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In this chapter, H will denote a separable Hilbert space on C. We will denote by (.,.) and ||.|| the
scalar product on H and the associated norm.

1. SPECTRUM OF BOUNDED OPERATORS

1.1. Definition and convergence.

Definition 1.1. A bounded operator A, on ‘H, is a linear map on ‘H such that the set
A
| A=], xEH,m#O}

£
is bounded. The set of bounded operators on ‘H is Banach space, denoted L(H), equipped with the
norm

(lAall; = € #, o] = 1} = {

Az
= s ATy ag.
€M, x#£0 ”IH z€H, ||z||=1
For A, B € L(H), we have immediately:
[AB| < [IA[[IBI, A+ B| < [lA[l+|B]|.
Definition 1.2. Let (A, )nen be a sequence of bounded operators on H and A € L(H). We say:
(i) (Ap)n converge innormto A if || Ay, — Al| — 0asn — +oo.
(ii) (Ap)n converge strongly to A if for any © € H, (Apx), converge to Ax in H.
(iii) (Apn)n converge weakly to A if for any x,y € H, ((Anx,y))n converge to (Az,y) in C.
1.2. The adjoint operator.
Theorem 1.3. Let A € L(H). There exists a unique operator A* on H such that for all x,y € H,
(Az,y) = (z, A%y).
Moreover A* € L(H) and satisfies | A*|| = || A]l.

Definition 1.4. The operator A* defined by the previous Theorem is called the adjoint operator of
A.

Proposition 1.5. For A, B € L(H) and )\ € C, we have:

i) [|A*Al = [lA[*

(i) (A+ AB)* = A* + \B*

(ii) (AB)* = B*A*

(iv) (A")*=A

V) (A)71({0}) = (A(H))*

(vi) If A=Y exists in L(H) then (A*) ™1 exists in L(H) and (A*)~! = (A~1)*.
Definition 1.6. We say that A € L(H) is self-adjoint (auto-adjoint) if A* = A.
Proposition 1.7. Let A € L(H) be a self-adjoint operator. Then

|Al:= " sup  [(Az,y)].
2€H, |lal|=1
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1.3. Spectrum of bounded operators.
Definition 1.8. Let A € L(H).
(i) The spectrum (spectre) of A is the set :
o(A) :={X € C; (A — XI) is not invertible }.
(ii) The point spectrum (spectre ponctuel) is the set:
op(A) :={X € 0(A); (A — XI) is not injective }.
(iii) The continuous spectrum (spectre continu) is the set:
o(A) == {\ € 0(A); (A— ) is injective, not surjective but Ran(A — XI) = H}.
(iv) The residual spectrum (spectre residuel) is the set:

or(A) == 0(A)\(op(A)Ucc(A)) = {\ € 0(A); (A—AI) is injective, and (Ram(A—)\I))l # {0}}.

By definition, the spectrum is the disjoint union of these three different spectrums:
o(A) =0,(A)Uo.(A) Uo,(A).
Definition 1.9. Ler A € L(H). The set p(A) := C\ o(A) is called the resolvent set (ensemble
résolvant). For A € p(A), the bounded operator
Ra(\) == (A=)t
is called the resolvent operator (or the resolvent of A).

Proposition 1.10. Let A € L(H). The resolvent set, p(A), is an open subset of C and X\ — R4()\)
is analytic on p(A) with value in L(H). Moreover p(A) # C and consequently o(A) is a non empty
closed subset of C.

Definition 1.11. Let A € L(H). The quantity
r(A) :==sup{|A\|; A€ o(A4)}
is called the spectral radius (rayon spectral) of A.

Theorem 1.12. Let A € L(H). We have:
: ik
r(A) = lim [JA™[» < [lAl|.

n—+oo
If A is self-adjoint, r(A) = || A]|.
Proposition 1.13. Ler A € L(H).

() A€ 0o(A) < X € a(A¥)
(ii) For A € p(A), we have (R4(\))* = Ra~(\)
(i) A € 0,(A) = X € 0,(A%)
(iv) A € 0,(A) = X € 0, (A*) U, (A%)
(V) A € 0.(A) &= X € 0.(A¥)

Theorem 1.14. If A € L(H) is self-adjoint, then o(A) C R, 0,(A) = 0 and eigenvectors corre-
sponding to distinct eigenvalues of A (i.e. distintct elements of 0,,(A)) are orthogonal.
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2. SPECTRAL ANALYSIS OF COMPACT OPERATORS

2.1. Definition and properties of compact operators.

Definition 2.1. An operator A € L(H) is called compact if the set {Ax; v € H, ||z|| <1} is
relatively compact in ‘H (i.e. whose closure is compact in H).

Equivalently, A is compact if and only if for every bounded sequence (y,)nen of H, (Axy)nen has a
subsequence convergent in H. We will denote by So(H) the set of compact operators on H.

Example: A finite rank bounded operator (i.e. whose range is finite dimensional) is compact:
Ae L(H), dm(A(H)) <+o0 = A€ So(H).
Proposition 2.2. For A1, Ay € Soo(H), B € L(H) and v € C, we have:
A1+ pAs € So(H); A1B € S(H); BA; € So(H).

Proposition 2.3. The following properties are equivalents:

(i) A€ Soo(H)
(ii) The operator A maps weakly convergent sequences into norm convergent sequences
(iii) There exists a sequence of finite rank operators (A, )nen which converge to A in L(H)

(iv) A* € Soo(H)
Corollary 2.4. Let K € Soo(H).

(i) If the sequence of bounded operators (Ay), converge weakly to A, then KA, converge
strongly to K A

(i) If the sequence of bounded operators (Ay,), converge strongly to A, then K A,, converge in
normto KA

2.2. Spectral properties of compact operators.

Theorem 2.5 (Hilbert-Schmidt Theorem: Spectral Theorem for self-adjoint compact operators). Let
K € 8- (H) be a self-adjoint compact operator. Then, there is a complete orthonormal basis (¢n )n,
Sfor H so that

Koy, = Ao, and lim N, =0.

n—-+o0o
In particular any nonzero \ € o(K) is an eigenvalue of finite multiplicity (i.e. the corresponding
eigenspace is finite dimensional) and for any ¢ € H, we have:

N
K¢ = Z >\n<¢a ¢n> ¢n,

n=0

where N is finite when K is of finite rank.

Theorem 2.6 (Riesz-Schauder Theorem: Spectral Theorem for compact operators). Let K € Soo(H)
with dimH = oo. Then, 0(K) = {0} U {z,; n € N}, limp_100 2, = 0 where z,, are the nonzero
eigenvalues of K which have finite multiplicity (i.e. dim Ker(K — z,1) < 00).

Moreover there exist orthonormal sets (¢n )nen and (Vn )nen (in H) and positive real numbers (A )p,
called singular values of K, such that for any ¢ € H, we have:

K¢ = z:o)\n<¢a ¢n> Un, nEIfoo Ap = 0.



3. EXERCICES

Exercice 1. Soit p € C°([0,1],C) et H = L%((0,1),C).

1) Montrer que A défini par A(u)(z) = ¢(x)u(z) est un élément de L(#H). Calculer sa norme.
2) Déterminer p(A) I’ensemble résolvant de A.

3) Déterminer A* et donner une condition sur ¢ pour que A* = A.

Exercice 2. Soient H un espace de Hilbert, £ un sous espace vectoriel fermé non vide de H et P la
projection orthogonale sur F'. Montrer que:

DP:=P 2)Vz,ye€ H (Pz/y)=(x/Py) 3)||P|l=1 4)H= KerP®ImP.
x
Exercice 3. Soit A I’application linéaire définie par (Au)(x) = / u(t)dt.
0

1) Montrer que A € £(L?(0,1)). Déterminer A*.

2) Montrer que A est compact (on pourra utiliser le Théoreme d’ Ascoli).

Exercice 4. On considere I’espace de Hilbert [2(N) := {u = (un)n € RY; 3 |u,|? < +o0}. Soit
T Iapplication qui a u = (up,),, € 1*(N) associe T'(u) = (T'w),, défini par (T'w), = “=.
1) Montrer que T € £(I*(N)) et calculer sa norme.

2) Montrer que T est un opérateur auto-adjoint compact.

3) Déterminer le spectre de 7.

Exercice 5. Montrer la Proposition 1.5.

Exercice 6. Soit H un espace de Hilbertet A € L(H) tel que Vf € H, (Af, f) > 0.

1) Montrer que 0,(A) C [0, 4+00).

2) Montrer que A est auto-adjoint.

3) Montrer que o(A) C [0, 400) (on pourra utiliser le Théoréme de Lax-Milgram).

Exercice 7. Soit U € L(#H) un opérateur unitaire, ¢’est-a-dire tel que U*U = UU* = |

1) Montrer que 0,(U) C S* = {2z € C; |2| = 1} et que 0,,(U*) C S*.

2) Montrer que o,.(U) C S* et que o(U) C S™.

Exercice 8. Soit 7 un espace de Hilbert et A € L(H). On note N(A) := {(Af, f); |If|l = 1}.

Montrer que o(A) C N(A).
Exercice 9. Les opérateurs suivants sont-ils prolongeables en des opérateurs bornés sur L?(IR)?
1) F: f— fdéfini pour f € L*(R) par f(£) = 1/ e~ f (1) d.
V2 Jr
2) Pour V € L*>°(R), M I’opérateur de multiplication par V', M : u — V w.
3) T:u+~ —u” défini pour u € H?(R).
Exercice 10. Soit (u,,),, une suite d’éléments de H?(R?) telle que dans L?(R%) x L?(R%)

nEI—Poo(un7 Auy) = (u,v).

Montrer que nécessairement Au, = v et u € H?(R?).



