x, hD, h)g(H_1)^2 are trace class operators. Then the quantities σ_1(h, λ), σ_b(h, λ) are well defined. Moreover, σ_1(h, .), σ_b(h, .) and s_h are smooth functions on ]λ_1, λ_2[ (see [23], [24]).

On the other hand, according to the fact that s_h(λ) is defined modulo a constant term, it is sufficient to check derivative’s relation of (19) in the distribution sense. This means that for any f ∈ C^∞_0 (]λ_1, λ_2[), we want to prove: ∫ f^′(λ)s_h(λ)dλ = ∫ f^′(λ)σ_1(h, λ)dλ + ∫ f^′(λ)σ_b(h, λ)dλ.

By Fubini theorem, this is a consequence of proposition 3.1, because the spectral theorem yields: − ∫ f^′(λ)σ_1(h, λ)dλ = T r ( ζg(H_1)^2f(H_1)ζ ) = T r ( ζf(H_1)ζ ) . − ∫ f^′(λ)σ_b(h, λ)dλ = T r ( b(x, hD, h)g(H_1)^2f(H_1) ) = T r (b(x, hD, h)f(H_1)) .

Now, we are going to study σ_1(h, λ) and σ_b(h, λ). We will choose ζ ∈ C^∞_0 (IR^n) equal to 1 on a compact set containing the x-components of periodic trajectories. Thus, the contribution of all periodic trajectories appears only in σ_1. It is the more difficult term to deal with. The asymptotic behaviour of σ_b will be obtained splitting it into two monotone terms and by using standard arguments of asymptotic analysis.

4 Asymptotic behaviour of σ_b

In this section, we prove the following proposition 4.1 using a Tauberian theorem (see Appendix). Let b(x, hD, h) be a classical h-admissible pseudodifferential operator of order 0 with symbol in S(⟨x⟩^{−δ}) (see (20)), and δ > n. Then, for g ∈ C^∞_0 (]0, +∞[) equal to 1 in a ¿neigbourhood of λ we define the local spectral density σ_b(h, λ) = T r ( b(x, hD, h)g(H_1)E_{H1} (λ)g(H_1) ) . Proposition 4.1 Assume that λ > 0 is a non-critical energy level and that the symbol of b vanishes on the set of periodic points Π.

Then, there exists h_0 > 0 such that for any h ∈ (0, h_0] and 0 < ϵ < 1 we have : | σ_b(h, λ) − h^{−n}α_0(λ, b) − h^{1−n}α_1(λ, b) |≤ C_0ϵh^{1−n} + O_ϵ(h^{2−n}), (21) with C_0 > 0 independent of h, ϵ.

In general, the function σ_b is not monotone. To apply a Tauberian theorem, first of all, we split σ_b into two monotone terms.

Lemme 4.2 Let b(x, hD, h) be as above with symbol supported in an open set Ω ⊂ IR^{2n} (Ω is not necessarily bounded). Then we have:

a) There exist classical, non-negative, h-admissible pseudodifferential operators b^±(x, hD, h) of order 0, with symbol in S(⟨x⟩^{−δ}), δ > n, supported in Ω, such that: b(x, hD, h) = b^+(x, hD, h) − b^−(x, hD, h) + R(h), where R(h) is a trace class operator satisfying: ‖ R(h) ‖_{tr}= O(h^∞). Moreover, there exist closed operators B^±(h) such that b^±(x, hD, h) = B^±(h)B^±(h)^∗.

b) The local spectral densities σ_b± (h, λ) associated with b^±(x, hD, h) are non-decreasing and non-negative functions on IR and we have: σ_b(h, λ) = σ_b+ (h, λ) − σ_b− (h, λ) + O(h^∞). Moreover, for 0 < λ̄_1 < λ̄_2 and g ∈ C^∞_0 (]λ̄_1, λ̄_2[), σ_b± (h, λ) satisfy: σ_·(h, λ) = { 0 for λ < λ̄_1 σ_·(h, λ̄_2) for λ ≥ λ̄_2

(22)

and σ_b± (h, λ) = O(h^{−n}) locally uniformly with respect to (h, λ) ∈ (0, h_0] × IR.

Proof. −Without loss of generality, we can asume that b(x, hD, h) is a selfadjoint operator. Using that the symbol of b(x, hD, h) belongs to S(⟨x⟩^{−δ}), we conclude that A(h) = ⟨x⟩^{δ2} b(x, hD, h)⟨x⟩^{δ2} is an h-admissible, self-adjoint and bounded operator on L(L^2). Here we have used a Calderon-Vaillancourt theorem. Moreover, there exist h_0 > 0 and M > 0 such that ‖ A(h) ‖≤ M ∀h ∈ (0, h_0]. The idea of the proof of this lemma is to decompose b in the form: b = ( ⟨x⟩^{− δ2} 2M⟨x⟩^{− δ2} ) − ( ⟨x⟩^{− δ2} (2M − A)⟨x⟩^{− δ2} ) . However, the properties of support are not preserved in this decomposition. For this purpose we introduce a cut-off function χ ∈ C^∞(IR^{2n}), supported in Ω such that 0 ≤ χ ≤ 1 and χ(x, ξ) = 1 on the support of b. Next we define b^±(x, hD, h) by: b^+(x, hD, h) = 2M⟨x⟩^{− δ}2 χ(x, hD)^2⟨x⟩^{− δ}2 b^−(x, hD, h) = ⟨x⟩^{− δ}2 χ(x, hD) ( 2MId − A(h) ) χ(x, hD)⟨x⟩^{− δ}2

These operators are clearly classical, non-negative, h-admissible pseudodifferential operators of order 0, with symbols in S(⟨x⟩^{−δ}), δ > n, supported in Ω. Moreover we have b^±(x, hD, h) = B^±(h)B^±(h)^∗ with

B^+(h) = √ 2M⟨x⟩^{− δ}2 χ(x, hD) B^−(h) = ⟨x⟩^{− δ}2 χ(x, hD) √ 2MId − A(h) , and: (b^+ − b^−)(x, hD, h) = ⟨x⟩^{− δ2} χ(x, hD)A(h)χ(x, hD)⟨x⟩^{− δ2} . However, taking account that supports of (1 − χ) and of the symbol of A(h) are separates, we deduce that b^+(x, hD, h) − b^−(x, hD, h) = b(x, hD, h) + R(h), with a trace class operator R(h) satisfying: ‖ R(h) ‖_{tr}= O(h^∞). Now we obtain: σ_b(h, λ) = σ_b+ (h, λ) − σ_b− (h, λ) + O(h^∞). Therefore, the cyclicity of traces yields: σ_b± (h, λ) = T r ( B^±(h)^∗g(H_1)E_{H1} (λ)g(H_1)B^±(h) ) . In conclusion the non-negative and non-decreasing properties of σ_b± (h, .) are obtained from the same properties for E_{H1} (.).

The relations (22) are consequences of spectral theorem which yields:

g(H_1)E_{H1} (λ) = { 0 for λ < λ̄_1 g(H_1) for λ ≥ λ̄_2.

To check σ_b± (h, λ) = O(h^{−n}), we introduce smooth function which regularize the characteristic function 1l_{[0,λ]} and follow the functional calculus in ([10], [21]). This complete the proof of lemma 4.2.

Our analyse shows that the conditions i), ii) and iii) of the Tauberian theorem in the Appendix are satisfied for σ_b± (h, λ).

Finally, to check the asymptotic (40) in the Tauberian theorem, we can use the proposition 4.3 (stated below) for W (h) = b^±(x, hD_x, h).

Let ρ be an even function, ρ̂(0) = 1, and let the support of ρ̂ be contained in an small interval [−ϵ_1, ϵ_1], ϵ_1 > 0. Set ρ_h(λ) =^1_h ρ(^λ_h ).

Proposition 4.3 Let W (h) be a classical, non negative, h-admissible pseudodifferential operator of order 0 with principal h-symbol, w_0 ∈ S(⟨x⟩^{−δ}). Then:

a) for δ > n and g ∈ C^∞_0 (]0, +∞[) equal to 1 in a neigbourhood of λ we can define the local spectral density: σ_{W,h}(λ) = T r ( W (h)g(H_1)E_{H1} (λ)g(H_1) ) (23)

b) there exists ϵ_1 > 0 sufficiently small such that for any λ > 0, we have: d dλ ( σ_{W,h} ∗ ρ_h ) (λ) = h^{−n}β_0(λ, W ) + h^{1−n}β_1(λ, W ) + O_λ(h^{2−n}),

where β_·(λ, W ) are smooth with respect to λ, and for λ in the interior of g^{−1}({1}) β_0(λ, W ) = (2π)^{−n} ∫ a_0(x,ξ)=λ w_0(x, ξ) | ∇a_0(x, ξ) | dν_λ ν_λ being the induced Lebesgue measure on the surface {(x, ξ) : a_0(x, ξ) = λ} and O_λ is locally uniform with respect to λ.

c) If the support of the symbol of W (h) has no common points with the set of periodic points Π, then the asymptotic of b) holds for any ϵ_1 > 0.

This proposition can be proved in a standard way by constructing a parametrix of the propagator and using a non-stationnary phase theorem (see [6], [13], [20], [27], [23]...).

Proof of the proposition 4.1. − Applying lemma 4.2 with Ω = IR^{2n} \ Π, we have σ_b(h, λ) = σ_b+ (h, λ) − σ_b− (h, λ) + O(h^∞) where σ_b± (h, .) are non-negative, non-decreasing spectral densities which satisfy assumptions of theorem 8.1 and of proposition 4.3 c).

The theorem 8.1 a) implies that there exists h_0 > 0 such that for any h ∈ (0, h_0] and ϵ > 0 we have : | σ_b± (h, λ) − ( σ_b± (h, .) ∗ ρ_{ϵh} ) (λ) |≤ ϵC_0β_0(λ, b^±)h^{1−n} + C_1(ϵ, λ)h^{2−n}, (24)

with C_0 > 0 and C_1(ϵ, λ) locally uniformly bounded with respect to λ.

On the other hand, from Proposition 4.3 c) we get that, for any 1 > ϵ > 0: ( σ_b± (h, .) ∗ ρ_{ϵh} ) (λ) = h^{−n}α_0(λ, b^±) + h^{1−n}α_1(λ, b^±) + O_{λ,ϵ}(h^{2−n})

locally uniformly with respect to λ.

Then, there exists h_0 > 0 such that for any h ∈ (0, h_0] and 0 < ϵ < 1 we have : | σ_b(λ) − h^{−n}α_0(λ, b) − h^{1−n}α_1(λ, b) |≤ ϵC_0β_0(λ, b)h^{1−n} + C_1(ϵ, λ)h^{2−n}, with C_0 > 0 and C_1(ϵ, λ) locally uniformly bounded with respect to λ. This proves the proposition 4.1

Remark 4.4 In the proof of the Theorem 2.1 (sect. 6) the expression of α_0(λ, b) and of α_1(λ, b) will be not necessary. Thus in the proposition 4.1, we need only the existence of these coefficients.

5 Asymptotic behaviour of σ_1

In this section, we prove the following proposition 5.1 using a Tauberian theorem (see Appendix) and some recent results of V. Petkov, G. Popov [19]. Let ζ ∈ C^∞_0 (IR^n) be equal to 1 on a compact set containing the x-components of periodic trajectories. Then, for g ∈ C^∞_0 (]0, +∞[) equal to 1 in a neigbourhood of λ we define the local spectral density σ_1(h, λ) = T r ( ζ^2g(H_1)E_{H1} (λ)g(H_1) )

Proposition 5.1 Let us assume (8) and let λ > 0 be a non critical energy level.

For r_0 > 0 there exist h_0 > 0, ϵ_0 > 0 such that for all h ∈ (0, h_0], | r |< r_0 and 0 < ϵ < ϵ_0 we have : h^{1−n}Q(h, r − ϵ) − C_0ϵh^{1−n} + o_ϵ(h^{1−n}) ≤ σ_1(h, λ + rh) − h^{−n}α_0(λ + rh, ζ^2) − h^{1−n}α_1(λ + rh, ζ^2) ≤ h^{1−n}Q(h, r + ϵ) + C_0ϵh^{1−n} + o_ϵ(h^{1−n}), (25)

with C_0 > 0 independent of h, r, ϵ.

Using the cyclicity of traces, we have: σ_1(h, λ) = T r ( ζg(H_1)E_{H1} (λ)g(H_1)ζ )

hence, as for σ_b± (h, λ), σ_1 is a non decreasing, non-negative function on IR and for 0 < λ̄_1 < λ̄_2, g ∈ C^∞_0 (]λ̄_1, λ̄_2[), we check easily that σ_1(h, λ) satisfy the conditions i), ii) and iii) of the Tauberian theorem in the Appendix. The asymptotic (40) of (σ^′_1 ∗ ρ_h)(λ) is also fulfilled applying proposition 4.3 b) with W = ζ^2.

Now, we are going to study the asymptotic of (σ_1 ∗ ρ_{ϵh})(λ + rh). First of all, we split (σ_1 ∗ ρ_{ϵh})(λ + rh) into two terms. We isolate the singularity of the propagator at t = 0 from the others, which are connected with the periodic trajectories of the classical hamiltonian H_{a0} . More precisely, let us put :

Φ_h(λ, ϵ) = (2πh)^{−1} ∫ exp(ith^{−1}λ) ( 1 − θ(t) ) ρ̂(ϵt)dt, Ψ_h(λ, ϵ) = (2πh)^{−1} ∫ exp(ith^{−1}λ)θ(t)ρ̂(ϵt)dt, where θ ∈ C^∞_0 (IR) is equal to 1 in a small neighbourhood of 0.

We have:

ρ_{ϵh}(λ) = Φ_h(λ, ϵ) + Ψ_h(λ, ϵ).

Introduce the function : χ_h(λ, ϵ) = (2πh)^{−1} ∫ exp(ith^{−1}λ)(it)^{−1} ( 1 − θ(t) ) ρ̂(ϵt)dt (26) Then, (σ_1 ∗ Φ_h(., ϵ))(λ) = h^d_{dλ} (σ_1 ∗ χ_h(., ϵ))(λ) and modulo (h^∞) we have:

(σ_1 ∗ ρ_{ϵh})(λ + rh) = ∫_{λ+rh} −∞ d dλ (σ_1 ∗ Ψ_h)(μ)dμ + h d dλ (σ_1 ∗ χ_h)(λ + rh). (27)

The first term in the right hand side of (27) can be treated by using b) of proposition 4.3

The analysis of the second term in the right hand side of (27) may be difficult, because it could involve analysis of oscillatory integrals with degenerate phase functions. To overcome this obstacle, we exploit some recent results of V. Petkov [17] and V. Petkov, G. Popov [19], who make use of the so called absolutely periodic points and absolutely periodic trajectories. These results are influenced by works from T. Guriev and Yu. Safarov ([8] , [28], [29]) for counting function on compact manifolds. The main tool of this paper is the following theorem due to V. Petkov, G. Popov (theorem 5.1 of [19]). The difference with [19] is that Σ_λ is not compact. But by using that ζ^2 is compactly supported, and equal to 1 on the periodic trajectories, the proof of theorem 5.1 in [19] can be easily adapted for our case. We have:

Theorem 5.2 ([19]) Let χ̂(t) ∈ C^∞_0 (IR) be such that χ̂(t) vanishes in a neighbourhood of the origin. Then for any | r |< r_0 and h ∈ (0, h_0], we have ( σ^′_1 ∗ χ_h ) (λ + rh) =

(2πh)^{−1}T r ∫ exp(ith^{−1}(λ + rh))χ̂(t)ζ^2g(H_1)exp(ith^{−1}H_1)g(H_1)dt = (2πh)^{−n} ∑ k∈ZZ\0 ∫ Π χ̂(kT (ν))exp ( ik(h^{−1}S(ν) + rT (ν) − q(ν)) ) dν + o_χ(h^{−n}), where χ_h(λ) =^1_h χ(^λ_h ) and o_χ(h^{−n}) does not depend on r.

Consequently, applying theorem 5.2 with χ_h defined by (26), and proposition 4.3 with ρ_h = Ψ_h, W = ζ^2, we obtain:

Corollary 5.3 For any | r |< r_0, ϵ > 0 and h ∈ (0, h_0], we have ( σ_1(h, .) ∗ ρ_{ϵh} ) (λ + rh) =

h^{−n}α_0(λ + rh, ζ^2) + h^{1−n}α_1(λ + rh, ζ^2) + h^{1−n}Q̃_ϵ(h, r) + o_ϵ(h^{1−n}) and Q̃_ϵ(h, r) := 2

(2π)^n ∫ Π ∞∑ k=1 ρ̂(ϵkT (ν)) kT (ν) sin ( k(h^{−1}S(ν) + rT (ν) − q(ν)) ) dν. (28)

Proof of the proposition 5.1. − Let λ > 0 and r_0 > 0, then there exists h_0 > 0, such that for any h ∈ (0, h_0], | r |< r_0, we have λ + rh ∈ [λ̄_1, λ̄_2]. Consequently, applying the theorem 8.1 b) for σ_1 we deduce, that for each ϵ^′, 0 < ϵ^′ ≤ 1, each ϵ, 0 < ϵ ≤ 1: ( σ_1 ∗ ρ_{ϵh} ) (λ + (r − ϵ^′)h) − C_0β_0(λ + rh, ζ^2)ϵ^{′−1}ϵh^{1−n} − C_1h^{2−n} ≤ σ_1(h, λ + rh) ≤ ( σ_1 ∗ ρ_{ϵh} ) (λ + (r + ϵ^′)h) + C_0β_0(λ + rh, ζ^2)ϵ^{′−1}ϵh^{1−n} + C_1h^{2−n}

(29)

where for a h-admissible pseudo-differential operator W (h), the smooth function β_0(λ, W ) is defined in proposition 4.3.

Using corollary 5.3, the smoothness of α_0, α_1 and fact that^d_{dλ} α_. = β_. we obtain:

h^{1−n}Q̃_ϵ(h, r − ϵ^′) − h^{1−n}β_0(λ + rh, ζ^2) ( C_0ϵ^{′−1}ϵ + ϵ^′ ) + o_ϵ(h^{1−n}) ≤ σ_1(h, λ + rh) − h^{−n}α_0(λ + rh, ζ^2) − h^{1−n}α_1(λ + rh, ζ^2) ≤ h^{1−n}Q̃_ϵ(h, r + ϵ^′) + h^{1−n}β_0(λ + rh, ζ^2) ( C_0ϵ^{′−1}ϵ + ϵ^′ ) + o_ϵ(h^{1−n}),

(30)

Next, the proposition 5.1 follows from the proposition 6.1 of [19] (see proposition 5.4 below) and for ϵ^′ fixed, we take ϵ = ϵ^{′2}. We use also that β_0 is a smooth function, thus it is uniformly bounded with respect to (λ + rh) in a compact set.

Proposition 5.4 ([19]) Suppose the condition (8) satisfied. Let Q(h, r) be defined by (7) and let Q̃_ϵ(h, r) be defined in corollary 5.3. Then, for any 0 < ϵ^′ ≤ 1, 0 < ϵ ≤ 1 and | r |≤ r_0, we have: Q(h, r−ϵ^′)−C_1ϵ^′−C_0ϵ^{′−1}ϵ−o_ϵ(1) ≤ Q̃_ϵ(h, r) ≤ Q(h, r+ϵ^′)+C_1ϵ^′+C_0ϵ^{′−1}ϵ+o_ϵ(1) with constants C_0 > 0 and C_1 > 0 independent of ϵ^′, ϵ and h.

6 Proof of the main results

In this section we prove our main results. First of all, let us recall the representation formula obtained in the section 3. Let λ_2 > λ_1 > 0 and s_h be the same as in the introduction. Then for λ ∈ [λ_1, λ_2], we have:

s_h(λ) = σ_1(h, λ) + σ_b(h, λ),

where σ_1(h, λ) = T r ( ζg(H_1)^2E_{H1} (λ)ζ ) σ_b(h, λ) = T r ( b(x, hD, h)g(H_1)^2E_{H1} (λ) ) , with g ∈ C^∞_0 (]0, +∞[, IR^+) such that g = 1 on [λ_1, λ_2], E_{H1} (λ) being the spectral projector of H_1 on ]0, λ], and b(x, hD, h) a classical h-admissible pseudodifferential operator of order 0. The symbol of b vanishes on the set of periodic points, Π and belongs to the symbol class S(⟨x⟩^{−δ}), δ > n.

Asymptotic properties of σ_b (resp. σ_1) are studied in section 4 (resp. section 5). Proof of the Theorem 2.1. − Let r_0 > 0 and λ > 0 be non critical energy level such that Π is a compact subset of Σ_λ.

Then, applying proposition 4.1 and proposition 5.1, there exist h_0 > 0, ϵ_0 > 0 such that for all h ∈ (0, h_0], | r |< r_0 ¿and 0 < ϵ < ϵ_0 we have : h^{1−n}Q(h, r − ϵ) − C_0ϵh^{1−n} + o_ϵ(h^{1−n}) ≤ s_h(λ + rh) − h^{−n}α_0(λ + rh) − h^{1−n}α_1(λ + rh) ≤ h^{1−n}Q(h, r + ϵ) + C_0ϵh^{1−n} + o_ϵ(h^{1−n}), (31)

with C_0 > 0 independent of h, r, ϵ. Here α_.(λ) = α_.(λ, ζ^2) + α_.(λ, b).

To compute α_0(λ) and α_1(λ), we don’t need the expression of α_.(λ, ζ^2) and of α_.(λ, b). By definition (see proposition 4.3), they are independants of the presence of periodic trajectories, and they are connected only with the singularities of the propagator at t = 0. Then, α_0(λ) (resp. α_1(λ)) is the coefficient of h^{−n} (resp. h^{1−n}) in the asymptotic (4), where the set of closed trajectories is of measure 0. Thus, α_0 = γ_0, α_1 = 0, and we prove the relation (9) of the Theorem 2.1 applying the Taylor formula for α_0 in the above relation (31).

Proof of the Corollary 2.2. − We prove this corollary in the same way as in [19] (Corollary 1.2). For δ > 0, we are going to find h_1 > 0 such that the inequality | h^{n−1}s_h(λ + rh) − h^{−1}γ_0(λ) − Q(h, r) − rγ^′_0(λ) |≤ δ holds for any 0 < h < h_1 and any r ∈ [r_1, r_2]. First, using the uniform continuity of Q with respect to r, there exists 0 < ϵ <^δ_{4C0} , where C_0 is the constant of Theorem 2.1, so that | Q(h, r ± ϵ) − Q(h, r) |≤ δ 4 for any r ∈ [r_1, r_2]. Then from the relation (9) of the Theorem 2.1 and taking h_1 (with ϵ fixed) such that | o_ϵ(h^{1−n}) |≤ δ 4 h^{1−n}, ∀h ∈ (0, h_1], we deduce the assertion a) of Corollary 2.2.

The assertion b) is a consequence of a). For r_1 < R_1 < R_2 < r_2 fixed, let

c_0 = min

(r_2 − R_2 2 , R_1 − r_1 2 ) . Then, for r ∈ [r_1, r_2] we can also apply a) for r + c when | c |< c_0 and we deduce the assertion b).

Proof of the Corollary 2.4. − a) We prove the estimate (11) only for ( s_h(λ_0 + r(h)h + ch) − s_h(λ_0 + r(h)h) ) , the proof works in the same way for the other quantity.

Let Π^1 be a subset of Π with positive Lebesgue measure such that, r(h) = ( [q(ν) − h^{−1}S(ν)]_{2π} + 2πp ) T (ν)^{−1}, h ∈ (0, h_0] does not depend on ν ∈ Π^1, with an integer p. Applying theorem 2.1 with r = r(h), and choosing ϵ = c/4, we have:

s_h(λ_0 + r(h)h + ch) − s_h(λ_0 + r(h)h) ≥ h^{1−n}cγ^′_0(λ_0) + h^{1−n} ( Q(h, r +^{3c}_4 ) − Q(h, r +^c_4 ) ) −^c_4 C_0h^{1−n} + o_c(h^{1−n}), (32) for 0 < c ≤ c_0, c_0 sufficiently small.

We fix 0 < δ < ∫ Π^1 dν T (ν) , and we are going to find c2 > 0 such that for any

0 < c ≤ c_2, we can find h_1(c) > 0 such that for each h ∈ (0, h_1], h^{n−1} ( s_h(λ_0 + r(h)h + ch) − s_h(λ_0 + r(h)h) ) ≥ (2π)^{1−n} (∫ Π^1 dν T (ν) − δ ) . (33)

First of all let us find c_1 > 0 such that for 0 < c ≤ c_1, h ∈ (0, h_0] Q ( h, r(h) + 3c 4 ) − Q ( h, r(h) + c 4 ) ≥ (2π)^{1−n} (∫ Π^1 dν T (ν) − δ 2 ) . (34)

Let T > 0 be such that { μ({ν ∈ Π; T (ν) ≥ T }) ≤^{δT0}_4 , T (ν) < T ; ∀ν ∈ Π_1, (35)

where μ is the Liouville measure on Σ_{λ0} , and T_0 = min_{ν∈Π} T (ν).

Set U = {ν ∈ Π : T (ν) < T } and U^h_2 = U \ U^h_1 , where U^h_1 is the set: {ν ∈ U : ∃k ∈ ZZ , 2πk ≤ −h^{−1}S(ν)+q(ν)− ( r(h)+ c 2 ± c 4 ) T (ν) < 2π(k +1)}. For ν ∈ Π^1 and h ∈ (0, h_0], we have −h^{−1}S(ν) + q(ν) − r(h)T (ν) ≡ 0(2π) hence, Π^1 ⊂ U^h_2 for h ∈ (0, h_0].

Consider the function G(h, ν) = [π − h^{−1}S(ν) + q(ν) − ( r(h) +^{3c}_4 ) T (ν)]_{2π} − [π − h^{−1}S(ν) + q(ν) − ( r(h) +^c_4 ) T (ν)]_{2π}

For any h ∈ (0, h_0], we have : { | G(h, ν) | =^c_2 T (ν) if ν ∈ U^h_1 G(h, ν) = 2π −^c_2 T (ν) if ν ∈ U^h_2

and we deduce (2π)^{n−1} ( Q(h, r(h)+ 3c 4 )−Q(h, r(h)+ c 4 ) ) ≥ −T^{−1}_0 μ(Π\U)− c 4π μ(U)+ ∫ Π^1 dν T (ν) . We use μ(U) = μ(U^1_h ) + μ(U^2_h ) together with Π^1 ⊂ U^2_h . From (35) taking c_1 = min{c_0,^{δπ}_{μ(U)} }, we get (34).

Now, let c_2 = min{c_1, δ(2π)^{1−n} C_0+ | γ^′_0(λ_0) |

}, and 0 < h_1(c) ≤ h_0 such that

| o_c(h^{1−n}) |≤ δ 4 h^{1−n}. Then, from (32) and (34), we deduce (33) for any δ > 0. This give the inequality (11) of corollary 2.4 for each c ∈ (0, c_2].

To prove b), let us suppose that for any compact subset K of ]0, +∞[, there exist C_K > 0 and h_0 > 0 such that for any λ ∈ K, h ∈ (0, h_0] we have: d dλ s_h(λ) < C_K h^{−n}. (36)

Now applying a Taylor formula for s_h in (33) we obtain that for 0 < δ < ∫ Π^1 dν T (ν) fixed, and 0 < c ≤ c_2(δ), there exists θ ∈ (0, 1) such that h^{n−1}_1 ( d dλ s_{h1} (λ_0 + r(h_1)h_1 + θch_1) ) ch_1 ≥ (2π)^{1−n} (∫ Π^1 dν T (ν) − δ ) , where h_1 depends on c. Then owing to (36), we deduce that for 0 < δ < ∫ Π^1 dν T (ν) fixed and for any 0 < c ≤ c_2(δ) we have: cC_K ≥ (2π)^{1−n} (∫ Π^1 dν T (ν) − δ ) . This is false for c sufficiently small. Then h^{n d}_{dλ} s_h(λ) is not uniformly bounded with respect to (h, λ) ∈ (0, h_0] × K.

7 Example of Schrödinger operator with trapped trajectories

We give an example for which ”clustering” phenomena occurs for the scattering phase, near a trapping energy level.

Consider the Schrödinger operator H_1 = −h^2Δ + V (x), with V a smooth real valued potential on IR^n. We assume that V is compactly supported and admits a well in the following form.

For a > 0, let Φ_a ∈ C^∞_0 (IR^n) such that Φ_a(x) = 1 on {| x |≤ 2a} and let

V (x) = Φ_a(x − y_0) ( | x − y_0 |^2 +b ) with y_0 ∈ IR^n and b ≥ 0 fixed.

In this case for fixed energy level λ, all trapped trajectories lie on compact subset of Σ_λ, its x-components are in the convex hull of suppV and its ξcomponents are in {| ξ |≤ (λ−minV )^{12}_+}. Next we check conditions of corollary 2.4 and we prove the following proposition.

Proposition 7.1 For any regular energy level λ ∈]b, b + a^2[ for the symbol a_0(x, ξ) =| ξ |^2 +V (x), there exist C > 0, c_0 > 0, m ∈ ZZ such that for any c ∈]0, c_0[, p ∈ ZZ:

lim_{h↘0} inf h^{n−1} ( ± s_h(λ + r(h)h + 2ph ± ch) ∓ s_h(λ + r(h)h + 2ph) ) ≥ C, (37) where r(h) = 1 π [ − π 2 m − h^{−1}π(λ − b) ] 2π In particular, d dλ s_h(λ) does not satisfy a complete asymptotic expansion in a neighbourhood of λ.

Proof. −Let λ ∈]b, b + a^2[ be a regular energy level for a_0(x, ξ) and set

Σ_λ = {(x, ξ) ∈ IR^{2n}; | ξ |^2 +V (x) = λ}.

Then Σ_λ is a smooth non-compact hypersurface and the differential da_0 does not vanish on it.

Fix ϵ ∈]0, a/2], and consider the following set of a positive Lebesgue measure:

Π^1 := {(x, ξ) ∈ Σ_λ; | ξ − η_0 |^2 + | x − y_0 |^2≤ ϵ^2}, where | η_0 |= √ λ − b is fixed.

Let us remark that Π^1 = {(x, ξ) ∈ IR^{2n}; | ξ |^2 + | x−y_0 |^2 +b = λ and | ξ−η_0 |^2 + | x−y_0 |^2≤ ϵ^2}, which clearly contain (y_0, η_0) and satisfies: Lemme 7.2 We have Π^1 ⊂ Π, and for any ν ∈ Π^1, T (ν) = π, S(ν) = π(λ − b). Proof. −Let ν = (x_0, ξ_0) ∈ Π^1 and exp(tH_{a0} )(ν) = ( x(t), ξ(t) ) . It is sufficient to prove that for any t ∈ IR: | x(t) − y_0 |≤ 2a, (38) because in this case, V (x) =| x − y_0 |^2 +b in a neighbourhood of the curve {x(t); t ∈ IR}, and hence we have: { x(t) = y_0 + ξ_0 sin 2t + (x_0 − y_0) cos 2t ξ(t) = ξ_0 cos 2t − (x_0 − y_0) sin 2t

, (39) which is periodic with period T (ν) = π and with action: S(ν) = ∫_π 0 ξ(t)x^′(t)dt = π(| ξ_0 |^2 + | x_0 − y_0 |^2) = π(λ − b).

Now it remains to check (38) for any t ∈ IR. First, for (x_0, ξ_0) ∈ Π^1 we have | x_0 − y_0 |≤ ϵ ≤ a/2. Then the inequality (38) holds in an interval ] − t_0, t_0[, t_0 > 0. Let ] − T, T [ be the maximal interval where (38) is valid. Suppose that T < +∞. Then for any t ∈ [−T, T ], ( x(t), ξ(t) ) is determined by (39).

Consequently, using that | ξ_0 |≤| ξ_0 − η_0 | + | η_0 |≤ ϵ + √ λ − b, and that 0 < λ − b < a^2 and 0 < ϵ < a/2 we obtain:

| x(t) − y_0 |^2≤ 2ϵ^2 + (λ − b) + 3ϵ √ λ − b ≤ 3a^2, ∀t ∈ [−T, T ]. Therefore, choosing ϵ^′ > 0 sufficiently small, (38) holds for any t in an interval [−T − ϵ^′, T + ϵ^′], and we conclude that T = +∞. This prove the lemma 7.2.

End of the proof of the proposition 7.1 − The subprincipal symbol of H_1 vanishes and, on Π^1 the Maslov index m is constant, then q(ν) = −^π_2 m does not depend on ν ∈ Π^1. Therefore from lemma 7.2 we deduce that the quantity r(h) = ( [q(ν) − h^{−1}S(ν)]_{2π} + 2πp ) T (ν)^{−1} , h ∈ (0, h_0]

does not depend on ν ∈ Π^1 for any p ∈ ZZ and it is given by r(h) = 1 π [− π 2 m − h^{−1}π(λ − b)]_{2π} + 2p. Hence we obtain the proposition 7.1 with C = 2 (2π)^n μ(Π^1).

8 Appendix

8.1 Tauberian theorem

Let σ_h(λ), h ∈ (0, h_0], be a family of non-decreasing, non-negative functions in IR and let 0 < λ_1 < λ < λ_2. Suppose that σ_h(λ) has the following properties:

(i) σ_h(λ) = 0 for λ < λ_1 (ii) σ_h(λ) = σ_h(λ_2) for λ ≥ λ_2 (iii) σ_h(λ) ≤ Kh^{−n}, ∀h ∈ (0, h_0], ∀λ ∈ IR. Let ρ(λ) ∈ S(IR), ρ(−λ) = ρ(λ), and ρ(λ) ≥ 0 on IR, while ρ(λ) ≥ δ_0 > 0 for | λ |≤ ϵ_0. We assume that the Fourier transform of ρ(λ) satisfies

ρ̂(t) ∈ C^∞_0 (IR), supp ρ̂ ⊂ [−ϵ_1, ϵ_1], ϵ_1 > 0, ρ̂(0) = 1.

Introduce for 0 < ϵ ≤ 1 the function ρ_{ϵh}(λ) =^1_{ϵh} ρ(^λ_{ϵh} ), which satisfies: ∫ ρ_{ϵh}(λ)exp(ith^{−1}λ)dλ = ρ̂(ϵt). Theorem 8.1 ([20], [19])

a) Assume that there exist functions γ_0(λ), γ_1(λ) ∈ C^1(IR) such that for ϵ > 0, d dλ ( σ_h ∗ ρ_{ϵh} ) (λ) = γ_0(λ)h^{−n} + γ_1(λ)h^{1−n} + O_λ(h^{2−n}), (40)

where O_λ is locally uniform with respect to λ.

Then for each λ ∈ [λ_1, λ_2], we have | σ_h(λ) − ( σ_h ∗ ρ_{ϵh} ) (λ) |≤ C_0γ_0(λ)ϵh^{1−n} + C_1(ϵ, λ)h^{2−n} with C_0 > 0 and C_1(ϵ, λ) locally uniformly bounded with respect to λ.

b) Assume (40) with ϵ = 1, then for each ϵ^′, 0 < ϵ^′ ≤ 1, each ϵ, 0 < ϵ ≤ 1, and λ ∈ [λ_1, λ_2], we have ( σ_h ∗ ρ_{ϵh} ) (λ − ϵ^′h) − C_0γ_0(λ)ϵ^{′−1}ϵh^{1−n} − C_1h^{2−n} ≤ σ_h(λ) ≤ ( σ_h ∗ ρ_{ϵh} ) (λ + ϵ^′h) + C_0γ_0(λ)ϵ^{′−1}ϵh^{1−n} + C_1h^{2−n} with C_0 > 0, C_1 > 0 independent of ϵ^′, ϵ, λ and h.

8.2 Trapped trajectories

In the section 3, we have used that all the periodic trajectories of the classical Hamiltonian lie on a compact set. It is a direct consequence of the following proposition 8.3. Let a_0(x, ξ) a classical Hamiltonian and H_{a0} = (∂_ξ a_0, −∂_xa_0) the associated vector field. Let us consider the Hamiltonian flow on Σ_λ = a^{−1}_0 (λ):

Φ_{a0} (t) = exp(tH_{a0} ) : (x_0, ξ_0) → ( x(t, x_0, ξ_0), ξ(t, x_0, ξ_0) ) . Definition 8.2 We say that {Φ_{a0} (t)(x_0, ξ_0) ; t ∈ IR} is a trapped trajectory on Σ_λ if it is a bounded subset of Σ_λ.

We consider the classical Hamiltonian a_0(x, ξ) =< g(x)^{−1}ξ, ξ > +a(x).ξ + V (x) with a = (a_j )_{1≤j≤n}, V , and g = {g_{ij}}_{1≤i,j≤n} satisfying (H_δ) (see the introduction).

Proposition 8.3 Under the assumption (H_δ) with δ > 1, the trapped trajectories of the Hamiltonian flow H_{a0} on Σ_λ, λ > 0, are included in a compact set.

Sketch of Proof. − For λ > 0 fixed, we prove there exists R^0_λ > 0 such that any trajectory ( x(t), ξ(t) ) := ( x(t, x_0, ξ_0), ξ(t, x_0, ξ_0) ) , with | x_0 |> R^0_λ is a non trapped trajectory in Σ_λ. It is clear that the ξ-component of any element in Σ_λ is bounded, then we check that x(t, x_0, ξ_0) goes to infinity as | t | tends to infinity.

Let us denote a_{0,1}(x, ξ) := a_0(x, ξ)− | ξ |^2. Then from the Hamiltonian system: { x^′ = 2ξ + ∇_ξa_{0,1}(x, ξ) ξ^′ = −∇_xa_{0,1}(x, ξ) we deduce the following relations:

(x^2)^′ = 4x.ξ + 2x.∇_ξa_{0,1}(x, ξ), (41) (x.ξ)^′ = {a_0, x.ξ} = 2 | ξ |^2 +ξ.∇_ξa_{0,1}(x, ξ) − x.∇_xa_{0,1}(x, ξ). Then, for (x_0, ξ_0) ∈ Σ_λ, consequently for (x, ξ) ∈ Σ_λ, we have: (x.ξ)^′ = 2λ − 2a_{0,1}(x, ξ) + ξ.∇_ξa_{0,1}(x, ξ) − x.∇_xa_{0,1}(x, ξ). (42) On the other hand let us remark that by the assumption (H_δ), the symbol a_{0,1} satisfies:

For any α, β in IN^n there exists C = C(λ, α, β) > 0 such that: | ∂^β_ξ ∂^α_x a_{0,1}(x, ξ) |≤ C⟨x⟩^{−δ−|α|} ∀(x, ξ) ∈ Σ_λ, with δ > n ≥ 1.

Consequently there exists R_λ > 0 such that | x |≥ R_λ ⇒ | −2a_{0,1}(x, ξ) + ξ.∇_ξa_{0,1}(x, ξ) − x.∇_xa_{0,1}(x, ξ) |≤ λ. (43) Now, by continuity of t → x(t) and by using the relations (41)-(43) we can find R^0_λ > R_λ such that

| x_0 |≥ R^0_λ ⇒ | x(t, x_0, ξ_0) |^2≥ R^2_λ + 2λ(t − t_0)^2,

for any t ≥ t_0 (when x_0.ξ_0 ≥ 0) or for any t ≤ t_0 (when x_0.ξ_0 ≤ 0).

We deduce that t → ( x(t, x_0, ξ_0), ξ(t, x_0, ξ_0) ) is not a trapped trajectory when | x_0 |> R^0_λ. This proves that the trapped trajectories in Σ_λ are included in the compact set {(x, ξ) ∈ Σ_λ ; | x |≤ R^0_λ}.

ACKNOWLEDGEMENTS I am grateful to Vesselin Petkov for helpful discussions and comments and for suggestion to study the semi-classical behaviour of scattering phase in the presence of trapping trajectories.

I thank the referee who suggested the proposition 8.3 which avoid doing unnecessary assumption on periodic trajectories.

References

[1] M.S. Birman, M.G. Krein, On the theory of wave operators and scattering operators, Dokl. Akad. Nauk. S.S.S.R., vol.5 (1962), 475-478.

[2] V. Bruneau, Asymptotique de la phase de diffusion a haute énergie pour l’opérateur de Dirac, to appear in Ann. fac. Sci. de Toulouse (1998).

[3] V. Bruneau, D. Robert, Asymptotics of the Scattering Phase for the Dirac operator :

High energy, semi-classical and non-relativistic limits, to appear in Arkiv för matematik, vol.37 (1999).

[4] V.S. Buslaev, Scattering plane waves, spectral asymptotics and trace formulas in exterior problems Dokl. ANSSSR, 197 (1971), 999-1002 (in Russian). On the asymptotic behaviour of the spectral caracteristics of exterior problems for the Schrodinger operator Math. USSR Izvestija Vol. 9 (1975).

[5] F. Cardoso, G. Vodev, Asymptotic behaviour of the scattering phase in linear elasticity for a strictly convex body, Comm. Partial Differential Equations, 22 (1997), 2025-2050.

[6] J. Chazarain, Spectre d’un hamiltonien quantique et mecanique classique, Comm. Partial Differential Equations, 5 (1980), 595-644.

[7] C. Gérard, A. Martinez, D. Robert, Breit-Wigner formulas for the scattering phase and the total scattering cross-sections in the semi-classical limit, Comm. Math. Phys., 121 (1989), 323-336.

[8] T. Guriev, Yu. Safarov, Sharp asymptotics of the spectrum of the Laplace operator on a manifold with periodic geodesics, Proc. Steklov Inst. Math. 179 (1989), 35-53; translation from Tr. Mat. Inst. Steklova 179 (1988), 36-53.

[9] B. Helffer, D. Robert, Comportement semi-classique du spectre des hamiltoniens quantiques elliptiques, Ann. Inst. Fourier, Grenoble 31 (1981), 169-223.

[10] B. Helffer, D. Robert, Calcul fonctionnel par la transformation de Mellin et opérateurs admissibles, J. Funct. Anal. 53 (1983), 246-268.

[11] B. Helffer, J. Sjöstrand, Résonnances en limite semi-classique, Bull. S.M.F., mémoire 24/25, tome 114 (1986).

[12] L. Hörmander, The spectral function of an elliptic operator, Acta. Math. 121 (1968), 193-218.

[13] L. Hörmander, The Analysis of Linear Partial Differential Operators, vol. 3, Springer Verlag, 1985.

[14] A. Jensen, T. Kato, Asymptotic behaviour of the scattering phase for exterior domains, Comm. Partial Differential Equations, 3 (1978), 1165-1195.

[15] A. Majda, J. Ralston, An Analogue of Weyl’s Theorem for Unbounded Domains, Duke Math. J., I, 45 (1978), 183-196; II, 45 (1978), 513-536; III, 46 (1979), 725-731.

[16] R.B. Melrose, Weyl asymptotics for the phase in obstacle scattering, Commun. in P.D.E., 13 (1978), 1431-1439.

[17] V. Petkov, Weyl asymptotic of the Scattering Phase for metric perturbations, Asymptotic Analysis, 10 (1995), 245-261.

[18] V. Petkov, G. Popov, Asymptotic Behavior of the Scattering Phase for Non Trapping Obstacles, Ann. Inst. Fourier, Grenoble, 32 (1982), 111-149.

[19] V. Petkov, G. Popov, Semi-classical trace formula and clustering of eigenvalues for Schrodinger operators, Ann. Inst. H. Poincare, Phys. theorique, vol. 68 (1998), 17-83.

[20] V. Petkov, D. Robert, Asymptotique semi-classique du spectre d’hamiltoniens quantiques et trajectoires classiques periodiques Commun. in P.D.E., 10 (1985), 365-390.

[21] D. Robert, Autour de l’approximation semi-classique PM, 68, Birkhäuser, 1987.

[22] D. Robert, Asymptotique de la phase de diffusion à haute énergie pour des perturbations du second ordre du Laplacien, Ann. Scien. ENS, 25 (1992), 107-134.

[23] D. Robert, On the scattering theory for long range perturbations of Laplace operators, J. d’Analyse Mathematique, 59 (1992), 189-203.

[24] D. Robert, Relative Time-Delay for Perturbations of Elliptic Operators and Semiclassical Asymptotics, Journal of Functional Analysis, vol. 126 (1994), 36-82.

[25] D. Robert, Sur la formule de Weyl pour des ouverts non bornés,C.R. Acad. Sci. Paris, t. 319 (1994), Série I, 29-34; A trace formula for Obstacles Problems and Applications Operator Theory : Advances and Applications, vol. 70, Birkhauser Verlag Basel.

[26] D. Robert, Semi-Classical Approximation in Quantum Mechanics. A survey of Old and Recent Mathematical Results, Preprint of the university of Nantes (1997).

[27] D. Robert, H. Tamura, Semi-classical asymptotics for local spectral densities and time delay problems in scattering processes, Journal of Functional Analysis, vol. 80 (1988), 124-147.

[28] Yu. Safarov, Asymptotic behavior of the spectrum of a pseudodifferential operator with periodic bicharacteristics, J. Sov. Math. 40 (1988), 645-652; translation from Zap. Nauchn. Semin. Leningr. Otd. Mat. Inst. Steklova 152 (1986), 94-104.

[29] Yu. Safarov, Exact asymptotics of the spectrum of a boundary value problem and periodic billiards, Math. USSR Izv. 33 (1989), 553-573; translation from Izv. Akad. Nauk SSSR, Ser Mat. 52 (1988), 1230-1251.

[30] J. Sjöstrand, A trace formula and review of some estimates for resonances, Preprint, Ecole Polytecnique (1996).

[31] D.R. Yafaev, Mathematical Scattering Theory, general theory, Translations of Mathematical Monograph Vol. 105 AMS, 1992.