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Chapter 1

Introduction

Since the emergence of the first models of quantum physics given by W. Heisenberg,
M. Born, E. Schrodinger and P. Dirac, a century ago, the spectral analysis of quantum
Hamiltonians has played an important role in the description of physical phenomena.
The rise of Mathematical Physics, the foundations of which are well described in Reed-
Simon’s books [162, 163, 164, 165], was notably accelerated by the development of mi-
crolocal analysis. This allowed, in particular, a sharp investigation of the Schrodinger
operator —A+V for a large class of electric potentials V. Taking a magnetic field into
account generally does not present any new important difficulties as long as the asso-
ciated magnetic potential goes to zero at infinity. But the physical reality requires the
study of the Schrodinger operator with stronger magnetic fields, starting with constant
magnetic fields (that is linear magnetic potentials). One of the first articles that gives
an overview of the specificities of the magnetic Schrodinger operators is the Avron-
Herbst-Simon’s paper [7] where, in comparison with Schrédinger operators without
magnetic field, the "well-behaved” and "better-behaved” properties are discussed. The
study of the distribution of the eigenvalues of magnetic Hamiltonians has then been the
subject of numerous works. Berezin-Toeplitz operators (with symbol being the pertur-
bation of a reference magnetic Hamiltonian) are natural effective operators that have
played an important role in the asymptotic study of the spectra of magnetic quantum
Hamiltonians. First obtained for eigenvalues (pure point spectrum), these asymptotics
were then studied on the continuous spectrum (via the Spectral Shift Function) as well
as for the distribution of resonances (scattering poles).

The aim of this book is to provide an overview of these results to which the authors
have contributed. Unfortunately the Covid-19 did not let Georgi Raikov bring this book
project to fruition. In March 2021, Georgi Raikov, instigator of this book, succumbed
to Covid-19 when we had written most of the three Chapters 2, 3 and 4.

Let us now describe the contents of these chapters as well as a fifth chapter which
completes the description of spectral results for the magnetic quantum Hamiltonians.

In Chapter 2, we first recall the canonical Halmiltonian formulation of the equa-
tions of motion of classical particles in electromagnetic fields, and give examples of
trajectories for constant magnetic fields. Then, based on the concepts of quantization,
we introduce the Weyl and the magnetic Weyl quantizations, as well as the Hamilto-
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6 CHAPTER 1. INTRODUCTION

nians discussed in this book: the magnetic Schrodinger operator, the magnetic Pauli
operator and the magnetic Dirac operator. We describe the spectrum of these operators
in the particular case of constant magnetic field. For non constant magnetic fields, in-
cluding the general class of admissible non-constant magnetic fields, the bottom of the
spectrum of the Pauli hamiltonian is discussed. In particular, the kernel of the 2D Pauli
hamiltonian can be of infinite multiplicity or any fixed dimension.

Chapter 3 is devoted to the introduction and the spectral study of Berezin-Toeplitz
operators who play an essential role in the spectral analysis of the magnetic quantum
Hamiltonians considered in this book. Along with generalized anti-Wick pseudodiffer-
ential operators, these operators, are described in the general context of contravariant
symbol operators. These operators are studied in general holomorphic spaces and then
in weighted Fock-Segal-Bargmann spaces. For appropriate Gaussian weights, these
spaces, of infinite dimension, coincide with the eigenspaces of the 2D Schrodinger
operator with a constant magnetic field. The associated eigenvalues, of infinite mul-
tiplicity, are the so-called Landau levels. Boundness and compactness properties are
given and dependence on the Landau level is considered.

Chapter 4 has a central role in the book because it shows the interaction between
chapters 2 and 3, and the results given there will be fondamental for Chapter 5. First,
we specify the meaning that we give to the notion of asymptotics of the semi-classical
type by pointing out the specificities of the magnetic frame. Then eigenvalue asymp-
totics for Berezin-Toeplitz operators are given for different type of symbols. These
asymptotics are of semi-classical type for symbols of power-like decay and not of
semi-classical nature for compactly supported symbols. For symbols having interme-
diate behaviors (exponential or gaussian decaying) the asymptotic order can be semi-
classical but not the coefficient. From these asymptotics for Berezin-Toeplitz oper-
ators, we deduce the first results of spectral asymptotics for perturbations of the 2D
magnetic Schrodinger operator Hg(A, 0) with constant magnetic field b # 0, and of the
2D magnetic Pauli operator Hp(A,0) with admissible b of non-zero mean value by.
The generic situation is that under the considered perturbations, the essential spectrum
is preserved and the eigenvalues of the unperturbed operators (Hg(A,0) or Hp(A,0))
become accumulation points of the spectrum of the perturbed operators. Moreover
the distribution of the eigenvalues near each accumulation point (in general, a Lan-
dau level) is governed by that of a Berezin-Toeplitz operator (close to zero). Most of
the perturbations are electric potentials, but magnetic, geometric and obstacle pertur-
bations are also considered. Even if principles of semi-classical analysis appear, no
semi-classical limit is considered. For an overview of the many results on asymptotics
with respect to the Planck’s constant - mainly on bounded domains - we refer to [161].
This Chapter 4 also includes a controllability result deduced from the investigation of
Berezin-Toeplitz operators with compactly supported symbols. To conclude Chapter
4 on magnetic Hamiltonian in the plane, we exploit results of Chapter 3 on the Lan-
dau level’s dependence of the norm of Berezin-Toeplitz operators in order to prove a
clustering phenomena near each Landau level, when q, the Landau level number, tends
to infinity. For electric potentials V which decrease more or less rapidly to infinity,
as q tends to infinity, we study the rate at which the discrete eigenvalues of Hg(A, V)
approach the qth Landau level as well as the distribution of eigenvalues within this qth
cluster.



The eigenvalue asymptotics for Berezin-Toeplitz operators find also applications to
3D magnetic operators and to magnetic fibered models. For these operators which have
continuous spectra, the phenomena of spectral accumulations result in singularities of
the Spectral Shift Function or accumulations of resonances. In Chapter 5 we give an
overview on investigations realized on Spectral Shift Function (SSF) and resonances
for quantum magnetic Hamiltonians. After the introduction of the notions of spectral
shift functions and resonances, we study their properties near Landau levels for pertur-
bations of 3D magnetic Hamiltonians by potentials of fixed sign or by an obstacle. We
also discuss 2D magnetic Schrédinger operators in the half-plane and in a strip. These
hamiltonians are fibered operators with non-empty continuous spectrum. For electric
perturbations of these operators, we give results on the SSF near thresholds (Landau
levels or other extrema of the band functions) but several questions remain open.



CHAPTER 1. INTRODUCTION



Chapter 2

Magnetic Quantum
Hamiltonians

Abstract: This chapter is dedicated to the introduction of the Hamiltonians discussed in
this book. First, in Section 2.1 we recall the properties of motion of classical particles
in electromagnetic fields, in particular for constant magnetic fields. Then after having
given the general concept of the quantization (in Section 5.4.2) and more particularly
introduced the Weyl quantization (in Section 2.3), in Section 5.2.2, we investigate the
magnetic momentum together with the magnetic Weyl quantization. The magnetic
Schrodinger operator, then the magnetic Pauli and Dirac operators are successively
introduced in Sections 2.5 and 2.6. The particular case of the constant magnetic field
is discussed in Section 2.7, while a more general class of variable magnetic fields is
treated in Section 2.8. For the Pauli hamiltonian, depending on the magnetic field,
several possible spectral structures are given.

2.1 Classical magnetic systems

Let us begin our story with the equations of motion of a three-dimensional classical
non-relativistic particle in an electromagnetic field (E,B). Here E : R3 — R3 is the
electric component of the field, and B : R3 — R3 is its magnetic component. We
assume that (E,B) is stationary, i.e. independent of time t. Moreover, we suppose that
the medium is uniform and isotropic, so that the electric permeability and the magnetic
permittivity are scalar constants. By the Maxwell equations,

curlE=0, divB=0. @2.1.1)

Let x = (x1,X»,X3) be the coordinates of the particle. Then the equations of its motion
can be written in Newtonian form

mi = S x B+cE (2.12)
C

(see [114]). Here m is the mass of the particle, e is its charge, c is the speed of light in

vacuum, X = % is the velocity of the particle, and X = % is its acceleration. The first
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10 CHAPTER 2. MAGNETIC QUANTUM HAMILTONIANS

term £ X x B appearing at the right-hand side of (2.1.2) is the Lorentz force, while the
second term eE is the electrostatic force. In the sequel we assumee=1andc=1.
In order to pass to the Lagrangian version of (2.1.2), we introduce the electromagnetic
potential (A, V) with A : R? — R3, V: R = R, satisfying B = curl A, E =-VV, which
is coherent with (2.1.1), and define the Lagrangian function
. mx? .
L(x,X) := 5 +A(x) - x—V(x). 2.1.3)

Evidently, the expression (2.1.3) for L admits an immediate generalization to an ar-
bitrary dimension n > 1; in this case x € R", A: R® - R", and V: R" — R. The
equations of motion of the n-dimensional particle can be written in their Lagrangian
form

d JL JL
_ f_izo, '=1,..., , 2.14
dt aXJ aXJ ] f ( )
corresponding to the Newtonian equation
mX =Bx+E (2.1.5)

where as before E =-VV while B = {Bjx(x) }?k: | 18 the magnetic-field tensor defined
by
A, I9A
B; =—-—, jk=1,...,n 2.1.6
_]k(x) aXJ an J n ( )
Note thatif n=1, then B=0.
We may identify the magnetic potential A with the 1-differential form

A=

J

]Aj de,

n

and the tensor B with the 2-form

B:i=dA= )  BjcdxjAdx.
1<j<k<n

Moreover, if n = 3, we may identify the tensor B with the magnetic-field vector
B = (B,B,,B3) by using the cyclic permutations

By =Bj3, By=Bj3;, B3=Bp. (2.1.7)

Thus, if n =3, then (2.1.5) coincides with (2.1.2).

In many situations, it is useful to have explicit formulae for magnetic potentials A
which generate a given magnetic field B. Below, we give such formulae for dimensions
n=2,3. If n =3, we may define

1
A(X) = ( /0 B(sx)sds) xx, x€R3. 2.1.8)
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Ifn=2, wesetb:=Bjp and

1 1
A(X) :=Xp </0 b(sx)sds) ,  Ax(X):=-xq (/0 b(sx)sds> , X=(X1,Xp) € R2.

(2.1.9)
The magnetic potential A which generates a given magnetic field is not unique: the
potentials A and A+ V¢ with ¢ : R® — R, n > 2, generate the same B. In this case we
will say that the magnetic potentials are gauge equivalent. In this context, the magnetic
potential defined in (2.1.8) is said to be in the Poincaré (or transversal) gauge.
Let us consider now the explicit example of the motion of a classical particle in constant
magnetic field, and zero electric potential (i.e. V =0). We will consider dimensions
n=2,3, and assume m= 1.
Let at first n = 2. We suppose that Bjy = 1. Then the coordinates (x,y) € R? of the
particle satisfy the equations
X=Yy,
{ =%, (2.1.10)

and the initial conditions

X(O) =X0» X(O) =X1,
. 2.1.11
{ y(0)=yo, y(0) =y;. ( )
The solution of Cauchy problem (2.1.10)—(2.1.11) is given by
x(t) =Xg+X; sin t+y;(1—cos t),
{ y(t) =yg+y; sin t—x1(1—cos t), (2.1.12)

i.e. unless X(0) = y(0) = 0, the trajectory of the particle is a circle of radius 4/ x% +y%

centered at the point (xo +Y¥1,Yo—X1 ) In particular, the trajectories of a 2D particle in
a constant magnetic field are closed in contrast to the free particle whose trajectories
are straight lines unless x(0) = 0.

If n=3, we suppose B1» =1, Bp3 =B3; =0, i.e. B=(0,0,1). Then the first two coordi-
nates (X,y) in the plane perpendicular to the magnetic field B satisfy (2.1.10)—(2.1.11),
and their dynamics is given by (2.1.12). The third coordinate z along B satisfies the
free-motion equation Z = 0, and the initial conditions z(0) = z, z(0) = z;. Therefore,

z(t) = zg +z1t. (2.1.13)

Combining (2.1.12) and (2.1.13), we find that generically the three-dimensional parti-
cle moves along a helix whose axis is parallel to the magnetic field. Hence, roughly
speaking, a 3D dimensional particle disposes of a unique direction to escape to infinity,
that of the magnetic field, in contrast to the free particle which may move along any
straight line in R3.

These differences in the behavior of the classical particle in the presence and in the ab-
sence of a (constant) magnetic field provide a useful heuristic intuition which may help
to better understand various purely magnetic effects in classical but also in quantum
physics.

More examples of trajectories of classical particles moving in electromagnetic fields
can be found in [101, Chapter 6, Appendix FJ.
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In order to pass to the canonical Hamiltonian formulation of the equations of motion of

our n-dimensional particle, we introduce the generalized momentum & = (&,...,&p),
. _ JL - _ . .

with éj = ij’-] =1,...,n, write X = X(x, £) as a function of x and &, and compose the

Hamiltonian function

H(x,8) =& -x(x,6)~L(x,X(x,8)).

Taking into account (2.1.3), we get € = mx+ A(x) or x = (§ — A(x))/m. Therefore,
H(x,E)= ﬁlé AP +V(X), (x,&)eTR"=R>". (2.1.14)

The Hamiltonian function 7 determines the canonical system of Hamiltonian equa-
tions

0 . 9

Téj’ éj =—ij,

which is equivalent to (2.1.4) (see [5, Section 15]). System (2.1.15) can be re-written
in the form

Xj = j=1L...,n, (2.1.15)

< 2 > =0TV =1ve, (2.1.16)
Tl 0 I . . .
where J=(J")"" = I o ) and I, is the unit n X n-matrix. Introduce the canon-
—n
ical' symplectic bi-linear form
o((x.6).(x.&N) =& ¥ -x &, x&.x.&)eR™ 2.1.17)

In other words, if w,w’ € R?", then
ow,w)=Jw-w.

Thus, the canonical symplectic 2-form is

=Y dxj Adé;. (2.1.18)

n
=1
The co-tangent bundle T*R" = R?" equipped with the symplectic form @ is a symplec-

tic manifold (see [5, Section 37]).
For .#,% € C!(R?") introduce the canonical Poisson bracket

N QT Y O.F oY
7 -V T . — B
(F. 94} :=VF . IVY ‘§_1<8Xj 5E 9F axj).
J_

(2.1.19)

In particular,

{xj,xk}=0, {€j7ék}=07 {X',gk}=6jk, j,k=1,...,1’1. (2120)

One of the reasons to call various objects “canonical” is to distinguish them from their “magnetic”
counterparts.
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Let (x(1), & (1)) be the solution of (2.1.16) related to fixed initial data. Then the Hamil-
tonian system (2.1.16) implies that the dynamics of .Z (1) := .Z (x(1), €(1)) is governed

by the equation
dF

o =F A (2.1.21)

The Hamiltonian equations of motion (2.1.16) can be also written in terms of another
Hamiltonian function, namely

s 1
H(x,E) = ﬂ\Aj ?+V(x), (2.1.22)

which is independent of the magnetic field. Note that .77 is transformed into .Z under
the change of variables
x—=x, &—&+A®X). (2.1.23)

In other words, we have
Hx,E+ARX) = A (x,E), (x,E)ecR™

Under the same change of variables, the canonical symplectic form @ is transformed
into the magnetic symplectic form

wg =w-B= dXJ /\d(g'_] - Z Bjk(X) dXJ Adxg, (2.1.24)

n
=1 1<j<k<n
which depends on B and corresponds to the magnetic symplectic bi-linear form
op(w,w)=Jgx)w-w, w,w eR>",
with
Jp(x) = < —BX) I > , XER"
-I, O

Then the equations of motion, analogous to (2.1.16), can be written as

( 2 ) =LYV =Kg V., (2.1.25)
where Kg := (Jg)’1 = (I) g’ , and the Hamiltonian function A is defined in
—n

(2.1.22) (for more details, see [126, Subsection 2.10]). Thus, the passage from the
couple (w, 7) to (wg, J2) is related to non-degenerate coordinate change (2.1.23) in
the underlying symplectic manifold.
Similarly to (2.1.19), introduce the magnetic Poisson bracket
n ar
{y’g}B =VZ. Kng = {9,%} + Z Bjk(X)giaﬁ
jk=1 5j 98k

with .#,% € C/(R?™). In particular, by analogy with (2.1.20), we have

{xj,xk}B=0, {gj,gk}B=Bjk(X), {Xj,gk}B= ks j,k=1,...,r1. (2127)

(2.1.26)
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Let now (X(t), é(t)) be the solution of the equaigons of motion (2.1.25), corresponding
to fixed initial data. Then the dynamics of .Z (1) := .Z (X(1), £ (1)) is governed by the
equation -
dF -
&= %ﬂ} . 2.1.28
dt { B ( )

2.2 The concept of quantization

According to the axioms of the quantum mechanics, the state of a physical system is
described by a non-zero element Y of a Hilbert space § equipped with scalar prod-
uct (-,-) and norm || - ||. Proportional elements y € §) determine the same physical
state, so that we may assume ||y|| = 1. Further, the quantum physical observables are
represented by linear operators, self-adjoint in §). If the state of a quantum system is
determined by y € £, and a given quantum observable is represented by the operator
F = F*, then the probability that the value of this observable is in a given Borel set
J CR,equals
(1, Ey,y) =1, Ey|*.

Here and in the sequel 15 denotes the characteristic function of the set S, so that 1 7 F
is just the spectral projection of the operator F associated with _# . In particular, if ¢
does not intersect with the spectrum o (F) of F, then the probability that the value of
the observable represented by F, is in the set _#, equals zero. A similar probabilistic
interpretation is valid also for the quantity ||1 /(Fl, . ,Fn))1//||2 where (Fy,...,Fy) is
a finite family of commuting operators, self-adjoint in §), and _# is now a Borel set
in R" (see e.g. [13, Section 1.1, Postulate 2]). This interpretation is one of the main
reasons for which the spectral theory of self-adjoint operators plays a fundamental
role in quantum physics. For further references, we introduce here our notations of the
spectral components: Oegs(F) denotes the essential spectrum of the operator F, 645 (F),
is the discrete one, o.(F) is the continuous one, O,c(F) is the absolutely continuous
(a.c.) one, and oy (F) is the singular continuous (s.c.) spectrum.
In the Schrodinger formalism, the dynamics of y is determined by the non-stationary
Schrodinger equation

iha—w

Jt

where 27th > 0 is the Planck constant, while H is the quantum Hamiltonian, i.e. the
self-adjoint operator corresponding to the energy of the system. If we assume that H is
independent of time, then the solution of (2.2.1) is y(t) = Ux(t)y(0) where

=Hy 2.2.1)

Up(®=e 1, (R,

is the unitary group defined by the spectral theorem for self-adjoint operators.
In the Heisenberg formalism, the time evolution of the quantum observable F is given
by
F() = UsOF(O)Up(1), teR,
and, hence,
dF 1
— =—[F,H 222
dt ih[ ] ( )
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where [F,H] := FH—HF is the commutator of the operators F and H. Equation (2.2.2)
can be interpreted as the quantum analogue of (2.1.21).

Let us now pass to the concept of quantization. As we saw in the previous section,
the physical observables are described by the classical mechanics as sufficiently reg-
ular functions defined on a given symplectic manifold. Then the quantization £ is a
procedure which maps classical observables into quantum ones. In other words, the
quantization £ could be interpreted as a mapping which puts into correspondence to
the function .% defined on the symplectic manifold, the operator F = Q(.%), self-adjoint
in the Hilbert space ).

In the case where the symplectic manifolds is the phase space T*R" = R2", equipped
with the canonical symplectic form (2.1.18), the mapping £ should satisfy the follow-
ing minimal set of axioms (see e.g. [87, Subsection 3.7] and the references cited there):

Axiom 1. £ is linear, and (1) = I, where 1 is the identity £).

In order to formulate our next axiom we need the concept of a canonical system, or,
in brief, a C-system (see [20, Chapter 12]). Assume that the operators aj, bj, j=1,....n,
are symmetric operators with common domain Z, dense in ), invariant with respect to
the action of these operators. Suppose that:

(i) Foru € 2 and j,k=1,...,n, we have

(ajbk —bkaj Ju= ihijku, (aj ax —akaj)u =0, (bjbk —bkbj Ju= 0.

(aj2 +bj2)

with domain & is essentially self-adjoint in $).

Then we say that the operators a;,b;, j=1,...,n, form a Cy-system. If the closures
o 1= g and ﬁj = Bj are self-adjoint operators, we say that a, Bj, j=1,...,n, forma
C-system. Note that the operators q;, Bj, j=1,...,n, form a C-system if and only if the
corresponding unitary groups satisfy the Weyl canonical relations

(i1) The symmetric operator

-

I
—_

J

elise eltﬁk — e—lsth(‘sjk eltﬁk eis%
els%oltok elt(Xkels(Xj’ elsﬁj eltﬁk — eltﬁkelsﬁj , jk=1,...n, steR,

(see [20, Chapter 12, Subsection 5.4]). However, if we drop condition (ii) in the def-
inition of a Cp-system, then this equivalence does not hold true any more (see the
counterexamples in [162, Section VIII.5] and [88, Section 12.2]).

Axiom 2. The operators Q(x;), Q(?jj), j=1,...,n, form a C-system. In particular,
on the common operator core & of D(xj), Q(éj), we have

[Q(x), Qx)]1 =0, [Q(), Q)] =0,
[Q6)), QE)] =i B = ih & I, jk=1,...,n. (2.2.3)
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Axiom 3. The Hilbert space ) is irreducible under the action of the operators Q(x;)
and Q(§),j=1,...,n.

By the Stone — von Neumann theorem (see e.g. [162, Theorem VIII.14]), Axioms
1, 2, and 3 imply that, up to unitary equivalence, we have §) = L2(R"), and

(Qx)u)(x) = xju(x), (Q(gj)u)(x) = —ihg(x), xeR", j=1,...,n. (224

du

:
Moreover, the operators Q(xj) and Q(éj), j=1,...,n, are essentially self-adjoint on the
Schwartz class . (R™) which is invariant under their action, and, in accordance with
the definition of a C-system, the operator

Q(x)? +9(§)? =-A+|x]?
1

n
J:
is also essentially self-adjoint on . (R").

Let us mention two more axioms which are sometimes imposed on the quantization
scheme. First, if the classical observables are allowed to be complex-valued with the
purpose to develop a rigorous mathematical theory of the quantization procedure, then
the quantum observables are supposed to be closed linear, not necessarily self-adjoint,
operators. However, in this case one imposes the following

Axiom 4: If .7 is real-valued, then Q(.%) is self-adjoint.
Finally, in some cases one uses the following postulate:

Axiom 5: Let .% : T*R" — R and g : R — C be sufficiently regular functions. Then
we have

Q(go F) = g(Q(F)).

Note that Axiom 5, known as the von Neumann rule, usually is not satisfied for
all admissible .# and g. Hence, it should be treated not as an axiom but rather as a
desirable property which holds true at least for all admissible .# which depend only on
the coordinates x € R", or only on the momenta § € R".

Let us comment in more detail on Axiom 2. We have stated above its “minimal”

version concerning only the operators D(xj) and D(éj), j=1,...,n. Its “maximal” ver-
sion can be formulated as:

Axiom 2': We have
1
Q{ 7.9} = E[Q(ﬁ),ﬂ(%)],
for any sufficiently regular functions .%#,% defined on T*R".

However, the Groenewold - van Hove theorem (see e.g. [88, Section 13.4] implies
that there exists no quantization mapping £ which satisfies simultaneously Axioms 1,



2.2. THE CONCEPT OF QUANTIZATION 17

2/, and 3. One possible way to overcome this difficulty is to adopt the semiclassical
point of view of the so called deformation quantization where the Poisson bracket is
replaced by the Moyal bracket

(7.9 = %@%g-%y‘). (2.2.5)
Here
(F *x94)(w)
= (zhy™ / RO W s w g s widwaw, we R, (2.2.6)
R n

is the Moyal product called also the Weyl product, © being the canonical bi-linear form
introduced in (2.1.17). A priori the Moyal product is defined for .#,¥ in the Schwartz
class .7 (R?™), and then is extended by continuity to larger classes of functions and
distributions. Since, generally speaking the linear operators on a Hilbert space do not
commute, the introduction of the non-commutative Moyal product for the classical
observables is of a crucial conceptual importance for the quantization procedure. Let
us now give an alternative equivalent representation of the Moyal product in terms of
the Fourier transforms of .% and ¢. To this end, we recall the definition of the Fourier
transform ®u of u € .7 (RN), N > 1, namely

(@u)(E) =€) = 2m) V2 / e uxydx, & e RN,

RN

As is well known, the inverse operator ! is written as
(@ w)(x) = i(x) := 1) V2 / . eXEyuE)dE, xe RN
R

By duality, ® and & ! extend to the class ./ (RN), dual to .#(RN). In particular, ®
extends to a unitary operator in LZ2(RN) so that ®* = &1,

Let Z,9 € .7(R™). Then we have
(7 +G)(w) =
Qn)™ /R i 2 00%W) Ziw_whZ(whdw', we R, (2.2.7)

In order to see that (2.2.6) and (2.2.7) are equivalent, it suffices to apply the inverse
2n-dimensional Fourier transform to both hand sides of (2.2.7).
Note that (2.2.7) is equivalent to

2 (DyDg-DxDy )

@ xb=et | FREI VMg ng  (228)

with D :=—iV. In particular, we have

Fx4G=F G+ %{9,{4} +0®%), hlO. (2.2.9)
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Putting together (2.2.5) and (2.2.9), we find that
7.9} mw={Z%.9}+0Mn), hLlO.

Hence, the Moyal bracket is a deformation of the Poisson one, i.e. the Poisson bracket
is the limit of the Moyal one as h | 0. Accordingly, Axiom 2’ can be modified to:

Axiom 2": If . and ¢ are sufficiently regular functions defined on T*R", then

1
({79 }h) = £ 1QAF), QD). (2.2.10)

2.3 The Weyl quantization

In this section we consider an important quantization mapping Q = Op}) called the
Weyl quantization, which satisfies Axioms 1, 2", 3, and 4, for all admissible classical
observables as well as the von Neumann rule (Axiom 5) for classical observables which
depend only on x or only on €. For .# € .7(R?"), the operator Opy/ (#) is defined by

(Opg (FHu)(x)

! H !
= (27'[11?1)11 /[R2 f <X+2X’§> e1(X7X )bé/hu(x/)dxldg, ue L2(Rn) (231)

Itis easy to check, that Opy (%) is a continuous mapping from .#’(R") into .#(R"), and
from L?(R™) into L2(R™). In the sequel, we will call OpY(.F) a h-pseudo-differential
operator (i-¥DO) with Weyl symbol .%. Various aspects of the theory of such oper-
ators can be found in [96, Section 18.5], [185, Chapter IV], [205, Chapter 7, Section
14], and [63, Chapter 7]). In this chapter we summarize mainly those of their properties
which will be used in the sequel. We start with the following elementary fact:

Lemma 2.3.1 The h-¥DO with Weyl symbol . (x,&) coincides with the 1-¥DO with
Weyl symbol .F (x,h€), (x,&) € R,

Proof. It suffices to change of variables & +— RE in (2.3.1). g
Set X :=(xy,...,Xpn) Where Xj denotes the multiplier by Xj € R,j=1,...,n, and, as
earlier, D :=—iV. Define the operator-valued function

@X+pD) g e R, (2.3.2)

where q- X +p-D is the closure of the operator, essentially self-adjoint on Cj(R").
Hence, the operator defined in (2.3.2) is unitary.
Set Op%(#) := OpY' (F).
Proposition 2.3.1 Let .Z € /(R?™). Then
Op*(F) =™ [ Flape @D dqap, (233)
R2n

the integral being defined in the strong sense.
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Proof. 1t is easy to check that
* — L (x+x -
Op™ (F)u)(x) = 2™ /R FEX x0T u)dx dE. 23.4)

Resolving the Cauchy problem

(2.3.5)

%% (t,X) = —ip - VxW(t,X) +q - XW(L,X),
w(0,x) =u(x), xecR",

by the method of characteristics (see e.g. [74, Sections 2.1 and 3.2]), we find that

w(t,X) = exp (i (tzg +tq-x))u(x+tp), teR, xeR",

and, hence,
(ei(q‘X+p'D)u) (x) = w(l,X) = exp (i (% +q- X) ) u(x+p), xecR" (2.3.6)

Changing the variables & = q and x’ = x+p in (2.3.4), and bearing in mind (2.3.6), we
arrive at (2.3.3). O

Proposition 2.3.2 Let #,9 € .#(R™). Then we have
OpyY (F x¥9) = Opy (F)Opy (9). (2.3.7)

Proof. By Lemma 2.3.1 it suffices to prove the proposition for h = 1. Write the
product Op}/(:#)Opy'(¢) using the representation (2.3.3) for the operators Opy (%)
and Opy'(¢). Taking into account (2.2.7), we find that (2.3.7) holds true in the case
h=1. d

Corollary 2.3.1 Under the hypotheses of Proposition 2.3.2, relation (2.2.10) holds
true, i.e. the quantization Q = OpY’ satisfies Axiom 2" on .7 (R?").

Further, we extend the mapping Op™ to classes of symbols, essentially larger than
S(R?™). First, we start with such symbols .Z that the operators Op™(.%) remain
bounded in L2(R™). It is convenient to describe here also symbols for which Op%(.%)
is compact or even is in certain Schatten-von Neumann classes.

To this end, we need the following notations. Let jﬁj, j= 1,2, be two (separable)
Hilbert spaces. Then, B($,$;) denotes the Banach space of bounded linear oper-
ators T : $; — $,, equipped with the usual operator norm ||T||, and G (1, 5>) is the
closed subspace of B($,),), consisting of compact operators. Further, for p € (0,)
introduce the Schatten-Neumann class Sp($1,$2) of operators T € Gw($1,5$2) for
which the functional

1/p
Tl = (Tr ("))

is finite. In particular, & is the trace class, and G, is the Hilbert-Schmidt class. If
p > 1, then ||-||p is a norm and &), equipped with this norm, is complete.
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Let T /(51 $2). Denote by {s; (T)};ir;kT
bers of the operator T, i.e. the square roots of the eigenvalues of the operator T*T. Then

we have

the non-decreasing set of the singular num-

rank, T
siM =TI, [TIp=Y, si(DP, pe(0,).
p=1
Further, for p € (0,) introduce the weak Schatten-von Neumann class Sp w($1,92)
of operators T € (1, 7) for which the functional

I Tp.w = supj'Ps(T),
]

is finite. If p > 1, then there exists a norm equivalent to the functional || - ||,w, and
Gpw($1,92) equipped with this norm is complete (see [20, Chapter 11, Section 6,
Theorem 2.3]).
If 91 =9y =9, we set B(H) :=B(H, H), etc., and if no confusion is likely, we omit in
the notations of the spaces of bounded, compact or Schatten-von Neumann operators
the explicit indication of the Hilbert spaces where these operators act.

Let us return to the theory of ¥DOs with Weyl symbols. Note that if, say, .# €
(R, then the ¥DO Op%(.%) is an operator with integral kernel

x+x’
2

Kx,x)=Qn)™ /]R F < ,§) el:x)§ dé, x,x eR" (2.3.8)

On the other hand, a given linear operator T acting in L(R™) has an integral kernel,
say, K € Z(R2"), then T can be written as a ¥DO with Weyl symbol

FxE)= / X ERx+x2,x-X2)dX, (E)ER™®,  (239)
Rn

(see e.g. [185, Eq. (23.39)]).
For u,v € Z(R"M), define the Wigner transform Wy y of the pair (u, v) by

Wuy(x, &) :=2m)™ /R ) e X Cux+x/2)vix—x2)dx, (x,E) R (2.3.10)

Then Wy y € &7 (Rzn) and we have Wy = W, . Moreover, the linear combinations
of Wigner transforms W,y with u,v € .(R") are dense in .%* (R2). To see this, it
suffices to check that we can write the functions

XPEP XP+EP2  (x £) e R, (2.3.11)

with o, B € Z2 as a linear combination of Wigner transforms Wy y with u,v € Z(R").
On the other hand, it is well known that the linear combinations of functions of form
(2.3.11) are dense in . (R2") (see e.g. [162, Chapter V]).

Further, the Wigner transform extends to u,v € ¢cS(R") in which case

2 — 2 2
||WU,V||L2(R2|1) = (27[) " ||uHL2(Rn) ||V||L2(Rﬂ)'
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Thus, by (2.3.9), we find that (27)" W,y coincides with the Weyl symbol of the operator
with integral kernel u(x)v(x’), x,x’ € R™.
If 7 € Z([R™) and u,v € .7(RY), then

(OP™ (F)u, V) 2y = (F, Wy ) 2my. (2.3.12)

If ¢ € Z/(RN) and u € Z(RN), N > 1, denote by (¢,u)y/(RN) the standard pairing
between .7/(RN) and .7 (RN); if ¢ € L2(RN), then

((p,u)y/(RN) = /I.QN ¢)(X)u(x)dx = <¢’ﬁ>L2(RN)'

Therefore, if Z € .7/ (R™), the extension of (2.3.12) defines a linear continuous map-
ping Op¥ (%) : Y (R") — .’ (R™) by

(Opw(ﬂ)u,v)y/(Rn) = (y,Wu’\_/)jﬁ/(RZU), u,v e y(Rn), (2313)

By the density in .%(R") of the linear combinations of Wigner transforms W,y with
u,v € (R, we find that Op¥(.#) = 0 with .Z € .7/(R?") if and only if .% = 0.

Proposition 2.3.3 [96, Lemma 18.6.1] Ler .Z € . (R™) with 7 c LYR?™). Then
the operator Op™ (F) defined by (2.3.13), extends uniquely to an operator bounded in
L2(RM). Moreover; .

10P" (P < @) | ]I (2.3.14)

Note that if 7,9 € L' (R?), then (2.2.7) easily implies that Z % € L!(R?") too, and
Proposition 2.3.2 remains valid for such symbols.

Estimate (2.3.14) is the first step in the proof of a more sophisticated upper bound
of ||Op™(%)||, known usually as Calderén-Vaillancourt estimate, contained in Propo-
sition 2.3.4 below. For its statement we need the following notation. Let I (R2“), n>1,
denote the set of functions .% : R2" — C such that

-7 lp@any = sup sup |D3D§9(X’5)| < oo
{o.Bezy |al|BI<[31+1} (x.§)ER™

Note that T(R?™) C .&#/(R?™).

Proposition 2.3.4 [44], [53], [26, Corollary 2.5 (i)] There exists a constant ¢ such
that for any % € [(R?™), n > 1, we have
10p™ ()| < coll-Z [ rgany-

Further, if .Z € L2(R?™) ¢ .&/(R?™), then, obviously, the integral kernel of the
operator Op™(.%) is in L2(R2") so that Op¥(.%) € S,(L%(R™)), and by the Parseval
theorem we have

1 o~
0P (P} = (35 RECIRE e L 1ZmPaw. @31s)
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Interpolating between (2.3.14) and (2.3.15) (see [19, Theorem 3.1]), we find that if
p €[2,),and p’ := p%] then

10p™ (P)llp < Qo™ |Z |y on (2.3.16)
Moreover, if p € (0,0), we have

|0pY (F)||pw < T ™ ||.Z]| 2.3.17)

LY (R2y’

where LBV/ (RZ) is the weak Lebesgue space. We recall that if M is a space with measure
i, then the p-measurable function f: M — C is in the class L, (M;du), q € (0,00), if
the functional

1/
I8 oveapey = sup tu ({x € M|[feo| > t}) ™
>

is finite. If M c RN, N > 1, and U is the Lebesgue measure, then we write as usual
L (M) instead of L, (M;dp).

Note that (2.3.16) and (2.3.17) are just two simple but efficient estimates of the Schatten-
von Neumann norms of Weyl ¥DOs in terms of the Fourier transforms of the symbols,
which are convenient for our purposes. At the same, the study of the Schatten-von
Neumann properties of Weyl WDOs is quite an active research area where many inter-
esting and deep results are available (see, for instance, [43], [200], and the references
cited there).

Next, we discuss briefly a possible manner to extend the Weyl pseudo-differential
calculus to unbounded symbols and operators. Assume that f € C*(RN), N > 1, satis-
fies

| (DY) ()] < Ca(w)7P1e,

where, as usual, (w) := (1 + \w|2)1/2, welRN o e Zlf, YER, p €[0,1],and Cy € [0,0).
Then, following [185, Chapter IV], we write f € l"g [RN). If y= p =0, we also use the
notation

Cr(RN) :=TJ(RY),

ie. C§ (RN) is the set of the functions f € C*(RN), bounded with all its derivatives.
Note that if 7] > 7 and p; < po, then

N P2
FP] - FPz :

Moreover, if y € R, and p € [0,1], then F%(RN) C ' (RN). Therefore, if .F €
Fg(RZ“), then the operator Op¥(.%) : Z(R") — .%/(R") is well defined by (2.3.13).
However, in this particular case we can show also that Op"(.%) is continuous mapping
from .Z(R") into . (R™) (see [185, Subsection 23.2] for the case p € (0, 1]).

Next, if Z € [} (R*") and & € [ (R?™) with 71,75 € R and p € [0,1], then we can
extend the Moyal product (2.2.6) with h = 1 to the pair (#,¥) by

(F *x4)(w)
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1 H / "
= lif(} \ HOVW) y (ew) y(ew") ZF(W +WZ (W' +wydw'dw”, w e R™",
€ R

where x € C§(R";[0, 1]) is a cut-off function which satisfies, say, y(w) = 1 if [w| <1,
and x(w) =0 if |w| > 2. Integrating by parts and applying the dominated convergence
theorem, we find that
(F *xG)(w)
1 3 / 1"
=— | 2OWWD a1+ (A ).Z (W +w)
0 JR4n

X (1+(=Ag))((1+ 4w 2 (@ (W + w))dw'dw”,
where the integral is absolutely convergent and independent of k, ¢ € Z,, provided that
2k > n+7; and 2¢ > n+7,. Moreover, the analogue of (2.2.8) with h = 1 holds true .
In particular, we have

F G- FG TP RM),

which implies
F«G € THPR™.

(see [185, Subsection 23.6] for the case p € (0, 1]).

Proposition 2.3.5 Let 7 € [H(R?™) with y < 0, p € [0,1]. Then Op™(F) extends to
an operator bounded in LZ(RH).

Proof. Evidently, y < 0 implies .# € I} (R?") C T(R?"). Therefore the claim follows
immediately from Proposition 2.3.4. ]

Proposition 2.3.6 [185, Theorems 24.4] Let F € Th(R*™) with y <0, p € (0,1]. Then
the operator Op™ (F) is compact in L2(R™).
We omit the details of the proof but we note that it could be based on approximation of

the Weyl ¥DO Op" (%) by an anti-Wick DO introduced in 3.4, and follows easily
from Proposition 3.4.2.

Now, let
H:=-A+|x|%, (2.3.18)

be the standard harmonic oscillator, self-adjoint in L*(R™), and essentially self-adjoint
on Cy(R"). As is well known, H is strictly positive; more precisely, H > nl (see the
spectrum of H for n =1 in (2.7.13)). Of course, the Weyl symbol of H is equal to

E2+|x%,  (x,&) e R™,

and the calculus of the powers of WDOs (see [185]) implies that for each s € R the
symbol of the operator H® coincides with (|€ | +|x|?)® modulo a symbol in F%S’l (R2™);

in particular, the symbol of H¥? is in I (R2™). For s > 0 define the Hilbert space
£5(RM) := D(H?) with norm

[ullgsrny = IH2 [ 2 gy, 0 € DH2).

In particular, LORM) = LZ(RD).
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Proposition 2.3.7 [185, Theorems 25.2] Let ¥ € F% (R2™) with y> 0 and p € (0,1].
Then for any s > v, the operator Op™ (F) extends to a continuous mapping Op™ (F) :
LR — L5V(RM).

We again omit the details of the proof, but note that for every s > 0 the operator HY/?
is a unitary mapping from £5(R") onto L*(R"). Hence, it suffices to check the the
boundedness in L2(R") of the operator HS"2 0p¥(.%#)H 2 whose symbol is in I‘g

and hence is bounded in LZ(R™) by Proposition 2.3.5.

The Weyl pseudo-differential calculus for Fg (R2") admits extensions for consider-
ably more general classes of symbols (see [95] or [96, Section[18.5]). Following [185],
we consider 1"% (R2") as reasonable model classes which are sufficient for the applica-
tions considered in the book; in particular, F’ll with y € Z, contains all the polynomials
of order less or or equal of degree 7.

Finally, we describe the metaplectic unitary equivalence of Weyl ¥YDOs whose
symbols are mapped into each other by a linear symplectic change of the variables.

Proposition 2.3.8 [63, Chapter 7, Theorem A.2] Let k : R*™ — R?", n > 1, be a linear
symplectic transformation, i.e.

o(kw,kw)=o(w,w), w,w R,

O being the canonic bi-linear form defined in (2.1.17). Let F € T(R™), or F €
1"2-,/ (Rzn) withy € Rand p €[0,1], and 9 := F o k. Then there exists a unitary operator

Uy : L2R™) — L2(R) such that
Op% (%) = ULOp™(.F)U. (2.3.19)

The operator Uy is called the metaplectic operator corresponding to the linear sym-
plectic transformation x. There exists a one-to-one correspondence between metaplec-
tic operators and linear symplectic transformations, up to a constant factor of modulus
1 (see [96, Theorem 18.5.9]). Moreover, every linear symplectic transformation x is a
composition of a finite number of elementary linear symplectic maps (see [96, Lemma
18.5.8]), and for each elementary linear symplectic map there exists an explicit simple
metaplectic operator (see the proof of [96, Theorem 18.5.9]).

The conditions imposed on .% in Proposition 2.3.8 are chosen bearing in mind their fur-
ther applications of this proposition in the book, and hence they might seem somewhat
too restrictive and artificial. As a matter of fact, as explained above, the metaplec-
tic operator Uy is determined by the symplectomorphism k, and not by the symbol
7. Therefore, loosely speaking, we may say that for a given symplectomorphism
K, relation (2.3.19) holds true for any reasonable Weyl ¥DO Op™ (%), provided that
Y =Fok.
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2.4 Magnetic momentum. Magnetic Weyl quantization

Assume A € Cl(R“,R“) and introduce the operators

. 0 .
HJ(A):Q(é]—AJ) ::—lhaixj—Aj, le,...,n,
which are self-adjoint in L2(R™), and essentially self-adjoint on Cy(R™). We will call

the operator
II(A) = (I1; (A),...,I1;(A)) :=-ihV-A

the magnetic quantum momentum. Its components satisfy the commutation relations
(TT;(A), Ik (A)] =ihBjx, j.k=1,...,n, (24.1)

where By are the components of the magnetic field B, defined in (2.1.6). Then, I1(A)
can be interpreted as a connection in R", and the magnetic field as the curvature of
this connection. Thus the connection is not trivial if and only if B does not vanish
identically.
Assume now that the magnetic potentials A and A® generate the same magnetic
field, i.e. that

dAD APy =0, (2.4.2)

Since R" is simply connected and all closed 1-forms are exact, there exists a function
¢ : R™ — R such that
AD_A® —vy. (2.4.3)

In this case we will say that the potentials AW and A are gauge equivalent. Then
the operators H(A(l)) and H(A(z)) are gauge covariant, i.e

MA@ 19/ — A, (2.4.4)

For any given magnetic potential A the operator I1(A) is gauge unitarily equivalent to
TI(A’) with divA’ = 0 (Coulomb gauge). To see this it suffices to pick up a solution ¢
of the Poisson equation

-A¢ =divA,

and set A’ = A+V¢.
Let us mention another important symmetry of II(A). Denote by % the anti-linear
operator of the complex conjugation, i.e.

(Fu)(x)=u(x), xcR", ueL*®R".

Then we have
CTI(A)G =-TI(-A). (2.4.5)

As will see in the several following sections, the operator IT(A) plays a central role
in the constructions of the magnetic quantum Hamiltonians such as the Schrodinger,
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Pauli, and Dirac operators. Within the framework of the so called magnetic quantiza-
tion Qg we can choose

(&) = Hj(A):-ihai—Aj, j=1,....n. (2.4.6)
Xj
Let us summarize briefly the main properties of Qp. First, the underlying symplectic
manifold on which the classical observables are defined, is T*R", equipped with the
magnetic symplectic form (see (2.1.24)). Next, Qp satisfies the minimal list of axioms
stated in Section 5.4.2 except that Axiom 2 is replaced by

Axiom 2p: If .% and ¢ coincide with one of the components of the vectors x =
(X1-->»xp)or E =(&y,..., &), then Qg({.F,¥}p) = %[QB(ﬂ\),DB(%)], the magnetic
Poisson bracket {-,-}g being defined in (2.1.26).

In other words, in agreement with (2.1.27), we have
[QB (X)), Qp(x)1 =0, [9Qp(&), QB (&)] =1hQB(Bj),

[Qp(x). Q&) =i &L jk=1,....n. 2.4.7)

Note that the only difference between (2.2.3) and (2.4.7) is the second relation, i.e. the
commutation relation between QB(Ej) and Qg(&y), j.k=1,...,n. We can define again
QB(xj), j=1,....n, as the multiplier by x;, and consequently Qp(F) with F = #(x),
x € R, as the multiplier by .#; in particular, Qg(Bjx) = Bj, j,k=1,...,n. At the
same time, we can define DB(éj),j =1,...,n,asin (2.4.6). Then (2.4.1) coincides with
second commutation relation in (2.4.7).

M. Mintoiu and R. Purice constructed in [125] (see also [99]) a quantization Qg which
satisfies the minimal list of assumptions and possesses some extra nice properties. This
quantization denoted here by Oplv{ A Where A is a magnetic potential which generates B,
could be considered as an appropriate “magnetic” analogue of the Weyl quantization.
We will introduce the operator OpX A(F) in a slightly different manner than in [125].
Our staring point will be a “magnetic” version of (2.3.3) with arbitrary h > 0, namely

YA =)™ [ | Flap e @M aqap, (248)

with, say, .# € .Z(R") and A € CY(R™;RM), the integral being considered again the
strong sense. Let us obtain a suitable representation of the operator-valued function

@XHpIA) gy e RY, (2.4.9)

analogous to (2.3.6). To this end, we write the analogue of the Cauchy problem (2.3.5),
that is
{ <Y (t,%) = —ilip - Vxw(t, %) +(q - X—p - AX)) W(t,X),

w(0,x) =u(x), xcR",

and resolving it again by the method of characteristics, we get this time

(ei(q-X+p<H(A>)u> x)
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. 1
= exp (i (pzq +q-X—p- / A(x+sﬁp)ds>>u(x+p), x € RY. (2.4.10)
0
Substituting (2.4.10) and (2.4.8), we arrive at

(OpY A (FIu)(x)

- (zn‘lma fu” <X+zXI’5> O I Ay (x)ax'dE,  u e LARM),
R n
(2.4.11)

which is the magnetic counterpart of (2.3.1). Here
1
M(x,X) = (x=x") / AKX +s(x—x))ds, x,x €R",
0

is the circulation of the magnetic potential A along the rectilinear segment in R" con-
necting x and x’. Note that Opy , (%) is gauge covariant, i.e. if A= A+V¢ with
¢ : R™ — R, then, similarly to (2.4.4), we have

el hOpﬁi AT ye 10/ = Opy p/(F).

Moreover, the quantization Qp satisfies not only Axiom 2g but, more generally, for a
fairly large class of classical observables .% and ¥, the operator %[Dg(ﬁz ), QR(4)]
coincides with the quantization Qg of an appropriate “magnetic” Moyal bracket of .7
and ¥ (see the details in [125]).

2.5 Magnetic Schrodinger operators

In what follows, we assume h = 1.

Our next goal is to construct the magnetic Schrodinger operator Hg = Hg(A, V) which
is the Hamiltonian of a spinless non-relativistic quantum particle subject to an electro-
magnetic potential (A, V). The operator Hg(A, V) is the quantization of the classical
Hamiltonian function 7 defined in (2.1.14). If we assume that the potential (A, V) is
smooth, and use the Weyl quantization described in Section 2.3, we obtain

1 n
Hs(A,V) = 0p¥ () = — Y I (A +V (2.5.1)
2mj=1
where Hj (A)= _ia%j —Aj, j=1,...,n, are the components of the magnetic momentum

operator introduced in the previous section. Then Hg can be written as
1 . 2 1 . .1 2
Hg(A, V)= — ((iV-AP2+V = — (—A+21A- V+idivA+|A| ) +V.
2m 2m

We have as well .
Hs(A, V) = Op' ,(#)
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where # is the classical Hamiltonian defined in (2.1.22), and OpY', is the mag-
netic Weyl quantization introduced in (2.4.11). We would like to define the opera-
tor Hg(A, V) self-adjoint operator in L2(R"), under minimal regularity assumptions on
(A, V). Suppose that

Aell (R"R"), V,e LIIOC(R“), Vi >0. (2.5.2)

loc

Then the operators l'[j (A), j=1,...,n, and the multiplier by V}r/ 2, are well defined as
operators from Cg’(R“) to LZ(R“). Introduce the quadratic form

1 n
h[u; A, V] = /R <2mz |Hj(A)u|2+V+|u|2> dx, ueCy(R"), (2.5.3)
j=I1

and then close in LZ(R“). By [117, Theorem 1], under the assumptions (2.5.2), the
quadratic form h(A, V) is closed on the domain

D (h(A, V) =

{u € L2 (R")|Tj(A)u € L2R™), j=1,...,n, V}2u L2(Rn)} (2.5.4)

where, as usual, the derivatives of u are understood in the distributional sense. Then
the operator Hg(A, V) is defined as the self-adjoint operator generated in L%(R™) by
the closed quadratic form hy. By [117, Theorem 2], if

AL} (RMR"), divA €Ly (R"), VicLi (R"), Vi>0,

loc

then the operator Hg(A, V) is essentially self-adjoint on Cj'(R").

The operator Hg(A; V) is still not general enough since we assume V4 > 0. In order
to allow general real electric potentials V, we will need the diamagnetic inequality
satisfied by the magnetic Schrédinger operator. In order to state this inequality, we
introduce some auxiliary concepts and notations.

Let T,S € B(LZ(M, du)) where M is a space with measure (. We will write

TS
if
(Tw)| < S[uh), v e LAM,dp),
for p-almost every x € M. Note that if T B S, then S should necessarily preserve posi-

tivity.

Theorem 2.5.1 Let T = S.
(i) [64, 1471 If S € Go(L2M,dp)), then T € Soo(LZ(M, dp)).
(ii) [188, Theorem 2.13] If S € Gpp(L2(M,dp)) with £ € N, then T € S,p(L2(M,du)).

Note that second part of the theorem is false if we replace Gy with £ € N, by &, with
p € [1,0)\ 2N (see [139], [140, Chapter 6], and [186]).
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Theorem 2.5.2 Assume that (2.5.2) holds true. Then the diamagnetic inequality
exp(~tHs(A, V,)) T exp (-tHs (0, V) = exp(~tHs(0,0)) (2.5.5)

holds true for each t > 0.

Idea of the proof: Due to the gauge covariance, we can assume that div A = 0 without

loss of generality. Then, if A and V are sufficiently regular, the operator exp (—tHg(A, V4))
with t > 0 has an integral kernel

HAN, (X, Y1)

t t
=/exp (—i/o A(a)(s))~da)(s)) exp <—/0 V+(a)(s))ds> dEq x;y(®)

where Eq x.¢ y(@(s)) is the conditional Wiener measure on set of paths
{0 € C([0, RN |0(0) =x, o(t) =y}
(see [187, Theorem 15.5] and [32]). In particular, we have
| AV, (XY 0] < Hoy, (X,y;1) < Hpo(X,y;t)
fort > 0, (x,y) € R which implies (2.5.5) in the regular case. For general (A, V),
(2.5.5) follows from an appropriate approximation argument. (]
Note that Hg (0, 0) is just the operator —ﬁA.

A proof of (2.5.5) which does not use the Wiener integral, can be found, for example,
in the proof of [56, Theorem 1.13].

Corollary 2.5.1 Assume (2.5.2). Let E > 0 and y > 0. Then we have
(Hs(A, V) +E)7 = (Hs(0,V,)+E) " = (Hg(0,0)+E) 7. (2.5.6)
Proof. IfS=S*>0,andE >0, y > 0, then
1 oo
S+Ey 7= —— / (1 BetS gy 257
( ) ) Jo ( )

the integral being considered as a Riemann one in the uniform topology. Now, (2.5.6)
follows easily from (2.5.5) and (2.5.7). O

Proposition 2.5.1 Let V_ > 0 be a measurable function over R". Assume (2.5.2). If
the multiplier by V_ is A-bounded (resp., —A-form-bounded) with relative bound «,
then V_ is Hg(A, V4)-bounded (resp., Hg(A, Vy)-form-bounded) with relative bound
(resp., relative form-bound) at most Q.



30 CHAPTER 2. MAGNETIC QUANTUM HAMILTONIANS

Proof. Using (2.5.6) with y=1 (resp., with y = 1/2), we get
IV_(Hs(A, V) +Ey|| < [|V_(Hg(0,0)+ E)™!

or, respectively,
IV (Hs(A, V) +B) | < [ VI2(Hg (0,00 +E) 2.

In order to complete the proof, we have to recall that if T and S are nonnegative self-
adjoint operators and T is S-bound (resp., S-form-bound), then the S-relative bound
(resp., S-relative form-bound) of T can be written as limg_,., | T(S+E)~! || or, respec-
tively, as img_., | TV2(S+E)~12||2. O

The following theorem concerns the self-adjoint realizations of the operator Hg(A, V)
with V=V,.-V_, V, >0and V_ > 0. In particular, V4 (resp., V_) can be, as usual,
the positive (resp., the negative) part of V so that V,V_=0.

Theorem 2.5.3 Let the potential (A, V) satisfy (2.5.2). Assume that the multiplier by
the measurable function V_: R™ — [0,0) is A-bounded (resp., —A-form-bounded) with
relative bound (resp., relative form bound) smaller than one. Set V=V,—-V_. Then
the operator sum (resp., form sum)

HS(A’ V) = HS(A7 V+) -V_
is self-adjoint in L*(R™). Moreover we have
exp(—tHs(A, V) = exp (—tHg(0,V)), t>0. (2.5.8)

Proof.  The self-adjointness of H(A, V) follows immediately from Proposition 2.5.1
and the Kato-Rellich theorem [163, Theorem X.12] (resp., the KLMN theorem [163,
Theorem X.17]). For the proof of (2.5.8), see [7, Theorems 2.4-2.5]. Il

Inequality (2.5.8) is the semigroup version of the diamagnetic inequality. There
exists also its quadratic-form version. In order to describe it, let us assume that (A, V)
satisfies the hypotheses of the form version of Theorem 2.5.3, and set

h[u;A, V] = h[u;A, V4] - / V_|u]?dx, ueD(h(A,V,)),
Rn

the quadratic form h(A, V) being defined in (2.5.3), and its domain ®(h(A,Vy)) in
(2.5.4). Note that h(A, V) with domain Dom(h(A, V.)), is closed in LZ(RH).

Proposition 2.5.2 Let (A, V) satisfy the hypotheses of the form version of Theorem
2.5.3, and u € Dom(h(A, V). Then |u| € Dom(h(0, V,)) and we have

h[u; A, V] > h[|u];0,V]. (2.5.9)

Proof. Letu € Cy(R™). Then [u| is in the Sobolev space WLe(R™) and has a compact
support; hence [u] € W2(R") and V|u| coincides almost everywhere with the vector-
valued function equal to Re(iﬁ|u|‘1H(A)u)(x) if u(x) #0, and to zero if u(x) =0 (see
e.g. [120, Section 7.21]). Therefore,

[V u]|(x) < |TI(A) )]
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for almost each x € R™ which easily implies the desired results. ]
Note that (2.5.9) is equivalent to the first inequality with y=1/2 and V_ =0 in
(2.5.6).

Corollary 2.5.2 Assume that (A, V) satisfies the form version of Theorem 2.5.3. Then
we have

info(Hs(A, V) > info(Hg(0, V)), (2.5.10)
inf Gess (Hg (A, V) > inf Gess (Hs (0, V). 2.5.11)

Proof. Let Q be a domain in R". Set

hlu; A
eav(Q):= inf L’ZV]
’ 01€Cy(R"): [pn [u|?dx
suppu C Q
By the mini-max principle,
info(Hg(A,V)) =ea v(R™). (2.5.12)

For R > 0 set Qg := {x € R"||x| > R}. Then the results of [142] easily imply

inf Gess(Hs (A, V) = lim ea v(Qg). (2.5.13)
—>00

Now (2.5.10) (resp., (2.5.11)) follows from (2.5.9) and (2.5.12) (resp., and (2.5.13)). O

Corollary 2.5.3 Let A € L2 (R™,RM), and V : R™ — R be a measurable Sfunction.

loc

(1) If the multiplier by V is A-compact, then it is also Hg(A,0)-compact, and
Oess(Hs (A, V) = Oess (Hs (A, 0)). (2.5.14)

(ii) If the multiplier by V is —A-form-compact, then it is also Hg(A,0)-form-compact,
and (2.5.14) remains valid.

Let us recall some simple examples of potentials V which are A-compact and —A-
form-compact. We shall say that the function V is in the class £}, = Z,(R"), p > 1,
n > 1, if for every € > 0 we have V=V +V, with V| € LP(R") and supycpn |V2(x)| <
€. In contrast to the usual Lebesgue spaces LP(R™), the classes fp are embedded, i.e.
L Lifp>r

Lemma 2.5.1 (i) Let V € fp(Rn) withp=2ifn=1,2,3, p>2ifn=4andp=0/2 if
n > 5. Then V is A-compact.

(i) Let V€ Ly(R") withp=1ifn=1,p>1ifn=2,andp=n/2 ifn > 3. Then V is
—A-form-compact.

At the end of this section we discuss briefly the gauge covariance and the %-
symmetry of the Schrodinger operator Hg(A, V). If the magnetic potentials AQ, j=1,2,



32 CHAPTER 2. MAGNETIC QUANTUM HAMILTONIANS

generate the same magnetic field (see (2.4.2)) so that (2.4.3) holds true with a function
¢ € CL(R";R), then (2.4.4) implies

¢Hg(A®, V)e ™ = Hg(ADD, V). (2.5.15)

Here we do not specify the properties of V since for any reasonable V we have V =
e?Ve 9. In fact, the gauge covariance (2.5.15) remains valid also for more general
magnetic potentials:

Proposition 2.5.3 [116, Theorem 1.2] Assume that the electromagnetic potentials (A(j), V),
j= 1,2, satisfy the operator or the form version of Theorem 2.5.3, and (2.4.2) holds true

in the distribution sense. Then there exists a function ¢ € WI’Z(R“;R) such that (2.4.3)

is fulfilled, and (2.5.15) remains valid.

Note by ¢ € WH2(R™;R), the function ¢ is measurable and real-valued. Hence the
multiplier by e isa unitary operator.

The gauge covariance (2.5.15) implies that the spectra of the operators HAD, V),
j=1,2, and all their components are the same. Here we would like to warn the reader
that the gauge covariance (2.5.15) and the consequent invariance of the spectrum and
its components under gauge transformations strongly depends on the fact that R" is
simply connected. It is possible to define the operator Hg(A, V) also on more general
manifolds, but if the manifold is not simply connected, then, generally, the gauge co-
variance does not hold true any more. Let us give a simple counter-example borrowed
from [91]. Let T := R/27Z be the 1D torus, and a € R. Consider the operator

with domain W22(T), self-adjoint in L%(T). The 1-form ad® is of course closed, but
is not exact which is related to the fact that T is not simply connected. The spectrum
of H(a) consists of eigenvalues (k—a)?, corresponding to eigenfunctions e®, 6 € T,
k € Z. Therefore, o(H(a)) = oc(H(0)) if and only if a € Z. The existence of these
“exceptional” values of a is explained by the fact that the function ¢2% 9 € T, which
is the natural candidate for ei¢, is well defined as a smooth function on T (even if a@
is not), if and only if a is an integer; in this case, by analogy with (2.5.15), we have

H(a) = "0 H(0)e 129
Finally, we note that, similarly to (2.4.5), we have
EHg(A,V)¥ =Hg(-A,V), (2.5.16)

say, under the hypotheses of Theorem 2.5.3. We recall that ¢ is the anti-unitary oper-
ator of complex conjugation. Hence, the operators Hg(A, V) and Hg(—A, V) are anti-
unitarily equivalent. In particular, the spectra of these operators, and all their spectral
components coincide.
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2.6 Magnetic Pauli and Dirac operators

The Schrodinger operator Hg does not take account of the spin effects. The appropri-
ate Hamiltonian operator of a quantum non-relativistic particle of %—spin is the Pauli
operator (see e.g. [131, Chapter XII, Section 18]). Although it is possible to define
this operator in arbitrary dimension (see e.g. [183]), here we will consider it only for
n = 2,3 which are the most interesting cases from physics point of view. Introduce the
Pauli matrices cASj, j=1,2,3, which are constant 2 x 2 Hermitian matrices satisfying

(A)'jCAFk+(A)'k6j=25jk12, j,k=1,2,3. (261)

In the standard representation which we will use in the sequel,

A 0 1 N 0 - N 1 0
Gl=<l 0), (72=<i O), 63=<0 _1). (2.6.2)

In this case the cyclic permutations
61 =-16,63, 6,=-1636|, 63=-i6]6,, (2.6.3)

hold true. Assume A € LIZOC(R“;R“), and introduce the operator

(A) =) GII(A) (2.6.4)
j=1

as the closure in LZ(R";C2) of the operator defined originally on C‘(’)"(R“;CZ). If A
is sufficiently regular, say, A € C*(R™;R™), then X(A) is essentially self-adjoint on
CyR™, C2) (see e.g [206, Theorem 4.3]). If n = 2, then we have

E(A):( g ‘B ) (2.6.5)

where

d
a:= Hl +iH2 =—i7—A1 +

——iA 2.6.6
8x1 8x2 1 ( )
is the magnetic annihilation operator, and
d d
a* =T —ill) =—-i— —A| — =— +iA, (2.6.7)
(9X1 8x2

is the magnetic creation operator. Under generic assumptions on A and B, the opera-
tors a and a* are mutually adjoint in L%(R?), and

[a, a*] = 2B12. (2.6.8)

For A € L% (R™R"), set

loc

S(A) :=XZ(A)* Z(A).
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Of course, if A is regular enough, and X(A) is self-adjoint, then S(A) = Y(A)2. Ifn=2,

then (2.6.5) implies
a*ta 0
S(A) = < 0 aa* ) . (2.6.9)

The purely magnetic Pauli operator is defined just as
1
Hp(A,0) := -—S(A), (2.6.10)
2m
where, as above, m > 0 is the mass of the particle. By (2.4.1) and (2.6.1) we have

Hp(A,0)=Hs(A,0)+=— Y Bj6i6i. (2.6.11)
1<j<k<n

In particular, if the magnetic field B is bounded, then (2.6.11) implies ®(Hp(A,0)) =
D(Hg(A,0)® C2. In the standard representation (2.6.2) of the Pauli matrices, we can
use (2.6.3), and find that (2.6.11) can be re-written as

1
Hp(A,0) = HS(A,O)Iz—ﬂégBlz (2.6.12)
ifn=2, or as
1 &,
Hp(A,0) =Hg(A, O)Iz—ﬁ ZijBj (2.6.13)
J:

if n = 3; in the latter case we have used the identification (2.1.7) of the entries of the
matrix B with the components of the vector B.

Let us now introduce the Pauli operator Hp(A, V) with a matrix valued Hermitian
electric potential V. Denote by .#), £ > 2, the set of complex ¢ x ¢ matrices.
Proposition 2.6.1 Assume that A € LIZOC(]R“;RH) and B is bounded and measurable.
Let V:R" — #, be a Hermitian Lebesgue measurable function such that the multi-
plier by ||V|| is Hg(0,0)-bounded (resp., Hs(0,0)-form bounded) with relative (resp.,
form relative) bound less than one. Then the operator (resp., form) sum

HP(A, V)= HP(A, 0)+V

is self-adjoint on the domain ©(Hp(A,0)). Moreover; if the multiplier by ||V|| is A-
compact (resp., —A-form compact), then V is Hp(A,0)-compact (resp., Hp(A,0)-form
compact), and

Oess(Hp(A, V) = 0ess(Hp(A, 0)).

Results on the self-adjointness of Hp(A, V) with unbounded magnetic fields in di-
mensions n =2 and n = 3 can be found in [196] and [197] respectively.

In contrast to its Schrodinger counterpart, the Pauli operator does not satisfy the
diamagnetic inequality. In fact, the Pauli operator with constant magnetic field satisfies
various versions of the so-called paramagnetic inequality (see e.g. [71, Section II]),
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which is related to an effect opposite to the diamagnetic one: the operator Hp(A,V)
“decreases” as the magnetic field “increases” in a suitable sense. The paramagnetic
inequality however is much less general than the diamagnetic one, and generically
does not hold true in variable magnetic fields (see e.g. [8]).

Further, if the magnetic potentials A) and AD are gauge equivalent, i. e. they
generate the same magnetic field so that we have AV = A® + V¢ with ¢ : R — R
(see (2.4.2) amd (2.4.3)), then (2.4.4) implies that the Pauli operators Hp(AD, V) and
Hp(A®), V) are gauge covariant, that is

e?Hp(A®, V)e? = Hp(AD, V).

Finally, let us discuss briefly how the Pauli operator transforms under the complex
conjugation. Define the operator

Upauii =16,
unitary in C? and hence in L2(R™; C2). We have
UpiiGiUpauti =—6j.  j=1.2.3.
Moreover, Up,y,;; commutes with the complex conjugation €. Therefore, by (2.4.5),
Upauti €Hp(A, V)& Upyyii = Hp(-A, V) (2.6.14)

where

T Vo -Vi2
V UPauh(gV%UPaull ( —V21 Vll > .
Hence, the operators Hp(A,V and Hp(-A, {7) are anti-unitarily equivalent.

The Pauli operator does not take into account the relativistic effects. The appro-
priate Hamiltonian operator of a quantum relativistic particle of %-spin is the Dirac
operator (see e.g. [206]). As in the case of the Pauli operator, we will cgnsider it only
for n = 2,3. First, we introduce the Dirac matrices dj, j=1,...,n,and B. For {5 :=2,
{3 :=4, they are constant Hermitian ¢, x ¢, matrices satisfying

dj&k"'dk&j =25jk1gn, jk=1,....n,

&B+Bo=0, j=1,...n, B*=I,,. (2.6.15)

In what follows we will use the standard representation of the Dirac matrices: if n =2,

~

then & = 6;,j=1,2, B =63, and if n =3, then

0 6 A L 0
o = J 1= = 2
o=(g 7)) amas 85 )

Introduce the purely magnetic Dirac operator

Hp(A,0) := Y &IT;(A)+mp
j=1
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acting in L2(R™;Cf). As above we denote by m > 0 the mass of the particle, and
assume i =1, c =1, e = 1. For simplicity, let A € C*(R";R"). Then Hp(A,0) is essen-
tially self-adjoint on CB"(R“;(CZ") (see e.g. [206, Theorem 4.3]). The Dirac operator
Hp(A,0) can be written as

Hp(A,0) = ( ‘C‘; ?m ) (2.6.16)

where Q = a (see (2.6.6)) if n =2, and Q = X(A) (see (2.6.4)) if n = 3. Moreover,
Hp(A,0) satisfies

S(A)+m?l if n=2,
Hp(A,0)% = S(A)+m2I 0 . (2.6.17)
( 0 S(A)+m21> if n=3
which, in particular, implies that Hp(A, 0) is invertible and
o(Hp(A,0))N(-m,m) = 0.

There is a deep connection between (2.6.17) and (2.6.16) through the Foldy—Wouthuysen
transformation defined by

U =a,+ (sgn (HD(A,O)—mﬁ)) a

with

1
at = —+/I+m|Hp(A,0)-1.
4 7 [Hp(A,0)]

Proposition 2.6.2 [206, Theorem 5.13] Let A € C*(R™;R™) and m > 0. Then the
operator Uy is unitary in L2 (R™; Ct) and we have

VO*Q+m21 0 )
0 ~/QQ +m2I |

In particular, (2.6.17) and (2.6.18) imply that the operators 2w and Hp(A, 0)% com-
mute. Note moreover that both operators Q* Q and QQ* coincide with S(A) if n = 3.
However, if n =2, we have Q*Q =a*a and QQ* = aa*, so that (2.6.8) implies

Q*Q#QQ” (2.6.19)

in the case of non-vanishing magnetic field.
Further, let V=V +V;, with V; = V] € C*(R";.#;, ) and V, = V5 € L*(R"; ., ).
Set

Urw Hp(A,0) Uiy = ( (2.6.18)

Hp(A,V) :=Hp(A,0)+V. (2.6.20)

The operator Hp(A, V) is essentially self-adjoint on C‘(’)"(R“;Cen) (see e.g. [206, The-
orem 4.3]). Since the magnetic potential A enters linearly the expression for Hp(A,0)
we have evidently

n
Hp(A, V) = Hp (o,V—ZajAj).
=1
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An alternative assumption on V which guarantees that the operator Hp(A, V) is self-
adjoint on ®(Hp(A,0)), is that the Hp(A, 0)-relative bound of the multiplier by V
is smaller than one. This assumption is somewhat implicit but we can estimate the
Hp(A, 0)-relative bound of V using the following

Lemma 2.6.1 Lern=2,3, A€ CTZC(R“;R“). Then the relative Hp (A, 0)-bound of the
multiplier by V =V* does not exceed the relative Hp(A, 0)-form-bound of the multiplier
by V2. Moreover, if the multiplier by V2 is Hp(A, 0)-form-compact, then the operator
V is Hp(A,0)-compact, and we have

Oess(Hp(A; V) = 0ess(Hp(A; 0)).

Further, as in the case of the Schrodinger and Pauli operators, (2.4.4) implies that
two Dirac operators corresponding to gauge equivalent magnetic potentials, are gauge
covariant.

Finally, we discuss the transformation of Hp(A, V) under the complex conjugation.
Again, we assume that V := VI, with appropriate V : R" — R. Set

Ubirac == 61

0 i6
Ubirac = ( i, 02 ),

ifn=2, and

if n=3. We have

U]*)irac&jUDirac = aj, j=12,3, n=23,

U]*)iracﬁUDiraC = _B’
and therefore, by (2.4.5),

Ubyirac ©Hp(A, VI Y6 Upirge = —Hp(-A,-VIy ). (2.6.21)

Hence, the operators Hp(A, VI, ) and —-Hp(-A,-VIy,) are anti-unitarily equivalent.
Taking into account (2.1.2), we conclude that the mapping Hp(A, VI ) — Hp(-A,-VIy, )
could be interpreted as the change of sign of the charge of the particle. Similarly, re-
calling the unitary group e with t € R, we find that the mapping Hp(A, VI ) —
-Hp(A, VI, ) could be related to the time reversal t — —t.

In what follows, we will set m = 1 in our considerations of the Schrodinger and
Pauli operators but we prefer not to fix the parameter m > 0 when dealing with the
Dirac operator.

2.7 Hamiltonians with constant magnetic fields

In this section we will discuss the case where the magnetic field B is constant, i.e. its
entries Bj; i,j=1,...,n, are independent of x € R". In this case B can be regarded
as a antisymmetric linear mapping R" — R". Set 2d := dim Ran B, and k :=n-2d =
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dim Ker B. Throughout the section we assume that B # 0, and hence d > 1. The
spectral theory of the operators Hg(A,0), Hp(A,0), and Hp(A,0) is quite different in
the case k =0 and k > 1; that is why we will consider them separately. The two leading
examples illustrating these two cases, are respectively n=2,i.e. d=1 and k=0, and
n=3,i.e.d=1andk=1.

Letb; > ... > by > 0 be such numbers that the non-zero eigenvalues of B coincide with
—ibj and ibj, j=1,...,d. Then there exist Cartesian coordinates (X1,yq,---,Xd,Yq) €
RZ2=R"=RanBifk=0 (resp., (X1, Y1+ »Xd> Yd> W1, ---» W) With (X1,¥1,...,X4,¥q) €
R24 =Ran B, and (wq,...,wy) € Rk =KerB if k > 1), in which the operator Hg(A,0)
can be written as

d by \ 2 b:x: 2
Hs(A,0)=Y (_i;x+J2yJ> +<—ia.—12XJ> (2.7.1)

=1
if k=0, or, respectively, as

d by \ 2 bx )] k52
Hg(A,00= Y <_iaa+12yj> + <_ia_]2x]> Yo (2.7.2)
l

=1
. _ _yvd
if k > 1. In both cases k=0 and k > 1 we have B = Zj:l bjdxj /\dyj.

First, we consider the case k = 0; then (2.7.1) is valid. Let us start with the leading
example n =2, i.e. d = 1. In this case we set b :=b; = B, and assume without loss of
generality that b > 0. Hence, (2.7.1) reduces to

Hs(A,0) = IT; (A)? +TT,(A)? (2.7.3)

with A = (-by/2,bx/2) and (x,y) = (X1,y), which is coherent with (2.5.1). Moreover,
in this case (2.6.6) - (2.6.7) imply

a* =a*(b) = 2ie? %ef“’, Z=X+iy, 2.7.4)
a=a() = —2ie’q’%e‘p, Z=x-1iy, (2.7.5)
where b 4v2) X
P(x.y) = Pp(x,y) = —— =, (xy) R,
so that Agp =b. By (2.6.8), we have
[a,a*]=2b]1, (2.7.6)
and, hence,
Hg(A,0) =a*a+bl =aa* -bl. (2.7.7)

For y € R?, introduce the magnetic translation

(Fu)(x) = i3 xAY) u(x-y), xeR? (2.7.8)
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where
XAY =Xy —X2Y]. (2.7.9)

Evidently,the operator .7 is unitary in LZ(RZ). Moreover, a direct calculation yields
Ty ab) Jy=ab), Ty ab)" Fy=ab)", (2.7.10)
and, hence, by (2.7.7), we have
4y Hs(A,0) Zy = Hg(A,0) (2.7.11)

Next, we will show that Hg(A,0) is unitarily equivalent, under an appropriate meta-
plectic mapping, to the operator (bh) ® Iy where

hi=——s+x%, (2.7.12)

is the harmonic oscillator, self-adjoint in L%(Ry), and essentially self-adjoint on C(R),

while Iy is the identity in Lz(Ry). Let us recall the well known spectral properties of §.
We have
h=a"a+I=aa"-I,
where
d . N

. .d o
o =—1——1X, o =—-1— +ix,
dx dx

are the standard annihilation and creation operators which are closed on

D(a) = D(a*) = D(h'),

and are mutually adjoint in L2(R). Moreover, they satisfy the commutation relation

[a,a*] =21

Therefore,
o) = J {2q+1}, (2.7.13)
q€Z4
Ker(h—(2q+ DD = (a)9Kerar, q€Zs:={0,1,2,...}.
Since ,
Kera = {u cL2R)|u(x)=ce *2,x€R, ce C},

we get

dimKer(h—(2q+ 1D =1, q¢€Z;.

Moreover, the functions

- d q
Yy(x) = (_dx +x> e_lez, x €R,
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satisfy hyg = (2q+1)Yy, q € Zy, and form an orthogonal eigenbasis in L2(R). A simple
calculation shows that

Hq(x)e—lez

Yq = ‘T/q/||V7q|| = W’ xER, 2.7.14)
where
q q
Hy(x) :=e*72 ) e e L (eR, (2.7.15)
dx dxd

is the Hermite polynomial of degree q (see e.g. [130, vol.1, Appendix B, Section III]
for the details). Thus the functions Yy, q € Z, form an orthonormal basis in LZ(R).

Forx=(x,y) € R, § =(£.n) € R?, set

1 1 Vb Vb
%(X—n),%(é—y)’T(é+y),—7(n +X)> . (2.7.16)

Evidently, the mapping ki, is linear and symplectic. Introduce the Weyl symbol

K (x, &) = (

1 1
Hy(x.8)=(E+5by)’ +(-bx)%, x=(xy)ER’ §=(EmER’ (27.17)
of the operator defined in (2.7.3). Then we have
(0o kp)(E.x) =b(x*+E?),  (€,x) € T'RY (2.7.18)

Note that the function on the r.h.s. of (2.7.18) coincides with the Weyl symbol of the
operator (bh) ® Iy where Iy is the identity in Lz(Ry).
Next, define the unitary operator #4 : Lz(Riy) — LZ(R%’},) by

b e
(Hpu)(x,y) = % /R . Y XYy y ydx'dy’ (2.7.19)

where Xy
(pb(x’y;x/,y/) = b7 +b1/2(Xy/—yX/)—X/y/.

Writing k3, as a product of elementary linear symplectic transformations (see e.g. [96,
Lemma 18.5.8]), and composing the corresponding elementary metaplectic operators,
we easily check that 4, is a metaplectic operator corresponding to the symplectic map-
ping ki, in (2.7.16). Then (2.7.18) and (2.3.19) imply

Wiraty = (Vo) ®ly, Wia W = (Voat) @1y, (2.7.20)
and
W Hs (A, 0% = (bh) @ 1y. (2.7.21)

The unitary equivalence between the operators Hg(A,0) and (bh) ® Iy, established in
(2.7.21), and the explicit properties of the harmonic oscillator § allow us to describe
the spectrum of Hg(A, 0). Namely, we have

o(Hs(A,0) = |J {Ag} (2.7.22)
q€Zy
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where
Aq:=b(2q+1), q€Z,
are the so called Landau levels, and

Ker (Hg(A,0)-AgD) = (a*)4Kera, qe€Zy. (2.7.23)

Note that by (2.7.5) we have

Kera= {u eL’RY)|u=e?g, % =0}, (2.7.24)

so that Ker a coincides, up to the unitary mapping u = ¢ ? g — g with Fock-Segal-
Bargmann space, i.e. the space of entire functions g € L%(R?;e 2% dx).
By the spectral theorem, (2.7.21) implies that for each q € Z, we have

V/b*pq% =Myl (2.7.25)
where py = py(b) is the orthogonal projection onto Ker (Hg(A,0)—Agl), and

is the orthogonal projection onto Ker (h—(2q+ 1)I).
Moreover, (2.7.11) and the spectral theorem imply

Ty pg Ty =py YER® qEL,. (2.7.27)

where 5 are the magnetic translations introduced in (2.7.8).

Next, we will use (2.7.23) in order to obtain an explicit representation of the integral
kernel Kq of the orthogonal projection py. Denote by 7y the spectral projection onto
Ker(h—-(2g9+1)D). Evidently, 74 admits an integral kernel

V(X)) yg(x), x,x €R.

Then (2.7.21) implies
Kq(x,y:x,y") = Kgpx,y;x,y)
b

— G /]R </R2 ei(%(x’y;éz’n)_%(x,’yl;gl’n))llfq(él)llfq(éz)déldéz) dn. (2.7.28)

Let us recall now a well-known integral formula relating Hermite and Laguerre poly-
nomials, namely

2
/R et Hg(t-z)Hg(t+2)dt = \/%zqq!Lq(Z\z\z), z€C, q€Zy, (2.7.29)

(see [86, Eq. (7.377)]), where

et dd , . _ 4/ q \ (ot
— qat) —
Lo®) = =35 (t9%e™) _62_0( ) teR, (2.7.30)

q!
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is the Laguerre polynomial of degree q € Z,.. For further references, we recall that
/ Lq(Ly(Hedt= Oqt» Q.0 € L. (2.7.31)
0

Taking into account that g is an eigenfunction of the Fourier transform with eigen-
value ™4, we easily find that (2.7.28) and (2.7.29) imply

Kq(X, X/) = Kq,b (Xs X/)

b b
=5z exp{—f(|x X2 +2ix Ax/ )} Lg <2|x_x’|2> , q€Z4 xX €R? (2732

the notation x A X’ being defined in (2.7.9). In particular, we have
b 2
Kq(x,x) = o q€’Zs, xeR- (2.7.33)

We believe that here is the appropriate place to introduce as well the so called canonical
basis of
Ranp, = Ker(Hs(A,0)~Ag]) = (a*)9Kera, qe€Z;.

Let at first ¢ = 0. Then the functions
Pox) =2k PN x=(xy) €R2, z=x+iy, kEZ, (2.7.34)

form an orthogonal basis of Ker a =Ranpy, (see e.g. [87, Sections 3.1-3.2]). Normaliz-
ing, we obtain the following orthonormal basis of Ranp:

P 0(%) \/7 -b\x\2/4 2
== ,XER*, keZy. (27.35
o= eV an X o 273

Note that

——— b b
Ko(x,x) = Z Ok 0(X) P o(X') = —exp {—7(\)(—xl|2 +2ixAx)}, xx € R2,
keZ, 2 4

which is equivalent to (2.7.32) with q=0. Let now q > 1. Set
(Npk,q =@)¢c0, keZ,. (2.7.36)
The commutation relation (2.7.6) easily implies
(Prg> Prglr2me) = (2D)1q!0ks, kL€ Zy.
Therefore, the functions
P, 3
P g~ Vo <S5

(2.7.37)
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form an orthonormal basis of Ranp,, q € N. The functions ¢ q admit an explicit
expression in terms of the generalized Laguerre polynomials

t %t dd

(@) ey .
Ly () = 4 dtq(

%), >0, a€R, qe€Z, (2.7.38)

which is coherent with (2.7.30) for & = 0. We will need these polynomials for ot =k—q
with k € Z,. Then we have

q k o\
(k—q) -t
L (t):Z( ) teR,
q =0 q-¢) 0!

where as usual (qlfe) = w if £ < q and (18) =1. Note that (qlfg) =0 if

k < q—¢. Applying the identity

d _
(a-OLP (1) o L) = (q+ 1)Lé‘ill)(t), teR,

which follows from formulae (8.971.3) and (8.971.5) of [86], we easily find that

Pk q (%)

k—q
_L /b Jd( /b kg [ DIXI*\ _pxpsa 2
=3\ 7V (\/?Z) Lq - e ,xeR, k,qeZs. (2.7.39)

The following lemma contains an important supplement to (2.3.8).
Lemma 2.7.1 [45, Lemma 3.5] We have
Wy kg =1 Y@V k.qEZs, (2.7.40)

where W4, is the unitary operator defined in (2.7.19) W, q € Zy, are the Hermite func-
tions defined in (2.7.14).

Proof. By (2.7.35) —(2.7.37), and (2.7.20), we get

k+1
Wy g = T (" @Ly) %" Pxo- (2.7.41)
Using (2.7.19), we easily find that
(H oxo) (x.y) = 1 (z)kei"y (a)k J(x,y) (2.7.42)
b BT 27vb \ Vb 0z ’

where
: . fta 2,2
J(X,y) = /2 e—l(ty_sx) e—ltb/z e—(t +s°)/4 dtdS, (X, y) c Rz.
R

An elementary calculation yields

J(x,y) = V2Qm)e Y e 42, (2.7.43)
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Inserting (2.7.43) into (2.7.42), we get

2 2 2
(5w (y) =/ e 2D @ e ™, (2.7.44)
and inserting (2.7.44) into (2.7.41), we obtain (2.7.40). Il

Let us go back now to the general case dimKerB = 0 and dim Ran B = 2d with
d > 1 where Hg(A,0) can be written as in (2.7.1). Hence, in this case (2.7.22) should
be replaced by

oHsA,0)= [J ... U {Q@q+Dby+...+(2qq+Dbg}. (2.7.45)
Q€2 Q€L

Let us re-write (2.7.45) using the increasing sequence of the Landau levels {Aq }q ez,

Ag:=bj+...+bg= S Tr VB*B,
Aq :=inf{/1 ERIA > Aq 1A=Lk, 25;+ Dby, (51.....50) € Zﬁ}, geN.
(2.7.46)
Thus we find that if B is constant and has a full rank, i.e. k = dimKerB = 0, then

o(Hs(A,0)) = Gess(Hs (A, 0)) = Opp(Hs (A, 0) = Ugez, {Aq} - (2.7.47)

Taking into account equality (2.7.23) concerning the case d = 1, we find that in the
general case d > 1 we have

d
Ker(Hs(A,00-AqD= P X ((abp*)¥ Kera(b)), qeZi, (2.7.48)
(qqs-q9)€Z8: J=1
Yit) bj2g+1)=Aq

where a(bj)* and a(bj) are the creation and annihilation operators defined in (2.7.4) and
(2.7.5) respectively. In particular,

dimKer(Hg(A,0)-Agl) =, q € Z;.

Moreover, bearing in mind (2.7.32), we conclude that the integral kernel of the orthog-
onal projection onto Ker(Hg(A,0)—Aql) can be written as

d
Kexxh= ¥ ] K ®5:x) (2.7.49)
(qy»--nqq)€Z8: J=1
YL bi2g+D=Aq

with x = (xq,...,xq) € R, ¥’ = (x},....x)) € R4, In particular, we have

Kq(x,X) = xeRY,

by.
Qn )d g



2.7. HAMILTONIANS WITH CONSTANT MAGNETIC FIELDS 45

where

d
Kq:=#{(q1,...,qd)€Z+|ij(qu+1)=Aq} (2.7.50)
j=1

could be called the multiplicity of the Landau level Aq, q € Z4+. Hence, the integral
kernel &5(x,x’) of 1o 5)(Hs(A,0)), can be written explicitly

Gxx)= Y 1poE-AKqxX), xx €R™, EecR. (2.7.51)
q€Zs

In particular, &g is constant on the diagonal, i.e.

by...b
)= 9 Y 10E-A)Kky, xcRY, EcR (2.7.52)

Next, we describe the spectra of the 2D Pauli and Dirac operators in constant mag-
netic fields. At first we consider Pauli operator Hp(A,0). Again, we assume that
b=Bj, > 0. Hence, (2.6.12) reads

_( Hg(A,0)-bl 0
N S | (2753
Therefore, (2.7.22) and (2.7.47) imply
o(Hp(A,0)) = 6(Hg(A,0)-bD)| Jo(Hg(A,0)+bI) = | J{2bq},
q=0
and N
0(Hp(A,0)) = 0ess(Hp(A,0)) = opp(Hp(A,0)) = U {2bq}. (2.7.54)

q=0
Let us now describe the spectrum of the 2D Dirac operator with constant magnetic
field. Assume at first as above that b =B, > 0. Introduce the Dirac-Landau levels

Ag=—\/2bg+m?, qeN, Af:=4/2bg+m?, qEZ.

By Proposition 2.6.2, the operator Hp(A, 0) is unitarily equivalent to

Va*a+m? 0
0 —Vaa*+m? |’

Hence, (2.7.7) and (2.7.47) yield
G(Hp (A, 0)) = Gess(Hn (A, 0)) = app(Hn (A, 0) = (Ug { A ) U (e {5 }).
Q2.7.

Note that due to (2.6.19), the spectrum of Hp (A, 0) is not symmetric with respect to the
origin. If b < 0, we apply (2.6.21) and obtain

o(Hp(A,0)) = o(-Hp(-A,0)), (2.7.56)
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and the spectrum of —-Hp(—A, 0) can be recovered from (2.7.55). Since c(Hp(-A,0)) is
not symmetric with respect to the origin, i.e. 6(~Hp(-A,0)) # o(Hp(-A,0)), relation
(2.7.56) implies that c(Hp(A,0)) # c(Hp(-A,0)).

Further, we discuss 6(Hg(A,0)) in the case where the constant magnetic field B has
a non-trivial kernel, i.e. k =dim Ker B > 1. We use the representation LZ(R“) =
L2(R2d) ®L2(Rk), and for X = (X1,¥y,...,Xd, Y4 W1, - - -, W) We write X = (XJ_,XH) with
X =(X[,Y1>---»Xd>¥q) € R4 and X|=(Wp,...,Wk) € RK. In particular, if n =3, i.e.
d=1and k=1, and B=(0,0,b), then x| =(X,y) are the variables perpendicular to B,
and x| = w is the variable along the magnetic field. In the general case, we have

Hg(A,0)=H; ®IH+IL ®HH (2.7.57)

d 9 by\ [ .9 b ? K 92
HL .—Z <_18Xj+2) + —laiyj—T . HH .——;T\N%,

and IH’ I, , are the identities in L2 (RZd) and Lz(Rk) respectively. In what follows we
will use systematically the spectral properties of operators in the form (2.7.57). That
is why, here we recall briefly these properties. Let S’Jj, j=1,2, be two Hilbert spaces,
Hj be operators self-adjoint and lower bounded in f)j, and Ij be the identities in ﬁj.
Introduce the closure

H:=H;®L+I; ®H); (2.7.58)
of the operator defined originally on ®(H;) ® ©(H,) (here and in the sequel we use the
terminology concerning tensor products, established in [162, Section VIII.10]).

Lemma 2.7.2 [162, Theorem VIII.33], [4, Section 8.2.3]
(i) The operator H defined in (2.7.58) is self-adjoint in the Hilbert space $; @ $».
(ii) We have

oH)={A eR[A =L +A,: 1 € o(H)), j=1,2}. (2.7.59)
(iii) We have A € opp(H) if and only if A = A1 + A with A; € opp(H;), j= 1,2, and
Ly= ) Ty H)@ 1, H).
A.| +2,2:A.
(iv) If one of the operators H;, j = 1,2, has a purely a.c. spectrum, then the spectrum of
H is purely a.c.

The operator H in (2.7.57) is unitarily equivalent under the Fourier transform to the
multiplier by |v \2, v € R, acting in L2(RX). Therefore, the spectrum of HH is purely
a.c., and

o(H)) =1[0,00). (2.7.60)
Applying Lemma 2.7.2, we find that, by (2.7.57), the spectrum of o(Hg(A,0)) is purely
a.c., and by the combination of (2.7.57), (2.7.47), and (2.7.60), we have

0(Hs(A,0) = | [Ag.0) =[Ag,0). (2.7.61)
q€Zy
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Representation (2.7.58) allows us to write explicitly the integral kernel &g (x, w;x’, w’)
of 1 g)(Hs(A,0)). Namely, we have

sxwix wh= Y é"é)_Aq(w,w’)Kq(x,x’), x,w),x,w)eR", EcR,
q€Zy

where Kg is the integral kernel defined in (2.7.49), and & 0, A € R, is the integral kernel
of the spectral projection 1 g)(—Aw). Evidently,

Edw,w) =y ¥ /R k]1((),(>0)(7L-|§|2)ei‘5'(W—W’) dé, AeR, w,w eRK

and, in particular,

0 O k2 k
éa/l(w,w)z(zn)khr, AER, weR"

Thus, we find again that &% is constant on the diagonal, namely

b ---bd

Y E-A¥?ky, xw)ER', EcR. (2.7.62)
q€Z+

Note that the higher Landau levels Aq, q > 1, play the role of spectral thresholds em-
bedded in 0,c(Hg(A,0)). Moreover, the structure of Hg(A,0) in (2.7.57) resembles, in
particular in the case k = 1, the structure of a quantum waveguide, i.e., say, the Dirichlet
Laplacian —AB in a cylindrical domain

Q:{X:(XL,XH)ERH‘XLGCO,X” ER}

where the cross-section @ is a bounded domain in R™!. Let { H; }j e be the non-

decreasing sequence of the eigenvalues of the transversal Dirichlet Laplacian —AB, self-
adjoint in L2(®). Then the spectrum of —AB is purely a.c., and, similarly to (2.7.61)
we have

o (-a) =1k = [11,99),
j=1

while the embedded spectral threshold are ;, j > 2. The essential difference between
Hg(A,0) and —ASD2 is that the Landau levels Aq, q € Z,, are eigenvalues of infinite
multiplicity of H, , while the multiplicities of the eigenvalues y;, j € N, of —AB are
finite.

Finally, we describe the spectra of the three-dimensional Pauli and Dirac operators in
constant magnetic fields. If n =3, and B = (0,0,b), b > 0, then taking into account
(2.6.13), we find that (2.7.53) holds true again. Therefore, the spectrum o(Hp(A, 0)) of
the Pauli operator is purely a.c., and

G(Hp(A,0)) = 6(Hs(A,0)~bD)| ] 6(Hg(A,0)+bD) = [0, ). (2.7.63)
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In this case, the embedded spectral thresholds are 2bq, q € N.
Further, if n = 3, the Proposition 2.6.2 implies that the Dirac operator Hp(A, 0) is uni-

tarily equivalent to
V' S(A)+m?2I 0
0 —/S(A)+m?2l |’
Since according to our conventions S(A) = Hp(A,0), we find that 6(Hp(A,0)) is purely
a.c., and by (2.7.63) we have

G(Hp(A,0) =G (\/S(A)+m21) Uo (—\/ S(A)+m21> = (—o0,—m] U [m, o),

(2.7.64)
the embedded spectral thresholds being this time equal to +1/2bq+m?2, q € N. Note
also that in the 3D case o(Hp(A,0)) is symmetric with respect to the origin.

2.8 Pauli Hamiltonians with admissible non-constant mag-
netic fields

Let n =2. As above, we will use the short-hand notation

0A, A
b(x) =B 5(x) = T;_Tyl’ x=(x,y) € R2.

For simplicity, we will assume that b € C(RZ;R) NL=(R?). Let (0N C%(R%;R) be a
solution of the Poisson equation
Ap =b. (2.8.1)

Then the magnetic potential

(2.8.2)

90 9
A=(A1»A2)=(— ¢ "’)

dy’ ox

generates the magnetic field b. If we add a harmonic function to the solution ¢ of
(2.8.1), we will obtain another solution of this equation, and hence another magnetic
potential which generates b, gauge equivalent to the original A defined in (2.8.2).
Then, similarly to (2.7.4) - (2.7.5), the magnetic creation and annihilation operators
can be written as

a*=a*(b) = —Zieq’ie_‘p, a=a(b) = —2ie_¢i_e(p. (2.8.3)
oz 0z

Since by (2.6.10), (2.6.9), and our convention m = 1/2, we have

Hp(A,O)=( aoa ag* ) (2.8.4)

we find that

Ker (Hp(A,0)) = {u = (u,u) € L2 (R?;C?) |u; € Kera(b), u, € Kera*(b)}. (2.8.5)
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Here we have used the elementary fact that
Kera*a=Kera, Keraa*=Kera®. (2.8.6)
In particular, it follows from (2.8.5) that
dimKer (Hp(A,0)) = dimKer a(b) +dim Ker a*(b). (2.8.7)
In accordance with (2.4.5) and (2.6.6) - (2.6.7), we have
Ca(-b)¢ =-a*(b), “a*(-b)¢ =-a(b), (2.8.8)
where, as above, € denotes the complex conjugation. Therefore,
dimKer a(-b) = dimKer a*(b), dimKer a*(-b) = dimKer a(b). (2.8.9)

Further, (2.8.3) implies

Ker a*(b) = {fe LZ(R2)|f=ge‘P,% =0}, (2.8.10)
22 _p 98
Kera(b) = { f € L2(R?)|f = ge ‘P,g =0, (2.8.11)

Our next goal is to discuss classes of magnetic fields which admit explicit description of
Ker a(b) and Ker a*(b). If any of the kernels of a or a* is not trivial, then KerHp(A,0)
{0} as well, and in this case we are also interested in estimating the distance from the
origin to the rest of the spectrum of Hp(A,0). We start with the classical Aharonov-

Casher theorem. Let |
F:= Q/RZ b(x)dx

be the flux of the magnetic field b. For t € (0,o) we denote by |t] the greatest integer
less that t, and |0] :=0.

Proposition 2.8.1 [2] Assume thatb € C(RZ;R) satisfies

b(x)| < CA+[x)>¢, xeR% Cel0,0), &c(0,0). (2.8.12)
Then
dimKera=[F,|, dimKera"=|F_|, (2.8.13)
and hence
dim Ker Hp(A,0) = | |F|). (2.8.14)

Proof. 'We can choose

_ 1 / N 2
@(x)—ﬁézln|x—x|b(x)dx, x € R~.

Then we have
ox)=FlIn|x|+0(1), [x|— oo,
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and, therefore,
™ = x| F+o(1)), ™ =|xF(1+0(1)), |x] = co. (2.8.15)

Assume F > 0. Let u € Kera. Then, according to (2.8.11), we have LZ(RZ) Su=ge?
with entire g. Since g is harmonic, [74, Chapter 2, Theorem 7] implies that for very
k € Z, there exists a constant Cy such that

C
®) < k/ Nldx!
) E@r(x)\g(Z)l X

forany r >0 and x € R%. Here, x=(x,y), z=x+iy, and Z(x) := {x’ € R?|[x-x'| <r}.
Applying the Cauchy-Schwarz inequality, we find that (2.8.15) implies

1g®(2)| < /! —0, z€C,
r—o0

if k > F—1. Therefore, g®¥)(z) = 0 for any z € C if k > F—1, and hence g is a polynomial
of z. Since u € L2(R?), we find that (2.8.15) implies that the degree of this polynomial
is at most |F| -1 if F> 1, and g=0if F < 1. Thus, we arrive at the first identity in
(2.8.13) with F > 0.

Let now u € Ker a*. Then it follows form (2.8.10) that L2(R?) 5 u = ge? with % = 0.

By (2.8.15), we conclude that g € L?(R?) which implies g=0, i.e. the second inequality
in (2.8.13) for F > 0 holds true. If F < 0, we apply the result for F > 0, and (2.8.9).
Finally, (2.8.14) follows from (2.8.13) and (2.8.7). O
Next, note that if b(x) — 0 as |x| — oo, and b is sufficiently regular, say b €
C*(R2%;R), then
o (Hp(A,0)) = Oess(Hp(A,0)) = [0,0)

(see e.g. [56, Theorem 6.1]). Therefore, if b € C*(R2;R) satisfies (2.8.12) and |F| > 1,
then the zero eigenvalue of Hp(A, 0) is not isolated in the spectrum of Hp(A,0).

The following proposition contains a sufficient condition which guarantees that the
dimension of Ker a and hence of Ker Hp(A, 0) is infinite.

Proposition 2.8.2 [183, Lemma 3.4] Assume that b € C'(R?), and
x|?b(x) o0 as [x| — oo. (2.8.16)
Then dim Ker a = .

Various extensions of Propositions 2.8.1 and 2.8.2 can be found in [73, 81, 170, 70].
The dimension of Ker a can be infinite even if (2.8.16) is quite far from being fulfilled.
Propositions 2.8.3 and 2.8.4 below contain examples of such situations. For their for-
mulations we need several definitions and notations. Let

b(x)=by+b(x), xe€R2, (2.8.17)

with by € R, and b € C(R2;R). Assume that there exists a solution § € C2(R%;R) of
the Poisson equation B
AP(x)=b(x), xecR? (2.8.18)
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such that
o) =o(x|?), |x| = oo. (2.8.19)

Then will say that the magnetic field b is pre-admissible. Set @o(X) = bg|x|?/4 so that
A@y =bg. Then @ := @y + ¢ is a solution of (2.8.1). If b is pre-admissible, then its
representation in the form (2.8.17) is unique. We will call by the mean value of the
pre-admissible b, and b the background of b.

Note that by a generalization of the Liouville theorem (see e.g. [74, Chapter 2, Theo-
rems 7, 8]), the solution @ € C2(R2;R) of (2.8.18) which satisfies (2.8.19), is defined
uniquely up to an affine function. _

Our leading example of a pre-admissible background b has the form

b(x) = /R X e Xdy(1), xeR? (2.8.20)

where V is a complex charge (i.e. a complex-valued measure) which satisfies

[V|(R?) < o, (2.8.21)
v(8) = v(-0), (2.8.22)

for every Borel set § C R2, and
v({0}) =0. (2.8.23)

In this case, the solution @ € CZ(RZ;]R) of (2.8.18) which satisfies (2.8.19) can be
chosen as

(A-x)*
R [A[?

1

Fx) = /0 (1-9)e**Xdsdv(d), xR (2.8.24)
In particular, we are interested in the case b € WAP(RZ), the Wiener class of almost pe-
riodic functions which is an important subclass of pre-admissible b satisfying (2.8.20)
- (2.8.23), corresponding to a discrete charge v. Let us recall briefly the definition and
the main features of the class WAP(R™), n > 1, (for more details see, for instance,
[184] or [25]). Let Cp(R™) be the Banach space of bounded functions f € C(R") with
norm

]|y rmy = sup [f(x)].
xeR"

Set .
e (x) = eArX L ecR", xcR",

and

N
Trig(Rn):Z{UZZCjeAj, CjG(C, leRn, j=1,...,N<°°}.
=1

Then the Banach space of continuous almost periodic function CAP(R") is the closure
of Trig(R™) in C,,(R™). For f € CAP(R™), let

M) = lim T / f(x)dx € C
o JeTnTn)e

1
T—
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stands for the mean value of f. For A € R" denote by
f) =4 (fe_y)
the Fourier coefficient of f, so that f := .Z (f). Put
() = {2 e R"[f) #0}, Jo(D):=J(D)\{0}.

It is well known that for any given f € CAP(R"), the set J(f) is countable, and f is
uniquely determined by the set {f }; cga. Define

WAP(R") := {f €CAPRM| Y Ifzl < oo} .
A€I(f)

If f € WAP(R"), then f(x) =Y ¢ 3(r) fa e (x) i.e. f coincides with the sum of its Fourier
series which is absolutely convergent, uniformly with respect to x € R™. In particular,
if b € WAP(R2;R), we have

bx= Y biea(®=by+bx), bx= Y bie;x), xeR?
A€I(b) A€Jo(b)

and b is a pre-admissible magnetic field. In this case the solution @ € C2(R%;R) of
(2.8.18) introduced in (2.8.24) is

x)2 sl
P(x) = Z bl(l x2) /(l—s)esx(x)ds, x € R2. (2.8.25)
renmy AP Jo

Next, we will say that the magnetic field b € C(R%;R) is admissible if it has the form
(2.8.17), and there exists a solution ¢ € C2(R%;R) of (2.8.18) which is bounded to-
gether with its derivatives of order up to two. If b is of the form described in (2.8.20) -
(2.8.23), then b is admissible if the charge Vv satisfies in addition

/ IA|2d|V|(A) < oo. (2.8.26)
]RZ
In this case we may choose

F(x) =— /R A[2eANav(), xeR2. (2.8.27)

In particular, b € WAP(R2;R) is admissible if

Y AP by | < o (2.8.28)
AGJ()(b)

In this case the solution ¢ € CZ(Rz;R) of (2.8.18) defined in (2.8.27) is

p@=- Y b[A[Ze;x), xR
A€Jy(b)



2.8. PAULI HAMILTONIANS WITH ADMISSIBLE NON-CONSTANT MAGNETIC FIELDS53

Consider a (277:Z)2-peri0dic magnetic field

b= Y brex(x), xR
kez?

with ¥y o7 [bi| < oo, and by =b_y, k € Z?. Such b is a special case of an admissible
magnetic field b € WAP(]RZ). Then we have

b= Y be®, p=- Y bk Pex), xR’
07keZ? 0keZ?

Examples of pre-admissible and admissible magnetic fields satisfying (2.8.20) — (2.8.24),
which correspond to charges v which are absolutely continuous with respect to the
Lebesgue measure in R2, can be found in [157].

Proposition 2.8.3 [154, Proposition 1.2] Let b = by +b be admissible.

(i) We have
o if bg >0, oo if by <0,
dimKer a(b) = ’f 0 dimKer a*(b) = lf 0 (2.8.29)
0 if by<O0, 0 if by>0,
and, hence,
o if by #0,
dimKerHp(A,0) = ’f 07 (2.8.30)
0 if by=0.
(i1) Assume by #0. Then
dist (0, 6(Hp(A,0)) \ {0}) > 2[bgle205¢® (2.8.31)

where

osc® := sup @(x)— inf @(x),
xeR2 x€R?

i.e. the zero eigenvalue of Hp(A,0) is isolated in the spectrum of Hp(A,0).

Proof. Assume by > 0. We have

bo|x|? 2
o) =2 +0(D). xc R (2.8.32)

Then all the functions z%e¢™® with k € Z are in Kera(b), and hence dim Kera(b) = .
On the other hand, if u = ge? € Kera*(b) with % =0, then it follows from (2.8.32) that

ge L%(R?), and hence g=u=0. Thus we obtain (2.8.29) with by > 0. The case by <0
follows from the result for by > 0, and (2.8.9).
Let now by = 0. Then (2.8.32) implies

eTP® = (1), xeRZ

Then u=ge ? € Kera(b) with % =0 implies g € L?(R?) and thus g =u = 0. Similarly,
it follows from u = ge® € Kera*(b) with % =0 that u=0. This we obtain (2.8.29) with
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bp. Finally, (2.8.30) follows from (2.8.29) and (2.8.7).
(i1) By (2.8.4), we have

o(Hp(A,0)) = o(a*a)U c(aa®). (2.8.33)

Assume by > 0, and denote by p: L2(R?) — L%(R?) the orthogonal projection onto
Kera. Then the restriction of a*a onto (I-p)®(a*a) is unitarily equivalent to aa*.
Hence, (2.8.33) and Part (i) imply that

o(Hp(A,0)) = {0} Uo(aa™).
Therefore, in order to prove (2.8.31) with by > 0, it suffices to show that
inf o (a(b)a* (b)) > 2bge 2% ?, (2.8.34)
We have

oo " (b)u2dx
0uED(a* (b)) fRZ lu|2dx
4 [0 200928 2 (- 0-Pu) Pax
= 1
0u€D(a* (b)) fRZ lu|2dx

inf o(a(b)a*(b)) =

, (2.8.35)

applying (2.8.3) at the second step. Further, the mapping u — ePu=:wisa bijection
in ©(a*(b)). Therefore, bearing in mind (2.8.35), we get

4 fRZ 62%+2¢|% (e_%w) |2dx

inf o(a(b)a*(b)) = inf _
0FweD(a* (b)) fRZ €20 |w|2dx
2 0 (a— 2
> e—20sc(§4fRze %lﬁ (e (POW)| dx

fRz |W|2dX

=295 inf 5 (a(bg) a* (by))
=2by e-20s¢ a’

applying (2.7.7) and (2.7.22) at the last step. Thus we arrive at (2.8.34), and obtain
(2.8.31) with by > 0. The result for by < 0 follows from the case by > 0 and (2.6.14).
g

If b is a continuous periodic magnetic field with non-vanishing mean value by, the
fact that the zero eigenvalue is isolated in the spectrum of Hp(A, Q) was noticed in [66]
without proof, and was proved later in [14, Example 6]. If b is periodic and by = 0, is
shown in [21] that c(Hp(A,0)) is a.c.

If b with by # 0, is only pre-admissible, we have

bo|x|?

b(x) = )

(1+o(1)), |x|— oo,
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instead of (2.8.27). This, however, is sufficient to obtain the following result which is
analogous to (2.8.29) - (2.8.30) with by #0:

Proposition 2.8.4 Assume that b="by +bwith bg #0 is a pre-admissible magnetic field.
Then we have

oo if by >0,
dim Ker a(b):{ i b

oo if by <0,
i dimKer a*(b) = b
0 if by <0,

0 if by>0,

and, hence,
dimKer Hp(A,0) = co.

The result of Proposition 2.8.4 follows also from [170, Theorem 3.11]. If, under the
hypotheses of this proposition, there exists no bounded solution of (2.8.18), then esti-
mate (2.8.34) is not applicable. However, [170, Theorem 3.11] implies that in this case
still there is a gap in 6(Hp(A,0)) adjoining the origin.

If b is a pre-admissible magnetic field with by = 0, which is not admissible, then the
situation is drastically different from (2.8.29) - (2.8.30) with by = 0. Namely, Proposi-
tions 2.8.5 and 2.8.6 below contain examples of b € WAP(R?; R) with by = 0 which do
not satisfy (2.8.28) and are not admissible but for which dim Ker Hp(A, 0) can be equal
to infinity, or to any given natural number. Let

C>0, KeN, x%esl, k=1,... K
with % # 9y if k # 4, and
s>1, t>0, s-2t<I1.

We will consider magnetic fields of the form

K )
bx)=CY Y nScostny -x), xeR” (2.8.36)
k=1n=1

Then, b € WAP(RZ;R) but it does not satisfy (2.8.28). Moreover, (2.8.25) yields

K
ex)=p(x)=2CY g (% x/2), x€eR?
k=1

where -
go (D) := Z n S+t Sinz(n_tr), r>0.
n=1
Evidently,
0< g, ) <L r>0,
where { is the Riemann zeta function, and g ((r) = 0 if and only if r = 0. Note that g

is represented by a Dirichlet series, and extends to an entire function on the complex
plane. More precisely, we have

o ()L (s+2nt) 5,
0=22 L S

n=0

, zeC.



56 CHAPTER 2. MAGNETIC QUANTUM HAMILTONIANS

Proposition 2.8.5 [25, Theorem 4.1] Suppose thatb has the form (2.8.36) with
s>1, s=2t<1, C=1, K=2, 71=(1,0), 7%=(0,1).

Then,
dimKer a(b) =, dimKera*(b)=0,

and, hence,
dimKer Hp(A,0) = oo,

We do not know yet whether the zero eigenvalue of Hp(A, 0) is isolated in 6(Hp(A,0))
under the general hypotheses of Proposition 2.8.5. However, [25, Proposition 4.7]
implies that there is no gap if s—t > 1.

The proof of Proposition 2.8.5 is based on arguments similar to those used in the proof
of Proposition 2.8.4, and the following lemma:

Lemma 2.8.1 [25, Proposition 4.3] If s > 1 and s—2t < 1, then

—s+2t+1

g () =Csr t (I+0(1)), 100,

1 poo s=3t=1 2
where Cs ¢ := ¢ [p"u ¢ sin“(u)du.

Further, we consider the border-line case s = 1+2t where gy, ((r) has a logarithmic
growth as r — oo, and Ker a(b) is finite-dimensional but generically non-trivial.

Proposition 2.8.6 [25, Theorem 4.2] Assume that b has the form (2.8.36) witht > 0,
s=1+2t,
1 2wk

C=E’ Y = (cos B, sin 6), 9k=?, k=1,...,K. (2.8.37)

Moreover, suppose that ! ¢ N, K > 3 is odd, and

K-1 K+1
1 < == < =

-1
e 41, 2.8.38
I A (2.8.38)

Then dimKer a(b) = Lt‘l |, dimKer a*(b) = 0, and hence,
dimKer Hp(A,0) = [t7!].

The ergodic properties of Hp(A,0) (see [25, Corollary 3.1]) imply that the zero eigen-
value of Hp(A,0) is not isolated in 6(Hp(A,0)).

Proposition 2.8.6 is valid under much more general hypotheses on the family {W}Ezl C
Sl In particular, if 9 are defined as in (2.8.37), we can assume that K > 4 is even, re-
placing the numbers K+ 1 in (2.8.38) by K+ 2.

The proof of Proposition 2.8.6 is based on arguments similar to those applied in the
proof of Proposition 2.8.1, and the following highly non-trivial lemma:



2.8. PAULI HAMILTONIANS WITH ADMISSIBLE NON-CONSTANT MAGNETIC FIELDS57
Lemma 2.8.2 [25, Proposition 4.5] Lett > 0. Then we have

1
814200 = % Inr(1+0(1)), 1 — oo

Let now n = 3. Again, we write x € R3 as x = (x1,x)) with x| =(x,y) € R? and
X|=we€ R. Let us consider a magnetic field B of a constant direction. i.e.

B =(0,0,b). (2.8.39)

In this case div B = 0 is equivalent to gTbv = 0. Therefore, we should have b=b(x ).
Then there exists a magnetic potential

A=Ax])=(A1,A2,0),

such that curl A = B. For example, A can be chosen as in (2.1.8). Alternatively, the
components A;, j = 1,2, can be defined by (2.8.2). The resulting magnetic potentials
will not be necessarily identical, but they will be gauge equivalent. Hence,

Hs O
Hp(A,0) = < P > (2.8.40)
0 Hp
where, similarly to (2.7.57),
Hy :=H ®I +1, @H|, (2.8.41)

with
H| :=a"a, HY:=a"a,

the operators a and a* being defined in (2.6.6) and (2.6.7) respectively,

32
Hj=-——,
=" 9w2
and I, I, being the identities in L2(R?) and L2(R) respectively. Set
M* :=inf 6(Hp), M:=min{M ,M"}.

Proposition 2.8.7 Let n = 3. Assume that B has the form (2.8.39). Then the spectra of
the operators Hff are a.c. and

G(H (A,0)) = [M*, o).
Hence, the spectrum of Hp(A,0) is a.c. and
o(Hp(A,0)) = [M,e0).

Proof. The claims concerning the operators Hg follow from (2.8.41), the fact that
G(HH) =[0,0) is a.c., and Lemma 2.7.2. The claims about Hp(A,0) now follow from
(2.8.40) which implies

o(Hp(A,0)) = o(Hp) U o(Hp),
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and analogous identities for the spectral components of Hp(A, 0). g
The spectrum of the 3D Pauli operator Hp(A,0) can be purely a.c. also for magnetic
fields the direction of which is not constant. For instance, it follows from the results
of [199] that this is the case for periodic and sufficiently regular A. On the other hand,
[122] and [72] contain examples of magnetic potentials generating magnetic fields B
of variable direction such that Ker X(A) # {0}, and hence Ker Hp(A,0) # {0} which
implies in particular that o(Hp(A,0)) is not purely a.c. The problem of describing
of Ker Hp(A,0) for general A in the 3D case remains open and is considerably more
difficult than in the 2D case. Various partial results on the zero modes of the 3D Pauli
operator Hp(A,0) can be found in [9] and [69].
Most of the results of this section admit straightforward extensions concerning the
2D and 3D Dirac operators Hp(A,0) with variable magnetic fields. We do not state
explicitly the corresponding claims because they follow quite easily from the relations
between Hp(A,0) and Hp (A, 0) established in Section 2.7.



Chapter 3

Berezin-Toeplitz operators

Abstract: As we will see in the next chapter, the spectral analysis of the magnetic
operators leads naturally to the study of Berezin-Toeplitz operators. They are com-
pact operators who will play the role of an effective Hamiltonian in the study of the
spectral distribution for magnetic hamiltonians near thresholds (the Landau levels in
general). We will also see that the anti-Wick quantization is sometimes appropriate to
these spectral analysis. In Section 3.1 we introduce a general class of operators with
contravariant symbols. Then we discuss the special case of Berezin-Toeplitz operators
in general holomorphic spaces in Section of 3.2 and in Fock-Segal-Bargmann spaces in
Section 3.3. This last class of Berezin-Toeplitz operators will play an important role for
quantum hamiltonians with constant magnetic fields. The other particular class of op-
erators with contravariant symbols, introduced in Section 3.4, is a class of generalized
anti-Wick pseudodifferential operators. We end this chapter with Section 3.5 where we
conduct a sharp study of Berezin-Toeplitz operators useful for the high energy asymp-
totic study of eigenvalue clusters. This chapter contains fundamental results for the
sequel, but, for a first reading, some technical and theorical parts of this chapter can be
skipped.

3.1 Operators with contravariant symbols

The aim of this chapter is to introduce the Berezin-Toeplitz operators which play an
essential role in the spectral analysis of the magnetic quantum Hamiltonians consid-
ered in this book. The Berezin-Toeplitz operators are an important special case of a
more general class of operators with contravariant symbols, which we describe in this
section, adhering mainly to [12], [13, Chapter V, Section 2], and [185, Section 24].
Let §) be a separable Hilbert space with scalar product (-,-)s and norm || - ||, and let
M be a space with o-finite measure. Assume that the family {fy} o\ C $ satisfies
the following two conditions:

e for every f € §) the function M > m — (f,fy) 5 € C is pi-measurable, and
1613 = [ 148 Fm) P (LD

59
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e for each m € M we have
[fmlls =15 (3.1.2)

In accordance with [13, Chapter V, Section 2], we will call {fm}meM a system, over-
complete with respect to the measure L.

Suppose that .Z € L°(M;du)+L'(M;du) and introduce the sesquilinear form

c(f,2) :=/M$Z(m)<f,fm>5 (g.fm)ndu(m), f,ge . (3.1.3)

It is easy to check that € is bounded in §). Indeed, if % € L*(M;du), then by the
Cauchy—Schwarz inequality and (3.1.1) we get

EED < |F o [ |Efmbs||(e.fm) | datm)
< =z flls llgls- (3.1.4)
If # € L'(M;dp), then (3.1.2) yields
[ CED] < Z L1 veapy SUP [{Efm)g (Fn.2) 5]
meM

< ”g[HL'(M;d#) ”foJ ||gH5§ (3.1.5)

We will call the linear bounded operator generated in §) by the sesquilinear form (3.1.3),
an operator with contravariant symbol %, and will denote it by Op“™(%#). In other
words, if

My = (- fm) g fm, mMEM,

is the rank-one orthogonal projection onto the subspace generated by fy,, then
Op™(F) = [ F(m)Tndum), (3.16)
JM

the integral being understood in the weak sense.
By (3.1.1) and (3.1.6), we have Op™(1) = I. Note also that (3.1.6) implies

OpCHV (y)* — OpCIlV (?)

In particular, Op°™ (%) is self-adjoint if % is real-valued. Moreover, it follows from
(3.1.6) that Op“™(.%) is monotone with respect to .7, i.e. Op*™ (%) > 0 if F(m) >0
for p-almost every m € M.

Further, if % € L”(M;du), then by (3.1.4),

[0p™ ()| < | F I|lL=M:du)- (3.1.7)

Of course, if Z € L](M;du), then (3.1.5) implies an analogous estimate where the
L=-norm of .Z is replaced by its L!-norm. However, we will show that in this case
Op™ (%) is not only bounded but also a trace-class operator, and

HOpCDV(Lg;-)Hl S Hg”Ll(M;d[J)' (318)
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To this end, define the operator .# : $ — L*(M;du) by
(L7 Hm) = | Fm)| (£,fn)5, meM.
If { ¢; } is an orthonormal basis of 5, it is easy to see that
17213= Y [ (@5 fm) ]| 7 )] dpm) = | 7| (3.1.9)
J
Moreover, we have o
Op™(F) = 5 ¥ g5 (3.1.10)
Now, (3.1.9) and (3.1.10) imply (3.1.8). It is worth noting that if .% > 0, then we have
an equality in (3.1.8), i.e.
10p™ ()| = Tr Op™(F) = /M F)dum) = ||| gy G1AD
Summarizing (3.1.7) and (3.1.8) and interpolating between these two estimates with
the aid of [19, Theorem 3.1], we obtain the following

Proposition 3.1.1 (i) Let % € L*(M;dp). Then Op™ (%) € B($), and (3.1.7) holds
true.
(i) Let F € LP(M;dp), p € [1,0). Then Op™(F) € &p(H), and

10P“™(A)lp < |7 llLpvizap)- (3.1.12)
(iii) Let 7 € L{(M;dp), p € (1,00). Then Op*™(F) € &p (), and
10P™ (Pllpw < -7 lILe, veape)- (3.1.13)

A simple sufficient condition for the compactness of Op“™(.%#) follows from Proposi-
tion 3.1.1. Here and in the sequel, we write .% € L‘lg(M;d,u) if for any € > 0 we can
represent % as the sum

F=F\+.P (3.1.14)

with .F € LI(M;du) and ||y||L°°(M;du) < E.
Corollary 3.1.1 Let .F € LL(M;du). Then Op*™(F) € Goo($).

Proof. Pick any € > 0 and write .% as the sum (3.1.14). Then Op™ (%) € &1($) C
Go($), and

10p™ (F)-0p™ (F))|| = [|Op™ (P < |7 [lL=miap) < €-

Thus, Op*™ (%) can be approximated arbitrarily well in norm by a compact operator.
Therefore, Op™ (F) € Gw($). O
Next, let T € B($)). We define the covariant symbol %<V (T) of T by

(ECOV(T)) (m) := <Tfm’fm>.6a mec M. (3.1.15)
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Evidently, if T=T* (resp., T > 0), then .% “°Y(T) is real-valued (resp., (% °¥(T)) (m) >
0 for every m € M).

If T = Op“™™ (%), then the contravariant symbol .% of the operator T and its covariant
symbol .7V = FCOV(Op™™ (%)) are related by

F(m) =/ () 12 Z(m) (), m € M. (3.1.16)
M
If Z € L'(M;dp), then (3.1.16) implies .#°®" € L} (M;du), and
/ F (m)dp(m) = / Z (m)dp(m). (3.1.17)
M M

Further, obviously, we have

sup [(ZV(T)(m)| < sup  [(Tf,f)g| < [T (3.1.18)
meM feH:||f] =1

We will show now that if T € &($)), then .Z°Y(T) € L'(M;du) and
\|9°°V(T)||L1(M;dm <|IT|;- (3.1.19)

rank T

Assume T € S(), and T #0. Let, as above, {s; }j=1

the non-zero singular numbers of T, and let

T=Y (- o)s ¥
]

be the non-increasing set of

be its canonic Schmidt representation where {(pj}] and {l[/j}j are two orthonormal
systems in ) (see e.g. [?, Theorem VI.17]). Then we have

<Tfm,fm>573 = Zsj <fm» (Pj>5j<‘lfj,fm>5’3,
]

so that s 5
)51+ (fm, W) 5
2 2

i
(Tl )y < Y me M.
j

Integrating with respect to m € M, and taking into account (3.1.1), we obtain

[ (Tt fn)g | dpm < Y.
M j

which is identical with (3.1.19). Now, similarly to Proposition 3.1.1, we find that
(3.1.18) and (3.1.19) entail the following

Proposition 3.1.2 (i) Let T € B($). Then F ¢ L>(M;du), and

[ F M D=y < [Tl (3.1.20)
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(ii) Let T € Sp($), p € [1,09). Then F¥(T) € LA(M;dp), and
7" (DlLeviapy < NI Tlp- (3.1.21)
(iii) Let T € Gp o (9), p € (1,09). Then FEV(T) € LE,(M:dp), and
HQCOV(T)HLQ,(M;d”) < || p,w- (3.1.22)

In addition to Corollary 3.1.1, we have the following two necessary conditions for the
compactness of the operator T:

Corollary 3.1.2 Let T € Goo($). Then
p({meM||(FT))m)|>e}) <oo (3.1.23)
for every € > 0.
Proof. Fix € > 0 and write T = T + T, where rankT; < oo and || T|| < &/2. Then
FENT) = FN T+ TFN(Ty),

and

p({meM||(FT))m)| > e})
<p({meM|[(F°VT)) (m)| > &/2})
+ ({m e M| | (F(T)) (m)| > €/2}). (3.1.24)

Since T € B(H) and rank T| < oo, we have T| € &;($). Then, by (3.1.22) withp=1,
we have .Z°V(T;) € L (M;dp), and, hence,

p({meM||(FT))m)| >e2}) <. (3.1.25)
On the other hand, (3.1.20) implies
[-Z (T lL=wmap) < T2l < €/2.

so that
u ({m eM|| (chCOV(TQ)) (m)| > 8/2}) =0. (3.1.26)

Putting together (3.1.24) — (3.1.26), we obtain (3.1.23). U
Corollary 3.1.3 Assume that there exists a sequence {my }y oy C M such that

w— lim fpy, =0. (3.1.27)
k—o0

Suppose that T € Go($). Then

lim (.Z°(T))(my) = 0. (3.1.28)
k—ro0
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Proof. Since ||fm, || =1, we have
[(FENTNm)] < | Thim, [ - (3.1.29)

Since the operator T is compact, (3.1.27) implies

kh_r;}o | Tfmy || = 0. (3.1.30)
Now, (3.1.28) follows from (3.1.29) and (3.1.30). O

Proposition 3.1.1 on the one hand, and Proposition 3.1.2 on the other, suggest
the general wisdom that the operator norm and the Schatten-von Neumann norms of
Op*™(F) are upper bounded by the norms of the contravariant symbol F in appro-
priate Lebesgue spaces, while the norms of the operator T are lower bounded by the
norms of the covariant symbol .5V (T).

A natural question arises whether the lower or the upper bounds are sharper. We will
give a partial answer to this question in the following few sections where we will con-
sider the Berezin-Toeplitz operators and the operators with anti-Wick symbols. We
will see that in many cases the lower bound (3.1.20) of the operator norm involving the
covariant symbol is sharper than the upper bound (3.1.7) involving the contravariant
one. On the other hand, if % > 0, we have an equality in (3.1.8) so that this estimate
is sharp. From this point of view, upper bounds (3.1.12) with p > 1, and (3.1.13), are
obtained by interpolation between a sharp estimate which corresponds to p =1, and an
estimate corresponding to p = co, which may turn not to be sharp.

The definition of the operator Op“™ (.%) is possible for much more general symbols
than .% € L1 (M;dp)+L>(M;du) but the resulting operators may turn to be unbounded
and, hence, not defined on the entire space §). Similarly, the covariant symbol .7 “°¥(T)
could be introduced not only for bounded T operators but in the case of unbounded
T one should ensure that f, € ©(T). More comments on these issues can be found
in the following few sections where we consider special examples of operators with
contravariant symbols.

3.2 Berezin-Toeplitz operators in general holomorphic
spaces

In this and the next section we introduce the Berezin-Toeplitz operators in holomor-
phic spaces and their generalizations, and describe those of their properties which are
needed in the study of their role as effective Hamiltonians in the asymptotic spectral
analysis of the magnetic Schrédinger, Pauli, and Dirac operators. Our brief introduc-
tion to the Berezin-Toeplitz operators will be subordinated to these applications, so will
omit various interesting aspects of their general theory. We refer the reader to mono-
graphs like [220], [29], [27], and [115], containing a wealth of information from this
theory which, for absence of space, has not found place in our book.

Let Q be a domain, i.e. an open, connected, non empty set in C4 = R4, d > 1, and let
o(z) > 0,z € Q, be a continuous function. Denote by dA the 2d-dimensional Lebesgue
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measure on Q. Note that the measures dA and adA are equivalent. Put

2 (Q; ) = {u € Hol(Q)| /Q lu(z)|? a(z)dA(z) < oo} (3.2.1)

where Hol(Q) stands for the set of holomorphic functions on Q. Thus, </ (Q; ) is a
subspace of L%(Q; adA) which we will call a holomorphic space over Q. We introduce
also the anti-holomorphic space 2/*(Q;a), replacing in (3.2.1) Hol(2) by the set of
anti-holomorphic functions on Q. If @ = 1, we will write 2/ (Q) and .«/*(2) instead of
o (Q;1) and &7*(Q; 1) respectively

Using the mean-value formula for holomorphic functions, we find that for any fixed
z € Q there exists its neighborhood U C Q and a constant ¢, > 0 such that

u(®) < callull 2 uqary ¢ €U, (3.2.2)

for every u € &7(Q; ), which easily implies that o7 (Q; @) is a closed subspace of
L2(Q; adA) (see e.g. [87, Theorem 2.2]). Let P be the orthogonal projection onto
& (Q; a). Then P admits an integral kernel Z(z,§) = Z(,z), z,§ € Q, which is holo-
morphic with respect to z, and anti-holomorphic with respect to § (see e.g. [87, Theo-
rem 2.3]). Then

um=4%@0m0mOM@xzea

for every u € &7(Q; @). In particular,
RH(z,8) = /Q Rz, %@, §oz)dr(Z), z,.§ € Q.

The function & is called the reproducing kernel of the holomorphic space 27 (Q; @).
Then, of course, Z is the reproducing kernel of the anti-holomorphic space .7 *(Q; ct).
Generally speaking, we can have o7 (Q; o) = {0}; this is the case, for example, if Q = cd
and o = 1. Assume that 27 (Q; @) is not a null space. Let {(pj} be an orthonormal basis
in &7 (Q; ). Then L
#2.0)=Y o@e0), zleQ, (3.23)
J

the series being locally uniformly absolutely convergent in Q x Q. For z € Q put
p@) = 7= [ [4.0F Q). (3.2.4)

Then, (3.2.3) implies that

%220 <p@'"*p()?. zLeQ. (3.2.5)

a'? is a unitary operator from L%(Q;adA) onto

Next, evidently the multiplier by
L2(Q) =L%(Q:dA). Set

Q) =o' 7(Q; ).
Then </ (C; 01) is a closed subspace of L2(€2), which we will call a weighted holomor-
phic space. Denote by P : L2(Q) — L%(Q) the orthogonal projection onto .o/ (Q; ).
Obviously,

P=a?pa 2
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where, as above, P: L2(Q: odA) — L2(Q; adA) is the orthogonal projection onto 7 (Q; ¢t).
Therefore, P has an integral kernel

#2.0)=a@" 2@.H) (@), 2.{cQ (3.2.6)

Z being the reproducing kernel of o7 (Q; ).

Let us now set
H=Ad(Q;a0x), M=Q,

du =pada, (3.2.7)

and
() =p@ %2, 2.LcQ, (3.2.8)

the function p being defined in (3.2.4). Note that the measures di and adA and, hence,
du and dA are equivalent. In particular,

L=(Q:dy) = L™(Q; adA) = L™(Q).

Let us show that the system {f,}, - is overcomplete with respect to the measure du.
First, we have

63 =p@r [ 12¢DPag)dr)=1. zea.
Further,
(tt)o=p@ " | #@ONO A =p@) 10, 2€Q
so that

2 _ —1 2 _ 2 _ 2
/Q (£ £ dpa(2) = /Q p(2) ()2 dpu(z) = /Q @2 a(§)dAQ) = ]2,

and therefore the system is overcomplete with respect to dut.
Assume .Z € L=(Q; adA)+L'(Q; odA) and define the Berezin-Toeplitz operator Tz
A (Q; ) — A (Q; ) by

Tz =PF =PFP.

We will call .% the symbol of T &. Thus, T & is the operator with contravariant symbol
Z in the particular setting where §) = &7 (Q; @), and the overcomplete system is defined
as in (3.2.8). Evidently, T*(] =T; in particular, T & is self-adjoint if Z is real-valued.
In particular, Ty =1 where I is the identity in 2/ (Q; ).

Next, define the Berezin transform B(F) of # € L=(Q) by

(BTN =p(z)! /Q 2@ OLF Q) ul)dAL), zEQ. (3.2.9)

The function Z(.%) is well defined and bounded on Q. Moreover,

sug (B(I))@D)| < || F L) (3.2.10)
V4SS
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Putting together (3.2.4) and (3.1.15), we find that in our particular setting A(%) is
nothing else than the covariant symbol of the operator T 4. For the reader’s conve-
nience we translate below Propositions 3.1.1 and 3.1.2 into the language of Berezin-
Toeplitz operators.

Proposition 3.2.1 (i) If % € L>(Q;du), then T & is bounded in L2(Q;adA).
If T & is bounded in L2(Q; adA), then B(F) € L=(Q;du). Moreover,

|B(P)IL=ap) < 1Tzl < |7 IL=(@udp)- (3.2.11)

(ii) Let p € [1,00). If Z € LP(Q:dp), then Tz € Sp(LX(Q; adA)).
IfTg € GP(LZ(Q; ad)), then B(.F) € LP(Q;du). Moreover,

[B(P) e @dp) < T2 llp < 17 L :ap)- (32.12)

(ifi) Let p € (1,00). If F € LY/(Q;du), then T z € Gp w(LH(Q; adR)).
I Ty € Gpw(LX(Q;ad)), then B(F) € LY, (Q;dp). Moreover,

|‘%(9)||L§;(Q;d#) < ||T3/7Hp,w < ||y||1_5,(g;du)-

Define now the weighted Berezin-Toeplitz operator Tg; : JZ?ZQ; a) — JZ?EQ; o) by

"T",g - OCUZT;ZOFUZ.
Evidently, the operators T & and T 'z are unitarily equivalent under the unitary operator
g” 2. d(Q0) — JZ?Z.Q; a). Then Proposition 3.2.1 remains valid if we replace T & by
T #, and the spaces LP(Q; adA) with p € [1,e0] (resp., Lb, (Q; dA) with p € (1,00)) by
LP(Q) (resp., LP,(Q)). Note, however, that the definition of the measure du and of the
Berezin transform Z(%) of the symbol .# remain invariant.

Our leading example of a holomorphic space is the Fock-Segal-Bargmann space
discussed together with some of its extensions in the following section. Here we con-
sider two other examples of independent interest.

Let us consider first the Bergman space. In this case Q is the unit disk in C, i.e.

Q=D:={zeC||z| <1}, (3.2.13)

. : 172 .
and o = 1. Then {ZJ }jeZ is an orthogonal basis, and {(J;l) ZJ} is an or-
* JE€Zy
thonormal basis in 7 (D), so that

1 N D
RE)=— Y G+ Dby = —a -28)2, z,{eD, (3.2.14)
=0

(see [87, Subsection 3.1] for the details). A generalization of this space is the case
where still Q =D but a(z) = (1—|z|*)? with a > —1. Then

R(z,8) = % (1-20y*2, 2z, eD.



68 CHAPTER 3. BEREZIN-TOEPLITZ OPERATORS

Another important generalization of the Bergman space is the case where Q is a bounded
domain in (Cd, d > 1, and o = 1. Using this example, we will explain now how we can
define more general Berezin-Toeplitz operators whose symbols can be measures or dis-
tributions on Q.

Let v be a finite finite complex Borel measure on Q. Then we define the Berezin-
Toeplitz operator Ty by

(Tyu)(z) := /Q%’(z, Hu)dv(), zeQ, ueA(Q),

where Z is the reproducing kernel of <7 (Q). Of course, if dv(z) = .%(z)dA(z) with
F € LY(Q), then Ty = T #. By analogy with (3.2.9), define the Berezin transform of
the measure v by

(BW)@) = pa)”! /Q R@OPAvE). zeQ.

Then we have the following

Theorem 3.2.1 [219] Let Q C (Cd, d > 1, be a bounded symmetric domain, and v be
a finite positive Borel measure on Q. Then:

(i) Ty is bounded in <7 (Q) if and only if B(v) € L(Q);

(i) Ty is compact in &/ (Q) if and only if (B(v))(z) — 0 as z — 0Q;

(iii) Ty € &p( (Q)) with p € [1,0), if and only if B(v) € LP(Q).

Thus we find that in the case of o7 (Q), the sharp bounds in (3.2.11) and (3.2.12) are
the lower ones.

Let now ¢ € &'(Q). Define the Berezin-Toeplitz operator Ty as the operator with
integral kernel

H9(2,8) = (9, 22, )%(. O)e ), 2.8 €Q, (3.2.15)

where (¢,u)¢1(q) is the standard pairing between a distribution ¢ € & '(€) and a test
function u € C*(2). Since supp ¢ is compact in Q and Z € C*(Q x Q), the kernel
Ji/q)(z,g ) is well defined for every z,§ € Q but a priori it is not clear whether the
operator with such an integral kernel is bounded in <7 (Q). However, we can show in
many cases that in fact Ky € C™(Q x Q) (see e.g. the example where Q =D, and we
have the explicit reproducing kernel (3.2.14), or the general pseudo-convex domains
Q ¢ C? of finite type, considered in [136]). In this case, Ty is not only bounded in
£/ (Q) but also is in Sp(/(Q) for any p € (0,0) (see [19]). If ¢ € &'(Q) satisfies

G0 = [ 1@V, uec@.

where V is a complex Borel measure, compactly supported in Q, then Ty =Ty.

Finally, if ¢ € 2/'(Q)\ &’(Q) possesses some additional properties, the integral kernel
Ky in (3.2.15) may again turn out to be well defined, and even determine an operator
bounded in &7(Q). In the case Q =1, examples of bounded and compact operators Ty,
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distributions ¢ € 2'(D) \ &’(D) can be found in [146].

The Berezin-Toeplitz operators on compact Kihler manifold which could be regarded
as generalizations of the operators T & in .2/ (€) have been recently examined in the
monograph in [115].

Our second example diverges in a way from our general definition of a holomorphic
space since now the measure aedA, absolutely continuous with respect to the Lebesgue
measure dA, is substituted by a measure singular with respect to dA. We will restrict
ourselves to the simplest case where Q =D (see (3.2.13)) and the support of the measure
is the unit circle dD. We define the analogue </ (D; 8,p) of the holomorphic space
o (Q; ) by

2 .
o (D; 8yp) == {u € Hol(D) | lllrnll/ lu(re'?)|2do < 00} .
0
Then <7 (D; §,p) is a Hilbert space with scalar product
2 iy ———
(u,v) := lim/ u(rel?) v(rei)do,
1 .Jo

called the Hardy space. The elements u of </ (D; dypp) admit absolutely convergent
Taylor series _
wz) =Y uwd, zeDb, (3.2.16)
J€Zs

with {uj }jeZ+ € (2(Z,). Set

2 ..
Ly = {u € L2(0,2m)| /0 w@)e19d6=0, je —N}~

Then %, is a closed subspace of L2(0,27Z?), and <7 (D; 8ypp) is unitarily equivalent to
Z+ under the mapping # defined by

Pu)®)=Y uel® 0e0.2m), ue D)
J€Ly

where u; are the coefficients appearing in (3.2.16). Thus, #'u € %} is the boundary
trace of u € &7 (D; yp), while u is the holomorphic extension of #'u to . Denote by
P;: L2(0, 21) — LZ(O, 27) the orthogonal projection onto .Z,..
Let .Z € L1(0,27). Then the Toeplitz operator T 5 : <7 (D; Oyp) — < (D; 8yp) can be
defined as

Tg=W"P.FW.

Some authors identify T # with the operator P,.% : %} — Z,, unitarily equivalent to
T4 (see [29]). In the orthonormal basis {(277:)_1/2 elje}j 7. 0 € (0,27), of £, the

infinite matrix {aj}._, of this operator has elements

JEL,

1 2 ..
4= 5 /0 F(0)e 0049, ke,
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which depend only on the difference j—k of the indices j and k. Traditionally, such
matrices are known as Toeplitz matrices.

An important generalization of the Toeplitz operators in Hardy spaces are the operators
considered by L. Boutet de Monvel and V. Guillemin in [27]. There the unit disk
D is replaced by a bounded pseudo-convex domain Q with smooth boundary, .Z is
replaced by the closed subspace of L2(9€;dv) with suitable measure dv, consisting of
functions which admit a holomorphic extension into Q, and .% is an appropriate ¥DO
on the boundary 0Q.

3.3 Berezin-Toeplitz operators in Fock-Segal-Bargmann
spaces

Let us now consider Fock-Segal-Bargmann space which is a holomorphic space play-
ing an important role in the spectral analysis of quantum Hamiltonians with constant
magnetic fields. For b € (0, o) introduce the Gaussian function

Gy(z) := e_b‘z‘zlz, ze€C,
and for d > 1 set

d
Gp(2) =[G, (7). z=(z1,....2q) € CY, (3.3.1)
j=1

where b = (by,...,bq) € (0, oo)d. We define the Fock-Segal-Bargmann space as the
holomorphic space .o ((Cd;Gb) with d > 1. Note that, traditionally, the weight in this
by “‘tf,d so that the measure of CY is equal
(27)

to one (see e. g. [87, Subsection 3.2] and [220]). We use another convention which is
more suitable for our purposes; in any case, we will work mostly in the weighted space

space is multiplied by the normalizing factor

o ((Cd;Gb) which, of course, is invariant to the numeric normalization of the measure
GpdA.
In order to calculate the reproducing kernel, let us consider at first the case d = 1. Then

. j+1 .
{ZJ }j 7. is an orthogonal basis, while {\/ﬁz]} is an orthonormal basis in
’ J€Z,
7 (C; Gp). Therefore,

oo

b
%(Z9C)= E Z

1.~ b 7
j7(bz§/2)1=—eb24/2, z,¢ € C. (332)
=0

2n

For d > 1, we take into account (3.3.1) and (3.3.2), and obtain

d b: _
#@ =[] 5 2 2=z €Cl L= L9 e
j=1

Hence, the reproducing kernel Z of the weighted space

7 (C%;Gp) = GJ* o7(CY; Gyy)
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is equal to
X(2,8) = Gp(@)?%(2,§)Gp(§)?

S b PG5 G d
:Hie i (12 j i Z,{E(C. (3.3.3)
i1 27

Comparing (3.3.3) with (2.7.49) and (2.7.32), we establish the crucial fact that
27/ (CY;Gp) = Ker(Hs(A,0)— Ao ) (3.3.4)

with A(x) := le, where x € RZd, and B is a magnetic field represented by a (2d) x (2d)-
matrix B whose eigenvalues are —ibj/2,ibj/2, j=1...,d. In other words, the eigenspace
of the Schrodinger operator Hg(A,0) with constant full-rank magnetic field B associ-
ated with the ground-state energy Ag =b; +...bg, coincides with the weighted holo-
morphic space QV((Cd;Gb). Using (2.7.49), we can give an similar interpretation of the
eigenspace of Hg(A,0) associated with the higher Landau levels Aq, q € N. In order
to avoid tedious technical complications, we will restrict our attention to the case d = 1
and will consider (2.7.23) rather than (2.7.49). So, letd=1 and b > 0. Fix q € Z;+ and
set

Ay =pLP(R?), oy =Gy oy,

Pg= pq(b) L2 (]Rz) —12 (Rz) being the orthogonal projection onto the kernel of Hg(A, 0)—
Agl introduced in Section 2.7. In particular, we have seen that .2 = /(C;Gy,). By

(2.7.27), we find that the spaces 27, q € Z., are invariant with respect to the magnetic
translations defined in (2.7.8). .
Further, according to (2.7.32), the space .27, admits a reproducing kernel

~ b b = b
Rq(z.0) 1= 5 _exp (—4(|z|2+ I |2—2zc>) Lq <2z—c |2> . zleC,

Lq being as above the Laguerre polynomials of degree q. Therefore, (3.2.6) implies
that .7 has a reproducing kernel

Rq(2.0) = Gy(2)* By(2.$)Gr(5) 2 = %exp (gzc) Ly @z—c |2) , z§eC
(3.3.5)

By analogy with (3.2.4) and (3.2.7), set
. b bz , b
Pq(2) := Zq(z,2) = 7° . dpg = pq(2)Gp(2)dA(z) = Edl(Z)-

Note that, in fact, pq and dyq are independent of q since we have Lq(0) = 1 for all
q € Z4. Thus, for any fixed q € Z,, the system

b 2,7 b
f,4(0) = pq(z)_l/Q,%’q(C,z) =4/ Ee_%(m _ZZC)Lq <2|Z—C|2) , z,£eC,
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is overcomplete in L2(C; G,dA) while the system

f,.4(0)

= Gb(C)l/sz,q(c) — ./ % e—%(‘Z‘Z_ZZZ‘F‘C‘Z) Lq (B|Z_C|2> , Z:C e (C, (336)

is overcomplete in L2(C). Let us give an interpretation of 4, q € Z+, as a subspace of
the space of polyanalytic functions. It is straightforward to check that

q
g = {u S LZ(C;de/'L)|u= (i—?z) v, VE HOI((C)}, q € Zy.

Evidently, if u € .2, then u is (q+ 1)-polyanalitc, i.e. it is a solution of the equation

09ty

974! -

Note that the orthogonal sum @f;é ﬂfj , £ € N, coincides with the Fock space of /-
polyanalytic functions

V4
{u € LA(C;Gpd) | % - 0} , (3.3.7)

called sometimes the /th poly-Fock space; accordingly, <7,_; is called the true ¢th poly-
Fock space (see e. g. [212], [1], [173]).

Further, if, say, .# € L*(R?), then the operator PqF = PqFPq is equal to the
weighted Berezin-Toeplitz operator Tg acting in JZZ; =Ranp,. Since sometimes we

consider the operators pqﬁ pq on the domain L2(R?), we prefer to write pqﬁ pq in-
stead of qu , indicating explicitly whether the operator is considered on Ranp or on

L2(R?).
By analogy with (3.2.9), set
(Bq(FN@ 1= (F fr9:Tr.q)1282.Gyan)

= <9f2,q, fz,q>L2(R2)
b

Then by analogy with Proposition 3.2.1, we obtain

Proposition 3.3.1 Letb > 0. Fix q € Z.
() If F € L=(R?), then Pq F Pq is bounded in @ffqv

If pq7 pq is bounded in oy, then Bq(F) € L=(R2). Moreover,

[ B4(P)|L=wrey < IPgZ Pyl < 7 [|L=®2)- (3.3.8)

(i) Let p € [1,0). If F € LP(R?), then pyF py € Gp(e.
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Ifpq ypq € Gp(%)’ then B4(F) € LP(R?). Moreover;

2P sy < 9y Z gl < 5 |7 P (33.9)

(iii) Let p € (1,00). If F € LY(R?), then py 7 py € Gp.w( ).
Ifpq qu € GP’W(,@%qv), then By(F) € LP (R2). Moreover,

—Il%unl

LP (RZ) — ||pq Pq”pW Y || G\HLP (RZ) (3310)
Corollary 3.3.1 Fixq € Zy.

(i) Let F € LIOC(]Rz) and 11m|Z| oo F(z) =0. Then the operator qu Pq is compact in
,zafq.

(ii) Let py-F Py € Sool ). Then

lim (93(1(9)(2)) =0. (3.3.11)
2]

Proof. (i) The claim follows from Corollary 3.1.1 since our assumptions imply .# €
LL(R?).
(i) It is easy to check that
w— lim f,4=0,
|z[—oo

where the system {?Z»Q}zec is defined in (3.3.6). Thus, we find that (3.3.11) follows
from Corollary 3.1.3. U

The next theorem shows that if q = 0 and .# > 0 satisfies a reasonable integrability
assumption, then the necessary conditions concerning the membership of py.#py to
B(A) or Sp(a) with p € [1,e0], in Proposition 3.3.1 and Corollary 3.3.1 are also
sufficient.

Theorem 3.3.1 Assume that F : R? — [0,0) is a Lebesgue measurable function which
satisfies

sup [ Z(&)e3UEP-2Re2D) ) () < oo,
zeC/C

Then the following assertions hold true. .

(1) [220, Theorem 6.19] The operator py.F py is bounded in <% if and only if By(F) €
L=(R?). .

(ii) [220, Theorem 6.23] The operator py.Z py is compact in <% if and only if

lim (%o(F))(z) = 0.
j2]5e0

(iiii) [220, Corollary 6.33] Let p € [1,00). Then py.Z py € Sp(:Ay) if and only if Bo(.F) €
LP(R?).
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The class of bounded operators pqﬁ Py 4 € Z4, with symbols F e L'R?) +

L*=(RR?) is too restrictive for our purposes. If . € ./ (R?%), we could define, similarly
to (3.2.15), the operator pqﬁ Pq as the operator with integral kernel

Hz o(x.xX) = (F Kq(x, -)Kq(~,x’))y,(R2), x,x' € R, (3.3.12)

where Kq are the kernels defined in (2.7.32), and (9,w) o(wN) is the pairing between

the distribution ¢ € .&/(RN) and the test function u € .(RN), N > 1. Since for every
fixed x € R we have Kq(x,-) € (R2), the kernel He 7 q(X, x') is well defined for every

x,x’ € R2. However, generally speaking, the operator with integral kernel % 79X, x')

may turn out not to be bounded. Next, we describe a class of distributions .# € .7’ (R2)
such that the operator pqgi Pq is bounded. Let £ € Z,, N € N. Set

SJ(RN)

=0 Fe S RN F= Y D Y e L'RNH+L™RN) 5.  (3.3.13)

acZl:|a|<t

Note that by the representation theorem for .7’ (RN ) (see e.g. [162, Theorem V.10]),
each .7 € .7/(RN) can be represented as . = DPY where B € ZX, and ¥ € C(RN)
admits the estimate

(x)| < Cx)k, xeRN,

with some k € Z,. Thus, roughly speaking, the restriction which we impose on the
elements of 5@’ (RN) is that %, are not allowed to have a polynomial growth at infinity.

Proposition 3.3.2 Let 7 € .7/(R?) with some { € Z,. Then

PqFPy € B(A), qE€ L. (3.3.14)

Proof. By (3.3.12) and (2.7.32), the operator pq,? pq has an integral kernel

b 2
A gx.X) = (zﬂ) Yy /R Da(y)

acZi:|a|<t

_blv_x|2 I w12 9 (v_x' b b
«DY <e O (R G (2|X_y|2> Ly <2|x’_y|2>) day.

Differentiating, we find that

|7 q(x,X))| < C(X—X’)ee_%‘x_"l‘z, (3.3.15)

with b’ € (0,b), and C which may depend on b, b', £, q. and supg, [|[Ga | 1 (g2 =(r2)

but is independent of x,x’ € R2. Applying the Schur test, we find that (3.3.14) follows
from (3.3.15). 0
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Remark: Ttis easy to see that if Z € &'(R?), then Kz q€ (R 5o that pqgfpq €

GP(JZZ;) for any p € (0,00). If we suppose in addition that supp.# is finite, then
rank (pgF pg) < .

In our next proposition, we will describe a class of bounded operators pqﬁ? pq With
radially symmetric symbols .%, whose spectrum is pure point and admits an explicit
description. We recall that if % € ./ (R?) and & : R* — R? is an orthogonal mapping,
then the element .% o 0 is defined by

(F00.,0) 5@ = (32 o ﬁ”l) 0 € SR2).

SI(R2’

Then .Z € .7'(R?) is called radially symmetric if .% o & = .% for any orthogonal &.
Of course, if .Z € L1(R2)+L*(R2), then there exists a function Z ' :[0,00] — C such
that

FxE=Ar(*+EH, &R’

Proposition 3.3.3 Let .7 € 5@’ (R?), ¢ € Zy, be radially symmetric. Fix q € Zy. Then
the functions {(pq,k}k 7 from the canonic orthogonal basis of 2y defined in (2.7.39),
are eigenfunctions of pqﬁ Pq with eigenvalues

Mg(P) = (Z.l gl k€ Z.

SR’

In particular, if F € LY(R?)+L=(R?), then
hea(F)= [, F@l g0 dx

| oo
= % /0 R7uUb) 9 LE V02 d, ke Zs. (3.3.16)
Proof. We have

(pqypq)(l)k,q = Z <(qupq)(Pk,q,(P€,q>L2(R2) Prq
LEls

where the series is convergent in J%, and
((Pg 7P Prq: Prai2®y) = (7 OqPra) yrme). Kol E La
Due to the radial symmetry of .7,
(F.0) g2y =0

foranyu € . (R2) such that

2 .
/ u(re®)do =0, re0,0).
0
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Since the functions

000 g (161 (rei®), k.l € Zs,

depend only on r but not on 0, we find that
(7. 0xq®rq) w2y =0
if k # ¢. Therefore,

(PqFPg)Prq =M Prqr KEZs

O

An important extension of the Fock-Segal-Bargmann space is the holomorphic

space </ (Q;a) with Q = Cd, d>1, and o = e2? where Q< Cz((Cd) is a general
uniformly strictly plurisubharmonic function, i.e. its Levi matrix

d
2
{4 J "’(z)}
aZjaZk k=l

is positive definite, uniformly with respect to z € CY. In the case of the Fock-Segal-
Bargmann space we have

1 d
o(z) = Z.Z;’bj|zj|2’ z=(z),...,2q) € CY,
J:
so that the Levi matrix of ¢ is diagonal and is equal to diag {by,...,bq}.
If d =1, then ¢ should simply satisfy
A@(z)>C, z€C, (33.17)

with a constant C > 0.
Assume now that
b € C(R*;R)NL=(R?). (3.3.18)

Let ¢ € CZ(R2;R) be a solution of the poisson equation A@ =Db. Then the kernels of
the annihilation and creation operators a(b) and a(b)* which determine according to
(2.8.5) the kernel of the 2D Pauli operator Hp(A,0) with magnetic field b, satisfy

Kera(b) = o7 (C;e72?) = e ® o7 (C;e2%)
(see (2.8.11)), and
Kera(b)* = .&7*(C;e??) = ® o7 *(C;e??)

(see (2.8.10)). Denote by pann = Pann(b) (resp., by pere = pere(b)) the orthogonal pro-
jection onto Kera(b) (resp., onto Kera(b)* ).
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Proposmon 3.3.4 Assume that (3.3.18) holds true. Let # € LY(R?). Then ph/pu €
S (sz/((C,e 20Y), f = an, cr, and

[psFpyll1 < CtuHLI(RQ (3.3.19)

with Cann = 7t||(a*a+ 1)1 (a*a+b+1)||? and Cere := 7t||(a*a+1) ' (aa* —b+D)|%
Proof. Let at first § = ann. For brevity set p := pann(b). Evidently,

IpZplly < llp[ #1753 = Ip @ a+ D™ #7253 < [|@"a+D" |23
< |l@*a+D @ a+b+D)|?|[(@*a+b+D)7! 2|2 5. (3.3.20)

The diamagnetic inequality (2.5.6) and Theorem 2.5.1 (ii) imply
I@*a+b+D™ Z V2[5 < [[A+ D F V23 = 7| Z |1 go)- (3.3.21)

Now, (3.3.19) with fj = ann follows immediately from (3.3.20) and (3.3.21). The proof
for fj = cre is quite similar. O
Interpolating between (3.3.19) and the trivial estimates

[Py Zpyll < |7 || L=®2), f=ann,cre. (3.3.22)

we can obtain the analogues of the upper estimates in (3.3.9) and (3.3.10) but we omit
the obvious details. Moreover, similarly to Corollary 3.3.1 (i), we can prove the fol-
lowing corollary, using (3.3.19) and (3.3.22):

Corollary 3.3.2 Let b satisfy the hypotheses of Proposition 3.3.4. Assume that F €
Lé(Rz). Then the operators py(b).# py(b) with §j = ann, cre are compact in Ran py(b).

Remark: It # € L}, (R?), and lim|y|_,.,.% (x) =0, then, evidently, .7 € LL(R?).

Note that in contrast to the case of a constant magnetic field b # 0, in the general
case where b satisfies just (3.3. 18) we do not dispose of an explicit expression of
p(z) = %(z z), z € C, where Z is the reproducing kernel of o ( (C;e72®). Thus, in
this case, we cannot claim a priori, that the Lebesgue measure dA is equivalent to the
measure du = p dA. However, if b=by +b with bg > 0, is an admissible magnetic field,
and @ = @g + @ satisfies A@ = b, then, arguing as in the proof of [154, Eq. (3.32)], we
can show that

by _20sc Q= by 2osc 0
— < < =
e p(z) P , z€C,

i.e. the measures dA and du are equivalent.

Assume now that b is a pre-admissible magnetic field which satisfies (2.8.17). Let
© = @y + @ where @y = "4—0 |z|2 and @ satisfies the Poisson equation (2.8.18) so that

A@ =b=bg+b. (3.3.23)
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Note that if b is a pre-admissible magnetic field with mean value by > 0 and back-
ground b of the form (2.8.20), then ¢ may not satisfy (3.3.17) point-wise but still, by
(3.3.23) an averaged version of (3.3.17) holds true, namely

lim T2 A@(y)dy =by > 0,
T—eo X+(-T/2,T/2)?
for any x € R2. From this point of view, JZ%N((C; ¢ 2¢) = Kera(b) is a direct generaliza-
tion of the weighted Fock-Segal-Bargmann space szfv((C; Gpy)-
Similarly, if b is a pre-admissible magnetic field with mean value by < O, then the
weighted anti-holomorphic space o (C;e2?) =Kera(b)* is a generalization of o* (C;Gpy).

3.4 Operators with anti-Wick symbols

In this subsection we introduce generalized anti-Wick WDOs which again are a special
case of the operators with contravariant symbols considered in Section 3.1. Let v €
L (R™), n > 1, with || IIIHLQ(RH) = . Introduce the so called coherent states

Vg =t yy-x), yeR" xEeR™, (34.1)

built on y. Evidently,
easy to check that

Vel 2y = 1 forall x,§ € R If f € § := L2(R"), then it is

I3 = (2;1)-“/]@ [, ) 5|2 dxdE. (34.2)
Thus the system {‘Vx, £ }(X, £)eR2 is overcomplete with respect to the measure
du(x,€) :=2n)™dxdé,

proportional to the Lebesgue measure dxd& in R?". Then the operator Op™(.%) with
contravariant symbol .7 € L“(Rzn) +L1 (Rzn) is well defined. In this particular setting,
we will call Op*™ (.%) a ¥DO with anti-Wick symbol % built on y, and will denote it
by Opﬁ",w(ﬁ ). Accordingly, if T € B(L2(R?")), we will call the covariant symbol of T

the Wick symbol of T built on y, and will denote it by ﬁy"}'iCk(T). In other words,

(FyEMIE) = (TY g, Y £)2@ny (66) ER™ (3.4.3)

For f,g € L?(R?) define the Husimi transform Qy,g of the pair (f, g) by

Qe g(x,8) = m) (£, Wy £)1 2oy (8 Yy €)1 2Rny: (X.8) € R20

Note that Q¢ = @. Moreover, Qy,, depends on y as a functional parameter. If f €
S (R™), then it is easy to check that (f, V’x,§>L2(R2) € .Z(R?); hence, Qg €5 (RZ™)
if f,g € .Z(R"). Moreover, we have

<Opzl‘[lw(9)f7 g>L2(Rn) = <<9: Qg,f>L2(R2n)9 f’g G <Eﬂ(}R2)



3.4. OPERATORS WITH ANTI-WICK SYMBOLS 79

Thus, if # € . ’(Rzn), then, by analogy with (2.3.13), we can define the continuous
mapping Opy' (F) : S (R™) — '(R?) by

(O Pte) , o = (T Qug) pnys BEESR) ()

L (RM)

In this case, we set

TP (FNXE) 1= (F Wy gy ) ®GERT, (45

y/(RZn) ’

where Op% (%) is the ¥DO with Weyl symbol .% defined in (2.3.13), and WWx,g,\lfx,g
is the Wigner function for the pair (Wx,é’ ‘Vx,é) defined in (2.3.10). Thus, (3.4.5) is

compatible with (3.4.3) if, say, .Z € ['(R?") so that Op%(.%) is bounded in LZ(R™).

In Proposition 3.4.1 below we establish the relation between the anti-Wick, Weyl, and
Wick symbols of a given DO . For its formulation we need some additional notations
and facts.

Further, if ¢ € .7/ (RN) andue.” (RN), we define, as usual, the convolution of ¢ with
u as the function

(¢ xu)(x) == (¢, u(x— ')),y/(RN) , xeRN
Thus, if f,g € Y(RN), then, of course, fxg € y(RN), and

(90 = [ fx-emiy=(e«Dm. x<EY.

In our next lemma summarize the necessary properties of ¢ *u.

Lemma 3.4.1 Let ¢ € %' (RN) and u € .#(RN), N € N. Then:
(i) We have ¢ xu € C=(RN) and the exists k € Z, such that the estimates

D% xu)(x)| < Ca(x)¥, acZl, xeRN, (3.4.6)

hold true with some constants Co > 0. In particular, ¢ xu € .7 "(RN),
(i) If ¢ € F/(RN), then ¢ xu € Cp(RN).
(iii) If ¢ € &' RN, then ¢ xu € S (RN).

Proof.  The claims of the lemma are well known to the experts. For the reader’s
convenience we include here a short outline of their proofs.
(1) Applying the representation formula for ¢ (see e.g. [?, Theorem V.10]), we write

¢ =DPg (3.4.7)
with some 8 € ZY and g € C(RN) such that
lex)| < Cx)¥, xeRN,

with k € Z, and a constant C > 0. Then we have

@ = [ ewDlux-ydy. xekY.
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Differentiating with respect to x, we find that ¢ xu € C*(RN) and
(D%(¢ *w))(x) = /R ) o(y)D*Pux—y)dy, xeRN. (3.4.8)

Then we have
D% (¢ *u)(x)|
(y)k
(x—y)k

<2 [ WD Pumldy xeRY,

-k RN P2
< [ el (x-y)D*Pucx-y)|dy

which implies (3.4.6).
(ii) Let now ¢ has the form (3.4.7) with g = g, +g,, g; € L'(RN) and g, € L*(RM).
Then (3.4.8) implies

SuPN |Da(¢ *u)(x)| < ||g1HLI(RN)”D[HﬁuHL“(RN)"' ng||L°°(RN)||Da+ﬁu”L1(]RN)’
x€R

ie. pxue CE(RN). Now note that ¢ € fg’ (RN) is a finite sum of terms of the form
(3.4.7) with g € LI(RN) + L=(RN).
(iii) Assume now that ¢ in (3.4.7) is compactly supported. By (3.4.8), we get

D*(¢ xu)(x) = Sppng<y>D“+ﬁ(nu>)(x—y>dy, x €RN,

where n € C6°(RN; [0,1]) is a cut-off function such that 11 = 1 on supp ¢. Therefore,

sup (x)™[D%(9 w(®)] < 2™ sup (w)™ DB nu)(w)| / oy [EVI) Y

xcRN wcRN

for any m € Zy, i.e. ¢ xu € .Z(RN). O
Let, as above, ¥ € #(R™), n > 1, with ||1I/HL2(R") =1. Set

Y= WW’\I/,
i.e. W is the Wigner transform of the pair (y, y). By (2.3.10), we have
W(x,&) = 2m)™ /R Xy ax D) Yx—x D) dx, (E)ERM.  (3.49)
Note that ¥ € . (R?"), W is real-valued, and

/Rz“ W(x, E)dxdE = 1. (3.4.10)

If f is a function with domain Q c RN, N > 1, invariant with respect to the reflection
X — —X, we set (x) := f(-x), x € Q.

In our next lemma we establish a fundamental relation between the Husimi and the
Wigner transforms
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Lemma 3.4.2 Let w € Z(R"), n > 1, with ||W||L2(R“) =1. Then

Qg =¥"+Wp,, fge sRM. (3.4.11)
Proof. We have

(\P# *Wﬂg) x,8)
= /RZn W' -x, &' - &) Wi (', ") dx' d&’

1 ! t t
- i(§'-)t X - x4
= Qo ./RZn </e "’(X/ X 2) "’(X/ X+2>dt>
x (/neié,'sf(x'—;> g (x’+%) ds) dx’d&’
1 E. t t t t
= G /R?n eribty <x’—x—2> v (x’—x+ 2) f<X'+ 2) g (x’—2> dtdx’

1 : g

Qmyn / . / VY y (v x) Yy—xf(y) (v dydy’
1

= (27)“ <f, Wx,é >L2(R") <g, Wx’g >L2(R")

=Qrg(x.&), (x.&)eR™,

i.e. we obtain (3.4.11). O
Remark: An appropriate density argument shows that (3.4.11) remains valid for
f,g € L2(RM).

Proposition 3.4.1 Ler v € ./(R"), n > 1, with || y/||Lz(Rn) =1. Assume .7 € . (R*").
(i) We have

Opy' () =0p™(F *¥), (3.4.12)

where ¥ is the Wigner transform of (W, ) defined in (3.4.9), and Op™ (.F W) is the
YDO with Weyl symbol F V.
(i) The Wick symbol of the Weyl ¥ DO Op¥ (F) satisfies

Tk (0p¥(F)) = F « ¥ (3.4.13)
(iii) The Wick symbol of the anti-Wick ¥ DO Opf{‘l}’v (F) satisfies

Fyiek (Opy (7)) = 7 W wH, (3.4.14)
Proof. (i) By (2.3.13) we have
w — — #
(OP™(F +9)L.) gy = (F 5 W Wig) gony = (7.9 Wi ) iy B419)

Putting together (3.4.4), (3.4.15) and (3.4.11), we obtain (3.4.12).
(ii) A simple calculation yields

Wy eu e L EN =Wy y(-x,E'-8),  (x.6),(,&) e R™ (3.4.16)
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Now, (3.4.13) follows directly from (3.4.5) and (3.4.16).

(iii) Putting together (3.4.12) and (3.4.13), we immediately obtain (3.4.14). O
By Lemma 3.4.1 (i), we find that for a general % € ./ (R2M), there exists k € Z,

such that .7 ¥ € FIS(RZH).

By Lemma 3.4.1 (ii), if % € .7/(R?"), then .7 + ¥ € Cy(R?") C T'((R?"). Therefore, the

Calderén-Vaillancourt theorem (see Proposition 2.3.4) and Proposition 3.4.1 (i) imply

that in this case the operator Opﬁ‘}v(ﬁ )= OpY(F % W¥) is bounded in L2(R2").

Similarly, by Lemma 3.4.1 (iii), if .7 € &'(R™), then .7 ¥ € . (R?") so that the

integral kernel of the Op)Y(.%) is in .%”(R*"). Therefore, Op}Y () € Gp(L*(R?")) for

any p € (0,) (see [19]).

In our next proposition, we prepare the discussion of the properties of the operators

Opy(F) with Z € TH(R™).

Proposition 3.4.2 Assume that y € S(R"), n > 1, with ||WHL2(]R“) =1. Let ¥ ¢
FZ(RZH) with y € R and p € (0,1]. Then for each N € Z, we have
FxW- Y coqD*F eTH PN @R, (3.4.17)
a€Z?:|o|<N
where, as above, ¥ = Wy, y, and
— 1 . a 2n
Cq = ol Rzﬂw Y(w)dw, oeZ;". (3.4.18)
Proof. We have
(F * W) W) = /R _FWrwWEwdw, W R, (3.4.19)
and
o
Fw+w= Y W—'(Daf)(w')+rN(w, w), ww eR™  (3.4.20)
aeZ:|a|<N
where

1
mww.w)= Y ¢y / (D*Z)(w+tw)(1-Ndt
a€Z3:|or|=N+1 0

with some constant coefficients c/,. Inserting (3.4.20) into (3.4.19), we obtain
(ZxP)W)= Y caD*F)W)+RNW), W R,
a€Z?:|a|<N
where

Ry(W) = /R . iN(W, W) P(-w) dw.

Hence, in order to prove (3.4.17), it remains to check for any & € Z2" with |ot| = N+ 1
we have Nel
Ry € T PO @R (3.4.21)
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where X
RN, (W) = /R . /O wOD*Z (W +tw)(1 - )N W(-w)dtdw.

Since D*.% ¢ Fz;_p \06|(R2n) for every @ € 72" and p > 0, we can assume without loss
of generality that y—p(N+1) < 0. For 8 € Z2", we have

. -1
DPF Ry o)(W) = /RZ /0 woeD B Z(w +tw)(1 )N P(—w)dtdw,

and therefore,
|(DPRN )W)

1
<Cap [, ( /0 <w’+tw>V-P(N+1+ﬁ)dt> (W)*|W(-w)|dw, w' eR>. (3.4.22)

Now that if |w| < |w'|/2 and & > 0, then

1 1
/ (W +tw) 0 dt < / (1-v2)%dt(w')~9,
0 0

and if |[w| > |w'|/2 and & > 0, then

!

1 ’ ’
/0 W +tw) S dt < 1< 28 (w)® (w5,

for any 8’ > 0. Since ¥ € .7(R?"), we find that (3.4.22) implies (3.4.21). O
Remark: Since [pon W(W)dw = 1, we have c¢g = 1 in (3.4.18). Moreover, if ¥ is
invariant under the reflection w — —w, then cq = 0 for |a| odd.

Combining Proposition 3.4.2 and 2.3.7, we obtain the following
Corollary 3.4.1 Let y satisfy the assumptions of Proposition 3.4.2. Suppose that % €
Fg(RZ“) with vy > 0 and p € (0,1]. Then for each s > 7y the operator Op%}”(ﬁ ) extends
to a continuous mapping from £3(RM) into £V (RM).

Next, we state a variant of Proposition 3.4.2 for the case of polynomial .%.

Proposition 3.4.3 Let v satisfy the assumptions of Proposition 3.4.2. Suppose that F
is a polynomial of degree 'y € Z.. Then we have

Fx¥= Z coD*.Z,
acZi™|a|<y

the coefficients cq defined in (3.4.18).

Proposition 3.4.2 is a straightforward extension of [185, Theorem 24.1] where

p(x) ="M X x e R, (3.4.23)
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and consequently
Y(x, &)= e W HEP x £ e R

The operators Opi‘;v (%) with such y are the standard anti-Wick WDOs . Let us assume
that y is of form (3.4.23), and discuss in more detail the properties of Op*V (%) =
Opy (#). First, note the elementary fact that if .7 is a polynomial of degree y < 1,
then the Weyl symbol of Op®¥(.%) coincides with its anti-Wick symbol .%. Therefore,
the mapping .# — Op*™ (%) is a quantization which satisfies the Axioms 1, 2, and
3, in Section 5.4.2. As a special case of the mapping .% — Op“™ (%), this quantiza-
tion possesses also the important positivity property, i.e & > 0 implies Op*¥ (%) > 0,
which is not valid for the Weyl quantization. Note, however, that not any given Weyl
WDO Op™(.Z# %) with Weyl symbol .Z" € .&/(R?") has an anti-Wick symbol .Z" ¢
! (R2™). In fact, by (3.4.12), the symbol .Z 2% should satisfy the equation

FV = FV Y, (3.4.24)

i.e. in order to find .#®V for a given .#", we should invert the Weierstrass transform,
or, equivalently, to solve the inverse heat equation (see [185, Remark 24.2]). Note that
the equation (3.4.24) is equivalent to

TV = Qn)"PFaV, (3.4.25)

the distribution ¥.Z2% € ./(R2") being well defined since ¥ € .#(R2") and Za¥ ¢
! (R2™). Thus, for example, if 0 #.Z"Y € C6°(R2"), then there are no solutions .3V ¢
! (R™) of (3.4.24). On the other hand, if TV € C5°(R2“), this equation admits even
a solution .Z2 € #(R?"). Since any anti-Wick ¥DO admits a Weyl symbol, the
products of two anti-Wick WDOs is a Weyl WDO , but this product may not have an
anti-Wick symbol which is a serious drawback of the anti-Wick quantization.

Further, if (3.4.24) has a solution .Z2V ¢ .#/(R?"), then this solution is unique. This
follows from the fact that

P(x, &) = @y e (P (x £) e R,

so that ¥ in (3.4.25) vanishes nowhere in R2". Note that if ¥ in (3.4.24) is the Wigner
transform of (y, y) for an arbitrary y € .Z(R") with || W||L2(Rn) =1, then the last claim
may be false since in the general case the set

¥ = {(x,g) € R | P(x, &) =o}

may be non-empty, so that the linear mapping . %V — %2V « ¥ may have a non-trivial
kernel o
{ﬁaw € . (R*™)| supp.Za¥ C Q”}

Finally, if the symbol .#% in (3.4.24) is a polynomial of degree y € Z,, and ¥ in
(3.4.24) is the Wigner transform of (y, ) for an arbitrary y € . (R") =1 with [|/|[; > u =

1, then Proposition 3.4.3 implies that there is a solution .Z2%¥ ¢ .%/(R?") which is a
polynomial of degree y. A circumstance which may help to understand the last claim,
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is the fact that if .% is a polynomial of degree y € Z,., then supp F = {0} while B(0)#0
since [pan W(W)dw = 1.

Our next goal is to consider the anti-Wick quantifucation Op‘;‘,}’v in the special cases
where n=1 and W = yq, q € Z;, are the normalized eigenfunctions of the harmonic
oscillator b, introduced in (2.7.14). Since yg € .’(R) and || yg||; 2, =1, all the general
theory of the operators Opy" (%) remains valid. If no confusion is likely to occur, we
write Op?lw(,? ) instead of Opﬁ‘l)’;’ (#). As mentioned above, the operator Opi™(.%)
coincides with the standard anti-Wick operators if n = 1. That is why, we will call the
operator Opgw(ﬂ ) the anti-Wick operator of order q. In accordance with our general
notations, we set

Wq;x,g (Y) = e]yé Wq(y_x), y S R’ (X7€) € Rzy q € Z+'

Moreover, put
‘I’q’g = Wllfq,l//w q,¢ € Zy. (3.4.26)

i.e. W ¢ is the Wigner transform of the pair (yg, yp). If £ =q we write
Wq:=%q=Wy,y, 9EZs (3.4.27)

Proposition 3.4.1 (i) immediately entails the following

Corollary 3.4.2 Let F € .7/(R?). Then we have

Opi¥(F) = Op™(F *¥y), q€ L. (3.4.28)

In the sequel,we will need explicit expressions for W, and the Fourier transform ¥g.
The following two lemmas contains the corresponding calculations.

Lemma 3.4.3 Let q,( € Z,. Then for (x,£) € R? we have

W e(x, &)=

(/o 112 _
FED2Y (§) T a0 g2 6, g0,

e s , L (3.4.29)
Lo ? (3) amig oLy Do+ £2e ), <,

where lea) are the generalized Laguerre polynomials defined in (2.7.38).
In particular,

W, (reosB,rsin0) =e®0dy 1), kleZ,, 6€[0,21), re[0,), (3.4.30)

where {CIDq’g(r)} is a symmetric real valued matrix. Moreover,

q.l€Zy
W (x,&) = %(_1)qu(2(><2+§2))e—(’<2+52>, q€Zs, (REEREL (3431

where Lq are the Laguerre polynomials defined in (2.7.30).
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Proof. An elementary calculation taking into account the parity of the Hermite poly-
nomials easily yields

(-DX 2482 [ ey (Y y
p JE) = , Hq (5-x)He (5 dy.
q.0(x,.8) Qm)/ak)225" © /Re ’ 4 (2 X) ¢ (2 +X> Y

(3.4.32)
Changing the variable % +1i€ =t, and applying a standard complex-analysis argument
in order to replace the interval of integration R +i& by R, we get

[ () (=2 s

(3.4.33)
By [86, Eq. (7.377)],
/Re_tqu (t—x—i€) Hy (t+x—i&)dt=
20/7(x—iE) LT 202 +EY), >,
. (3.4.34)
20y/mql(x-i&) ALYV +E2), g <L
Putting together (3.4.32), (3.4.33), and (3.4.34), we obtain (3.4.29). O
Lemma 3.4.4 Letq € Zy. Then
Py(x,&) = %Lq((xz +EYD)e A (x £y e R, (3.4.35)

Proof. By
Py(x, &) = (2m)! /H% el Y (x—t2) yg(x +t/2)dt,  (x,&) € R?,

we easily find that

Py (x, &) = (27)"! /R ey (t-ER) yy(t+ER)dL,  (x,&) € R,

Changing the variables t = y/2 and taking into account the parity of yqg, we find that

W(x,E) = )ty (£2,x12), (x,&) € R? (3.4.36)
q 0Y - 2 q ) E) 0] . . .
Now (3.4.36) and (3.4.31) entail (3.4.35). O

Corollary 3.4.3 (i) Let F € .'(R?). Then F « ¥ =0 or; equivalently, Opy™(#) =0,
if and only if F =0.
(ii) Let q € Z+. Then 7 xWq = 0 or; equivalently, Opg" (#) =0, if and only if

q
supp F C U {(X,é)eRz\x2+§2=2rm,q}

m=1

where tmq > 0 is the mth root of the Laguerre polynomial Lq.
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Proof. Similarly to (3.4.25), we have
T« Wy =2mV 7.
Therefore, the kernel of the linear mapping .7 +— Opy" (%) coincides with
{34’ €.7'(R?)|supp.Z C Qﬁ}
where R
%= {(x,g) ER?|Py(x.&) = 0} .
By (3.4.35), we get

q
%=0, %= {xoHeRC+E =2}, qeN,

m=1

which implies the claim. (|

In our next proposition close in spirit to Proposition 3.3.3, we introduce a class of
normal Weyl WDOs with radial symbols whose spectrum is pure point and the eigen-
values admit an explicit description.

Proposition 3.4.4 Let F € .7'(R?) be radially symmetric. Then Op™ (%) : .7 (R) —
! (R) extends to an operator normal in L>(R) for which the Hermite functions { l,l/q}
defined in (2.7.14) are eigenfunctions with eigenvalues

q€Zs

2(F) = (F, W) sy, A€ L+, (3.4.37)

where W is the Wigner function defined in (3.4.27). In particular, if ¥ € LI(R2) +
L*(R?), then

M) = [ | F 00 Pa(x )dnd

= # /0 w%y(t/Z)Lq(t)e’t/z dt, q€Z, (3.4.38)
where
Rz +EH=F(x,E), (&R
Moreover,
D(Op™(F)) = {u= Y ugwgl Y (1+[Aq(P)P)lugl? <°o}. (3.4.39)
q€Zy qE€Z,

Remark: A result closely related to Proposition 3.4.4 is [214, Theorem 24.5].
Proof of Proposition 3.4.4: By (3.4.30), for any /,q € Z; we have

(OP™( PV ¥q) gy = (T ¥at) iy = Oat (72 ¥q) o) = qthq( ).
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Therefore, if

q€Z+

where ug := (u, Wq)Lz(R), then Op%(Z)u € '(R) has Fourier coefficients

(Op™(F)u, V’q)y/(R) =g, 9€Zs.
Let us now prove that for any .% € . (R?) there exists p € Z4 and C € [0, %) such that
1q(F)| < CU+qP, q€Z. (3.4.40)

By the representation theorem for .% € .7’ (R2) (see e. g. [162, Theorem V.10]),there
exist 4 € C(RH)NLA(R?), B € Z%_, and ¢ € Z4 such that

7 =DP (<->’«g).

Therefore,

Aq(F) = (1)l /R i G(w)(w) DP W (w)dw. (3.4.41)

Let H := —%A+ 2|w|? be the distorted harmonic oscillator, self-adjoint in L2(R?). By
(3.4.31), [150, Section Al], and (2.7.14), we have

Pyx.8) = T L2004 e
_ 1 i H2m(\/§X)H2q—2m(\@§)e_(x2+§2)
2% & m!(q-m)!
1 & van(V20) g 0m(V28) (x.E) € B2
24 = m!(q—m)! T '

Therefore, Wq is an eigenfunction of H with eigenvalue 2(q+ 1), and, by (3.4.41), we
have

2q(F) = (~1)BI2P(1 +q)P /R L Gw(w) (DPHPWg)(w)dw. (3.4.42)

for any p € Z,.On the other hand, evidently, there exists p € Z,. such that the operator
(-\'DPHPis bounded in L2(R2). Then, (3.4.42) implies

()| < 2PA+qP[| () DPEP | D] 2 ) | ¥l 2 (3.4.43)
Moreover,
1 [ 1
2 — -2t 2 1 _
H‘PqHLz(Rz) = ;./0 e " Lq(2t)°dt= I (3.4.44)

Now, (3.4.40) follows from (3.4.43) and (3.4.44). Further, by [162, Theorem V.13],
u € (R) implies .

sup (1+q)|ug| < oo

q€Zy
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for each j € Z,. Then, by (3.4.40), we have

sup (1+qY|Aq(F)||ug| < o
q€Zy

for each j € Z,, and again by [162, Theorem V.13] we have Op"(.%)u € .#(R). Thus
Op¥(#): Y(R) = L (R),
Op¥ (P = A(FP)Wy. € L,

and
2

|0P™ (P2, = X (PP lugl ue s @),

qE€Zs

which allows us to extend Op¥ (%) to an operator with domain D (Op"¥ (%)) defined in
(3.4.39), normal in L?(R). 0

In our next theorem we establish the relation between the operator pqﬁ Pq and an
appropriate anti-Wick WDO. For its formulation we need the following notations

(Opw)(x,y) =u(-b""2y,-b72x), (x,y) € RZ. (3.4.45)

By duality, Oy, extends to .#”’/(R?). In particular, b 120, : L2(R2) —» L2(R?)is a unitary
operator. If no misunderstanding is likely to occur, we write

¢ :=0p9, ¢ (R). (3.4.46)

In the statement and the proof of the following theorem, we systematically use the
representation
LA(Rf ) =L*(Ry) ® LA(Ry).

Theorem 3.4.1 Let q € Zy and F € F[(R?), L € Zy. Then we have
W' PqT Pq W = g @ Op™ (), (3.4.47)

where W4, is the unitary operator defined in (2.7.19), pqﬁ Pq is considered as an oper-

ator acting in L2(R?), and Ttq is the orthogonal projection onto
Ker(h—(2q+ DI),
introduced in (2.7.26).
Proof. Assume at first % € .%(R2). Then, by (2.3.19) and (2.7.18),
%*pqﬁpq% = (1g @ 1y)Op™(F o K, (Mg ®1y), (3.4.48)

where kj, is the symplectic mapping defined in (2.7.16). Writing .% o kj,, we consider
Z(x,y) as a function of the variables (x,y,&,1n), constant with respect to (&, 7), so that
for (x,y;&,1m) € R* we have

(Z okp)(x,y;E,m) = F(b 2 (x-m), b€ ~y) = Fp(n -x,y-E).
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Letu € .7 (R?). Set
ug(y) := /Ru(x, Y)Y (x)dx. (3.4.49)
Then by (3.4.48), we have
<%*qupq%u»u>]](ﬂ{2)
= <Opw(g\ © Kb)(Wq ® llq),(ll/q ® uq)>L2(R2)

1
" P /Rs Fo((1+¥2)2-6, 1= (1 +x2)/2)

x e 1((1=X2)e+(i=y2)m) Wa(xug(yy) Yg(x2)ug(y,) dx dx, dydy, d&dn
1

- 2n? /]RS Fo(y1 +y)2-y',n-n"

« e iy1=y2)n ( /R Wq(n’+V/2)l/lq(n/—v/2)eivy/dv> ug(yuq(yp)dn’dndy’dy, dy,

— 1 [ / / !/ /
= 5= |1, P 14322y -0 ¥ty ")

x e Y2 Mgy ug(y,)dy, dy,dy’dndn’

= (Op™(Fp * Woug, uq>L2(R) = <0pgw(ﬁb)uq,uq>Lz<R)

= ((mq ® Opgw(fb))u,u>Lz(R2). (3.4.50)
Thus, (3.4.50) entails (3.4.47) in the case .Z € .%(R?).

Let us consider now the general case .# € ﬂ (R?). Since the operators at both hand
sides of (3.4.47) are bounded, it suffices to show that

<7/b*(qugzpq)wbuau>[‘2([@2) = <((7rq ®Opaw(<gé\b))u’u>L2(R2) (3.4.51)

for any u € . (R2). We have
2
W (g F ) Vo0, 2 2, = (yb, Wl )y/(Rz)

where wq 1= pq#pu € . (R2). On the other hand,

(g © 0P (Fo)u ) 2(g2) = (P Qugay) oo = (F205(Qugny))

y/(RZ) y/(RZ)

where uq € “(R) is the function defined in (3.4.49).
Pick a sequence { ™} meN C (R?) such that

i (m) = 2
lim (F™,v) iy =Ty vE SR,

By the first part of the proof concerning Schwartz-class symbols .7, we get

(7.wgl2) = tim_ (F™,Jwgl?) = lim (F™.04Quyu,)) = (F.04Quyu,)
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i.e. (3.4.51) holds true. O
Theorem 3.4.1 is a generalization of [150, Theorem 2.11] which concerned the case
Z € L{(R?2)+L=(R?).

Combining Theorem 3.4.1 and Corollary 3.4.2, we obtain the following

Corollary 3.4.4 Letq € Z,, and F € S)(R?), L € Z,. Then
Wy Pq-F Pq b = Tq @ Op™ (Fp % ¥g). (3.4.52)

The unitary equivalence between the weighted Berezin-Toeplitz operator py.%py
and the standard 1D anti-Wick operator Op§™ (.7) is closely related to the Segal-Bargmann
transform which, in one form or another, plays an important role in the semiclassical
analysis of quantum Hamiltonians (see e.g. [208, 207, 211]). The Segal-Bargmann
transform Sy : LZ(R) — poLz(Rz) is a unitary operator with integral kernel

L b\ M o
\ﬁ (71.) o D((x+iy+20°-20+[x]| )/4, X=(x,y) € RZ’ teR,

(see [138, Lemma 3.1]). Fix q € Z4. Denote by Mg : L2(R) — (g ® Iy)L?(R?) the
unitary operator which maps u € L*(R) into b~1/4 llfq(x)u(b’” 2y), (x,y) € R?, and by
1 : L2(R?) — L%(RR?) the unitary operator generated by the rotation by angle /2, i.e.
(tu)(x,y) = u(y,—x), (X,y) € R2; note that 1 commutes with the Landau Hamiltonian,
and hence [l,pq] =0. Then we have

So = l%Mo.

From this point of view the operators Sq := 1#4,Mg, q € N, could be considered as gen-
eralized Segal-Bargmann transforms.

In our next theorem we establish the unitary equivalence between the operators

Pq-#Ppq Withq € Z and 7 € W(Rz), { € Z+, and po(Zy,p-¥ )pg Where

A
Dyp =Lq (‘21)) . (3.4.53)

Thus, Zop =1, and %, with q € N is a partial differential operator of order 2q with
constant coefficients. For the proof of this theorem we need the following

Lemma 3.4.5 Let q € Zy and F € .7 (R?). Then
(Obﬁ)*\Pq = (Ob(@q,bg))*qus (3.4.54)

where Oy, is the transform described in (3.4.45), Wy, q € Z+, are the Wigner functions
introduced in (3.4.27), and @q,b is the operator defined in (3.4.53).
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Proof. Note that W is real-valued, and Wq = ‘I’g, i.e. Wq is invariant with respect to the

reflection w — —w, w € R2". Then, by (3.4.35), for any ¢ € Z!(R?) and u € .S(R?),
we have
(& +¥q.u) = (9,9 +u) = (7.22%1) = (F.27Lg(- 12 Poi)

= (9. 241(¥o*w) = (2419, ¥o xu) = ((Z4,19) * Yo.u) .

Therefore,
G xWq=(Dq19)*¥. 9GS R (3.4.55)
Moreover, evidently
0y Z4.1 Op = Zgp. (3.4.56)
Combining (3.4.55) and (3.4.56), we obtain (3.4.54). Il

Theorem 3.4.2 Let q € N and ¥ € ﬂ(RZ), { € Z+. Then the operator py.% py with
domain ,Q}; is unitarily equivalent to py (Zqp-F ) po with domain %

Proof. Let us consider at first the operators qu Pq and pg (Z4,0F ) po on L2(R?). By
Corollary 3.4.4 and Lemma 3.4.5, we have

W PqT Pg Wb = Tq@0p™ (Op (Zgp#)) * W) - (3.4.57)

Introduce the operator /q L2 (R%y) — LZ(R%,y) which interchanges the qth Fourier
coefficient of ug(y) of the function u(x,y) (see (3.4.49)) with its zeroth one. In other
words, if

uxy) = Y wu(y), (x.y)€R?,
keZy

the series being convergent in L2(R2), then

(Y=Y WXugy) + Wo(X)ug(y) + Wa(x)ug(y), (x,y) € R%.
k€Zy:
k0.9

Evidently, ¢ is a unitary operator from L%(R?) onto L%(R?), and the restriction of

_Zq onto .27 is a unitary mapping from ,Q% onto J%/. Moreover, if T € %(Lz(Ry)), then
Tq®T= /q* (myRT) 2y (3.4.58)
Bearing in mind (3.4.27) and (3.4.52), we get

7q @ 0p™ (O (Zqp 7 ) +Wo) = Iq (M ©0P™ (Op (Z0-7) x%0)) Fq
= Jq M (o (ZanZ)po) #o Sa: (3459)

Combining (3.4.57) and (3.4.59), we obtain

PqZPq =" 24 Y (P0 (ZavF ) Po) "o Fa sy
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i.e. the operators pqﬁ pq and pg (@q,bﬁ ) po with domain L2(R?) are unitarily equiv-
alent under the unitary operator %4, Zq %" : L2(R?) — L%(R2). In order to prove the
unitary equivalence of py.#p, with domain .7 and py (Zg-F ) po With domain 2,

we just have to note that the restriction of %4, ¢4 #," onto </ is a unitary mapping

from ,sa}; onto ;z?o/. O

Theorem 3.4.2 was first proved as [39, Corollary 9.3] in the case where ¥ €
C29(R?) and AS.Z € L®(R?), s = 0,...,q. The proof in [39] was based on the fact
that if .# € .#/(R?), then

(7. 0cq%0q) srw2) = (Zab - P0000) yigey> Kol € L, (3.4.60)

(see [39, Lemma 9.2]). The proof of (3.4.60) contained in [39] which is of combi-
natorial nature and exploits essentally the commutation relation (2.7.6), might be of
independent interest (see the considerations in [173]).

A more abstract and less explicit point of view concerning the unitary equivalence
between py.7 p and py (Qq,bﬂ ) Pg» could be found in [82].

3.5 g-dependence of the norms of the operators pqﬁ Pq

3.5.1 Motivation and main estimates

As mentioned in Section 3.1, the upper bounds in (3.3.8), (3.3.9) with p > 1, and
(3.3.10) are not sharp. In particular, the estimating quantities are independent of q € Z,..
In this section we obtain some sharp in q estimates of ||py-7 p || and deduce from them
bounds on ||py-#pq|l¢ with appropriate £. In particular, we see that if .7 decays at
infinity, then the norms of pqﬂ pq tend to zero as q — oo. These estimates will play a
crucial role in Chapter 7 where we investigate the high-energy asymptotic density of
the eigenvalue clusters for the 2D Landau Hamiltonian.

Assume that .Z € C(R?) satisfies the estimate

.Z(x)| <C(x)7, xeR? (3.5.1)

with some constants C > 0 and y > 0.

Theorem 3.5.1 Assume that % satisfies (3.5.1) with v € (0,00). Then, there exists a
constant ce independent of q such that

Ag"” if y € (0,1),
IPgZPgll < ceo § AG2 (14 [InAg]) ify=1, qE€Zy. (3.5.2)
AG'? ify>1,

Estimates (3.5.2) are sharp for y# 1. In fact, let { @ q }xez, be the canonic orthonormal

basis of pqu(Rz), q € Z4 defined in (2.7.39), and let yRr be the characteristic function
of a disk of radius R > 0 centered at the origin. Then

liqrging}l/z (R Po.gs Po.g)1 2g2) > 05 (3.5.3)
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which implies the sharpness of estimate (3.5.2) for y > 1. Similarly, if y € (0,1) we
can show that
liminf A ((-) 7904 P01 2m2) > O, (3.5.4)

q—reo

which entails the sharpness for y € (0, 1) (see the details in [112] for y € (0,1), and in
[123] for v > 1). We do not know whether the estimate for y=1 is sharp.

In our second theorem we estimate the Schatten-von Neumann estimates of the
operators py.# pq-

Theorem 3.5.2 (i) Assume that F satisfies (3.5.1) with v > 1. Then, for each { >
1/(y-1) we have pq<?pq € Gy, and there exists a constant ¢y such that

D=

1_
IpgZpylle < ceAd 2, qE s (3.5.5)
(i) Assume that .F satisfies (3.5.1) with y € (0,1). Then, for each { > 2/y we have
pq,? Pq € Sy, there exists a constant ¢y such that
1_7
IPq:Zpglle < ceAd > 1+ |InAghY,  qez,. (3.5.6)
Estimate (3.5.6) should be considered an a priori estimate, sufficient for the purposes

of this exposition, but not necessarily sharp.

3.5.2 Proof of the operator norm estimates

In this subsection we prove Theorem 3.5.1. We will divide the proof into several propo-
sitions. The main steps of the proof are as follows:

e we apply Theorem 3.4.1 where we established the unitary equivalence of the
operators p-# pq and 7q ® Opg™ (F);

e assuming that.Z € FIY with y > 0, we approximate in the Hilbert-Schmidt norm
Opg" (:Fp) = Op™ (Fp + ¥q) by Op™(Fp, % 8, /3gs7)s

e we estimate || Op™ (%) * & WH using the Calderén-Vaillancourt theorem (see
Proposition 2.3.4).

For k > 0 define § € &'(R?) by
1 2 )
(6k,u)£,(R2) = E/O u(kcos 0,ksin0)d8, ue C*(R?). 3.5.7
As usual, we define the function u * & by
(ux* 5k)(X) = ((Sk,u(X— )) &'(R2)° uc CDQ(RZ), X € Rz.

By analogy with Proposition 3.4.2, we can show that if .# € l"g (R?) with y € R and
p € [0,1], then .7 + & € TH(R?), and F —.F x & € Ty P (R?).
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Proposition 3.5.1 Assume that F € T','(R?) with y € (0,c0). Then
Op™(Fp x¥q)~Op™ (Fp * 8 537) € G2,
and there exists a constant ¢, independent of q, such that
10p™ (Fp % Wq)—Op™ (Fp # 8 2 < 2A",  q € Zs. (3.5.8)

Proof. By (2.3.15) we have

1
HOPW(fb*‘Pq)—OpW(gb*5\/zqﬁ)\|%=E/Rz (T W) W) —(F 8 ) (W)| *dw

1 i —_—
T o /Rz (P + TW)=(Fp * 8 ragaD)(W)|*dw. (3.5.9)

An explicit calculation (see (3.4.35) and [150, Eq. (3.9)]) yields
(Fo % )W)~ (Fy * 8 1) (W)

= (Lq(|w|2/2)e_‘w‘2/4—J0(w/2q+ 1|w\)) Fo(w), weR2 (3.5.10)

where Lq is the Laguerre polynomial defined in (2.7.30), and Jg is the Bessel function
of zeroth order. Moreover, there exists a constant &, such that

‘Lq(r)e_r/z _Jo(\/(Bq+ Z)r)’

<& <(q+ 1) 3454 4 (q+ 1)_1r3) . qQEZs 1>0, (3.5.11)

(see [150, (Eq. (3.10)] for the generic case q € N; if q =0, then (3.5.11) follows from
™2 _Jo(v/2r)| = O(t2)|, r € (0, 1), and |2 -J(v/2r)| = O(1), r > 1). Further,
0 0

o(\w[*) if y€(0,2),
|Zp(W)| =< O(|In|w|]) if y=2, lw| <172,
o) if y>2,
and -
| Zo(w)| =0(w[™), |w|>1/2, N>0,

(see [204, Chapter XII, Lemma 3.1]). In particular, the functions |w|m%(w), w e R2,
with m > 1-yif y € (0,2) or with m > —1 if y > 2, are in L(R?). Combining (3.5.9),
(3.5.10), and (3.5.11), we get

|Op(Fp = Wq) ~Op(Fp # 8 g3

=2
¢ _ - —
<2 [ (@ 2w a2 w2) | Fyon) 2w,

which yields (3.5.8). U
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Estimate (3.5.8) could be interpreted as a manifestation of the equipartition of the
eigenfunctions of the harmonic oscillator § (see (2.7.12)), i.e. the appropriate weak
convergence as q — o of the Wigner function ¥y associated with the qth normalized
eigenfunction of b, to the measure invariant with respect to the classical flow (see e.g.
[49, 218, 28] for related results concerning various ergodic quantum systems).

Proposition 3.5.2 Assume that F € FIY(Rz) with y € (0,0). Then the operator Op(Fy, *
), k> 0, is bounded and there exists a constant ¢y such that

' if ve€(,1),
|0p™(F, % 8)|| < { kK 'Ink if y=1, k € [2,0). (3.5.12)
k! if ye(l,),

Proof. By Proposition 2.3.4,

I0pY(Fp# 8l <co  max  sup [(D%F *§IW)]. (35.13)
Q€Z3:0<| | <2 weR?

Since . € F;y(Rz), we have
IDYZX)| <cpo(X) 1T <c ox)7Y, xeR? acZ? (3.5.14)

with constants ¢| , which may depend on b but are independent of x. Now (3.5.13)
and (3.5.14) imply

|0p™(Fp * S| < ¢ sup2<~)_7>k S (w). (3.5.15)
weR

Note that the function (-)77 x § is radially symmetric. Then we have
L 2, 122 1
(YT % §)(w) = E/o ((kcos 0 —|w|)” +k~sin” 6+ 1)""~d6
1 27
< /0 (2sin? 6+ 1)72d6
2 (w2
== / (2sin® 0+ 1)72d6
T Jo
1
< /0 (K22 + 1) dt =: Ty(K). (3.5.16)

Elementary calculations yield

oK) if ye(0,1),
Lk=¢ Ok'mk) if y=1, k € [2,00). (3.5.17)
oK) if ye(l,e),

Putting together (3.5.15) — (3.5.17), we obtain (3.5.12). Il
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Now we are in position to prove Theorem 3.5.1. An elementary variational argu-
ment implies that we may assume without loss of generality that .Z (x) = (x)~7, x € R?;
then, of course, .% € FIV(RZ). By Theorem 3.4.1, and Propositions 3.5.1 and 3.5.2, we
have

IPq:Z gl = |0p™ (Fp + ¥q)|

< [|0p™(Fb * 6, gzl + || Op(Fp * ¥'q) = Op(Fp * 6. /g
< | Op(Fp * 8 3zl + |OP™ (Fp + ¥q) ~Op™ (Fo # 8.z 12
< ||opW(ﬁb*6W)||+czAg3’4. (3.5.18)

Now, (3.5.18) and (3.5.12) yield (3.5.2).

3.5.3 Proof of the Schatten-von Neumann norm estimates

In this subsection we prove Theorem 3.5.2. As in the proof of Theorem 3.5.1, we may
assume again .% (x) = (x)~7, x € R2, without any loss of generality.
(i) First let us consider the case y > 2, £ = 1. By (3.3.9) with p = 1, we have

b
= =7
”pqypq‘ll T on /RZ<X> dx,

which proves (3.5.5) in this case.
Let us consider the case of a general ¢. For a fixed s > 1 and any ¢ € [1,], let

{4 L (141
Mg) =Ad 2zpq<.> s( +4)pq;

for ¢ = oo, one should replace 1/¢ by 0. By the previous step of the proof and Theorem
3.5.1, we have

1 (o]
sup|M{"||} <Cj <o, supM§?|| < Coo < o0,
q>0 q>0

where the constants Cj, Co. depend only on b and s. Applying the Calderén-Lions
interpolation theorem (see e.g. [163, Theorem IX.20]), we get

l 1/ ~(e-1)1¢
sup| Mg [ < CJ// € < oo
q=>0

for all £ > 1. It is easy to see that the last statement is equivalent to (3.5.5).

(i1) Note that in the proof of estimate (3.5.6) we may assume that q is large enough
since for any fixed q it follows from (3.3.8).

For brevity, set Tq := pq-Z Py, q € Zs; by [159], we have rank Tq = co. Let {sj(Tq)}jeN
the non-increasing sequence of the operator Tq. Under our assumptions, .# &€ L%V/Y(RZ).
Therefore, by (3.3.10) with p =2/, we have

(T <€, jeN, qeZ,. (3.5.19)
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with a constant € > 0. On the other hand, (3.5.5) implies
-y2
s1(Tq) Ccwlq" ™, qEZs. (3.5.20)

Fix ¢ > 2/y. By (3.5.19) — (3.5.20), for any N € N, we have

(v ¢
ITglly =Y si(Ty)
=

5T + Y s(Tg)"
j=N+1

M=z

J

1l
—_

2 N 2 ©
<5y (T 7 Y si(Ter+%! ¥ 7
=1

] j=N+1

-2 o & e

< Coo Y%Z/YAq 2 ZJ—I +<gf Z 2
i=1 =N+

1- 1=
<ClAg *(I+InN)+N'72

with a constant C independent of N and q. Assuming that q is large enough, and
choosing N equal to the integer part of Aq, we obtain (3.5.6).



Chapter 4

Eigenvalue asymptotics for
magnetic quantum
Hamiltonians

Abstract: This chapter has a central role in the book because it shows the interaction
between chapters 2 and 3, and the eigenvalue asymptotics for Berezin-Toeplitz opera-
tors given in Section 4.2 will be fondamental for the following chapter. As discussed
in Section 4.2.5, these asymptotics are semi-classical for symbols of power-like decay
and not of semi-classical nature for compactly supported symbols. For symbols having
intermediate behaviors (exponential or gaussian decaying) the asymptotic order can be
semi-classical but not the coefficient. From these asymptotics for Berezin-Toeplitz op-
erators, we deduce in Section 4.4, the first results of spectral asymptotics for perturba-
tions (electric, magnetic, geometric or by an obstacle) of the 2D magnetic Schrodinger
operator Hg(A,0) with constant magnetic field b # 0, and of the 2D Pauli operator
Hp(A,0) with admissible b of non-zero mean value by. They will also be fundamen-
tal for the 3D magnetic operators. Moreover the study of Berezin-Toeplitz operators
for compactly supported symbols gives a controllability result stated in Section 4.3.
These “magnetic” results in comparison to analogous results for perturbations of the
non-magnetic Laplacian are commented in Section 4.1. In this section we specify in
particular the meaning that we give to the notion of asymptotics of the semi-classical
type by pointing out the specificities of the magnetic frame. While the results of the
spectral accumulation at each Landau level Ag, q € Z, given in sections 4.2 and 4.4 do
not depend on ¢, in section 4.5 we describe the behavior of the eigenvalue distribution
in the qth cluster, when q tends to infinity. These results exploit the norm estimates of
Berezin-Toeplitz operators obtained in section 3.5.

99
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4.1 Motivation and overview of the results

The present chapter has a central role in the book because here we start investigating
the interplay between the spectral theory of the magnetic quantum Hamiltonians dis-
cussed in Chapter 2, and the properties of the Berezin-Toeplitz operators revealed in
Chapter 3. We believe that it would be convenient for the reader to get acquainted
with this interplay first within the framework of such a popular topic as the asymptotic
distribution of the discrete eigenvalues for quantum Hamiltonians. We concentrate our
attention on the 2D unperturbed operators Hg(A,0) with constant magnetic field b #0,
and Hp(A,0) with admissible b of non-zero mean value bg. Thus, the Landau levels in
the Schrodinger case and the origin in the Pauli case are eigenvalues of infinite mul-
tiplicity for the unperturbed operators. As perturbations, we consider mainly electric
potentials but also survey results on perturbations of the magnetic field and the metrics,
as well as spectral problems in the exterior Q of a compact subset of R? with Dirichlet,
Neumann or Robin boundary conditions on dQ. In all these cases, our assumptions on
the perturbations imply the conservation of the essential spectrum. However, generi-
cally, there appear discrete eigenvalues of the perturbed operators which accumulate at
the energies corresponding to the eigenvalues of infinite multiplicity of the unperturbed
operators.

The eigenvalue distribution has been traditionally considered as one of the central
mathematical problems of quantum mechanics (see e.g. [162, Section VIII.11] or [13]).
Next, we recall briefly some well known results in this area which may be useful for
the better understanding of our motivation to consider the problems attacked in this
chapter.

Let T be a self-adjoint operator in a separable Hilbert space, and (s,t) be an open inter-
val with —o <s <t < oo, Set

Nisn(T) == Tri s 1 (T). 4.1.1)

Thus, if (s,t) N Gess(T) = 0, then N (1(T) is the number of the eigenvalues of T, lying
on (s,t) and counted with the multiplicities.
Let us start our story with Hamiltonians Op" (.%) with purely discrete spectrum. Suffi-
cient conditions for the discreteness of 6(Op¥ (%)) are, for example, . # € ' Z(Rh;R)
with y >0, p € (0,1], and

lim % (W) =oco. 4.1.2)

|w|—reo

For E € R introduce the volume function
V(E; 7) :=2n) " {(x,§) e T"R" | Z(x,§) <E}| 4.1.3)

where, as usual, |- | denotes the Lebesgue measure. Evidently, if (4.1.2) is valid, then
U(E; %) < o for any E € R. Thus, U(E;.%) is the normalized measure of that part of
the phase space T*R" where the classical Hamiltonian .% is smaller than the energy
E,ie. Y(E;.%) is the classical counterpart of N(_, g)(Op"(.%)), the number of bound
states of the quantum Hamiltonian Op™ (%) smaller than E. Under suitable hypotheses
on the regularity of the growth of .% at infinity, the Weyl asymptotic law

N(eo ) (OPY (F)) = V(E; F)(1 +0(1)) 4.1.4)
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holds true as E — oo. In this case we will say that the eigenvalue asymptotics for
the operator Op™ (%) is semi-classical. This terminology is coherent with N. Bohr’s
correspondence principle according to which in the limit of large quantum numbers, the
behaviour of a quantum system should be close to that of its classical counterpart (see
[22]). An example of hypotheses on . which guarantee a refined version of (4.1.4), is
contained in the following

Theorem 4.1.1 [185, Theorem 30.1] Assume that F € C*(R*™;R) satisfies
crw|" < .FZ(w) <co|wl?,

IDE.Z (W)| < o (w)! P14, (4.15)
W-VFW)| = cFw)' ¥,
forw e R2n, |w| > R with some positive constants % =12 Cq @ € 78, ¢, Ry,
and p € (0,min{1, 1/ }1, k € [0,p). Then for any € > 0 we have
N(_w’E)(OpW(ﬁ)) =V(E;.Z)(1+0o(EFP*)), E — co. (4.1.6)

The proof of Theorem 4.1.1 is an application of the method of the approximate spectral
projection (see e.g. [185, Theorem 28.1]), based on the following heuristic argument.
We have

BE; F)=Q2n)™" /]Rzll L(wp)(F(x,8))dxd, EecR.
Applying formally the Mercer theorem, we obtain
UV(E;.Z) =Tr Op” (1 (oo gy 0 F) 4.1.7)
so that (4.1.4) becomes equivalent to
Tr1 (o g)(Op™(#)) =Tr Op" (L (_a gy 0 F)(1+0(1)), E — oo.

Since the function 1(_o, gy : R — {0, 1} is not continuous, we must approximate it by a
suitable function yg € C™(R;R) which admits appropriate estimates of its derivatives,
and hence allows the application of the pseudo differential calculus. In this calculus
which leads to the proof of (4.1.6), an important role is played by estimates (4.1.5)
which imply that the derivatives D*.% grow at infinity less rapidly than the symbol .#
itself.

Within the context of quantum mechanics, an important example of a Hamiltonian
Op% (%) with discrete spectrum is the Schrédinger operator —A+ V with electric po-
tential V which satisfies

VeLZ.@R%R),  lim V(x)=oo. (4.1.8)

[x[—e0
Then .Z(x,€) = |E]2 + V(x),

V(E:.Z) = 270) "o /R (E-V)P2dx, EER,
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and, by (4.1.8), we have
/R n(E—V(x))ﬂ/z dx <o, E€R, (4.1.9)
In this case, (4.1.4) reduces to
N( o) (A + V) = 27) "0y /R n(E—V(x))ﬂ/z dx(1+0(1)), E—oo,  (4.1.10)

under appropriate hypotheses on the growth of V at infinity (see e.g. [165, Theorem
XIIL81]). An important example of V which satisfies (4.1.8) is V(x) = [x|? so that in
this case Hg(0, V) is just the isotropic harmonic oscillator whose eigenvalues according
to (2.7.13) are ):J?‘ZI(qu + 1) with qj € Z+,j=1,...,n, so that in this case (4.1.10) can
be directly verified.

Note that (4.1.8) and (4.1.9) are only sufficient conditions for the discreteness of o(-A+
V). By the corresponding criterion, first established in [135], and later refined in [128],
the spectrum o(—A+V) is discrete if and only if for any a > 0 we have

lim inf V(y)dy =
[x| o0 F J2,(x)\F Yy

where 2,(x) :=x+(-a/2,a/2)", n > 2, and the infimum is taken over the negligible sets
F, i.e. the compact subsets F of 2,(x) which satisfy

cap(F) < ccap(Zy)(x)

for some constant ¢ € (0, 1). Here cap(&) stands for the Wiener capacity of the set & C
R™, n > 2 (see the details of the definition in [128, Section 3]). There exist potentials
V which meet this criterion but however [pa (E—V(x))ﬂ’ 2 dx = oo for any E € R large
enough, so that (4.1.10) does not make sense any more. A simple example of such a
potential V is

V(x) = |w’y?, x=(w,y)€R",

where w € R™, m > 2, y € R, so that n=m+ 1. In this case oc(-A+V) is discrete but
n(BE—V(x))Y2 dx = e for any E > 0. Let us write
R + y

®
-A+V=-Ay Iy +/]R h(w)dw,

where —Ay is the Laplacian, self-adjoint in LZ(R%l), Iy is the identity in Lz(Ry), and

d? 2.2
bw) :=——— +|w|y
dy?
is an operator, self-adjoint in LZ(Ry), depending on the parameter w € R™. If w # 0,

then the scaling \w|1/2y — y and relation (2.7.13) imply the eigenvalues of h(w) are
(2q+1)|w|, q € Z. Following [189], we introduce the sliced bread Hamiltonian

Hgp = €D (-Aw+Q2q+1)|w)),
q€Z+
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self-adjoint in 02(Z: L2(R™)). It turns out that Hggp is the effective Hamiltonian within
the context of the high-energy asymptotic regime for —A+ V. Namely, arguing as in
[189], we can show that

N(coo, ) (A +V) = N(_oo 5)(Hsp)(1 +0(1))

—@m"on ¥ [ (E-Qq+ DiwhI2dw(1 +o(1)
q€Z, R

mey,

T Qom

B (%+ 1, m+ 1) Z 2q+ D)™E3™2(1 +0(1)),
q€Zs+

as E — oo, where B is the Euler beta function. Thus, the high-energy asymptotics of
N(coo,g)(-A+V) is non-classical, i.e. its quantum features are manifested already in the
main asymptotic term of the eigenvalue counting function. Deeper and more sophisti-
cated examples of “degenerate” potentials V for which the Schrodinger operator —A+V
has purely discrete spectrum but non-classical high-energy eigenvalue asymptotics, can
be found in [166] and [189].

Once our book is devoted to magnetic quantum Hamiltonians, let us mention a result
on the magnetic Schrodinger operator Hg(A, 0) with discrete spectrum. In this case the
high-energy asymptotics is obliged to be non-classical since the Weyl symbol .% of
Hg(A,0) is

FxE)=|E-AX?, (x.&)eR™,

and the change of the variables & — A(x) — &, x — x, shows that the volume function
U(E; %) is independent of A, and hence, U(E;.%) =« for any E > 0.

For the formulation of our result concerning the high-energy asymptotics for Hg(A, 0),
we need the notion of the integrated density of states (IDS) for a locally elliptic differ-
ential operator T, self-adjoint in L2(R"). Let TL x be the Dirichlet realization of T on
the cube

9 = 9 (x):=x+(-L2,L2)", xeR" L e (0,0),

self-adjoint in L2(2y), so that TLx has purely discrete spectrum. Then the non-
decreasing left-continuous function 91(E; T), E € R is said to be the IDS for the operator
T if
NE;T) = Llim LN wp)(TLx), X€R", (4.1.11)
—>00

at its points E € R of continuity. The almost sure existence of the IDS for the non-
magnetic Schrodinger operator —A+ V with ergodic V has been well known since long
ago (see [109, 137]), and was proved in [210] and [98] for Hg(A, V) with fairly general
ergodic B and V (see also [154, 25] for the case of 2D Pauli operators Hp(A, V) with
almost periodic B and V). In [65, 98], it was shown that if the IDS 1(-; Hg(A, V))
defined in (4.1.11) exists, then at its points of continuity we have

N(E:Hg (A V) = lim L Tr(1 g, 1oy (Hs(A V) 1), (4.1.12)

where 1 9, denotes the multiplier by the characteristic function of the cube 2;.. More-
over, we may replace in (4.1.11) the Dirichlet realization of Hg(A,V) on 2y, by its



104 CHAPTER 4. EIGENVALUE ASYMPTOTICS

Neumann realization. Recall now that the integral kernel &g, E € R, of the spectral
projection 1_., g)(Hs(A,0)) with constant B, is constant on the diagonal (see (2.7.52)
and (2.7.62)). Applying (4.1.12) and the Mercer theorem, we find that in this case

M(E;Hs(A,0)) = £¢(0,0), EeR. (4.1.13)

In particular, if B =0, then the IDS for the Laplacian —A, self-adjoint in LZ(R“), can be
wrriten as

Wy
MN(E;-A) = o EY2, EcR.

Thus, (4.1.10) is equivalent to
N(_OO’E)(—A+V) = / ME-V(E);-A)dx(1+0(1)), E —oo.
Rn
Moreover, if n=3, B #0 is constant, and b := |B|, then (2.7.62) implies

MN(E;Hg(A,0)) = My(E) == % Y (E-(2q+1b)}?, E€R. (4.1.14)
q€Z4

Theorem 4.1.2 [201] Let n =3 and A € C2(R3;R3). Ser b(x) := |curl A(x)|, x € R3,
and assume
lim b(x) = co,
|x[—eo
ID¥A;(x)| = o(b(x))*2,  [x| — o,
forj=1,2,3, and o € 73 with |t| =2. Put
m(E) := |[{x e R}|b(x) <E}|, E€R,

and suppose that m(2E) < Cm(E) for some C > 1 and E large enough. Then the spec-
trum of Hg(A,0) is purely discrete and

NeapHsA.0) = [ MywEdx(l+o(). E— o,

Ny, being the function defined in (4.1.14).

A generalization of Theorem 4.1.2 to any dimension n > 2 can be found in [50] where
the result is again formulated in the terms of the IDS for the operator Hg(A,0) with
constant B (see (2.7.52) and (2.7.62)). Further investigation of semi-classical and non-
classical high-energy eigenvalue asymptotics for the operator Hg(A, V) can be found
in [127].

Up to now we have discussed the eigenvalue asymptotics for quantum Hamiltonians
with purely discrete spectrum. However, Hamiltonians with non-empty essential spec-
trum are of primary importance in quantum mechanics. The leading example here is the
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Schrodinger operator —A+V with V € L*(R";R) (or, more generally, V € LP(R";R)
with suitable p € [1,)) such that

lim V(x)=0.
[x] oo
In this case
Oess(A+V) = Oess(—A) = 0(-A) = [0, ) (4.1.15)

but if the negative part V_ of V is non-trivial, then —A+V may have non-empty negative
discrete spectrum. If
V_(x)=0(x| ™), y>2, (4.1.16)

for large |x|, then the discrete spectrum of ~A+V is finite, i.e. we have
N( oo 0)(-A+V) < o0, (4.1.17)

If n > 3, then (4.1.17) follows from the celebrated Cwikel-Lieb-Rozenblum estimate
NeeoA+V) e [ V-0 dx

valid with a constant ¢, which depends only on the dimension n, and V : R" — R such
that Vo € L (R") and V_ € LY2(R") (see e.g. [165, Theorem XIIL12]). If n=1,2,

then (4.1.17) is implied, say, by the results of [47]. Our following theorem shows that
the condition ¥y > 2 in (4.1.16) is close to the optimal one.

Theorem 4.1.3 [165, Theorem XIII.82] Letn > 1, y € (0,2), V € Cl(R™;R). Assume
that there exist constants C € (0,), R € (0,0), such that

IV(x)| <Cx)7Y, xeR" (4.1.18)
IVV(x)| <Cx)! xeR", (4.1.19)
V(x)<-C{x)7, xeR", |x|>R. (4.1.20)

Then we have

Wn

N wp(-A+V)= ——
(o0,E)( ) anp

/R E-VE)2dx(1+o(1) = [E["GP @121

as ET0.

Relation (4.1.21) describes the asymptotic distribution of the discrete spectrum of —A+
V as the energy E approaches from below inf Gggs(—A + V) =0, and shows that under
the hypotheses of Theorem 4.1.3 the eigenvalue asymptotics of —A+V near the origin
is semi-classical. An analogue of (4.1.21) under more general assumptions on V in the
case n > 3, can be found in [168].
However, in the border-line case y =2, some corrections to the semi-classical Weyl law
(4.1.21) are needed. Let n > 1. Assume that there exists a function ¢ € L=(S™ 1 R),
such that

rlgngoer(rw) =¢(w) (4.1.22)
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uniformly with respect to @ € S™!. If n > 2, let {uj(qb)}j cny be the non-decreasing
sequence of the eigenvalues of —Agn-1 +¢ where —Agu1 is the Beltrami-Laplace operator
on the unit sphere Sl Ifn= 1, set

11(9) :=min{o(-1), (1)}, p2(9) := max{d(-1),¢(1)}.

Theorem 4.1.4 [110, 90] Let n > 1, V € L®(R™;R). Assume that there exists ¢ €
L=(S™ 1 R) such that (4.1.22) holds true. Then we have

172
) » ~ _ 1 . (n—2)2
g%IIHIEII N(-w,E)(—A+V)—‘€n(¢)-—2”;<uj(¢)+ y) ) (4.1.23)

2
If, moreover, () > —(n_42) , then

N p)(-A+V) =0(1), (4.1.24)
as ET1 0, i.e. the discrete spectrum of —A+V is finite.

Note that the asymptotic order in (4.1.23) is semi-classical but the coefficient is not.
In particular, the existence of a threshold value equal to the Hardy constant (n—2)%/4
which determines whether Ggis.(—A + V) is finite or not, is a quantum effect which is
not directly predictable by the semi-classical intuition.

Let us underline the importance of estimate (4.1.19) for the validity of the semi-classical
Weyl law (4.1.23). In particular, (4.1.19) combined with (4.1.18) implies that the first-
order derivatives of V decay at infinity faster than V itself. In order to construct a
non-classical counterexample, let us consider the potential

W:=nV

where 11 € C*(T™;R) with T" := R"/2xZ", and V € l—«;y’ Y € (0,2]. Thus, W € Fay but
if 17 is not constant, the derivatives of W do not decay faster than V. Denote by 7 the
mean value of 1. Our first theorem treats the case where 1 % 0.

Theorem 4.1.5 [158, Theorem 3.1] Let W =V where n € C*(T™;R) with ng # 0,
and V €T77, y€(0,2].
(i) Let y € (0,2). Assume that

MVx <-C(x)77, [x| >R, (4.1.25)
with some constants C > 0 and R > 0. Then we have
N(eoB)(-A+W) =N g)(-A+ 1o V)(1 +0(1)), E1O0. (4.1.26)
If, on the contrary,
MV >C(x)", [|x|>R, (4.1.27)

then (4.1.24) holds true.
(i) Let y=2. Assume that there exists ¢ € L2(S™1:R) such that (4.1.22) holds true.
Then we have

lim | In |E[[ " New p)(-A+ W) = G0 (1709).
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where 6y is the constant defined in (4.1.23). If, moreover, ui(ng®) > —(n_f)z, then

(4.1.24) holds true.

In our next theorem we suppose that 19 = 0. In this case, we write the Fourier series
nx) = ZkeZ“\{O} T]kelk-x, set O(x) := _ZkeZ“\{O} |k|72nkelk<x’

v(x) = Vo[’ xcR",

and denote by Y the mean value of y. Note that if 17 does not vanish identically, then
Yy > 0.

Theorem 4.1.6 [158, Theorem 3.2] Let W =NV where 11 € C*(T";R) does not vanish
identically but N9 =0, and V € I'|", y € (0,2].
@) Let y € (0,1). Assume that
V)2 >C(x)7, x| >R,
with some constants C > 0 and R > 0. Then we have
_nel g
Neop) A+ W) = N o)Ay V(1 +0(1) =< [E[ 207D, Et0.  (4.128)
(i) Let Y= 1. Assume that there exists ¢ € L=(S" 1 R) such that
lim 2V(ro)? = ¢(o)
r—00
uniformly with respect to ® € S™. Then we have

g% |1n |E|| 7' N(_eo ) CA+ W) = G0 (=Yi09).

If, moreover, U (-yp¢) > —(n_42)2, then (4.1.24) holds true.

(iii) Let y € (1,2]. Then (4.1.24) holds true again.

The results of Theorems 4.1.5 and 4.1.6 are not of semi-classical nature. For example,
relation (4.1.25) is non-classical because there exist 7 and V which satisfy the general
hypotheses of Theorem 4.1.5 as well as (4.1.25), but we have

limsup / (E-noV(x)Y?dx/ / (B-W(x)"?dx < 1.
Et0 J/R" R?
Similarly, (4.1.27) does not exclude the possibility that
li E-W(x))¥?dx = oo,
tim [ (E-W(0)dx

but nevertheless (4.1.24) holds true. In the case of (4.1.28), even the asymptotic order
Of N(_oo p)(-A+ W) as E 1 0 is non-semi-classical.
In fact, in Theorems 4.1.5 and 4.1.6, we observe the subtle effect of averaging of the
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oscillating factor in the potentials NV or —y'V2. Closely related phenomena which at
first glance may seem fairly remote from our setting, are discussed in [192], [164, Sec-
tion XI.8, Appendix 2], and [180].

In many applications of quantum mechanics, the spectrum of the unperturbed Hamil-
tonian Hy is, similarly to (4.1.15), purely essential, and consists of finitely or infinitely
many disjoint closed intervals called spectral bands. If we perturb such Hy by a rela-
tively compact operator, then discrete eigenvalues of the perturbed operator may appear
in the spectral gaps of Hy, i.e. in the open intervals which constitute the comple-
ment R\ 6(Hy). We will consider in more detail such operators in Chapter 5 but here
we note that the 2D Landau Hamiltonian Hg(A,0) fits into this general scheme even
though in this case the spectral bands are degenerated into points, namely the Lan-
dau levels Aq =b(2q+1), q € Z4, where b > 0 is the scalar constant magnetic field.
Respectively, the spectral gaps are (Aq_1,Aq), q € Z+, with A_j := —co. Assume that
V € L*(R%R) and limy .. V(x) =0, so that VHs(A,0)™" € Gw(L*(R?)). Thus the
spectrum of Hg(A, V) on R\ b(2Z, + 1) is purely discrete.

In order to investigate the asymptotic distribution of the eigenvalues of Hg(A, V) above
(resp., below) a fixed Landau Level Aq, q € Z,, we may pick numbers Aq € (Ag-1 “Ag)s

q € Z4, set A_| = —oo, introduce the function N(E?\ )(HS(A,V)) with E € (Aq,Aq)
»q

(resp., N(/~\ ] E)(HS(A,V)) with E € (/N\q,l,Aq)), and examine its asymptotics as E | Aq
q, »

(resp., as E1 Aq). One of the central results of this chapter is that, generically, the effec-

tive Hamiltonian which governs these asymptotics is the compact Berezin-Toeplitz op-

erator p, Vpy where, as usual, p is the orthogonal projection onto Ker (Hg(A, 0)—AgD).

For example, if V > 0, then

Niagra.ig Hs(A VD) ~ Nei ooy (g VPg): (4.1.29)

N, 1 agy HS AV ~ Nt oy (g VPg), (4.1.30)

as A | 0 (see Proposition 4.4.1 for the precise formulation, and Proposition 4.4.2 for a
related result in the case of a non-sign-definite V). That is why, in Section 4.2 we con-
sider the eigenvalue asymptotics for the operator pqﬁ Pg-4 € Z+, with sign-definite .#
of compact support or exponential decay at infinity, and with non-sign-definite .# of
power-like decay. The choice of this scale of decay of .% is first motivated by the fact
that even if supp.# is compact but . > 0 and .7 #0, then rankp,#pq = 0, q € Zs,
and hence lim) 10 N¢ A,W)(qu pq) = oo, Therefore, (4.1.29) - (4.1.30) imply that in con-
trast to the non-magnetic case, there is no threshold of the decay of V > 0 beyond
which the discrete spectrum of Hg(A,£V) near a given endpoint of Ogss(Hg(A,0)) is
finite. Further, the Gaussian decay of V could be considered as the border-line case
which separates the semi-classical from the non-classical spectral asymptotics for the
operator pq,? pq- We allocate a special attention to this transition, and that is why we
consider the entire scale of symbols .% (x) which, roughly speaking, behave at infinity
like e X with ¢ > 0 and B € (0,00); thus, B =1 corresponds to the Gaussian decay.
The symbols % of power-like decay have been traditionally studied within the frame-
work of the theory of compact W¥DOs. Accordingly, the spectral asymptotics near the
Landau levels for 2D Landau Hamiltonians Hg(A, V) with potentials V of power-like
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decay was investigated in [153] and [101] (see, in particular, [101, Theorem 11.3.17])
and, recently, in [103] where also potentials V which decay not faster than e‘°|"|, c>0,
were studied. The methods used in [101, 102, 103] are based on microlocal techniques,
i.e. techniques arising in the theory of WDOs and Fourier integral operators, and Taube-
rian theorems. In [103, Remark 23.4.9], V. Ivrii wrote that the spectral asymptotics for
the 2D Landau Hamiltonian Hg(A, V) with V decaying faster than e‘c|x‘, ¢ > 0, is out of
reach of these methods. In our approach we apply variational arguments combined with
pseudo-differential methods and techniques from the theory of Berezin-Toeplitz oper-
ators. As mentioned, this approach allows us to investigate successfully the spectral
asymptotics of Hg(A, V) with the whole range of V of power-like decay, exponential
decay or compact support. Note, however, that in the cases of rapidly decaying V, we
need the hypothesis that V has a definite sign.

We also obtain similar results for the 2D Pauli operators Hp(A,V) with admissible
magnetic fields b of mean value by # 0, and decaying matrix-valued V : R? — /5.
More precisely, we examine the asymptotics as A | 0 of the eigenvalue counting func-
tions N, _)(Hp(A,-V)) and N( A,K)HP((A’V)) with V > 0 and appropriate A € (0, o).
If by > O (resp., if by < 0), then the effective Hamiltonian is pann(b)V1Pann(b) (resp.,
Pere(D)Varpere (b)) where pann (b) (resp., pere(b)) is the orthogonal projection onto Kera(b)
(resp., onto Kera(b)*).

In Subsection 4.4.2 we also discuss the eigenvalue asymptotics for magnetic and ge-
ometric perturbations of the 2D Landau Hamiltonian and other 2D magnetic quantum
Hamiltonians. These asymptotics near Landau levels are independent of the Landau
level number, but the rate at which the discrete eigenvalues approach the qth Landau
level tends to 0 as q tends to infinity. It justifies the terminology “eigenvalue clusters”
which is studied in Section 4.5 where we distinguish different cases according to the
decay rate of the potential. In the short-range case, the rate at which the discrete eigen-
values approach the qth Landau is independent of the potential and the Radon transform
of the potential appears in the asymptotic distribution of eigenvalues when q tends to
infinity. In the long-range case, a more refined study involves the mean-value transform
of the main homogeneous part of the potential (introduced in Condition 4.5.2).
Finally, we mention some applications of the results described in this chapter. The
precise spectral asymptotics for the Berezin-Toeplitz operator pqﬁ Py 9 € Z+, with
compactly supported symbol .# were applied in [51] to obtain a controllability result
which played an important role in the proof of the Lipschitz continuity of the IDS for
the 2D Landau Hamiltonian Hg(A, V) with random ergodic alloy-type potential V (see
[52]), and of the existence of dynamical delocalization for the same operator (see [80]).
We reproduce this controllability result in Section 4.3.

The spectral asymptotics for the 2D Hamiltonians Hg(A, V) and Hp(A, V) are used in
Chapter 5 in order to study respectively the threshold singularities of the spectral shift
function, and the asymptotic distribution of the resonances near the thresholds, related
to the 3D counterparts of Hg(A, V) and Hp(A, V).
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4.2 Eigenvalue asymptotics for Berezin-Toeplitz opera-
tors

4.2.1 Notations and auxiliary results

Throughout the subsection $ and ﬁj, j=1,2, denote separable Hilbert spaces.
We start with a version of the mini-max principle known as the variational Glazman
lemma.

Lemma 4.2.1 [20, Chapter 10, Section 2, Theorem 3] Let T = T* be an operator lower
bounded in 9, and T be its quadratic form with domain D(7) := ©(|T|1/2). Then for
each s € R we have

N(Zeo,6)(T) = sup dim T

where T is a subspace of (1) whose elements u # 0 satisfy
tlu] < s||uH%.
Lemma 4.2.1 immediately entails the following

Corollary 4.2.1 Let T; = Tj*, J =12, be two operators lower-bounded in §). Let T

be the quadratic form of the operator Tj, j=1,2. Assume that T; < Ty, i.e. that
D(1) C D(11) and
T1lu]l < lul, ueD(1n).

Then we have
N(—oo,S)(Tz) S N(—OO,S)(Tl )7 S 6 R'

Corollary 4.2.2 Let T be an operator self-adjoint in ), and —co < s < t < co. Then
N,0(T) =sup dim T ¢

where Ty is a subspace of ©(T) whose elements u # 0 satisfy

|55

Proof. By the spectral theorem,

2 2
(s—10)
<= J[ull3. 4.2.1)

N(s.0)(T) = N(oo0)((T=SD(T ~ D).

By Lemma 4.2.1, the quantity N(_c, g)((T—sI)(T—tl)) is equal to the maximal dimension
of ©(T) whose elements u # 0 satisfy

((T—thu, (T-sDu)g < 0

which is equivalent to (4.2.1). g
LetT € Go($1,%7). Fors > 0 set

(85 T) 1= N(g2 o) (T*T).
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Thus n.(s; T) is the number of the singular values of the operator T larger than s, and
counted with the multiplicities. Since the non-zero singular values of the operators T
and T* coincide together with the multiplicities (see e.g. [20, Chapter 11, Section 1,
Theorem 1]), we have

n.(s; T) =ny(s;TF), s> 0. (4.2.2)
If Tj € Ge($1,92), and s; > 0, j = 1,2, then the Ky Fan inequality
0, (81 +82; Ty +T2) < ni(s1;Tp) +n4(s2;To) (4.2.3)

holds true (see e.g. [20, Chapter 11, Section 1, Eq. (17)]).
Letnow T=T* € G (). For s > 0 set

N1 (8;T) := Ng e0)(£T).

Thus, ny(s; T) (resp., n_(s; T)) is the number of the eigenvalues of T larger than s (resp.,
smaller than —s), and counted with the multiplicities. In this case

nk(s;T) =n(s; T)+n_(s;T), s>0.
If T; = TJ?‘ € G(9), and sj > 0, j = 1,2, then the Weyl inequalities
ni(sy+s2; Ty +To) <ni(sy;Ty)+n4(sy;To) 4.2.4)

hold true (see e.g. [20, Chapter 9, Section 2, Theorem 9]).

Further, if T=T* € Gw(£), and 1(g,0)(T) #0 (resp., 1 (_ee,0)(T) #0), then {viF(T) }, -,
(resp., {—v]; (T)}k>0) denotes the non-increasing (resp., non-decreasing) set of the pos-
itive (resp., negative) eigenvalues of the operator T, counted with the multiplicities. If
rank 1 (g o) (£T) = oo, then limy_q, vlz—L(T) =0,and n(s;T) > ass | 0.

Next, we introduce special notations for the eigenvalues of the Berezin-Toeplitz oper-
ators pq# pq, q € Z+, and p,.F py, §f = ann, cre, under the assumption that

F cLL (R%ER),  lim Z(x)=0. 4.2.5)

[x| o0

Let at first b € (0,0) be constant. By Corollary 3.3.1 the operators pq(b)ﬁ pq(b) with
q € Zy are compact and self-adjoint in L>(R?). Suppose that ]l(o,w)(j:qu Pg) #0, and
for brevity set

Vieg(F) = Vi (F.0) = Vi (0g (D) Fpg(b), k>0, qEZy. (4.2.6)
Assume now that b satisfies (3.3.18). By Corollary 3.3.2, the operators ph(b)ﬁ py(b)
with § = ann, cre are self-adjoint and compact in Ranpy. If 1 .)(£p;- 7 py) # 0, then,
similarly to (4.2.6), set

vla(gf) = vgh(ﬁ,b) = V£ (p,(0)-Fpy(b)). k>0, f§=ann,cre.
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4.2.2 Compactly supported symbols

In this subsection we assume that .# > 0, and that the support of .# is compact and
has a non-empty interior. Suppose, moreover, that the magnetic field b > 0 is con-
stant. Then the operator pq(b)ﬁ Pq(®), q € Z, is non-negative and compact, and
rankpqﬁZ pq =°°. Hence, it is relevant to study the asymptotics of the eigenvalue
v]j, q(ﬁz ) as k — o0, q € Zy, being fixed. As a warm-up, we note that if 7 =1 4,
with R € (0, ), then Proposition 3.3.3 implies that the operator py1 5, 0)Pg> 4 € Z+,
is diagonalized in the canonic basis {(Pk,q}k ez and its eigenvalues can be calculated
explicitly. More precisely, by (3.3.16), the set of these eigenvalues coincides with the
set

P (k- L
Mg (]1%(0)):% /O LE P02 e td, ke Z,. (4.2.7)

where p = p(R) := bR2/2. In particular,

1 (P _
Mo (L) = E/o tetdt, k€ Zy.
Note that in (4.2.7) we have lk’q (]1 %R(O)) > 0, k € Z4, but still, generally speaking,
we cannot claim that

Vieqg (1) = g (Lr0) (4.2.8)

for every k € Z, because the sequence {2y q (1.5,(0)) }.cz. could happen not to be
non-increasing. However, it could be shown that the tail of this sequence is non-
increasing so that (4.2.8) holds true for sufficiently large k € N.
For the formulation of our results we need the notion of a logarithmic capacity Cap(&)
of a Borel set & C R2. Let M(&) be the set of probability measures, compactly sup-
ported on &. Then
Cap(&) := /&)

where

F(&):= inf In|x—y[tdux)d s

(&) ot e Jos [x—y[" dux)du(y)

(see e.g. [160, Definition 5.1.1, Definition 3.2.1]). Note that if Q C R? is a bounded
domain, then
0 < Cap(QQ) < oo.

Theorem 4.2.1 Assume that F € C(R?), supp.Z = Q where Q C R? is a bounded
domain, and 7 > 0 on Q. Letb € (0,%). Fix q € Z. Then

rank pg(b).# py(b) = eo, (4.2.9)
and
2
In Vi (F,b) =k Ink+ (1+ln ("'CE‘I;@)) k+o(k) (4.2.10)

as k — oo,
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Remarks: (i) If we assume only that .# € L=(R?;R), supp.Z is compact, and for some
C>0,r>0, and Xy € R? we have
F(x) > Cly (X, xR (4.2.11)
then [159, Theorem 2.2, Proposition 4.1] imply
lnvl:q(ﬁ\,b)=—klnk(1+0(1)), K — oo, (4.2.12)
which is a coarser version of (4.2.10), and is equivalent to
14(3;Pq- 7 Pg) = Peo(s) (1 +0(1)), 510, (4.2.13)

with
, se0,e™. (4.2.14)
The proof of (4.2.12) is based on the fact that due to the compactness of supp.%, the

boundedness of .%, estimate (4.2.11), and the unitary equivalence (2.7.27), there exist
constants ¢ € (0,00) and r+ € (0, ) such that

Qos(8) 1= (1n|1ns|)_1 |Ins

C—Vﬁ,q(]l.%r_(m) < v]:q(f) < C+V£q(]1,%r+(0)), k.q € Zy,

and on the asymptotic analysis of v;f q(]l 2,(0)) Which for large k coincide with A, q(]l 2.(0))s
given in (4.2.7).
(ii) Let w(A) be the number of primes less that A > 0. It is well known that

T(A)=(MnA) A (1+0(1)), A — oo,
(see e.g. [89, Section 1.8, Theorem 6]). Thus, (4.2.13) can be rewritten as

: n.(8;pqFPg)
si0 m(|Ins)

(iii) An obvious drawback of the hypotheses of Theorem 4.2.1 is the assumption .% > 0.
Related partial results concerning fairly special Toeplitz-like operators with non-sign-
definite symbols can be found in [152, 169].

(iv) Let I € R? be a C* simple closed curve of length |[|. Define the distribution
8 € &'(R?) by

1
(8r.u) oo, = I /r u(ds(t), ue ER).

By the remark after Proposition 3.3.2, we have Pq 5rpq S Gp(Lz(Rz)) for any p € (0, o).
Moreover, [151, Proposition 4.1 (ii)] implies rankpq5rpq = oo, and

b Cap(l")2

In Vi (pgOrpq) = —k Ink + <1+ln< 5

>> k+o(k), k— oo (4.2.15)

Before we prove Theorem 4.2.1, we would like to state analogous results concern-
ing the operators py.% p; with § = ann, cre, admissible b with non-vanishing mean value
by, and compactly supported . > 0.
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Corollary 4.2.3 Let % satisfy the hypotheses of Theorem 4.2.1. Assume that b =Dy +b
is an admissible magnetic field.
(i) Let bg > 0. Then

rank Pann(b)-F pann(b) = oo, 4.2.16)
and
b Cap(Q)?
In Vi, (F,b) =k Ink + (1 +In ("2‘“)) k+ok), k—oo. (4.2.17)
(ii) Let bg < 0. Then
rank pere(b)-F pere(b) = oo, 4.2.18)
and
-b Q)?
Invy o (F,b) = —k Ink + (1 +In <°Czp()>> k+ok), k—roo. (4.2.19)

Proof. Let @ € C%(R2;R) be the solution of the Poisson equation AQ = b. Then
Lemma 4.2.1 easily implies

2PV (F,b0) < Ve yn(F,D) SOV (F bg), k>0, (4220)

(see [154, Proposition 3.2] for details). Therefore, if by > 0, then (4.2.16) and (4.2.17)
follow from Theorem 4.2.1. If by < 0, then the results follow from the relation of the
operators a(b) and a(b)* under complex conjugation (see (2.8.8)) and the first part of
the corollary. 0

Let us now prove Theorem 4.2.1. We will divide the proof into several propositions.
The first one concerns the model situation where .% is the characteristic function of a
bounded domain in RZ; this result is the core of the proof of Theorem 4.2.1.

Proposition 4.2.1 [77, Lemmas 1, 2] Let Q C R? be a bounded domain with Lipschitz
boundary. Fix q € Z+. Then rankpy 15 py = oo, and we have

ﬁ 2
lim Vi y(Ig) = —klnk + (1 +In (bcag()» k+o(k), k—oo.  (42.21)
—oo

Our next lemma contains some elementary properties of the logarithmic capacity.

Lemma 4.2.2 [160, Chapter 5] (i) Let &1,6 C R2 be Borel sets such that & C &.
Then we have
Cap(81) < Cap(63). (4.2.22)

(ii) Let K C R2 be a compact set. Then

Cap(K) = Eﬂ)‘ Cap(Kg) (4.2.23)

where Kg = {x € R?|dist(x,K) < §}, § > 0.
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Corollary 4.2.4 Let Q C R? be a bounded domain. Then there exists a sequence of
bounded domains {Qj }j N with Lipschitz boundaries 8Qj, such that Q C Qj, jeN,

and o
lim Cap(€2;) = Cap(€2). (4.2.24)
joree
Proof. Recall the notation
Ds(x) :=x+(=6/2,8/2)%>, xeR?, §>0.

Let {SJ}J cn De a decreasing sequence such that 6; >0, j €N, and limj_,, §; = 0.

Since Q is compact, there exists a finite set {X[}?Llof points x; € Q such that Q C
UL1 25 (xp). Set

N Int
Q= (U o@(s;j(x@) . jeN

(=1

Evidently, Qj is a bounded domain with Lipschitz boundary, QcC Qj, and
o c {xeR|distx D < §}, jeN.

Hence, (4.2.23) and (4.2.22) imply (4.2.24). O

Within the context of the proof of Theorem 4.2.1, Corollary 4.2.4 will allow us
to approximate supp.# from outside by bounded domains with Lipschitz boundaries,
while our next proposition will make possible such approximations from inside.

Proposition 4.2.2 Let Q C R? be a bounded domain. Then L there exists a sequence of
domains Q; C R? with Lipschitz boundaries 8Qj, such that Q; C Q and (4.2.24) holds
true.

Proof. Let T C R? be a Jordan curve, i.e. a simple closed curve. We will call it C2-
smooth if there exists a C2-smooth diffeomorphism x : S! — I". By [45, Proposition
5.6], there exists a sequence of C2-smooth Jordan curves Fj C Q such that

lim Cap(I'j) = Cap(Q). (4.2.25)
jree

Let n(s) := %, s € S!, be a normal unit vector to l"j. Set

Q= {x(s)+tn(s)|s esh |t < Ej}

where & > 0 is so small that ﬁj C Q and 9Q; is Lipschitz-smooth. Evidently, Q; is a
domain. Since Fj C Qj C Q, (4.2.24) follows from (4.2.25) and (4.2.22). O

Corollary 4.2.5 Let Q C R? be a bounded domain. Then

Cap(Q) = Cap(Q). (4.2.26)
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Proof. Let {Qj }j be sequence of domains satisfying the hypotheses of Proposition
4.2.2. Since Qj CQCQ, (4222 implies

lim Cap(€j) < Cap(Q) < Cap(Q). (4.2.27)
Joreo
Now (4.2.26) follows from (4.2.24) and (4.2.27). O

Assume now the hypotheses of Theorem 4.2.1 and pick a sequence of bounded
domains Qj+ C R? with Lipschitz boundaries such that Q C Qj", and

lim Cap(Qj+) = Cap(Q); (4.2.28)
jree

the existence of such a sequence is ensured by Corollary 4.2.4. Pick another sequence
of domains QJ‘ C R2 with Lipschitz boundaries such that QJ_ C Qand

lim Cap(Q)) = Cap(Q); (4.2.29)
jroo

the existence of such a sequence is guaranteed by Proposition 4.2.2. Set

m; = inf F(x), Inj+ = sup F(x), jeN
XEQJT XEQ}'

Evidently, 0 < mj_ < rnj+ < oo, Moreover,

mj I (%) < F(x) < m g, x€ R2, jeN.
By the mini-max principle, these estimates imply

m;’ vlzq(]lﬁj—) < vlzq(f) < mj+ vlzq(]lﬁjy), keZ,. (4.2.30)
By (4.2.21), (4.2.30), and (4.2.26), we get

bCap(Q)? Inv (Z)+klnk
l+In| ——2~ | <liminf—4—~ <

k—so0 k -

limsup
k—ro0 k

for every j. Combining (4.2.31) and (4.2.26)-(4.2.29), we obtain (4.2.10). The proof of
Theorem 4.2.1 is now complete.

Inv{ (Z)+klnk bCap(Q:+)?
e [ — ), (4.231)

2

4.2.3 Exponentially decaying symbols

Our next theorem concerns the asymptotics as k — oo of v (#,b) with .7 decaying
exponentially at infinity, and constant b > 0. Similarly to (4.2.7), we note that if

x|2B
9

F(x)=e x € R?,
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with 8 € (0,c0) and 7y € (0,0), then Proposition 3.3.3 implies that the set of the eigen-
values of the operator p F Pg> 4 € Zy, coincides with

' oo
g P)=L / LIV 2daenl -ty kez,.
’ k! Jo
where
1 = y(2/b)B. (4.2.32)

In particular,
l oo
Mo(F) = o / et tq kez,.
- JO

More generally, we will assume that .7 € C(R%;R,), and there exist 8 > 0 and y > 0
such that
In.7(x) =—y|x|* + O(In|x]), |x| = oo, (4.2.33)

uniformly with respect to ﬁ esl.

Theorem 4.2.2 Assume that % € C(Rz;R+) satisfies (4.2.33). Fix q € Z+. Then
rank py.% pg = °°. (4.2.34)

Moreover:
() If B € (0, 1), then there exist constants f; =f;(B, ), j € N, with f| = u being defined
in (4.2.32), such that

nvi (F)=- Y fPFDH Lok, ke (4.2.35)

1<j<{g

(ii) If B = 1, then
Inv{ ((#) =-(n(1+p)k+0(Ink), k- co. (4.2.36)
(iii) If B € (1,00), then there exist constants g; = gi(B, 1), j € N, such that

Invy ((F)=

Pl (ﬁ_l_ln(“ﬁ)> k- Y gjk(%‘”j*Hﬁ(lnk), k — oo, (4.2.37)
P P 1<j< £

B-T

Remarks: (i) Let us describe explicitly the coefficients fj and g;, j € N, appearing in
(4.2.35) and (4.2.37). Assume at first § € (0,1). Fors >0 and € € R, |¢| < 1, introduce
the function

F(s;€) := s—lns+8,usﬁ.

Denote by s<(€) the unique positive solution of the equation s = 1 —¢€f3 usﬁ, so that
% (s<(e):€)=0. Set
f(e) :=F(s<(€);¢).
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Note that f is a real analytic function for small |€[. Then fj := jl!(%c-(O), jeN.

Let now f3 € (1,). For s >0 and € € R, |¢| < 1, introduce the function
G(s;€) := [,LSB —Ins+eés.

Denote by s~ (€) the unique positive solution of the equation 3 ,usﬁ = 1—-¢s so that
95 (s (€); €) = 0. Define
2(&) == G(s>(¢);8),
which is a real analytic function for small |¢|. Then g; := j%%(O), jeN.
(ii) If we assume that instead of (4.2.33), the symbol .% satisfies a more general condi-
tion
InZ(x) = —}/|x\2ﬁ(1 +0(1)), |x| = oo, (4.2.38)

then, by [159, Proposition 3.1], we have

—ukB (1+0(1)) if0<p <1,
Vlf,q(y’bﬁ —(In(1+wu)k(l+o(1)) ifp=1, (4.2.39)
—Bl;lklnk(1+o(l)) if 1 <fB<oo,
as k — oo, which is equivalent to
n4(5:pq: FPg) = Pp(S)(1+0(1), 510, (4.2.40)
where
u VB 1ns| VB ifo<p <1,
1 .
B

(In]Ins))!|Ins| if 1 < B < oo,

B-1
(iii) As in the case of compactly supported symbols, it would be nice to extend Theorem
4.2.2 to the case of non-sign-definite symbols .#. Another drawback of the hypotheses
of this theorem is that the asymptotics of .% at infinity is radially symmetric. It is a
challenging open problem to extend the theorem to the case where the constant ¥ in
(4.2.33) is replaced by a non-constant function 0 < y € C(S").

Before we prove Theorem 4.2.2, we formulate analogous results for the operators
py-7 py with § = ann, cre, admissible b with non-vanishing mean value by, and exponen-
tially decaying symbols % > 0.

Corollary 4.2.6 Let % satisfy the hypotheses of Theorem 4.2.2. Assume that b =Dy +b

is an admissible magnetic field.

(i) Letby > 0. Then (4.2.34) and (4.2.35) - (4.2.37) remain valid if we replace pq(b)ﬁpq(b)
by Pann(b)-F pann(b) on the left-hand sides, and b by by on the right-hand sides.

(ii) Let bg < 0. Then (4.2.34) and (4.2.35) - (4.2.37) remain valid if we replace
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pq(b)ﬁ pq(b) by Pere(D).F pere(b) on the left-hand sides, and b by by on the right-
hand sides.

The proof is very similar to the one of Corollary 4.2.3 so that we omit the details.

Let us now prove Theorem 4.2.2. We follow the general lines of the proof of [124,
Theorem 2.2] (see also the proof of [45, Theorem 5.2]). By (4.2.33), for any r > 1 there
exist real numbers 6 and d-~ € R, such that 6. < -, and

_ylx|2B
\X|5<e x| ]lRZ\,%’r(O)(X) < Z(x)

_v|x|2B
< X% e g 4 (X +mg o)X, xERZ,
(4.2.42)

with m := maxy g2 ZF(y). Let n<,n> € C”(Rz; [0,1]) be two radially symmetric func-

tions such that N =1 on R2\<@r+1(0), N< =0 on %(0), and >~ =1 on Rz\ﬂr(O),
N> =0on %,_1(0). Forx € RZ set

X|2ﬁ

Fo1(X) = ‘X|8<e_y‘ N<(x),

Fo 1 () = x[% e 0 0+ m F ()1 - (x)).
Evidently, #_ |,.%5 1 € Cl’;"(Rz) and, by (4.2.42),
Fe1(x) < F(x) < Foq(x), xR
Therefore, the mini-max principle implies
Veg(F ) SVEg(P) < Vi (Fo 1), KEZy (4.2.43)
Further, set

gzzfz /q’byzl’ q€Z+,

where 1, is the operator defined in (3.4.53). Then Theorem 3.4.2 implies that

vlzq (ﬁz’l) = Vlf,o (522’2) , keZ,, qeZ,. (4.2.44)
Next, it is tedious but straightforward to check that

F> x)=F> _x)(1+0(1)), [x|— e, (4.2.45)
<,2 <3

where
& _

2
F. ®)=Capl e xe R\ {0},
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o=
5 if B € (0,1/2],
Es =
< O~
7<+q(2[3_1) it B e(l/2,0),
and
1 if B €(0,1/2),
Y\ ifB=
Cop = Lq<_2b) itp =17,
@py* .
fB8>1/2.
g TP

Hence, by (4.2.45), there exists R € (0, 0) such that for x € R? we have

1
9\<,2(X) > §j<,3(x)]lR2\,%R(Q)(X)—m< I%R(O)(X) = §<,4(X),

3
T 2(x) < §9>,3(X)1R2\%R(0)(X)+m>]1g5R(0)(X) = 7 4(x),
with m = maxycp: |ﬂ2’2(y)|. Thus,
Vio(F<2) 2 Vio(Fca), Vio(Fs2) < Vio(Fs 4). (4.2.46)

Now note that the functions .%- . are radially symmetric. By Proposition 3.3.3, we
<

can calculate explicitly the eigen\;alues of the operators py.%~ 4po. More precisely, put
<

p = bR2/2, and for ¢y € (0,),c; € R, and € € R, set

1 “ ke —utbt P ik
o100 = Fs ((2/b)800 /p oregne dt+c1/0 ikt ), ke (<1,00),
where I' is the Euler gamma function. Then Proposition 3.3.3 implies that

{v];jo(g«7>,4)}k€Z+ ={Tepocine O}, ez, (4.2.47)

with ¢q . :=3Cyp/2 and ¢ . :=m:, while

{v{o(y},@}k% ={Tepicre. K} (ke | 2050} (4.2.48)

with ¢g < :=Cqp/2 and ¢| « :=-m<. Arguing as in [124, Lemma 5.3], we find that for
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any cg € (0,),c; € Rand € € R, we get

- Y kP ok it Be(0,1),

1<j<lg

—(In(1+ ) k+&(nk) ifB=1,

In oy ¢, e (k) = _ 1l (4.2.49)
o At PN et el 2D
B B
-y gjk(%“>j+‘+ﬁ(1nk) if Bel,),
1<i<

as k — oo, where fj and g; are the coefficients introduced in the statement of Theorem
4.4.2. Moreover,
Tepcp.e(K) <0 (4.2.50)

for sufficiently large k € R. Combining (4.2.47) - (4.2.48) with (4.2.49) and (4.2.50),
we find that for sufficiently large k € Z, we have

Vio(F>4) = Tegocroes (K), - VE0(Fc d) = Teg oy e (K). 4.2.51)

Now (4.2.35) — (4.2.37) follow from estimates (4.2.43), (4.2.44), (4.2.46), (4.2.51), and
asymptotic relations (4.2.49).

4.2.4 Symbols of power-like decay

In this subsection we discuss the eigenvalue asymptotics for Berezin-Toeplitz opera-
tors with symbols .% of power-like decay. More precisely, we suppose that & =.7 €
F;,Y(Rz) with y > 0and p € (0,1], and impose supplementary conditions which guaran-
tee that the order of decay at infinity of .% is exactly equal to —y (see (4.2.55) below).
An example of such .% could be a symbol which is asymptotically homogeneous of
order -7, i.e. there exists ¢ € C(Sl) such that

lim "7 (o) = ¢(@). @€ st (4.2.52)

In order to formulate our first theorem, we need several notations and auxiliary facts.
Let f: (0,00) — [0,o0) be a non-increasing function. We will say that f satisfies the
condition % if there exists Ay € (0, ) such that:

e fis derivable on (0, Ay);
e there exist numbers 0 < 7; < 7» < oo such that for any A € (0, 4y) we have
NnfA) < -Af' (L) < pfA). (4.2.53)
By analogy with the volume function defined in (4.1.3), introduce the area functions

At (s; F) = 27y H(x,g) R+ F(x,E) > s}

, s>0, (4.2.54)

where .Z : R? — R is a Lebesgue-measurable symbol.
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Proposition 4.2.3 Let F = FZ,Y(RZ;R) with ¥y > 0 and p € (0,1]. Assume that the
Sfunctions At (-;.F) and A~ (-;.F) satisfy the condition €, and

1ini(i)nfs2’mi(s;f) > 0. (4.2.55)
S.

Then there exists 6 > 0 such that

n+(s;Op™ (%)) = AT (s;. 7)1+ ﬁ(ss)), s10. (4.2.56)
Proposition 4.2.3 follows from a special case of the main theorem of [57] with @(x,&) =
O(x,E):=(1+x2+E2)P2 and m(x, ) := (1 +x%+E2)72, (x, &) € R2. Under its assump-

tions we have
At (s;.7) =<5, slo. (4.2.57)

If .7 is asymptotically homogeneous of order —y (see (4.2.52)), then
1 g
W5 F) = o /S 9@ do s +o(1), s L0,

Theorem 4.2.3 Let b > 0, and F € F;)Y(RZ;R) with ¥ > 0 and p € (0,1] satisfy the
hypotheses of Proposition 4.2.3. Fix q € Z. Then there exists 8’ > 0 such that

ni(s;pqﬁpq)) =bAT(s;. 7)(1 + ﬁ(s‘s/)), sl 0. (4.2.58)

Remark: Let 37 (k) be the function inverse to AE(-;.%), well defined for large k > 0.
Then (4.2.58) is equivalent to

Vi (P =750 1+0K), ke

Let us now prove Theorem 4.2.3. According to Theorem 3.4.1, the operator pqﬁ Pq
is unitarily equivalent to the operator 7q ® Opy” (:#p). Therefore,

ni(s;pqﬁpq) =n4(s; Opgw(ﬂb)), s> 0. (4.2.59)
Further, by Corollary 3.4.2, we have
Op?lw(,?b) =0p"(Fp x¥y), (4.2.60)
where Wq is the Wigner function defined in (3.4.27). By Proposition 3.4.2,
FoxWq—Fp €Tl P(R?). (4.2.61)
Applying the Weyl inequalities (4.2.4), we get
n4(s(1+€);0p™ (Fp)) —nx(s&;0p™ (Fp x g~ Fp)) <

n(s;Op™ (F, x ¥y)) <
nt(s(1-€);0p™(F)) +n+(s€;0p™ (Fp x Pq—Fp)) (4.2.62)
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for any s > 0 and € € (0, 1). Making use of (4.2.62), (4.2.57), (4.2.56), and (4.2.61),
and taking into account that

AE(3;.%,) =bAE(s;.Z), b>0,
we find that there exists a constant C > 0 such that
bA(s(1+8) F)(1+O(s%)) - C(se) 2 1+P) <
n+(s;0p™(Fp x ¥q)) <

bAE(s(1—€); F)(1+ 02 +Cse) WP 510, €€ (0,1). (4.2.63)
Further, (4.2.53) implies

(1 +&) AT (5;.7) < AT (s(1+€),.7), A (s(1-€);.F) < (1-e) N AT(s) (4.2.64)

for s > 0 small enough. Finally, pick £ = s® with 6 := so that

2p
V2+p+Y)

2(1+6)
Y+tp Y

2
+-=0

Then (4.2.59), (4.2.60), (4.2.63), and (4.2.64) imply (4.2.58) with 8’ =min{8,6}.

Let us now pass to the eigenvalue asymptotics for the operators p.#p where p =
Pann(b), b =bg+b is an admissible magnetic field with by > 0, and the real valued
symbol .# has a power-like decay at infinity. Since in this case the main asymptotic
term of n4(s;pg-#pg) as s | 0, is not scale-invariant, i.e. it changes if we replace .%
by ¢.Z with a constant ¢ # 1, estimates (4.2.20) yield now different lower and upper
asymptotic bounds. Thus, in the case of power-like decay of .%#, the asymptotic analysis
of n+(s;pp-#pg) as s | 0 is more delicate than in Corollaries 4.2.3 and 4.2.6. Hence,
we impose now more restrictive assumptions on b and .%.

Theorem 4.2.4 Let b =b +b with bg >0 and letb € WAP(R?) satisfy (2.8.28). As-
sume that F € CY(R?), and the estimates

0<.Z(x)<CX)7, [VZx|<Ccx) ™! xeR? (4.2.65)

are fulfilled for some constants y > 0 and C > 0. Suppose, moreover, that there exists
0<¢e C(SY) such that (4.2.52) holds true. Then for p = pann(b) we have

b
lgiirgsyym(s;pfp) = i /S 1 ?(0)¥7do. (4.2.66)

Let us prove Theorem 4.2.4. If we try to mimic the proof of Theorem 4.2.3, we can
show that, similarly to (4.2.59),

n.(s;pFp) =ni(s;T), s>0,
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where
T := Op™ (e 2P0 ) 20p™ (Fy ¢ 290)0p™ (¢ 2P0 ) 172, (4.2.67)
@ is the solution of the Poisson equation A§ = b, and
T =00y F> P, = Oy, 0,

in accordance with (3.4.46). However, even if we assume that .% € F;,y(]Rz) with
y>0and p € (0,1], and ¢ € C*(R?) N WAP(R?), we would have only Fy e 2% €

FBY(RZ) and e 2% € FB(RZ) because of the oscillations of ¢. Due to the absence of
a convenient pseudo-differential calculus for the operator T, we will use an alternative
approach based on results from [11, 105, 118, 93]. We will divide the proof of Theorem
4.2.4 into several propositions. Set

Ny (E) := N(E;a(b)*a(b)), EeR.
Thus, 9y, is the IDS for the operator
a(b)*a(b) = (iV-A)*-b

(see (4.1.11) - (4.1.12)). Since b € WAP(R?; R), the existence of this IDS follows from
[154, Lemma 3.2]. If b=bg > 0 is constant, then (2.7.52) and (4.1.13) imply

b
Ny, () = 2—0 Y 1w (E-2byg), E€R. (4.2.68)
T q€Zy
Set Ej :=dist(0,0(a*a)\ {0}). By Proposition 2.8.3, we have Ey > 0.

Proposition 4.2.4 [154, Lemma 3.2] Let b satisfy the assumptions of Theorem 4.2.4.
Then we have

0 ifE<O,
MNy(E) = (4.2.69)
b %’r if E € (0,Eo).

Proof. 1t follows from (4.1.12) that the IDS is constant on the gaps in c(a*a). There-
fore, (4.2.69) just tells us that the size of the jump of D, at 0 = inf 6(a*a) is equal to %Or
In order to check this, set by =bg+ SB, s € [0, 1], so that b =by. The operator a(bg)*a(bs)
is norm resolvent continuous with respect to s. Hence, a gap-labeling result (see e.g.
[11]) implies that the size of the jump of Ny, is independent of s € [0, 1]. Therefore,

bo
2r
according to (4.2.68). O
Remark: The assumption about the almost periodicity of b in Theorem 4.2.3 is needed

to ensure the presence of a gap (0,Eg) in o(a(b)*a(b)), the existence of the IDS My,
and the validity of (4.2.69). Evidently, all these properties are preserved also for more

T (+0) =Ny (-0) = Ny, (+0) = My, (-0) =
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general admissible b with by > 0.

As a by-product of Proposition 4.2.4, we obtain the following result which might
be interesting within the context of weighted holomorphic spaces. Let Ky, be the
integral kernel of the orthogonal projection onto Ker a(b) = Ker a(b)*a(b).

Corollary 4.2.7 [154, Corollary 3.1] Assume that b satisfies the assumptions of Theo-
rem 4.2.4. Then for any x € R? we have

. b
lim L2 Kann.p(¥-¥)dy = 2. (4.2.70)

T—o0 D1(x) 2

Proof. LetE € (0,Egp). Then
Tr (Lo, 0 Lm0 L0y ) = Tr (Lo, 00 L0} )y v)) =

/ Kamp.¥)dy, x€R2 L e (0,00). 4.2.71)
21.(x)
Now (4.2.70) follows from (4.2.71), (4.1.12), and (4.2.69). O

Proposition 4.2.5 [154, Lemma 3.3] Assume the hypotheses of Theorem 4.2.4. Let
E € (0,Eg). Then

lsilrgszm’mr(s;ﬁm(E—a(b)*a(b))‘lﬁm):E‘Z/YZ—; /S 1 (0 do. (4.2.72)

Proof. Using the techniques developed in [118] and [93], we conclude that

1%1 sy (s;. Z2(E-ab) ab)) .Z1?) =
S

E
| |{xe®lowixbix 7 > E-t}| any,
and by (4.2.69) we have

’ b
/_ | {" € R? | pw/|x) x| > E—t} A9 (0) = E‘Z/Yﬁ /S 9(@ o,

O

Proposition 4.2.6 [105, Lemma 1.4] Let b satisfy the hypotheses of Theorem 4.2.4,
and 4 € CL(R?) satisfy

G| <Cx™,  [VE| < Cx) ™, (4.2.73)

with some constants m > 0 and C > 0. Then the commutator € = p4 —Gp with p :=
Pann(b) admits the representation

€ =% (-) ™! (4.2.74)

where 6 : LZ(RZ) — LZ(RZ) is a bounded operator.
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Proof. Setc:={{ € C||{|=r} withr € (0,E). Then we have
1 * -1
=— - d
b= 5 @=L,
¢ being run into the clockwise direction, and

1 * — * * —
%:—Tm/c(a a-{)'[a*a,F)(@"a- )¢ =

1 * —1 *ag
2 feeort (v

Evidently the operators (a*a—¢)~!a* and (a*a— ¢)~! are uniformly bounded in ¢ € c.
Using the second inequality in (4.2.73), we easily find that the closures of the operators

+ Ma) (a*a—{)ldc. (4.2.75)
Jz

299 amel 99 —1/ ym+l
55 @a- O ()™, 5, Aa a=0)7 ()™,
are also uniformly bounded in { € c¢. Thus, (4.2.74) follows from (4.2.75). O

Lemma 4.2.3 [154, Lemma 3.5] Let b satisfy the hypotheses of Theorem 4.2.4. Sup-
pose that the function 4 : R — R is Lebesgue-measurable and satisfies the first in-
equality in (4.2.73) with some m > 0. Then we have

ni(s;p@p) = O(s2™), s 0. (4.2.76)

Proof. By the mini-max principle and the analogue of (4.2.20) for & = (-)™, it
suffices to show that

n(s:po(bo) () ™po(b)) = O(s>™), s | 0.
which follows from Theorem 4.2.3. O

Corollary 4.2.8 [154, Corollary 3.2] Let b and ¥ : R? — R satisfy the assumptions of
Proposition 4.2.6 with m > 0. Then we have

n.(s;pG(I-p)) = O™y 5 0. 4.2.77)
Proof. Evidently,
04 (8; Y (I1-)) = 0y (5;pEA—p)) < 04 (3;p%) =04 (s;€p), s> 0.
Applying Proposition 4.2.6, we get
(55 P) = 15 % ()™ ) < s [0l ()7 ) =063 6 20 ()2 ),

Bearing in mind (4.2.76), we obtain (4.2.77). O

Now we are in position to prove Theorem 4.2.4. We will establish a lower and an
upper asymptotic bounds corresponding to (4.2.66). We start with the lower one. Fix
E € (0,Eg). Since we have

E'p=pE-a‘a)' > E-a‘a),
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the mini-max principle and identity (4.2.2) imply
n(s;p.Fp) = nu(s; F Pp.7 %) =
ny(s/E; Z PpE-a*a) L.F2) > n (s/E; FPE-a*ay  Z1?), s>0. (4.2.78)
By (4.2.72),
1Sifgs2/7n+(sna;yl/z(E—a(b)*a(b))*lﬁ”z) = %)t /S 1 o(0)dw. (4.2.79)
Combining (4.2.78) and (4.2.79), we obtain

lirsrlé)nfsyym(s;pfp) > %OT /S 1 ?(0)"do. (4.2.80)

Let us now handle the upper bound. The mini-max principle and the Weyl inequalities
entail

n4(s/E; F 2 (E-a*a) Z %) > n,(s/E;p.F 2 (E-a*a) L. %p) >

e ((1+8)8;p.Z Pp 71 2p) _n_(es/B;p.F V2(E—a*a) ' 1-p).F 2p), €>0. (4.2.81)

Let us estimate the last term in (4.2.81). For t > 0 we have
n_(p.7 P E-a* ) 1-p). 7 p) = n (2 pF P ata-E[ P 1-p).  (4.2.82)
Since |||a*a—E|"2(I1-p)|| = (Eg—E) 12, we have
("% pZ 2 a*a~E[ (1-p)) < n.(Bo-E)":pZ 2(1-p), t>0. (4.2.83)

Now note that the first estimate in (4.2.65), and relation (4.2.52) with ¢ > 0, imply in
particular Z(x) < (x)77,x € R2, so that 4 = .Z /2 satisfies the assumptions of Corol-
lary 4.2.8 with m = /2. Putting together (4.2.82) and (4.2.83), and making use of
Corollary 4.2.8, we get

n_(es/B;p.F 2(E-a*ay ' 1-p)F Pp) = O/ Py =osY), s10. (4.2.84)

Let us now estimate the last but one term in (4.2.81). By the Ky Fan inequalities, for
t>0and € > 0 we have

ne(6pF 2p 7 2p) = ny (2 p.7 2p) = (2 p. 7 ) >

n, (1 + )t p.Z V2 —n, (et p.7 20— p)). (4.2.85)
Evidently,

1+t p.ZF )y =n (1 +€)*tpFp), t>0, €>0. (4.2.86)
On the other hand, Corollary 4.2.8 implies

n. (et p. 712 A-p)) = 07 * Py = oY), tl0. (4.2.87)
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Putting together (4.2.81), and (4.2.84) - (4.2.87), we obtain
n,(s/E; F2(E-a*a) ' F ) > n(1+ &) sipFp) o), s |0,

which combined with (4.2.72) yields

limsup s, (s;p.Zp) < (1 +s)6’7b—° / o(0)”"dow (4.2.88)
sl0 4r Jst

for any € > 0. Letting € | 0 in (4.2.88), and combining this upper bound with the lower
bound (4.2.80), we obtain (4.2.66).

4.2.5 Semi-classical versus non-classical eigenvalue asymptotics

Let us discuss now which of the results on the asymptotics of ni(s;pqﬁz py) ass 0
are semi-classical and which are non-classical. In order to define these notions, let us
recall that by Theorem 3.4.1 and Corollary 3.4.2 we have

N1 (8;pqF Pg) = 0 (5;0pg" (Fp)) = n1(5;0pY (Fp x ¥y)), >0, q€Zs,

for fairly general symbols .% which decay in a suitable sense at infinity. Hence we will
say that the spectral asymptotics for the operator pqﬁ pq is semi-classical if

. N(8;pqFPg)
lsjg A (s: Zy # Tg) = (4.2.89)
where 2% are the area functions introduced in (4.2.54), and non-classical if (4.2.89)
does not hold true. Thus, we will compare the asymptotics of the eigenvalue counting
functions for the operator Opflw(,%a) and the area functions related to its Weyl symbol
Fp*Wq. Since a priori it is not clear which quantization is the “correct” one, we
will also take account of the asymptotics of the area functions related to the anti-Wick
symbol Z, and the Wick symbol .7}, + W * Wq of Opf‘lw(ﬁb). In order to calculate
the main asymptotic terms of these area functions, we will make use of the following
simple analytic facts. First, we have Wq(w) > 0 for |w| large enough, and

Thus, if 4 € L*(R%;R), 4(w) > 0 for |w| large enough, and

In¥(w) _
[wi—ee [w[28

with some 8 € (0,00) and € (0,0), then

In(¢ «¥g)(w)
Wi WP
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if B € (0,1), and

u
In(@ Y9 _ | "Tep

W W[

iff=1,

-1 if B € (1,00),

(see e.g. [97, Lemma 3.5]). Finally, if ¢ > 0 is compactly supported on a set of positive
measure, then
. In(F «¥y)(w)
Iim ———— =

—1.
W W]

Let us start the analysis of the asymptotics as s | 0 of n+(s;pq§3 py) with the case of
compactly supported symbols .# > 0 which satisfy (4.2.11). Then

A(s;:Pp) = 0(1), AT (s;FpxWq) ~ |Ins|, AT(s;. P « Wy xPq) ~ 2|Ins|

as s | 0, where we write f(s) ~ g(s) if limg 101(s)/g(s) = 1. On the other hand, (4.2.13)
implies

|Ins|

n+(S;pqﬁpq) ~ s 0.

In|Ins|’
Thus, in this case even the asymptotic order of n+(s;pq9 Pg) is non-classical.

Assume now that .% > 0 decays exponentially at infinity, i.e. that .# satisfies (4.2.38)
with some 8 € (0,%0) and y € (0,0). If B € (1,0), then

b
At (s;. %) ~ 24UB |lns|1/ﬁ, AF(s;. P % Wq) ~ |Ins|, AT (s; Fp, Wy Pq) ~ 2|Ins|,
Y
while, by (4.2.41), we have
) B |lns]
n+(s’pqypq)'\’ﬁln“ns‘s S\LO

i.e. again the asymptotic order of n(s;py-#pg) is non-classical. Next, if B =1 which
corresponds to a Gaussian decay of .%, then

At (s; Fp) ~ %’|lns|, (4.2.90)

A (s; T+ Pg) ~ <2by+1) [Ins|,  AT(s;. P x Vg ¥q) ~ (2by+2> |Ins|, (4.2.91)

and, by (4.2.41),

n+(s;pqﬂpq) ~ |Ins|, s{0, (4.2.92)

1
In(1+27/b)

i.e. the asymptotic order of n+(s;pq9 pq) is semi-classical, but the coefficient is not.
Note that all the coefficients which appear in (4.2.90) - (4.2.92) have the same main
asymptotic term % in the strong-magnetic-field limit b — . Finally, if 8 € (0, 1), then

b
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and, by (4.2.41),
b

2'y1/l3
as well, i.e. in this case the asymptotics of n+(s;pqﬁ’ pg) is semi-classical.

Of course, the results of Theorem 4.2.3 which concern symbols .% of regular power-
like decay, are manifestly semi-classical. Under its hypotheses we have again

|1ns\1/ﬁ, s 0.

1’1+(S; qupq) ~

AE(s; Fp) ~ AL (53 Fp ¥ W) ~ AE(s; Ty s W+ W) <527, 510,
due to Proposition 3.4.2.

Let us discuss a model situation which might shed light onto the cases of non-
classical eigenvalue asymptotics for the operator Op%(.# * ¥g). Suppose that ¢4 ¢
C*(RZ2;R) is radially symmetric and

G(w) =" I(w?), weR? 4.2.93)
where J : [0,00) — R satisfies
I0@] < Cpe™!, te[0,w), ke,

with some constants Cy, € [0,0) and 0 € (oo, 1] so that 4 € .’ (R?). Note that under
the hypotheses of Theorem 4.2.1 or Theorem 4.2.2 with 8 € [1,0), the asymptotic
behaviour at infinity of the symbol .7}, + ¥ is fairly similar to that of ¢ of the form
(4.2.93) with appropriate J. On the other hand, Proposition 3.4.4 implies that the set of
the eigenvalues of Op%(¥) coincides with

(DK

[} 1 00
> / J(t/z)Lk(t)e—tdt=P / 10okedt, ke Z,. (4.2.94)
0 - JO

Thus, the function J defines completely the spectrum of Op™ (%) which may have fairly
exotic non-classical asymptotic distribution near the origin.

Let us mention several classes of symbols & of the form (4.2.93), such that Op%¥ (%) has
amusing spectral properties which may be of independent interest. If J is a polynomial,
then (4.2.94) shows that the number of non-zero eigenvalues of Op%¥(¥) is not greater
than degJ + 1 so that n(s; Op%¥ (%)) = €(1) as s | 0, while if the leading coefficient of
J is, say, positive, then

1
At (s;9) ~ §| Ins|, A (s:9)=0(), slO0,
i.e. the behaviour of the positive eigenvalues of Op%(¥) is manifestly non-classical. If

gw)=e P weR2 e (0,0),

then

)|lns|, A (s:4)=0, s> 0. (4.2.95)

1000 (18
+iae — (0,)
A7 (s;9) = TR
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On the other hand, in this case J(t) = e(l_“)t, t € [0,00), so that, by (4.2.94), the eigen-
k

values of Op¥(¥) are ﬁ (%;—ﬁ) ,keZ, if u#1, and if g =1, then OpV(¥) =

%(-, WO>L2(R) . Thus,

cw) |Ins|+ (1)  if pe(,1),

l .
n.(s;0p" (%)) = 1“”‘”)(2_5) ifp=1,

1
SCU [Ins|+ (1) i p € (1,00),

and
0 if u €(0,1],
n_(s;0p%(94)) =
Ec(/.t)|1ns\ +0(1) ifpe(1,),
where |
cu):=——, HE0,0), usl. (4.2.96)
‘ln };—ﬁ

Note that if y > 1, then Op% (%) has infinitely many negative eigenvalues even if 4 > 0.
Note also the coefficient ¢(ut) defined in (4.2.96) satisfies (i) ~ ﬁ as 1 | 0, which is
compatible with (4.2.95). Finally, if

J(t)=cos(wt), @ >0,
then the eigenvalues of Op™(¥) are

(sin @)k
((1)2 +4)1/2

where 0 :=arctan (w/2), so that the distribution of the positive and negative eigenvalues
of OpY(¥) strongly depends on the arithmetic properties of 6.

cos((k+1)0+kn/2), keZ,,

The analysis of the nature of the asymptotics of n1(s; Pann-% Pann) as s | 0 is not so
conspicuous since we do not dispose of a convenient expression for the Weyl symbol
of the operator T defined in (4.2.67). However, if we postulate that we should com-
pare nL(s;Pann-Z Pann) With the area functions Qli(s;fbo), then we can easily draw
conclusions quite close to the ones concerning ni(s;pqﬂ Py)-

4.3 A result from control theory

In this section we discuss an application of the explicit expressions (4.2.7) for the
eigenvalues Ay (1 5,(0)), k € Z+, of the operator Pq L %x(0)Pg> 4 € Z+-
Let u € L(R?;R), and suppu be compact. Define the Z>-periodic symbol

G(x):= ) ux-j), xeR” (4.3.1)
jezz
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Theorem 4.3.1 [51, Theorem 4] Let u € L*(R%;R) be a compactly supported function
which satisfies
u®) >uplg,Xx), xeR? (4.3.2)

with some constants € > 0 and ug > 0. Let q € Zy. Then there exists a constant
C=C(q,b,u) > 0 such that

where 9 is the periodic symbol defined in (4.3.1).

Remarks: (i) Evidently, estimate (4.3.3) is not trivial if the support of u is contained in
the fundamental domain (~1/2, 1/2)? of the periodicity lattice Z?> for ¢, which implies
that € > 0 in (4.3.2) should be small enough. Hence, Theorem 4.3.1 can be interpreted
as a result from control theory because by (4.3.2) and (4.3.3), the positiveness of & on

the set
U {xeRz\ x—j| < 8}
jezz

with arbitrarily small € > 0, implies the global positiveness of the Berezin-Toeplitz
operator pq%pq on Ranp, q € Zy. In particular, (4.3.3) implies that no function ¢ €

Ranp, which does not vanish identically, can be supported in R? \ supp¥. It is an
important and challenging open problem to prove or disprove the analogue of (4.3.3)
in the case where p is replaced by Yoo pgneN.

(i) In [51], estimate (4.3.3) played a crucial role in the proof of a Wegner estimate
for the 2D Landau Hamiltonian Hg(A, V) = Hg(A,0) + Vg (see (2.7.3)) with random
alloy-type electric potential

Vox =Y nj(@ux-j), xecR? (4.3.4)
jez?

where u € L*(R) is a compactly supported function which satisfies (4.3.2), and {nj }j ez
are independent and identically distributed random variables whose distribution has a
compactly supported bounded density. More precisely, in [51, Theorem 3], it was
shown that for each a € (0, 1) and every bounded interval .# C R there exists a con-
stant C s ¢ € (0,00) such that for any subinterval & C .# there is a length scale Ly
such that L > L, implies

E(Tr (1o, @) Lo(Hs(A, Vo) 1o, 0))) < Cr o |O|“L2, (4.3.5)

where E denotes the mathematical expectation, and || is the length of &". The Wegner
estimate (4.3.5) implies the Holder continuity of the integrated density of states (IDS)
Ny,y for the operator Hg(A, V) (see (4.1.12)). The Wegner estimate (4.3.5) was ex-
tended in [52] to the case & = 1 which implies the Lipschitz continuity of the IDS
Mp,v» a result important for the applications in solid state physics since it is equivalent

to the essential boundedness of the distributional derivative d?}%v which is the den-
sity of states for the operator Hg(A, V). Note that the IDS 9,  for the unperturbed




4.3. A RESULT FROM CONTROL THEORY 133

Landau Hamiltonian Hg(A,0) is not even continuous since we have

b
MpoB) =5 3, Low)E-Aqd), EER,
T q€Zy

(see (4.1.13), (2.7.52), and (4.2.68)), i.e. Ny, o is a staircase function with jumps of size
b/(27) at the Landau levels Aq(b) =b(2q+1), q € Z, so that

dMy 0
dE

b
B)=o_ Y 8(E-Aqb)), EcR.
qE€Zy

Thus, the introduction of random impurities modeled by the potential V¢, leads to
smearing and broadening of the peaks at the Landau levels.

(ii1) The ideas of the proof of Theorem 4.3.1, and in particular Proposition 4.3.1 below,
played an important role in the proof of the existence of dynamical delocalization for
the operator Hg(A, V) (see [80, Section 5]), a deep result in the dynamical counterpart
of the Anderson localization theory.

(iv) A Wegner estimate similar to (4.3.5) was obtained in [203] in the case where the
alloy-type potential defined in (4.3.4) is replaced by the breather potential

Qu® = Y u(x-jmj@). xeR

jez?

where u is a compactly supported bounded function satisfying an appropriate positiv-
ity condition which replaces (4.3.2), while the distribution density for the i.i.d random
variables Njs je Zz, is supported on a subinterval of (0, 1/2).

Let us now prove Theorem 4.3.1. First, recall that by Proposition 3.3.3, the op-
erator py 1 g, (0) pq With any R > 0 is diagonalizable with respect to the canonic basis

{(pk,q }k z. and its eigenvalues coincide with the set

q! [P (a2 kgt
Mg (L000)) = (L) Py Pra)L2w2) = 17 /0 Ly 707 dt, ke Zy

with p = p(R) := bR2/2 (cf. (4.2.7)). Therefore, it is easy to check that

—P A—q+1 k2q—1 k
¢ Z‘ k'p (1+0(1)), K — oo, (4.3.6)

Mg (L)) =
uniformly with respect to R € [R{,R;] with 0 < Rj <Ry < oo (see [51, Corollary 2]).

Proposition 4.3.1 [51, Lemma 2] Let q € Zy. Then for each R > 0, € € (O,R), and
n > 0 there exists a constant Cy = Cy(q,R, €, 1) such that for each s € (1,2) we have

PqLz.0)Pq = Co (Pq 1 x0) Pq—MPg L2k (0) Pq) . (4.3.7)
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Proof. We fix 6 € (0,1), and bearing in mind (4.3.6), pick K € Z; such that kg > K
implies

e—p(Ro)p(RO)k—q+l k2q—1
(1-6=—2 < g (L, 0)

e P (Ro) p (Ro)k—q+ 1 k2q71
q! k!

<(1+9)

4.3.8)

for Ry € [R/2,2sR]. We will show that if € € (0,R), s > 1, and ky > K, then the operator
inequality

PqLz.0)Pq = Ci (Pq 1 2,0y Pq—C2Pq Lz (0) Pq) (4.3.9)
holds true with

Mg (Lz.0))

C; =Ci(q,R,&,kq) := (4.3.10)

and

= i + g 20k0-q+1) - P(RI+P(SR). 4.3.11)

Since the operators py 1 5,(0) pq With any r > 0 are diagonalizable in the same basis, we
find that in order to prove (4.3.9), it suffices to check the numerical inequalities

q (1z.0) = C1 (g (L 0) ~Cotig (Lzz0)) (4.3.12)
for each k € Z. If k <k, then (4.3.12) is valid because in this case (4.3.10) entails
M (L) = Cr kg (L) 2 Ci (A (Tr0) ~Coteg (Tzr ) -
If k > kg, then by (4.3.8) and (4.3.11), we have
Pcq (Le0) ~Coticg (Lg00)) <

PR | 2q-1 p(sR)k—qH
q! k!
Since s > 1 and k > k¢, we find that

(1+6) §2aD) (s—Zk —s—2k0) . (4.3.13)

Meq (Lzg(0) ~Coticg (Lzp0) <O,

which again implies (4.3.12).
Now fix 11 > 0 and choose kg =ky(17,R,b) > K so large that C; < 1. Then (4.3.7) with
Co =Ci(q,R.€,kg(n,R,b)) follows from (4.3.12). O

Corollary 4.3.1 Under the hypotheses of Proposition 4.3.1 we have
PqLzy)Pqg = Co (pq Lr(y)Pq=NMPq L zrw) pq) (4.3.14)

for each y € R?.
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Proof. By (2.7.27), we have

Ty PqFy =Pg> Ty PqlB.(0)PqTy = PqlB.(y)Pg> (4.3.15)

for each r > 0. Here .7y are the magnetic translations defined in (2.7.8). Combining
(4.3.7) with (4.3.15), we obtain (4.3.14). O
Now we are in position to prove (4.3.3). Choose R > v/2/2 so that

Zz L™ >1, xR (4.3.16)
JEZ

Further, fix s € (1,2) so that we have

Y 1.5 <Ko xeR? (4.3.17)
jezz

with some constant Ky > 0. Finally, pick sufficiently € small so that (4.3.2) holds true.
Putting together (4.3.2), (4.3.14), (4.3.16), and (4.3.17), we find that for each n > 0
there exists Cp > 0 such that

pquq > Z pqﬂ%g(])pq
jezz?

>uoCo ) (Pq]%mpq - Tquﬂ%sRci)Pq)
jez?
> ugCo(1-1Ko)pg-
Choosing 11 = 1/(2Kj), we obtain (4.3.3) with C := unCp/2.

4.4 Eigenvalue asymptotics for 2D magnetic quantum
Hamiltonians

In this section we apply the results on the eigenvalue asymptotics for Berezin-Toeplitz
operators obtained in Section 4.2, to the investigation of the distribution of the dis-
crete eigenvalues near the border points of the essential spectrum for relatively com-
pact perturbations of magnetic quantum Hamiltonians. The leading examples of the
unperturbed operator are the 2D Landau Hamiltonian and the 2D Pauli operator with
admissible magnetic field b = by +b, by # 0. In Subsection 4.4.1 we consider electric
perturbations of these unperturbed operators, i.e. perturbations by additive electric po-
tentials, while in Subsection 4.4.2 we deal with magnetic and geometric perturbations
of 2D magnetic quantum Hamiltonians.

4.4.1 Electric perturbations

Assume at first that the unperturbed operator Hy is the 2D Landau Hamiltonian

_ (.90 by 2 .9 bx)\? 2
Hy ._HS(A,O)_(—laX+2) +(—lay—2> . (xy) €R%
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with A = %(—y, x) and constant b > 0 (see (2.7.3)). Let V: R — R be a Lebesgue-

measurable function such that the operator [V|!/ zHal/ 2 is compact in L2(R?). Applying
the Weyl theorem on the invariance of the essential spectrum, we find that

Oess(Hy) = Oess(Hop) = o(Hp) = | {Aq}. 4.4.1)
q€Zs

where for brevity
Hy :=Hg(A,V)=Hg(A,0)+V

denotes the perturbed operator, the sum being understood in the sense of the quadratic
forms. Note that relation (4.4.1) just tells us that the essential spectra of the operators
Hp and Hy coincide as subsets of R. However, the nature of the points of these es-
sential spectra may change: if any Landau level Aq, q € Z.., is necessarily an isolated
eigenvalue of Hy of infinite multiplicity, it could be an eigenvalue of Hy of infinite
multiplicity or an accumulation point of the discrete spectrum of Hy, or both.

For notational convenience put A_j = A_j = —co. For q € Z4 choose Aq € (Ag,Ag+1)
which is not an eigenvalue of Hy, and set

AFAV) =N, 3 HY), A€ (0,Aqg—Ag),

%_()“9\]) = N(qu] ,Aq—l)(HV)’ l\q_)b € (Aq,l,Aq),
where N 1)(T) is the eigenvalue counting function introduced in (4.1.1).
+ _ r .
Further, for q € Z, let {)lkq(V)}kZO (resp., {)Lk’q(v)}kzo) be the non-increasing

(resp., non-decreasing) set of the eigenvalues of Hy lying on the interval (Aq,IN\q)

(resp., on (/N\q_l ,Aq)), and counted with the multiplicities. A priori, any of these sets
may be empty. We have

HEAV) :#{k € Zi| £ AE,(V)-Ag) > A}.

Set
mg(V) :=#(o(Hy)N(Ag-1,Aq), qE Z4.

Assume now that V > 0. Then the discrete eigenvalues of Hy may accumulate to
any Landau level Aq only from above. Accordingly, we choose Aq, q € Zy, so that

o(Hy) N[Ag, Ags1) =0, and hence
AT A V) = Nagta.agn@v).  Aq (A:V) =0,

and the set {ll; q +1(V)} is empty. Similarly, the discrete eigenvalue of H_y may

accumulate to Aq, q € Z4, only from below. Then we choose /N\q_l, q € N, so that
o(H_y N(Aq_1,Aq 1] =0, and therefore

Ag A:=V) =N, a1 H-), AgFA=V) =0,

and the set {2{ q_1(—V)} is empty.
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Compactly supported and exponentially decaying potentials

First, this subsection concerns the asymptotics of ),kiq(j:V)—Aq as k — oo for a fixed
q € Z+ and compactly supported V > 0.

Theorem 4.4.1 Assume that V € C(R?), suppV = Q where Q C R? is a bounded do-
main, and V > 0 on Q. Then for any q € Zy we have mq(£V) = oo, and

2
In (j: (Ak%q(iV)—Aq)) = KInk+ (1 +In (bcag(g)» k+ok)  (442)

as kK — oo,

The theorem follows from Theorem 4.2.1, and Corollary 4.4.1 below.

Remarks: (i) If V€ L°(R2;R) is compactly supported and satisfies
V(X) > Clyg,x,) X, x€R% (4.4.3)
with some C > 0,r > 0, xg € Rz, then (4.2.13), and (4.4.8) below imply
AT A EV) = )1 +0(1), A L0,

where (o is the function defined in (4.2.14). This is a weaker version of (4.4.2), first
obtained in [159, Theorem 2.2].

(ii) In [129, Theorem 1.2], the above result was extended to the 2d-dimensional case
with d > 1, and constant magnetic field B of full rank. More precisely, it was shown that
if Ve L*(R?4;R,) is compactly supported and satisfies V > 0 on an open non-empty
set, then

AEGEV) = Hou@ 4o, 210,

where Kq is the multiplicity of the Landau level defined in (2.7.50). Moreover, [129,
Theorem 1.3] contains a similar result for the 2d-dimensional Dirac operator with a
constant full-rank B and compactly supported electric potential. The approach of [129]
is based on the representation of Ji{li(l) described in Corollary 4.2.2.

(iii) Another version of (4.4.2) can be found in [77, Theorem 2] which is the pioneer-

ing result containing a two-term asymptotics of In (:I: (lkiq(:le)—Aq>) as k — oo,

The assumptions are slightly different from ours, it is supposed that V € LP(R%;R),
p > 1, suppV = Q where Q C R? is a bounded domain with Lipschitz boundary, and
V(x) > c > 0 for x € Q. Note that our assumptions do not require that V has a jump at
dQ, and are more convenient for further applications.

(iv) Theorem 4.4.1 admits an extension to singular potentials supported, for exam-
ple, on a simple closed C*-curve I' € R?. Let v € C*(I';R,). Then the perturbation
Hg(A,£vdr) of the 2D Landau Hamiltonian Hg(A, Q) can be defined as the self-adjoint
operator generated in L2(R?) by the closed quadratic form

/Rz|iVu+Au|2dxi/v|u|2ds, u € D(Hs(A,0)2).
I
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Due to the compactness of the embedding of D(H(A, 0)!/2) into L2(I"), we have

Oess(Hs (A, £v8p)) = ess(Hg (A, 0)) = 6(Hg(A,0) = | {Aq},
q€Z+

and again the discrete eigenvalues of Hg(A, vor) (resp., H(A,—v8r)) can accumulate at
any given Landau level Aq, q € Z;, only from above (resp., from below). Then we can
define the eigenvalues lki’q(:tv&) by analogy with lki’q(:le), V > 0 being a regular
decaying potential. If, say, v>c > 0 on I, then [10, Theorem 6.5] implies that rela-
tion (4.4.2) remains valid if we replace in it ;' (V) by A" (£v8r), and Cap(Q) by
Cap(I'). This result also follows easily from (4.2.12) and a suitable version of Proposi-
tion 4.4.1 below.

Our next theorem is the analogue of Theorem 4.4.1 in the case of exponentially
decaying V > 0.

Theorem 4.4.2 Assume that V € C(RZ;RQ satisfies

InV(x) =—yx|?P + O(In|x|), |x]| = oo, (4.4.4)

for some constants Y > 0 and B > 0, uniformly with respect to ﬁ e Sk, Then for any

q € Z4 we have mq(£V) = oo, and

In (i (Ak%q(iV)—Aq)) -

- fikP-Di*1 4 G(ink) if B€,1),
1§j<ﬁ
—(In(1+p)k+O(Ink) if B=1,
_ L (4.4.5)
B (BB,
- Y gk iome i Bede),
1<i<

as k — oo, with i = }/(2/b)ﬁ , and the same coefficients fj, gj as in Theorem 4.2.2.

The theorem follows from Theorem 4.2.2, and Corollary 4.4.1 below.

Remark: If V satisfies
InV(x)=-yx|2P(1+0(1)), |x| = oo,
instead of (4.4.4), then (4.2.40), and (4.4.8) below imply

AEA£V) = gg(M)(1+0o(1), A 10,
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ol being the function defined in (4.2.41). This is a weaker version of (4.4.5), first ob-
tained in [159, Theorem 2.1].

In Proposition 4.4.1 and Corollary 4.4.1 below we reduce the asymptotic analysis
of Lkiq(:l:V)—Aq as k — oo needed in the proofs of Theorems 4.4.1 and 4.4.2, to that

of v q(V), the kth eigenvalue of p,Vpy, q € Z+. The method we use is based on the
Birman-Schwinger principle described in the following

Lemma 4.4.1 Let T =T* be an operator lower bounded in the separable Hilbert space
9, and K =K* be a an operator relatively form-compact with respect to T.
(1) [15, Lemma 1.1] Assume that s € (—oo,inf o(T)). Then

N (oos)(T+K) = n_(15(T-sD) 2 K(T-sD)"2). (4.4.6)
(ii) [16, Proposition 1.6] Assume that K > 0 and s € R\ o(T). Then
Y dimKer(T & gK—sI) = n-(1;K"(T-sD'K"?). (4.4.7)
0<g<l1

Remarks: (1) The eigenvalues of the operators T + gK in the spectral gaps of T are
discrete. Moreover, the eigenvalues of T+ gK (resp, of T—gK) in any given spectral
gap of T move monotonically upwards (resp., downwards) as the coupling constant g
increases. Thus, dimKer (T 4 gK—sI) < e for any g € [0,0) and s € R\ o(T), and the
number of g € (0,1) for which this quantity does not vanish, is not more than finite.
Moreover, }.g<o<1dimKer(T & gK -sl) is equal to the number of the eigenvalues of
T + gK which pass through s € R\ o(T) as g as grows from 0 to 1.

(i) If s € (—oo,inf 0(T)) and K > 0, then dim Ker (T + gK—sI) =0 for any g > 0, and

Y dimKer(T—gK-slI) = N(_s, (T-K).
O<g<l1
Note that in the latter case, identity (4.2.2) implies
ne (L KY2(T=sD) ' KY?) = ny (15T =sD 2K (T -sD)1?)

which is coherent with (4.4.6) - (4.4.7).

Proof of Lemma 4.4.1: (i) Let T and x be the quadratic forms of the operators T and K
respectively. By the mini-max principle (see Lemma 4.2.1), the quantity N(_, 5)(T +K)
coincides with the maximal dimension of the subspaces of D(|T|!/?) whose elements
u # 0 satisfy

t[u]+ xu] < sull5.

or, equivalently,
1T —sDu|[§ < —kTul.

Changing the functional variable (T—sI)I/ 2y = v, and noting that (T—sl)l/ 2 is an iso-
morphism between D (| T| 12y and $), we find that N(_oo5)(T+K) is equal to the maximal
dimension of the subspaces of §) whose elements v # 0 satisfy

[V[[5 < —K[(T—sD™"2v],
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which, by Lemma 4.2.1, coincides with n_(1;(T=sD2K(T-sI)"172).

(ii) Relations (4.4.7) follow from the facts that if K > 0, then s € R\ o(T) is an eigen-
value of T - gK with a given multiplicity, if and only if +g~! is an eigenvalue of
Kl/z(T—sI)’lKl/ 2 with the same multiplicity, and that KI/Z(T—SI)’IKU 2 is an increas-
ing operator-valued function of the variable Es running on a given spectral gap of T.
0

Proposition 4.4.1 Assume that V : R2 [0,00) satisfies vl 2H61/ 2¢ ®w(L2(R2)). Then
for each € € (0,1) we have

n4((1+&)A;pq Vpg)+ Oe (1) <
A AsEV) <
n((1 —e)l;qupq) +0eq(l), A]O. (4.4.8)
Proof. Fors € R\ o(Hp) set

ni(s) = Z dimKer (H.gv —sD).
O<g<l1

By (4.4.7),
nE(s) = n (1, VI2Hy-s'VI2), s e R\ o(Hy). (4.4.9)

Further, since V > 0 and /N\q ¢ o(H4v), we have

AFAV) =0t (Ag+A)-nt(Ag),  qEZs, (4.4.10)
“(Ag-A)-n"(Ayy) if q€N,
N (A=V) = v A=A g e (4.4.11)
n(Ag-A) if g=0.
Combining (4.4.9) with (4.4.10) - (4.4.11), we find that
NEQEV) =0 (LV2Hg-AF A VIR +6(1), qez,. (4.4.12)
Writing
(Ho—AqF A" = FA 7 py+(I-p)(Ho—Aq F A) . (4.4.13)

bearing in mind that (I-p,)(Hp—Aq F A)~! admits a uniform limit as A | 0, and apply-
ing the Weyl inequalities (4.2.4), we conclude that for each € € (0, 1) we have

4 ((1+8)A; V2p V) 4+ O (1) <

(V2 (Ho-Aq FA)7'V!?) <
4 ((1-8)A: V'72p V1) + O (1), (4.4.14)

as A | 0. By (4.2.2),
ny(s: V'2p V') =1y (s:py Vpy). (44.15)

Putting together (4.4.12), (4.4.14), and (4.4.15), we obtain (4.4.8). Il



4.4. ASYMPTOTICS FOR 2D MAGNETIC QUANTUM HAMILTONIANS 141

Corollary 4.4.1 Assume the hypotheses of Theorems 4.4.1 or 4.4.2. Then for any q €
Z.+ we have

mg(£V) = oo, (4.4.16)
and for each € € (0, 1) there exists ko € Z,. such that the asymptotic relation
1 + + 1 +
mvﬂko,q(v) < :I:(},k’q(:le)—Aq) < Evk—ko,q(v) 4.4.17)

holds true for k € N large enough.

Proof. By (4.2.9) or (4.2.43), we have rank(qupq) = oo, and hence n+(s;qupq)
tends to infinity as s | 0. By (4.4.8), the counting function /I{li(l;j:V) also tends to
infinity as A | O which implies (4.4.16). Moreover, estimate (4.4.17) follows easily
from (4.4.8).

O

Now Theorem 4.4.1 (resp., Theorem 4.4.2) follows directly from Corollary 4.4.1
and Theorem 4.2.1 (resp., Theorem 4.2.2).

Power-like decaying potentials

In our next theorem we deal with the case where V has a power-like decay at infinity,
and its sign may change.

Theorem 4.4.3 Let V € FBY(RZ;R) with y > 0 and p € (0,1]. Assume that the area
Sfunctions At (-; V) and A~(-; V) satisfy the condition €, and

liminfs?7A%(s; V) > 0.
sJ0

Then for any q € Z+ we have
AEA) =bATA; V)1 +0(1), A L0 (4.4.18)

Remark: Let 3$(k) be the function inverse to Qli(gV), well defined for large k > 0.
Then (4.4.18) is equivalent to

(A5 (-Aq) =T A +o(1), koo,

In Proposition 4.4.2 below we reduce the asymptotic analysis of the eigenvalue count-
ing function Jﬁ{li(l;V) as A | O to that of ni(l;qupq). However, since we do not
assume that the perturbation has a definite sign, we cannot apply the Birman-Schwinger
principle. That is why we need the following

Lemma 4.4.2 Let $ be a separable Hilbert space, T be a linear operator; self-adjoint
in®, and 0 < S=8* € G($). Let (s,t) C R be an open non-empty interval. Then for
any € € (0,t—s) we have

N5t (T) = 4(8:8) < Nis o (T—S) < N gy (T) + 14 (€5), (4.4.19)
Nisaee)(T) =14 (£:5) < N (T+8) < Nis_ () +14(£35). (4.4.20)
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Proof.  Let us prove the upper bound in (4.4.19). Let M be an operator self-adjoint
in 9, K; =K} € B($) with 6(K;) C [, ], and Ky =K € B($)) with rank Ky < co.
Then [20, Chapter 9, Section 4, Lemma 3] and [20, Chapter 9, Section 3, Theorem 3]

imply
NisoM) < Nigygs) M+ K +Kg) +rank Ky 4.421)

Now write T=T-S+S; +S, with
Sl = S]l[o’g](S), Sz = S]l(s’oo)(S),

so that 6(S;) C [0,€] and rankS, = n;(€;S). Then (4.4.21) with M =T-S5, K= Sj,
j=1,2, implies
Nis,0(T=S) < Nis t1¢)(T) + 04 (€5 S).

The other bounds in (4.4.19) and (4.4.20) can be proved in quite a similar manner. [

Proposition 4.4.2 Let V : R?2 — R be a Lebesgue-measurable function such that the
operator VH61 is compact. Then for 1 € (0,1) and € > 0 small enough we have

n_(A(1+1):pgVpg) ~n+(A2n %€ 21 pV2py) + Oe g (1) <

Mg A V) <
n-(A(1=1):pgVPg) + 1A% 21y V2pg) + e g(1), (4.4.22)
n4(A(1+1):pgVpg) -0 (A2n%e2:py V2py) + Oe (1) <

AFAV) <
4 (A(1=1):pgVpg) + 1t (A2 7€ 2 pg V2pg) + Oe q(1), (4.4.23)

as A ] O.

Proof. We follow the general lines of [153, Section 5]. Set S :=p,V(I-pgy). Then,
S € Go(L(R?)), and

HV = ququ + (I_pq)HV(I_pq) + ZRquS(I—Pq)

Set R:=ReS, M :=ImS so that S =R +iM. Moreover, R=R,-R_and M =M, -M_
where, as usual, R+ and M are the positive and the negative parts of the self-adjoint
operators R and M, respectively. Set

T:=R|+|M| =Rt +R_+M;+M_.
Pick € > 0. Completing the squares, we obtain the representations
Hy =Hy +So-S; =Hy-Sg+S5, (4.4.24)
where

Hy 1= pgHypy +(I-p)Hy(I-p,). So :=&p Tpy+£ " (I-p)TU-p,),
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and
Sl 2=|8]/2R}r/2pq—S_I/ZRL/Z(I—pq)F + |81/2Ry2pq +8_1/2Rl/2(1—pq)\2+

|i£1/2M41,/2pq + 8_1/2M-}-/2(I_Pq)‘2 + |i81/2M1/2pq _8—1/2M£/2(1_pq)‘2’

Sy :=|e!2RY2p, + 2R (1-py) 2 +[" PR 2p, - e 2R (1-p )2+
|igl/2Mi/2pq_E—I/ZML/Z(I_pq)|2+ |i€1/2Ml/2pq+£_1/2M1/2(I—pq)\2-

Evidently, the operators Sj >0, j=1,2, are compact. Making use of Lemma 4.4.2 and
representations (4.4.24), we find that the estimates

N(Aqm,/”\q_e)(ﬁv -Sp)—n.(€;Sy) <

AT AV) <

N, AqM’gq%)(ﬁv +S0) +14(€;S)), (4.4.25)

N(/~\q_1+e,Aqfl)(HV +S0)-n4(&;S1) <
NG A V) <
Nag1-eag-n HY=S0)+0+(8:52), (4.4.26)

hold true as A | O for any q € Z4 and € > 0 small enough. Further, for any interval
# C R we have

N s (Hy £S0) =N s (pg(AgI+V £ €T)p,)
+N s (I-py)(Hy £ &' T)(I-p,)). (4.4.27)
wherepy(Aql+V =+ €T)p, (resp., (I-py)(Hy + &' T)(I-p,)) with domain pyL*(R?)

(resp, (I—pq)Q(HO)) is considered as a self-adjoint operator in the Hilbert space pqL2 (Rz)
(resp., I- pq)L2 (R?%)). Moreover,

N (Agl+V £ €T)py) = n(A:py(V £ €T)p,)

(Aq+hAqte)Pa

-N V+eT)py)

[Ag-Aqte.oo) Pal
= (Aipg(VE£eDp)+ O q(l).  (4428)
Similarly,

N 2 (Pg(AI+V £ €T)pg) =n-(Aspg(V £ ET)pg) + Oeq(1).  (44.29)

(Aq1£€Aq-

Putting together (4.4.25) — (4.4.29), and taking into account that

Aq & Oess (HO\(I—pq)D(H0)> ’
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and the operators Sj Jj = 1,2,are compact, we obtain the estimates
n+(7L;pq(V—£T)pq)+ ﬁq,e(l) < «/‘{f(l;v) < n+(l;pq(V+£T)pq)+ ﬁq,e(l)’ (4.4.30)

n_(A;pg(V +€TIpy)+ Oge(1) < A (A:V) < n(Aipg(V—€T)p) + Gg.e(1), (4.431)
valid as A | 0 for € > 0. Next, the Weyl inequalities (4.2.4) imply

n+(A:pg(V F€T)pg) > ne(A(1+1):pgVpy) -1 (An:€T), (4.4.32)

1 (A:pg(S £ ETIPg) < n+(A(1-1);pqVpy) +ns(An;€T), (4.4.33)

forany A >0, € >0, and 1 € (0, 1). Finally, bearing in mind the mini-max principle,
we easily find that the estimates

n4(5;pg TPg) = (57 P TP TPq) < n4(s%;pg T*pg) <

n4(s7:2py(R? + MH)py) =, (s%:p, VA-pVpy) < ni(s*ipVipy)  (4.4.34)

are valid for any s > 0.

Combining (4.4.30) - (4.4.31) with (4.4.32) - (4.4.33) and (4.4.34), we arrive at (4.4.22)

- (4.4.23). O
Let us now divide (4.4.22) by b2(7(A;V), and (4.4.23) by bA*(A;V). Applying

Theorem 4.2.3 and bearing in mind (4.2.58), we find that there exists a constant C €

(0,0) such that

NED)
-V _ 27 < timinf —4 "7
a+n) C(e/n) *hlﬁlonfbﬂi(l;V)

i NG )
msup —
=0 D bAE (A V)

< (-m) " +Cem)?”
for every n € (0,1) and & > 0 small enough. Choosing € = 02, and sending 1 | 0, we
obtain (4.4.18). The proof of Theorem 4.4.3 is now complete.

Non-local perturbations

From the point of view of possible application in atomic and nuclear physics (see e.g.
[54, 76, 181, 193, 48]), it is interesting to investigate also the spectral properties of the
2D Landau Hamiltonian Hy = Hg(A,0), perturbed by a non-local potential, i.e. by a
bounded self-adjoint Weyl ¥DO Op¥ (¥) such that Opw(”V)H(_)1 in compact in LZ(R2).
In [45] the eigenvalue asymptotics near the Landau levels of Hy := Hy+Op™(¥') was
studied for symbols ¥ of compact support, and of exponential or power-like decay at
infinity. In the case of such non-local perturbations the effective Hamiltonian which
governs the asymptotics of discrete eigenvalues of Hy which accumulate at a given
Landau level Ag, q € Zy, is Opw(”f/q,b) :L2(R) — L%(R) where

(%,b)(y’ T?) = \/Rz(ﬁi/ o Kb)(X, Y, g > n)qu(X’ é)dng B (y7 T’) S RZ’
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Ky, being the symplectomorphism defined in (2.7.16), and W being the Wigner function
defined in (3.4.31).

Moreover, [45, Proposition 5.1] contains an explicit construction of a symbol ¥ €
S (R*) such that Op¥ (%) > 0, and for any given q € Z, and mg € Zy U {0}, we have

#(0(H_y) N(Ag_1,Aq)) = Mg. (4.4.35)

To this end, set
Z :={q€Zs|mq#0}.

If 2 =0, it suffices to take 7 =0. Assume 2 #0. Let {cl,q}qeg be a decreasing set
of numbers ¢ 4 € (0,2b); if 0 € 2%, we can omit the condition ¢y o < 2b. If #2° = oo,

. . -1
we assume that limg—.q™cy g =0 for any m € N. Fix q € 2. Let {Cz,k}?fo be a
decreasing set of numbers ¢y i € (0,1). If mg = o0, we assume that limy_,., kmclk =0
for any m € N. Now put

Ck,q ==C1,qC2k k=0,...,mg-1, q€ Z,

mg-1
¥ =Qn)? ( Yy ¥ Ck,qwq@)wk) oKy
qeZ k=0

Then, ¥ € . (R4) (see [67, Theorem 2.5 (a)]), and, evidently, ¥ o kj, is radial. More-
over, by relation (2.7.40), Proposition 2.3.8, Lemma 3.4.3, and the orthogonality of the
Laguerre polynomials (see (2.7.31)), we find that the integral kernel of the operator
Op™(¥') can be written as

Z Ck,q%,q(x)m, x,y € R?,
(k.q)€Z3

where @y q are the functions defined in (2.7.39). Thus, @y 4 are eigenfunctions of the
operator Op™(7') with eigenvalues Cy 4, k € Z+, q € Z; in particular, Op™(7') > 0.
Therefore, the operator H_+ is diagonalized in the orthonormal basis {(pk’q}k,q 72>

and
0 it q¢ Z,
G(H_y)N(Aq_1.Aq) = ) (4.4.36)
Ul (Ag=Cry) i qe 2.

By construction, all the eigenvalues Aq—Cy g, k=0,...,mq—1, lying in I withq € Z,
are simple. Therefore, (4.4.35) holds true. In particular, we can have gaps with finitely
many eigenvalues of H_ or with no eigenvalues at all, which is in sharp contrast to
the operators H(A, V) with local V, considered in Theorems 4.4.1 - 4.4.3, which have
infinitely many eigenvalues in every gap (Ag_1,Aq).

Of course, it is possible to construct analogous positive compact perturbations of Hy
whose eigenvalues accumulate to Aq from above, or self-adjoint compact perturbation
with non-trivial positive and negative parts whose eigenvalues accumulate to Ag both
from above and from below.

It is easy to check that if for some q € Z; we have mq < o, then the Landau level
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remains an eigenvalue of infinite multiplicity of H_y with Op¥(¥") > 0.
At the same time, the accumulation of the eigenvalues of Hg(A,V) at each Landau
level Aq, established in Theorems 4.4.1 - 4.4.3 does not give an answer to the question
whether Agq itself remains an eigenvalue of the perturbed operator Hg(A, V), once it is
an eigenvalue of infinite multiplicity for the unperturbed one Hg(A,0). To fill in this
gap, it was shown in [111, Theorem 1], thatif V € L°°(]R2;R) satisfies (4.4.3) which in
particular implies V > 0, and

HV”L‘”(RZ) < 2b, (4.4.37)

then
Ker(Hg(A,£V)-AqD) = {0}, q€Zi (4.4.38)

if g =0, and the perturbation is non-negative, then in fact condition (4.4.37) is not
necessary for the validity of (4.4.38). Thus, the perturbation +V completely destroys
the eigenspaces of Hg(A, 0).

On the other hand, in [111, Theorem 2] it was proved that for every q € Z, there
exists a compactly supported V € L=(R2; R) with ||V||L°°(]R2) < b, whose sign changes
infinitely many times, such that

dimKer (Hg(A, V)= Agl) = oo.

Pauli Hamiltonians

Let us consider now the 2D Pauli Hamiltonian Hp(A, 0) with admissible magnetic field
curl A = b = by +b of non-zero mean value by. Then Proposition 2.8.3 tells us that
0=info(Hp(A,0)) is an eigenvalue of Hp(A,0) of infinite multiplicity, and there exists
a gap (0,Egp) in o(Hp(A,0)), adjoining the origin. Let V : RZ — > be a Hermitian
Lebesgue-measurable function such that the operator |V|1/ 2(HP(A;O) +I)’1/ 2 is com-
pact in L%(R2;C2). Then we have

Oess(Hp(A, V) = Gess(Hp(A, 0)).
In particular, 0 € oess(Hp(A, V)). Pick E € (0,E), and set
A5 (A:V) =N g Hp(A, V), 4 €(0,E),
Mp (A V) :=N(__2)(Hp(A, V), 4 >0.

Further, let {llj' P(V)}k>0 (resp., {21(_ P(V)}k>0) be the non-increasing (resp., non-

decreasing) set of the eigenvalues of Hp(A,V) lying on the interval (0,E) (resp., on
(—e0,0)), and counted with the multiplicities. A priori, any of these sets can be empty.
Set

m_(V) :=#(c(Hp(A,V))N(—2,0)), m(V):=#(c(Hp(A,V))N(0,Ep)).

In our next two theorems we assume that the magnetic field b is admissible with
bp > 0, V > 0, and discuss the asymptotics of A p(£V) as k — oo, or equivalently
of A#p(A;£V) as A | 0. Under our assumptions about the sign of by and V, it turns
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out that the effective Hamiltonian which governs this asymptotics, is the operator
a(b)*a(b) £+ Vy;.

Our first theorem concerns the case where V1 decays rapidly at infinity, i.e.V{; has a
compact support, or decays exponentially.

Theorem 4.4.4 Let b =bg+b with by > 0 be an admissible magnetic field. Assume that

V >0, and the operators \Vj2|1/2(—A+I)_]/2, j=1,2, are compact in L2(R?). Suppose

that V =V satisfies the hypotheses of Theorem 4.4.1 (resp., Theorem 4.4.2). Then
m—(_V) =0, m+(V) =,

and (4.4.2) (resp., (4.4.5)) remains valid if we replace A o(+V)—Aq by A p(£V) at

the left-hand side, and b by bq at the right-hand side.

Our second theorem handles the case where V| has a power-like decay at infinity.

Theorem 4.4.5 Let b =by+b with by > 0 and let b € WAP(R%;R) satisfy (2.8.28).
Assume that V; € C'(R?), the estimates

0<V®<CX)™”, [VV®|<Cx) ™!, xeR?
hold true with constants Y > 0 and C > 0, and there exists 0 < ¢ € C(S]) such that
lim 'V, (tw) = p(w), oeS'.
T—ro0

Then we have b
EmAYY Ap(A; £V :i/ 0?7 do.
Jm p( ) ar Jo o(w)

Using relation (2.6.14) which establishes the unitary equivalence between Hp(A,V)
and Hp(—A,V), we can easily obtain the analogues of Theorems 4.4.4 and 4.4.5 in the
case where the mean value by of the magnetic field b is negative.

The proofs of Theorems 4.4.4 and 4.4.5 are based on the following analogues of Propo-
sition 4.4.1 and Corollary 4.4.1.

Proposition 4.4.3 [154, Proposition 3.1] Assume that b and V satisfy the hypotheses
of Theorem 4.4.4 or 4.4.5. Then for any € € (0, 1) we have

n+(l;pannvllpann) < %_(A;—V) <n4((1 _S)A’;pannvllpann)*‘ ﬁs(l)’ (4.4.39)

0 ((1+ )45 pann Vi1Pann) + Oe(1) < A" (A;V) <ni(AspannViiPann),  (4.4.40)
as A} 0.

Now Theorem 4.4.5 follows directly from Proposition 4.4.3 and Theorem 4.2.4.
Arguing as in the proof of Corollary 4.4.1, we find that Proposition 4.4.3 implies

Corollary 4.4.2 Assume the hypotheses of Proposition 4.4.3. Then we have m4(£V) =
oo, and for each € € (0, 1) there exists ko € Z+ such that we have

1
s VEam (V1D < HV) < Vg ann(ViD):

1
v]-:_{.ko’ann(vl l) S _A’]::P(_V) S E v]:ann(vl 1 )a

for sufficiently large k € Z,..
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Now Theorem 4.4.4 follows directly from Corollaries 4.4.2, 4.2.3, and 4.2.6.

4.4.2 Magnetic and geometric perturbations
Magnetic and metric perturbations

In this subsection we survey briefly results on the eigenvalue asymptotics for certain
magnetic and metric perturbations for the 2D Landau operator and related magnetic

quantum Hamiltonians. Let G = { gjk} ) be a measurable symmetric metric tensor

j.k=1,
such that
2, x,EcR?

ci€]* < ) gix(®&k & <c|€

jk=1.2

with some constants 0 < ¢; < ¢y < oo. Assume that A € leoc (]Rz; Rz), V; € LlloC (RZ;R+),
V_e XZ(Rz;RQ (see the notation before Lemma 2.5.1). Denote by Hg 4 v the self-

adjoint operator generated in L2(R?) by the closed quadratic form
/R . ((GH(A)u,H(A)u)Cz +V|u|2) dx, ueD(Hg(A,0)72).

Of course, if G =1, then Hy.o v = Hg(A, V). If G and A are smooth then the Bochner
Laplacian

e ¥ mo) (2 g a) (4.4.41)
k=12

with g := (detG)™!, self-adjoint in L%(R2; 1/2dx) is unitarily equivalent by the mapping
1/4

u — g*"u to the operator Hg 4 g with
1 dling d1Ing d dIng
Q:=— (g- — —=—+4— <g- — . (4.4.42)
16]-’1(;1’2 ik an aX] 8xj ik an

SetM := {mjk}j,kzl,z = G-I and assume that
M€ C*(R*.45),  lim M(x)=0.
[x|->oo

Let, as usual, b = curl A. Suppose that there exists by > 0 such that

b:=b-by € C°(R%R), lim b(x)=0.

x| o

Set Ap(x) := b—zo (x2,—X1) so that curl Ag = by, and denote again by Hy the unperturbed
Landau Hamiltonian Hy 4, o = Hs(Ag,0). By [104] and [124, Appendix] we have

Oess(Hg A v) = Gess(Ho) = 6(Hp) = | ] {Aq(bo)}
q€Z+

where, as usual Ag(bg) =bg(2q+1), q € Z4, are the Landau levels. Then, by analogy
: + +09. : : + ~
with {/'Lk q(V)}kZO and ,/I{] (A;V), we can introduce the eigenvalue sets {lk’q(M,b, V)}

k>0



4.4. ASYMPTOTICS FOR 2D MAGNETIC QUANTUM HAMILTONIANS 149

and the eigenvalue counting functions /I{]i (l;M,g, V). Our first theorem concerns the

case of power-like decay of M,band V.
Theorem 4.4.6 Assume that
mi.j.k=1,2,b, Ve I'(R%R), 7€ (0,).

Fixq € Zy, set _
Vg = V+Aq(bo)(bg "> ~by),

and suppose that
+Vx) >l x)Y, [V > x) !

Sfor |x| > ¢ > 0. Then we have
~ 1 ~
AGFAMbDV) = /R2 10 0oy (£ V()= 1) /2dx+ O(1), A 10,
Remarks: (i) Under the hypotheses of Theorem 4.4.6 we have
-
(bg™"2)(x)—bg = b(x) + S TrM(x)+ O(x["h),  |x| = oo

(ii) Theorem 4.4.6 was first announced as [100, Theorem 7], and later its more general
version was formulated as [101, Theorem 11.3.17] and was claimed to be an immediate
corollary of [101, Theorem 6.4.19] which is based on general results on propagation
of singularities for hyperbolic systems. Moreover, Section 11.4 of [101] contains the-
orems on the local eigenvalue asymptotics for perturbations of the 2D Dirac operator
with constant magnetic field. The results of [101] concerning Hg A v and similar op-
erators, were further extended in the volumes [102, 103] which form a part of an im-
pressive five-volume monograph on microlocal analysis and precise eigenvalue asymp-
totics. However, as already mentioned in Section 4.1, in [103, Remark 23.4.9] it was
noted that the methods developed and used in that monograph are not appropriate for
handling perturbations which decay more rapidly than ¢ with ¢ > 0. On the other
hand, [101, 102, 103] treat perturbations which decay like negative powers of In |x| or
of the iterated logarithms. In this case the derivatives of the perturbations decay much
faster than the perturbation itself, which considerably simplifies the analysis.

(iii) Up to details of the hypotheses, Theorem 4.4.6 contains Theorem 4.4.3 as a spe-
cial case with M =0 and b =0. We included the latter result in order to show that
the machinery of Berezin-Toeplitz operators can be useful in the investigation of the
asymptotics of Ji{li(l;V) with non-sign-definite V of power-like decay, and provide
relatively simple and fairly accessible approach to these problems. An alternative ap-
proach using Berezin-Toeplitz operators to the asymptotics of .4} (0,b, V) with b and
V of power-lie decay can be found in [172].

Let us now pass to the operator Hg 4 v with rapidly decaying perturbations. The
asymptotics as A | oo of Ji{li(),;O,b,V) with compactly supported b and V is studied
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in [171]. In particular, in [171, Theorem 6.2] it is shown that if E,V IS C%(Rz), then

AEADY) 1

limsup < 3

210 Po(A)
where @ is the function defined in (4.2.14). Moreover, an effective compactly sup-

ported potential W depending on b,V and A > 0 is introduced, and it is proved in [171,
Theorem 6.3] that if W is non-negative for sufficiently small A, then

AEADV) 1
limint 9>V > .
A0 Pe(d) 2
Further, the asymptotics as A | 0 of Ji{li(l;iM,0,0) with M > 0 was examined in
[124] under the assumption that M is compactly supported or has an exponential or
power-like decay at infinity. The results obtained are quite close in spirit to Theorems

4.4.1 -4.4.3, so that we omit the details and just point that the effective Hamiltonian
this time is p,A*UAp, where

Au= ( a(bo)"u ) . ueDH),

a(bg)u
and
_1! mj +mp; myj —myy —2imy;
2\ myp—mpy+2imy; myy +myp)

The results of [124] can be easily extended to operators Hyyp 0 +v provided that M > 0
and V > 0. Unfortunately, G=1+M with M > 0 does not necessarily imply that Q
defined in (4.4.42) as a function of G is sign-definite and has the same sign as the per-
turbation =M. Thus the extension of the results of [124] to operators Hyip o 4v is
not sufficient to study the eigenvalue asymptotics for the Bochner Laplacian defined in
(4.4.41) with G =1+M with general rapidly decaying M, which remains a challenging
open problem.

Perturbation by an obstacle

Finally, we would like to mention yet another geometric perturbation of the 2D Landau
Hamiltonian Hy = Hg(A, 0) with constant magnetic field b > 0. Let I' C R? be a closed
simple C”-curve, and Q be the exterior of I, i.e. the unbounded component of R2 \T.
Denote by HE'Z(A) (resp., by Hg(A)) the self-adjoint operator generated in L2(Q) by
the closure of the quadratic form

/ [iVu+Au|? dx
Q
with domain C5(€2) (resp., C5°(§)). Then, again,

Gess(Hg(A)) = Oess(Hp) = o(Hp) = U {AQ} :
qE€EZy
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Moreover, the discrete eigenvalues of HE(A) (resp., of Hp(A)) can accumulate to any
Landau level Aq =b(2q+1), q € Z4, only from above (resp., from below). By analogy

with 45, (V) with V > 0. for q € Z. let {A{q(m}m (resp., {%q(ﬂ)}m) be the

non-increasing (resp., non-decreasing) set of the eigenvalues of H{, (resp., ﬁb) lying
on the interval (Ag, Aq41) (resp., on (Ag_1,Aq)), and counted with the multiplicities,
and set

NEMQ =#{keZ| £AL@-A) > 1}, 1 >0

Theorem 4.4.7 Let T C R? be a closed simple C™-curve, and Q be its exterior. Then
for any q € Z+ we have #(G(Hgiz) N (Aq_l,Aq)) = oo, and

bCap(I)?
In (i (xqu(g)—/\q)) = —klnk + (1 +In (ag()» k+0(k) (4.4.43)

as k — oo,

Remarks: Under somewhat less restrictive assumptions relation (4.4.43) was obtained
for the Dirichlet (resp, Neumann) case in [151, Theorem 1.3] (resp., in [141, Theorem
3.2 (a)] and [83, Theorem 1.2 (A)]). Moreover, in [141] and [83], a more general setting
of a magnetic field of full rank in R24, was considered; note, however, that all the
positive eigenvalues of B are supposed to be the same which essentially simplifies the
analysis. More precisely, in [141, Theorem 3.2 (b)] and [83, Theorem 1.2 (B)] it was
shown that

g )= S +o(l), 240, (4.4.44)

where Ky is the multiplicity of the Landau level Aq which is equal to (qgﬁl) if by =
...=Dbg. Moreover, in [83], it was shown that analogues of (4.4.43) and (4.4.44) hold
true also in the case of Robin boundary conditions.

4.5 Asymptotic density of eigenvalue clusters

As in Section 4.4.1, we consider Hy := Hg(A, V) = Hg(A,0) +V, electric perturbations
of Landau Hamiltonian:

_ (.9 by\ (.9 bx\? >
HO .—HS(A90)—<_18X+2) +(_lay_2> > (X,}’)GR s

with A = %(—y, x). While the previous spectral asymptotics are independent of the
Landau level number q, in this section we study the implication of the results in Section
3.5 on the distribution of the discrete eigenvalues near the qth Landau as q tends to
infinity. We prove that the rate at which the discrete eigenvalues approach the qth
Landau level tends to 0 as q tends to infinity and according to the decay rate of the
potential, the asymptotic distribution of eigenvalues involves the Radon transform of
the potential (short-range case) or the mean-value transform of the main homogeneous
part of the potential (long-range case with the following Condition 4.5.2).
Let V : R? — R be continuous and bounded satisfying the following
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Condition 4.5.1 The potential V belongs to C(RZ;R), and the estimate
V)| <C+[x)7?, xeR? (4.5.1)
for some 7y € (0,0).

Then as in Section 4.4.1, |V|1/2H51/2 is compact in L2(R?) and the Weyl theorem
yields:
Ocess(Hy) = Oess(Hp) = o(Hp) = U {Aq} . 4.5.2)
q€Zs

Moreover, for V of definite sign we know that Hy as discrete spectrum which accu-
mulate at each Landau Level Aq, q € Z;. The asymptotic behavior of the counting
function given by the results of Section 4.4.1 does not depend on q, the Landau level
number. In this Section we describe the behavior of the distribution of eigenvalues
within the gth cluster, as q tends to infinity.

We will distinguish two different cases according to the decay rate of the potential.
If V satisfies Condition 4.5.1 for some y > 1, we will say that it is short-range. If, on
the other hand, V verifies Condition 4.5.1 for some ¥ € (0, 1) but not for y > 1, we will
classify it as being long-range.

In the case of long-range potentials, we will consider also some additional condi-
tions on V. Let us write u € %’Z%,(Rz) if u e C*(R2 \ {0}), is a homogeneous function

of order —y and use the class of symbols FT(Rz) introduced in Section 2.3.

Condition 4.5.2 The potential V belongs to FIV(RZ) for some y € (0,1) and there
exists V € jfity(]l@) such that

IV(x)-V(x)| < C|x| "¢, x e R, [x| > 1, (4.5.3)

with given constants C and € > 0.

Notice that Condition 4.5.2 implies Condition 4.5.1 with y € (0, 1).

4.5.1 Eigenvalue clusters

Our first result concerns the location of the spectrum of Hy = Hg(A, V). It provides an
estimate on the rate at which the discrete eigenvalues approach the qth Landau level,
as q tends to infinity, and justifies the terminology “eigenvalue clusters”.

Theorem 4.5.1 (i) ([150]) Assume that V satisfies Condition 4.5.1 with y > 1. Then
cHy)C (Aq—ClAa”z,Aq+C1Aa”2) (4.5.4)
q€Z4

with a constant C; > 0 independent of q.
(i1) ([123]) Assume that V satisfies Condition 4.5.1 with y € (0,1). Then

o(Hy)C | (Aq—czAgy’z,Aq +c2A;7’2) (4.5.5)
q€Zs

with a constant Cy > 0 independent of q.
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Estimates (4.5.4) and (4.5.5) are sharp (see the proof below and the remark after
Proposition 3.5.1). This will also follow from our main results, Theorems 4.5.2 and
4.5.3.

The proof of Theorem 4.5.1 is largely a corollary of the Birman—Schwinger prin-
ciple and the norm estimates contained in Theorem 3.5.1 applied for the Berezin—
Toeplitz operators p, Vpy, where p is the orthogonal projection onto Ker(Hp—Aq). Set
Ro(A):=(Hp-A) 1,1 eC \ 6(Hy). The Birman—Schwinger operator |V| ZRo(M)V 12
can be estimated in norm by the expression

g+m B
VIR0V < B [A=A oI VIpcl + IV Ro (A 0, m) V]2, (4.5.6)

k=g-m
where
5 q+m
Ro(A:q.m) :=Ro(A)— Y (A-2A)"'py.
k=g-m

Now, taking m € Z, large enough such that [|V|| = g2) < Am/2 and
CiAg"? <|Ag-A| <D

(resp. C}AEV/Z < |Aq—A| <b), the above estimate ensures that the norm of the Birman—
Schwinger operator is strictly less than one for q large enough. Consequently for these
A, the operator I+ | V| 2R o(A)VY2 is invertible and the invertibility of (Hy —A) follows
from the Birman—Schwinger principle (see Lemma 4.4.1).

Let us mention that analogous sharp estimates on the size of the spectral clusters
that depend only on an Lp-norm of V are also given in [55].

4.5.2 Asymptotic density for short-range electric perturbations

Our next goal is to give an asymptotic description of the distribution of eigenvalues
within the qth cluster, as q tends to infinity. For [o, B] C R\ {0} and q € Z we define
the eigenvalue counting measures by setting

Hshort([a“g]) = Z dimKer(Hy - 1).
Ag+aAG <A <AG+BA?

Notice that the interval [a, B] is rescaled in accordance with (4.5.4). For large values
of q, we have that

[Aq+ A%, Ag+BAG"1N Gess(Hy) =0, (4.5.7)

so that the above quantity is finite.
Note that if ¢ € C§(R\ {0}), then

[ o0 = Tr (A L(Ey - Ag). (45.38)
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Definition 4.5.1 (Radon transform) Assume that V satisfies Condition 4.5.1 with y >
1, and define its Radon transform

- 1
V(w,s) := E/RV(sa)+ta)J‘)dt, o=(0,m) €S, seR,

where ot = (-~w,,0,) € SL.

Condition 4.5.1 with y > 1 entails the following decay property of the Radon trans-
form:
[V(w,s)| <CA+|s)7, weS! seRr. (4.5.9)

Theorem 4.5.2 ([150]) Let V satisfy Condition 4.5.1 for some y > 1. Then

1

. —-1/2 12 _ 7
Jim A Tr @A (Hy ~Ag) = 5 /S ] /R o(bV(w,s))dsdw (4.5.10)

for each ¢ € CF(R\ {0}).

For [o,B] C R\ {0} define the measure
short I S o O I
et B = o |V b BD)|

|- |s1 xR being the Lebesgue measure on S! x R. In terms of convergence of measures,
Theorem 4.5.2 is equivalent to

Jim A" (e B1) = p2 Lt B, .5.11)

for any o, 8 such that af8 > 0 and

pshot(fa}) = pshot({B1) =0,

However, the above condition does not automatically hold. Indeed, the image of
C6°(R\ {0}) under the Radon transform is well-known (see, for instance, [92, Theorem
2.10]); According to this description, if ¢ € CB"(R) is an even, real-valued function,
then V(@, s) := ¢(s) is the Radon transform of some V € C§(R\ {0}). Of course, if the
derivative ¢'(s) vanishes on an open interval, the corresponding measure has an atom.

Let us outline the proof of Theorem 4.5.2. More detailed proofs and calculations
can be found in [150].

An application of the Stone—Weierstrass theorem allows us to consider polynomials
instead of C7(R \ {0}) functions. Then, a Cauchy formula representation yields

Proposition 4.5.1 Let ¢ > 1/(y—1). Then, for q large enough, the operators
(Hy _Aq)KZ(Aq—b,Aq+b)(HV) and (pqqu)é

belong to &, the trace class, and

Tr (Hy — Ag) Zag-bagsbyHY) = Tr(pg Vo) +0(A ™), g0, (45.12)
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Once (4.5.12) is established, results in Section 3.5.2 allow us to consider the traces of
the operators Op%(Vy, * 0 m)g , with V}, defined by (3.4.46).

Proposition 4.5.2 Assume that V belongs to C6°(R2). Then,

14
=D w ¢_b" o ¢
qlgroloAq Tr(Op (Vb*5\/m)) = /S] /R V(w,s)" dsdw (4.5.13)
for every integer £ € N.
The proof of Proposition 4.5.2 relies chiefly on using the integral representation

of the trace given by the composition formula for symbols of Weyl pseudodifferential
operators (see Section 2.3). Thus,

Tr (Op¥ (t))" = 2m) ! /R )fk(—gf—l)fk(gé—l -&0)...

A€ TR OGEIgE  (4.5.14)

2((-1

with ti := V% O and o the standard canonical symplectic form (2.1.17), so that

. 1. ,
(&) = ﬂVb(é)/Sl e k08dp, £ eR2 (4.5.15)

We obtain (4.5.13) by applying the stationary phase method.

Finally, a continuity argument allows us to extend the result, for ¢ > 1/(y-1), from
CE’;’(RZ;R) to the set of functions verifying Condition 4.5.1 with ¥ > 1, which completes
the proof of Theorem 4.5.2.

Let us mention that in the short range case, a Szeg6 limit theorem is stated in
[94], for the eigenvalues in the clusters as the cluster index q and the field strength b
tend to infinity with a fixed ratio &. The result involves the averages of the potential
over circles of radius v/&/2 (classical orbits). A related inverse spectral result is also
discussed.

4.5.3 Asymptotic density for long-range electric perturbation

Similarly to the short-range case, we define for [ar, ] C R\ {0} and q € Z. the corre-
sponding eigenvalue counting measures

’J(llong([a’ﬁ]) = Z dimKer(Hv—l)-
Aqtard? SA<AGHBAS”

Definition 4.5.2 (Mean-value transform) Assume that u € C(R? \{0}), and define its
mean-value transform

1
ﬁ(x)::—/ ux-w)do, xeR?\S
21 Js!
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We describe some elementary yet useful properties of the mean-value transform of
functions belonging to given classes. If u € FIV(RZ), Y € (0,00), then its mean-value

transform 4 extends to a function 4 € FIy(RZ). Ifue j‘/iﬁy(Rz), Y € (0,0), then Nt €
ny provided that 1 € I'O(Rz) and suppn N'S! = 0. Moreover, if ¥ € (0,1), then the
mean-value transform of u € %ﬂ (Rz) extends to a function & € C(R?). Finally, if u €
f%ﬂ_ﬂy(Rz), y € (0,1), and &(x) = 0 for each x € R?, then u(x) = 0 for each x € R?\ {0}.

Theorem 4.5.3 ([123]) Let V satisfy Condition 4.5.2. Then
o Y2 0p. 1 7
(llglgoAq Tro(Ag " (Hy-Ag)) = 7B /R2 @(bn"V(x))dx (4.5.16)

for each ¢ € Cj(R\ {0}).

Again, defining for q € Z, the measure

plong (o, B1) : V(wyame [a, 1 C R\ {0},

2B

with |- |g2 the Lebesgue measure on R2, we find that (4.5.16) is equivalent to

th ue" ([0, B) = pl"E (e, B, (4.5.17)

for any a, such that o3 > 0 and such that oc and  are not atoms of the measure

[,ng "€, We remark that if, for instance, V is radially symmetric, the corresponding
measure has no atoms.

Remark 4.5.1 The case y =1 differs from both the short-range and the long-range
cases and will not be considered here. In fact, for, say, V asymptoncally homogeneous
of order —1, the Radon transform V is not well defined. Further, since V can generically

have a logarithmic singularity at S', given V € jﬁﬁl (R?), the support of the limiting

measure ,ui? "¢ need not be compact, which would mean that (4.5.5) fails to hold in this
case.

Let us give ideas of the proof of Theorem 4.5.3. Methodology used for the short-
range case is not readily extensible to the long-range scenario. Conversely, most of the
results and methods exposed below do not adapt well to the previous scenario.

The first step in the proof is the passage to Berezin—Toeplitz operators.

Proposition 4.5.3 Assume that V verifies Condition 4.5.2 for some 7y € (0,1). Then,
Y2 2
Tro(Ag"(Hy —Ag) =Tr@(Ag "pgVpg)) +0(Aq),  q— eo. (4.5.18)
Note that, in contrast to the short-range case, no approximation by polynomials is used,

instead, we work directly with the function ¢. Proposition 4.5.3 amounts essentially to
approximating Hy by its Weinstein average (Hy).
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Definition 4.5.3 (Weinstein average) Assume that V € L™ and set

b b . R
(V) = - /O eHoyeitogi =Y pvp,, (4.5.19)
SEZy
(Hy) := Ho+(V). (4.5.20)

Note that a sufficient condition for the uniform convergence of the series defining (V)
in (4.5.19), is that the norm of p,Vp, tends to zero as q goes to infinity, which holds
true according to Theorem 3.5.1.

Proposition 4.5.4 Under the hypotheses of Condition 4.5.2, we have
12 /2
Tro(A]“(Hy —Aq)) = Tr (A} “((Hy) —Ag)) +0(Aq), q— oo (4.5.21)
for each ¢ € Cj(R\ {0}).

The main ingredients in the proof of this proposition are the Helffer—Sjostrand formula
used to express the difference of both operators in terms of the difference of their
resolvents, and the Schur—Feshbach formula to estimate this difference accordingly.
Namely, let ¢ € CB"(Rz) be a suitable almost-analytic continuation of @, let y := d $/9Z
and set

vt y) = A WA (- A AYY), g€ Zs,

so that
1
A (Hy -Ag)) = - /R Yeoy)Hy -2 dxdy, zi=x+iyeC.  (4522)

Iterating the resolvent identity, we can write the above expression as

Y2 _ D' —1x\¢ ~1
P(Aq " (Hyv-Ag) = T /R , Ya(x.y)(Ho—-2)" V) (Hy -2z) " dxdy,  (4.5.23)

so that we are able to extract the terms which contribute to the main asymptotic term
of the trace of the operator. Indeed, writing

(Ho-2)"'V) = (Aq=2) " (pg V)" +1q.0(2), (4.5.24)

and taking ¢ to be the smallest integer strictly greater than y/2, we find that the trace of
the part of the operator corresponding to rq ¢ is of order 0(Aq), as q — eo.

We analogously express the trace of the operator obtained by replacing Hy by (Hy)
and we are left with estimating the trace of the difference

et

2 L w2y (v =27 - py( () -2)") dxay.

Application of the Schur—Feshbach formula and estimates of Section 3.5 imply that
this quantity is of order o(Aq) as g tends to infinity.

Once the approximation by the Weinstein average is established, a simple argument
relying on the fact that ¢ has a compact support shows that for large enough q, the trace
of this operator reduces to that of a single Berezin—Toeplitz operator:
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Proposition 4.5.5 Assume that V verifies Condition 4.5.2. Then, for each ¢ € CJ(R\
{0}) there exists qq € Z such that

Tro(AY ((Hy) -Ag)) = Tro(AY *p Vpy). 4> dp. (4.5.25)

Finally, as q tends to infinity, V}, is integrated over larger and larger circles, so that
it can be well approximated by its behavior far from the origin. This is expressed by
the following result:

Proposition 4.5.6 Assume that V verifies Condition 4.5.2. Then,
2 12
Tr (AL “pyVpy) = Tr (Al = Op™ (Vyy % 8 ) o), q— oo, (4.5.26)

for each ¢ € Cj(R\ {0}).

The proof of this fact makes use of the technical assumption in (4.5.3), and is based on
certain estimates of trace-class norms of operators of the type @(T +Q)—@(T), where
¢ € CP(R\ {0}) and T and Q are appropriate self-adjoint compact operators. The main
tools used to obtain these trace-class estimates are the results of [?].

Proposition 4.5.7 Assume that V verifies Condition 4.5.2. Then, we have that
im A Y2 5w _ 1 ya¢
qlﬂfl,[\q Tro(Ag~Op™ (Vy, * 5\/m)) = 5mh /IRZ o(b"V(x))dx. (4.5.27)

The proof of Proposition 4.5.7 relies on the unitary equivalence between the oper-
ator A?lllz OpV(Vy * 6 \/m) and the pseudodifferential operator whose Weyl symbol is
given by

sn(x, ) :=b1V (x,hE),  (x,6) R,

with hi := (2q+ 1)"!. If the symbol were regular, standard semiclassical results would
then imply (4.5.27) (see, for instance, [63, Theorem 9.6]). However, §71 has a singu-
larity at S', so a suitable approximation by smooth symbols is required to establish the
result. For this, estimates for weak Schatten—von Neumann classes, as (2.3.17), are
used and the desired result is finally obtained.

4.5.4 Semiclassical interpretation

For (x,&) € T*R2, consider the Hamiltonian function (see (2.1.14)):

1 2 1 2
H(x,8) = (51 +2bX2> + <§2—2bxl> .

The projections of the orbits of the Hamiltonian flow of 5 onto the configuration space
are circles of radius v/E/b; here E > 0 is the energy corresponding to the orbit (see
Section 2.1). The classical particles move around these circles with period Ty, = 7/b.
The orbits can be parametrized by the energy E > 0 and the center ¢ € R? of the circle.
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Let y(c,E,t), t € [0,Ty,), be the path in the configuration space corresponding to
such an orbit. Set

1 /To
Av(V)(c,E) := T—b/o V(y(c,E,t))dt.

Under Condition 4.5.1 with y > 1, we have the following identity concerning the short-
range case:

1

12 _ 5
o EleEm / 9E" AV(V)(e. E)bde = 5 /S 1 /R o(bV(w,s))dsdw.  (4.5.28)

The basis of this calculation is the fact that as E tends to infinity, so does the radius
VE/b of the orbits. Hence, these orbits approximately look like straight lines on any
compact domain of the configuration space. Under this consideration, Th. 4.5.2 can be
restated as

1 1
lim — Tr (A3 (Hy -Ag)) = — / O(E"? Av(V)(c,E))bdc. (4.5.29)
q—r Aq El/z
Notice that if we consider the set Mg of orbits of given energy E > 0, parametrized
by ¢ € R?, the measure bdc appearing in the right hand side of (4.5.29) coincides with
the restriction of the Lebesgue measure on R* onto the quotient of the constant-energy
surface

{xoert| #x.6)=E}

with respect to the flow of .77
In an analogous fashion, in the long-range regime we have

— lim / @(E"? Av(V)(c,E))bdc

¥
27r E—w E / bV (x))dx (4.5.30)

27b
1
- hmA—Tr(p(AW(HV AQ)»

q—ree

provided that Condition 4.5.2 holds true.

Equations (4.5.29) and (4.5.30) are in agreement with the semiclassical intuition
and can be interpreted in the spirit of the “averaging principle” for systems close to
integrable ones. According to this principle, a good approximation is obtained if the
original perturbation is replaced by its average along the orbits of the free dynamics
(see for instance [5, Section 82]).
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Chapter 5

Asymptotics for the Spectral
Shift Function and the
resonances

Abstract: We introduce the notions of Spectral Shift Function (SSF) and of the res-
onances in Section 5.1. These quantities are used to quantify phenomena of spectral
concentration even in presence of continuous spectrum. By analogy with the count-
ing function of eigenvalues, the blow up of the SSF, or of the counting function of
resonances near the real axis, will express a phenomenon of spectral concentration.
For perturbations, by an electric potential of definite sign, of 3D magnetic magnetic
Schrodinger operators, we study the SSF and the resonances near Landau levels in Sec-
tion 5.2. The cases of perturbations by obstacles is treated in Section 5.3. Other situa-
tions where continuous spectrum appears are 2D magnetic Schrodinger operators with
unbounded boundaries. In Section 5.4 we discuss the cases of magnetic Schrédinger
operators in the half-plane and in the strip for which several questions remain open
both concerning the SSF and the resonances.

5.1 Perturbation of the continuous spectrum

As described in Sections 2.7 and 2.8, the quantum magnetic hamiltonians may have
essential spectrum not reduced to a point spectrum. For example the spectrum of the
3D Schrodinger operator Hg(A,0), with constant magnetic field having a non-trivial
kernel, is [Ag,+e) (see (2.7.61)). Any relatively compact perturbation of Hg(A,0)
have the same essential spectrum with a possible discret spectrum below Agy. Thus the
influence of the perturbation can be analyzed below A, with the study of the discret
spectrum, but above Ay, the perturbation of the continuous part of the spectrum is less
obvious. For the analysis of the perturbation of the continuous spectrum, we will study
the Spectral Shift Function and the Resonances.

161
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The Spectral Shift Function, now denoted SSF introduced in the early fifties by the
Physicist IM Lifshits measures an energy distribution. First, it was defined for a pair of
bounded selfadjoint operators (A, Ag) such that (A| —Ag) € & by a trace perturbation
formula :

E(A,Ap L) = L im ImIn(Da, A, (A +i€)). (5.1.1)
T e—0

where Dy A, is the perturbation (or relative) determinant:
Da, A, (2) = det (1+(A1 —AO)(AO—ZI)_1>, 2€Cy={z€C|+Imz>0}.

Then, the definition was extended to relatively trace class perturbations of self-adjoint
operators (see for instance [216] for more details). In particular for semi-bounded
selfadjoint operators it is defined thanks to the following Theorem.

Theorem 5.1.1 ([121, 113, 216]) Let H and Hy be two semi-bounded selfadjoint op-
erators on a Hilbert space 7€ such that for some k > 0 and ¢ > 0,

(Hy+cD) X —Hy+cD) ™ € &,(2).
Then there exists a unique Spectral Shift Function &(Hy,Hy;.), such that:
1. A (1+|A)*TEMH,, Hy; A) is integrable on R
2. E(Hy,Hp:A) =0 for A < inf(o(H;) U o(Hy))
3. Tr((Hy +cD) ™ —(Ho+cD)™¥) =k fg E(H;,Hp; )(A +0) ™ 1dA
4. Foranyfe ZR),

Te(1(H)~1(Ho)) = [ E(H Ho: A (A)a.

By the Birman—Krein formula, almost everywhere on the absolutely continuous
spectrums, the SSF &(H;,Hy;-) coincides with the scattering phase for the operator
pair (H;,Hp) (see the original work [17] or [216, Chapter 8]). Further, if H; has discrete
spectrum below o(Hy), then for almost every E € 64(H{) N (—oo,inf c(Hg)], we have

—&(Hy,Hp;E) = Tr1 e, gy(Hy), (5.1.2)

the number of the eigenvalues of H; less than E, counted with their multiplicities.

There exists several interpretation and representation formulas of the SSF (see for
instance the reviews [167, 33]). One that will be particularly useful later in this Chapter
is the following due to A. Pushnitski [148].

Proposition 5.1.1 ([148, Theorem 1.2]) Let Hy and Hy be two semi-bounded selfad-
Jjoint operators on a Hilbert space 7 such that Hy = Hy &=V with V a nonnegative
operator satisfying, for some k >0, m > 0 and ¢ > 0:

V2(Hp+cD) 2 € 6w V2(Ho+cD) ™€ Gy(#);  (He+c) ¥ —(Ho+c* € &, ().
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Then for almost every E € R the following limit exists in Geo
To(E) := lim V2(Hy-E—ie) V2, (5.1.3)
£—0*
and we have the representation formula of the Spectral Shift Function &(Hx,Hy;.):
1 dt
E(Hx,Hp;E) = i; /RTrll(Lm)(ﬂF(ReTo(E)+tImT0(E)))m, (5.1.4)

where ReT = }(T+T*) € Geo, ImT 1= 2(T-T*) € &.

This representation of the SSF is an extension to continous spectrum, of the Birman-
Schwinger principle. Indeed, for E € RN p(Hgy) (where Ht may only have eigenval-
ues), ImTy(E) =0, and the formula becomes:

E(Hx,Hp: E) = £Trll (| o0)(F(To(E)),

which corresponds to the Birman-Schwinger principle (Lemma 4.4.1). An extension
of this formula to perturbations of nondefinite sign is given in [149] (it involves Index
of Fredholm pair of operators).

The previous result gives an abstract setting in which To(A +10) given by (5.1.3)
exists. As we will see below, for some V (typically for compactly supported potentials),
the operator-valued function z — Ty(z) := | V]| > (Hp —z)‘lV%, first analytic on C; with
value in G, could admit an analytic extension to a Riemannian surface .#. Then, from
the Analytic Fredholm Theorem [162, Theorem VI.14] and the resolvent equation

1 1+ -1
Ti(2):=|V|2(H;-2) ' V2 =1-(1+Tp(2)) ", (5.1.5)

we deduce that the operator-valued function z — T;(z), first analytic on C,, admits a
meromorphic extension to .# with poles w € .# such that (I+T(w)) is not invertible.
Thus, we define the resonances on the following way.

Proposition 5.1.2 ([24]) Let H| and H be two semi-bounded selfadjoint operators
on a Hilbert space 7 such that Hy =Hy+V with V = |V| 2Va a symmetric bounded
operator such that z — Ty(z) := |V|%(H0 —Z)_IV%, admits an analytic extension to a
Riemannian surface M, in the class of compact operators Ge.

Then the operator-valued function z — T(z) := |V|%(H1 —Z)_IV%, admits a mero-
morphic extension to .# whose poles are the numbers w € # such that (1) is an
eigenvalue of To(w). Such w is called a Resonance of Hy with multiplicity

1 1 _1
lt(w) := Rank— Ti(z)dz= =T To(z) (I+T dz, (5.1.6
muliw) =Rankoe [ M= T [ T Tow) s 616)

where t > 0 is sufficiently small such that {w; |z—wq| <1} contains a unique pole w.

The set of resonances of H; will be denoted Res(H;). For an overview on the theory of
resonances, we refer for instance to [68].
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5.2 Electric perturbation of 3D magnetic Hamiltonians

In this section we show how the results on the distribution of the eigenvalues de-
scribed in Section 4.4.1 can be adapted for electric perturbations of the 3D magnetic
Schrddinger operator, on the singularities of the Spectral Shift Function as well as on
the distribution of the resonances.

5.2.1 The 3D magnetic Hamiltonians

Let us consider the 3D Schrodinger operator Hg(A,0) with constant magnetic field of
strength b > 0, pointing at the x3-direction, corresponding to (2.7.57) withd =2,k =1:

Hp:=Hg(A,0):=H; ®IH+IJ_ ®HH 5.2.1)
with H, (resp. H))) the Landau hamiltonian (resp. the 1D Laplacian):

b \2 b \2 2 . d
H, = (Dl + Exz) + (Dz—ixl) ,  H=D}, Dj= 5
and IH’ I, the identities in L%(R?) and L%(R) respectively.
The spectrum of Hy, purely a.c., is given by (2.7.61):

G(Hy) = | [Aq+%0) = [Ag,+e0)
q€Zs

Assume that V is a bounded, real-valued, Lebesgue-measurable function and de-
note again by V the multiplier by this electric potential V. On the domain of Hy the
perturbed operator

Hy :=Hg(A,V)=Hy+V (5.2.2)

is self-adjoint in L2(R3).
As in Section 2.7, for x € R3 we write x = (XL,XH) where x| = (x],X2) € R? are
the variables in the plane perpendicular to the magnetic field, and X| =X3€ R is the

variable along the magnetic field. In the following sections, we will suppose that V
satisfies one of the following estimates:

e D (anisotropic decay): V(x) = O((x 1 )™™ (x) ™) with m | > 2, m > I;
e Dy (isotropic decay): V(x) = O({x)™™0) with mgy > 3;

® Dexp (fast decay with respect to x|)): V(x) = O({x )™+ exp (-N]|x |)) with some
m | >0andany N > 0.

Note that assumption D implies D. Moreover, evidently, assumption Dexp with m; >
2 again implies D. Thanks to the Diamagnetic inequality (see Section 2.5), as soon as
V satisfies D, the operator VH51 is compact in L2(R?) and applying the Weyl theorem
on the invariance of the essential spectrum, we find that

Oess(Hy) = 0ess(Hp) = 0(Hp) = [Ag, +o0). (5.2.3)
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Thus Hy may have discret spectrum below Ag and even if the essential spectra of
the operators Hy and Hy coincide as subsets of R, their nature may be different. Note
that for these properties, it suffices to assume that m | and m are positive constants.
Before to quantify these differences through the study of the SSF and of the resonances,
let us give particular cases showing that the presence of the constant magnetic field
changes the nature of the essential spectrum (in comparison with —A+V). In particular,
embedded eigenvalues may exist even for compactly supported perturbations.

For instance, if V satisfies the estimate

V(x) <-Cly(x), x€eR3, (5.2.4)

where C > 0 and U C R3 is an open non empty set, then the operator Hy has an infinite
negative discrete spectrum (see e.g. [7, Theorem 1.5]). Next, if V is axisymmetric, i.e.
depends only on |x | | and X|s and satisfies (5.2.4), then below each Landau level Aq,
q € Zy, the operator Hy has at least one eigenvalue which for all sufficiently large q is
embedded in the essential spectrum (see [7, Theorem 1.5]). Finally, if V is axisymmet-
ric and satisfies

V(x) <-Cly, (xL)<xH>_m”, (5.2.5)

where C > 0, my € (0,2) and U, C R? is an open non empty set, then there exists an
infinite series of eigenvalues of Hy below each Landau level (see [155], [156]).

In the following sections, we show that such spectral concentration at the Landau
levels is still true for a large class of electric potentials V. This general phenomena
will be expressed by the blow up of the SSF or by the accumulation of resonances
near Landau levels. As in the 2D case (see Section 4.4), near a fixed Landau level
Aq the main contribution of the perturbation will be governed by the singular part of
the Birman-Schwinger operator T(z) := |V\%(H0 —z)‘lV%. By analogy with the 2D
case (see (4.4.13)), a key ingredient is the following spectral decomposition of the free
resolvent. For pg, the orthogonal projection onto Ker(H | —Ag) introduced in Section
3.3, we have

(Ho—2)"' =pq @ (H| +Aq ~2)" +(Hy-2)"' (I-p, ®1)). (5.2.6)
Then, using that for k2eC \ [0,+00), Imk > 0, the integral kernel of (HH —k3 s

eik\xH—x"‘\ )
—T, XH,XH S R, (527)
for zq(k) = Aq +k2, q € Zy, in the resolvent set of the operator Hy, we have

_pq @ 1(ik)

Ho—Aq—-k3) ' =
( 0 q ) ik

+(Ho—Aq—k*) ' (I-py ®1)) (5.2.8)

z|xy x|
where 1(z) is the 1D operator with the integral kernel £ g L Hence, as we will see in
the following sections, near each Landau level A4, the singularities of the SSF and the

distribution of the resonances will be governed by the operator |V\% (pq ®1(0)) |V|%
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Thanks to the following abstract lemma, it will be related to the Berezin-Toeplitz oper-
ator p, Wpy, with

1
W) := 3 /R |V(XJ_,XH)|dXH. (5.2.9)

More precisely, applying the following Lemma 5.2.1 with appropriate L, we immedi-
ately find that for each s > 0

Trl ey (IVI" (pg @10 ) [VI"2) = TrLs oy (PgWpg) (52.10)

where 1y = r(0) denotes the 1D operator with constant integral kernel %

Lemma 5.2.1 [20, Theorem 8.1.4] Let L be a linear compact operator acting between
two, possible different, Hilbert spaces. Then for each s > 0 we have

Tr s ) (L °L) = Tr L (5 o0) (LLY).

5.2.2 Singularities of the spectral shift function near Landau levels

Let V satisfy D. Then the diamagnetic inequality easily implies that the operator V/2(H +
1)’l is Hilbert—Schmidt (see Section 2.5), and hence, for ¢ > 0 large enough, the resol-
vent difference (H+cI)™! —(Hp +cD1is a trace-class operator. Therefore, according to
Theorem 5.1.1, the spectral shift function (SSF) for the operator pair (Hy,Hy),

E(Hy,Hp;) € L'(R; (1+4%)71da)

exists, satisfies the Lifshits-Krein trace formula
Tr(f(Hv)—f(Ho))=/Rf§(Hv,Ho;l)f’(l)dl

for each f € C(R) and is unique with the normalization condition EMHy,Hy;A) =0 for
A € (—oo,inf 6(Hy)). By [39, Proposition 2.5], the SSF possesses the following more
particular features:

e &(Hy,Hp;) is bounded on every compact subset of R\ Ugez, {Aq};

e &(Hy,Hp;) is continuous on R\ (Ugez, {Aq} U opp(Hy)) where opp(Hy) is the
set of the eigenvalues of H.

In order to describe the asymptotic behavior of the SSF §(Hy,Hp;4) as A — Ag, q €
7, let us introduce some notations.

For V satisfying D, W denotes the function defined by (5.2.9) and for x| € R2,
A >0, we introduce:

w w
V=70 :=< Wal wWas )

where

1 1 )
Wi = E/R |V(XL,X3)|COSZ(\/ZX3)dX3, Wog = E/R|V(XL,X3)|s1n2(\/IX3)dX3,
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1
Wi2 =W 1= 5 /R IV(x | ,x3)| cos (VAx3)sin (V' Ax3)dx3.
It follows from results of Section 4.2.2, that unless V = 0 almost everywhere, we have
rankpWpy =0, rankpy#)pgq =0, A > 0.

In the following, if Fj(V;A), j=1,2, are two real non decreasing functionals of V,
depending on A > 0, we write

Fi(V;4) ~Fa(V;1), 410,
if for each € € (0,1) we have
Fo((1-€)V;2) +0¢(1) < F(ViA) < Fp((1+€)ViA) +0g(1).
We also use analogous notations for non increasing functionals F;(V; 1) of V.

Theorem 5.2.1 [75, Theorems 3.1, 3.2] Let V satisfy Do, and V > 0 or V < 0. Then,
below each Landau level Aq, q € Z+, we have:

for V>0, E(Hy,Hp:Ag-A)=0(1), 210, (5.2.11)
for V<0, E(HyHoAq-A) ~-Trl 7 <pquq) JAL0. (5.2.12)
Moreover, when approaching each Landau level Aq from above,

Pq W)L Pq

VA

1
for V>0, E(Hy,Hp; Ag+A) ~ ETr arctan ( ), A10, (5.2.13)

for V<0 EHy,Hp:Aqg+1) U v arctan (pq%pq> 210 (5.2.14)
=~ Y, V.11, ~ = - = | . e
4 T VA
Note that in the case q = 0 asymptotic relation (5.2.12) concerns the distribution of
the discrete eigenvalues of the operator Hy with V < 0 near the first Landau level Ay
which coincides with the infimum of its essential spectrum. Such results on the discrete
spectrum have been known for a long time, and could be found in:

e [194, 195,202, 153, 101] in the case of a power-like decay of V;
e [159] in the case of an exponential decay of V;

e [159, 129] in the case of compactly supported potentials V.

As for the 2D case (Section 4.4), inserting the results of Theorems 4.2.1, 4.2.2, or 4.2.3,
concerning the counting function for the Berezin-Toeplitz operators, into (5.2.12),
(5.2.13), and (5.2.14), we could obtain the main asymptotic term of the SSF, £ (Hy,Hy; E)
as E — Aq. We omit here these explicit formulae referring the reader to the original
work (see [75, Corollary 3.1]), and prefer to state here only the following intriguing



168CHAPTER 5. ASYMPTOTICS FOR THE SPECTRAL SHIFT FUNCTION AND THE RESONANCES

Corollary 5.2.1 ([156]) Let V satisfy Dy, and V < 0. Fix q € Z4. Then

. EHy,Hp:Ag+2) 1
lim =

210 E(Hy, Hp:Ag—4) 2005%

(5.2.15)

if W satisfies the assumptions of Theorem 4.2.3, i.e. if W admits a power-like decay
with decay rate y > 2, or
E(Hy,Hy;Aq+A) 1

Ii =— 5.2.16
A E(Hy, HoiAq—2) ~ 2 210

if W satisfies the assumptions of Theorem 4.2.2 or Theorem 4.2.1, i.e. if W decays
exponentially' or has a compact support.

Relations (5.2.15)—(5.2.16) could be interpreted as generalized Levinson formulae. We
recall that the classical Levinson formula relates the number of the negative eigenvalues
of ~A+V with V which decays sufficiently fast at infinity, and limy o E(-A+V,-A 1)
(see the original work [119] or the survey article [167]). The proof of such a Levinson
formulae exploits high energy asymptotics of the SSF (see for instance [167]) and that
the SSF has no singularities on (0,+o0). For magnetic Hamiltonians a high energy
asymptotic also holds but we need to avoid neighborhoods of the Landau levels (see
[40D).

Sketch of the proof of Theorem 5.2.1

We prove Theorem 5.2.1 by using the representation formula given by Proposition
5.1.1. Thus for V satisfying D, the norm limit

To(E) := 151% IV|'2(Hy-E-i8)"!|v|!/?

exists for every E € R\ Ugez, {Aq}, To(E) is compact, 0 < ImTy(E) € & (see [39,
Lemma 4.2]), and the formula (5.1.4) holds for £ (Hy,Hg;E), £V > 0.
The first important step in the proof of Theorem 5.2.1 is the estimate

1/ dt
+{(Hy. Ho:E) ~ — /R Tr (1o (FRe To(B) +ImTog(E)) 5. E— Aq
(5.2.17)

where
Toq(E) = g% IVI"2(pg @ (H|—E-i8) )[V|'*  E#Aq.

It uses the decomposition (5.2.6) and combines the Weyl inequalities (4.2.4) with the
fact that |V\1/2(H()—E—i5)_1(1—pq ®IH)|V\1/2 admits a uniform limit as 6 | 0, for E
near Agq.

Now, if E=Aq—A with 2 > 0, then Ty 4(E) = T¢ 4(E)*, and (5.2.17) implies

+&(Hy,Hp;E) ~ Tril () o) (F Toq(E), E—Aq. (5.2.18)

UIn the case of exponential decay of W we should also suppose that V satisfies D with my > 2.
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Moreover, we have Tg4(E) > 0, i.e. Trl(je)(-Toq(E)) =0. Then (5.2.18) with the
upper sign implies

S(E;H,Hp)=0(1), E7TAq,

provided that V > 0, i.e. we obtain (5.2.11).

Assume now that V < 0. The second important step in the proof of Theorem 5.2.1
exploites the decomposition (5.2.8) which, with the Weyl inequalities (4.2.4), yields
the estimate

1
Tr1 (1 00)(To,q(Aq=2)) ~ Tri(q o) (\/I|V|1/2 (pq®r0) |V1/2> , AL0, (5.2.19)

where r( denotes the operator with constant integral kernel % Since

1
Trl() o <\/I|v”2 (pgro0) |v1/2) =Tl 7y (IVI™2 (pg @10 ) IVI2),
putting together (5.2.18), (5.2.19), and (5.2.10), we obtain (5.2.12).

Now for E=Aq+A with A | 0, the main contribution of the singular term in (5.2.8) is
given by the imaginary part. Then we obtain the estimate

1 dt I dt
— [ Trl e ReTy o(E)+tImTy (E))——= ~ —/ Trl(| oo)(FtImTyo(E)——
[ Ty (FReTo B+ UmTog N - ~ [ TrLo o GRImTog®);

1 1
= ;Trarctan (ImT4(B)) = ;Trarctan <|V\1/2 (pq®r+(l)) \V|1/2) (5.2.20)

. L cos \/I(XH—X‘/‘) , .
where 1 (1) is the operator with integral kernel 7 XX € R. Applying
Lemma 5.2.1 with appropriate L, we get

1 1 Pq /2P
—Trarctan (V| ) IVI") = —Trarcan (=220 ). (5221
- Lrarctan VI (pq®@1+(1) ) [V - Trarctan Ny ( )

Now the combination of (5.2.17), (5.2.20), and (5.2.21), yields (5.2.13)-(5.2.14). U
Theorem 5.2.1 admits extensions to Pauli and Dirac operators with admissible non
constant magnetic fields (see definition in Section 2.8). In the case of the Pauli oper-
ator, the role of the Landau levels is played by the origin (see Proposition 2.8.3). The
analogue of Theorem 5.2.1 could be found in [157]. Related results for negative ener-
gies (when the SSF is proportional to the eigenvalue counting function) are contained
in [105].
In the case of the Dirac operator, the role of the Landau levels is played by the points
+m where m > 0 is the mass of the relativistic quantum particle. The analogue of
Theorem 5.2.1 could be found in [209].
Similar singularities of the SSF also occur outside the Landau level for electric pertur-
bations of magnetic Schrodinger operators having eigenvalues of infinite multiplicities
embedded in the continuous spectrum (see [6]).
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5.2.3 Distribution of resonances near Landau levels

In this section we still consider the magnetic Schrodinger operators introduced in Sec-
tion 5.2.1. In order to define the resonances in the spirit of the Proposition 5.1.2, we
assume that V satisfies Dexp (exponential fast decay with respect to xH).

First, using the decomposition (5.2.8) and the explicit expression of the integral
kernel of the resolvent of HH , we have:

Proposition 5.2.1 ([23, Proposition 1]) For V satisfying Dexp and q € Z, the opera-
tor valued function

Tog : k— To(Aq+K2) :=J|V|2 (Hy-Aq—K2) ' [V[2,  T:=signV,

defined in 10,+/2b[e!1%%2[ has an analytic extension to the set 2\ {0} where 2 :=
{k € C; 0 < [k| < min(v2b,N)}.

From the above analytic extension, we deduce the holomorphic extension of T on,
M , the infinite-sheeted Riemann surface of the countable family

{(V2=Aq} ez, (5.2.22)

This Riemann surface .#, described in more details in [23, Section 2], can be viewed
as the quotient of the universal covering of C\ Ugez, {Aq} by the equivalence relation
which identifies two points connected by a path going an even number of times round
each Landau level. The global structure of .# is quite complicated and may make dif-
ficult the analysis of the resonances. The investigation of their asymptotic distribution
near a fixed Landau level Aq, q € Z,, however is facilitated by the fact that in this
case we are concerned with the local properties of .#. Thus, in a domain analytically
diffeomorphic to a vicinity of Ag, the surface .# resembles the two-sheeted Riemann
surface of the square root /z—Aq. Namely, for zq in a vicinity of Aq in .#, and
PG M — C\Ugez, {Aq} the covering corresponding to ./, there exists an analytic
bijection k — zq(k) € .2, such that Z(zq(k)) = Aq+k%, k € C* :=C\ {0}, [k| < 1.
Near a fixed Landau level Aq, we identify a point zq € .# with Aq +k2,0< k| < 1,
and for € > 0, we denote .#; the set of points z € .# such that for each q € Z,, we
have Im(,/z—Aq) > —€ (i.e. near each Aq, up to the identification zq(k) = Aq +k2,
Im(k) > —¢€). We have U~ (.#¢ = .4 and the holomorphic extension of the free resol-
vent given in Proposition 5.2.1 follows from the formula (5.2.8) (see [23, Proposition
1.

Then, using the resolvent equation (5.1.5), from the Analytic Fredholm Theorem
[162, Theorem VI.14], we deduce the following characterization of the resonances of
Hy near each Landau level Aq, q € Z+.

Proposition 5.2.2 ([23, Propositions 2-3], [24, Proposition 6.2]) LetV satisfies Dexp.
The complex number wy = Aq +k(2) is a resonance of Hy near Aq, q € Z+, if and only if
I+T‘0,q(k0) is not invertible, and the multiplicity of this resonance is given by (5.1.6):

1 ' d ~ ~ -1
1 =—T] —To oK) (I+Ty 4k k 2.2
mult(wo) = =-—Tr /\kfkd:r( - T0q00) (1+To 4(k0) dk (52.23)

with r > 0 sufficiently small.
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Moreover, it can be checked that it is equivalent to the definition of resonances as
the poles of the meromorphic extension of the resolvent

Ry(z) = (Hy —2)" : e EXINL2R3) — EXIN LRI,

with multiplicity given by the rank of their residues, for all € < N.

The previous results imply in particular that in any compact set which contains no
Landau levels, the number of resonances is finite. However resonances can accumulate
at the Landau levels. Before to prove that for perturbations of definite sign there is
accumulation of resonances near each Aq, q € Z, let us give an upper bound on the
number of resonances in an annulus centered at a Landau Level with inner (resp. outer)
radius r > 0 (resp. 2r) withr — 0.

Theorem 5.2.2 ([23, Theorem 1]) Let 'V satisfies Dexp and W defined by (5.2.9). Then
near each Landau Level Ag, we have the following upper bound on the number of res-
onances in an annulus that contracts to Aq:

#{z=Aq+k* € Res(Hy):r < [k <2r} =0 (| Int| Trll o) (qupq)) . rlo.

We prove this upper bound by using a Jensen inequality (see [23, Lemma 6]). Thanks
to the above definition of the multiplicity (introduced in [24]), the assumption m | >
2 (made in [23, Theorem 1] in order to use the regularized determinant det;) is not
necessary.

In order to give a result of existence of a infinite number of resonances and their
asymptotic distributions near each Landau Level, let us introduce the following as-
sumptions:

e ¢ +: The potential V satisfies Dexp and is of definite sign, =V > 0;

® 3 4: The potential V does not produce an isolated resonance at Aq in the sense
that the following limit exists for z in a sector S5 := {z € C; Im(z) > §|Re(z) -
Agl}, 6 >0:

85 52—

lim V]2 (1+ik(pg @ 1)) (Hy —2) V]2, (5.2.24)
q

where k= | /z—Agq, Im(k) > 0, Re(k) > 0.

Let us comment this second assumption ‘Kzﬁq, q € Z, fixed. From (5.2.8), z= Aq is
a singularity of |V|%(H0 —z)! \V|% given, for z=Aq +k? by the formula

1 IR - 1 Lo NP
[VI2(Ho=2)"! V|2 =~ |VI2(pg @ 10)| V|2 +| V]2 (L+ ik(pg @ 10))(Ho~2)! V2.
for which we simply use that

1 _ 1 1 1 1
V]2 (pq @10)(Ho-2)" [V :_P|V‘2(pq ®19)|V|2.
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Thus, the operator valued function z — |V| > (I+ik(pg @ 10))(Hy —z)7! |V|% is analytic
near Aq for Hy = Hy and the assumption ) 4 requires that Aq remains a regular point
under perturbation by V. As we will see in Remark 5.2.1, this assumption holds for
generic V.

Under the above assumptions, we obtain existence of resonances near each Landau
Level, their concentration to a semi-axis and we have the asymptotic behavior of the
distribution of resonances in an annulus centered at Aq with inner radius r | 0, in terms
of the Berezin-Toeplitz operators p, Wpj.

Theorem 5.2.3 ([24, Theorem 6.5]) Let q € Z. Suppose V satisfies ¢ + and 6 q
and defined W by (5.2.9). Then, for 0 < 1y < min(v/2b,N) fixed,
i) The resonances zq(k) = Aq +k2 of Hy with |k| sufficiently small satisfy

+Imk <0,  Rek=o(k]).

i) There exists a sequence (ry)y € R which tends to 0 such that
#{z= Ag+k> € Res(Hy); 1y < [k| <10} = Trl (s, 00 (qupq> (1+0(1)), £ — +oo,

iii) Eventually, if W satisfies the assumption of the Theorem 4.2.1, or 4.2.2, or
4.2.3, then

#{z=1Aq +k? eRes(Hy); r < [k| <rp} = Tr 1y 00 (qupq> (1+0(1)), r\,0.

As for the SSF, the results on the counting function for the Berezin-Toeplitz oper-
ators (see Theorems 4.2.1, 4.2.2, or 4.2.3) imply asymptotic behaviors of the counting
functions of resonances near Landau Levels.

Sketch of the proof of Theorem 5.2.3

The proof of Theorem 5.2.3 uses again the decomposition (5.2.8) and applies the fol-
lowing abstract results (Propositions 5.2.3 and 5.2.4). Let Z be a domain of C contain-
ing 0, and let $) be a separable Hilbert space. Consider an analytic function

A: 2 — Gu(9),

and Z(A) the orthogonal projection onto Ker A(0).
In the sequel we will suppose that the following assumptions are fulfilled:

° %71 : The operator A(0) is self-adjoint;
. % : The operator I-A’(0)Z2(A) is invertible.

Let Q C 2\ {0}. Define the characteristic values of - A(z)/z on Q as the points z € Q
for which the operator I - A(z)/z is not invertible. We will denote the characteristic
values of I-A(z)/z on Q by ZA(Q). Since z — (I-A(z)/z) is a finite meromorphic
Fredholm function on Q, thanks to an Analytic Fredholm Theorem (see for instance
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Im(k) Im(k)

Re(k)

Re(k)
X « X \ r X
X
X

Figure 5.1: Localization of the resonances in variable k: For r( sufficiently small,
the resonances zq(k) = Aq +k2 of the operators Hy+V, =2V > 0, near a Landau level Aq,
q € Z, are concentrated in the sectors Sy := {k € C; [Rek| < tan(6)Imk}. For positive
potential V, they are concentrated near the semi-axis —i]0, +oo) in both sides, while they
are concentrated near the semi-axis i]0, +e0) on the left for negative V.

[84, Proposition 4.1.4]) ZA(Q) is a discrete set and z — (I-A(z)/z)! is finite mero-
morphic on Q\ ZA (). The multiplicity of zy € Z4 () is defined by

Mult(zg) := ;mTrA;(I—AiZ))/(I—AiZ))_le

where 7 is an appropriate circle centered at z.

Obviously, if A(z) = A(0) (i.e. A is constant), then ZA(Q) = 6(A)N Q. The aim of
the following propositions is to state that under the assumptions %1 and %2 ZINEZAN
{0}) is close to 0(A(0)), the spectrum of the compact self-adjoint operator A(0).

Proposition 5.2.3 ([24, Corollary 3.4]) Assume "671 and 2672 Suppose that the origin
is an accumulation point of Zx(2\ {0}). Then we have

[Tmzg| =o(|zp]), zp € ZA(Z\{0}),

as zg — 0. If, moreover, +A(0) > 0, then £Rezy > 0 for zg € ZA(2 \ {0}) with |z)|
small enough.

Set
Q=) Mult(z).
Z()€<yA(Q)

If dQ is sufficiently regular, and 2 (Q) N JQ = 0, then we have

SA(Q) = indyg (1—@) =y /{99 (1-@)'(1—@)_1&.

z 2mi z z
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A@)
z

information about its properties could be found in [85], [84, Section 4], and [24, Section
2] (see also [191] where the notion of index allows to define generalized determinants).
For 0 < a <b < and 0 > 0 define the domain

The index indyg (I— ) plays a central role in the proof of Theorem 5.2.3. More

Cy(a,b):={x+iyeCla<x <b, |yl <6x}. (5.2.25)
Proposition 5.2.4 ( [24, Corollary 3.11]) Assume Zgl and % Suppose moreover that
Tr1 o) (A(0)) = D(r)(1 +0(1)), 10,
where ® satisfies P(r) — o ast ] 0, and
D(r(1£6))=P@)(1+0(1)+0(8)), 10, (5.2.26)
for each sufficiently small & > 0. Then we have
AA(Co(r, 1)) =@(r)(1+0(1)), rl0,

forany 6 > 0.

It is easy to check that the functions ®(r) = Cr7?, &(r) = C|Inr|”, or ®(r) = Ch‘lllr]];L‘,
with some 7,C > 0, satisfy asymptotic relation (5.2.26). Hence, for W satisfying the
assumption of the Theorem 4.2.1, (resp. Theorem 4.2.2, resp. Theorem 4.2.3), the
main contribution in the asymptotic expansion of Tr1 «)(pgWpg) in (4.2.13) (resp.
(4.2.40), resp. (4.2.58)) satisfies it as well.

Now the proof of Theorem 5.2.3 consists to apply Propositions 5.2.3 and 5.2.4 using
that zq(ko) = Aq +k% is a resonance of Hy if and only if (ikg) is a characteristic value
of I+Aq(z)/z, with the same multiplicity (i.e. mult(zq(kg)) = Mult(ikp)), where

Aq(2) = J|V|2p, @1(@)| V|2 + 2| V|2 Ro(Aq—22)I-py ©1|V] 7. (5.2.27)

Indeed, thanks to the decomposition (5.2.8), fork € Z\ {0}, Z :={k € C; 0 < |k| <
min(v/2b,N)}, we have
Aqg(ik)

ik °’

where z+— Aq(z) € Gu(L?(R?)) is holomorphic on & and Aq(0) =J|V| %pq ®1(0)| V|2

is self-adjoint as soon as J = £I (i.e. %1 is fullfield), with Tr 1 .y (JAG(0)) = Tr 11 o) (qupq)
(see (5.2.10)). To conclude, we just have to prove that V satifies 43 q if and only if

I+JA&(O)@(JAq) is invertible (i.e. % is fullfield for —-JAq). For this technical point,
we refer to [42, Section 4.4].

[+Toq(k) =1+

O

Remark 5.2.1 In general, ker Aq(0) is not trivial. Nevertheless, the assumption %Z,q
holds for generic V. More precisely, if the potential V is fixed, there exists a finite or
infinite discrete set & = {ey} such that the operator Hey = Hy +¢eV satisfies ©,q for
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alle € R\ &. The numbers l/e, are in fact the real non vanishing eigenvalues of the
compact operator A{l(O),@(Aq). To check this, it is enough to remark that Z(Ay) is
independent of e and AEI(O)| v eAél(O)IV fore #0. Note also that, for |e| small enough,

Hey satisfies always 63 q.

Remark 5.2.2 These results can be generalized to the case of constant magnetic fields
of non full rank 2d in an arbitrary dimension n (see definition in Section 2.7). More
precisely, the situation n—2d = 1 is close to the one treated here. Whereas, ifn—-2d > 3
is odd, it is expected that there is no accumulation of resonances at the Landau levels
since the corresponding A(z) is analytic near these thresholds. The case n—2d even
is different since the weighted resolvent has a logarithmic singularity at the Landau
levels.

Remark 5.2.3 Since eigenvalues embedded in the continuous spectrum are among the
real resonances, let us remark that a consequence of Theorem 5.2.3 i) at each Landau
level is that for non-negative potentials V (satisfying assumption of Theorem 5.2.3), the
(embedded) eigenvalues of Hy form a discrete set. On the other hand it is known that
for small potentials V > 0 satisfying D with m > 0 there are no eigenvalues outside of
the Landau levels (see [23, Proposition 7]).

Recall that the setting is very different for non-positive perturbations. Indeed, for a
large class of non-positive potentials, there is an accumulation of embedded eigenval-
ues at each Landau level (see (5.2.5) and the references [155], [156]).

Let us mention that for potentials which are dilation-analytic with respect to the
variable along the magnetic field it is possible to study the resonances near the real
axis. It is done in [213] in the strong magnetic field regime when the electric potential
has a high barrier. In [6], near eigenvalues of infinite multiplicities embedded in the
continuous spectrum of a reference operator Hy, the resonances of Hy +V are also de-
fined and studied using two approaches: the classical analytic dilation and a dynamical
one based on appropriate Mourre estimates (as in [46]). For this model, the distribution
of the resonances near the embedded eigenvalues of infinite multiplicities is studied in
[108].

An extension of Theorem 5.2.3 to Pauli and Dirac operators with admissible non
constant magnetic fields (defined in Section 2.8) is given in [174] near the origin for
the Pauli operator and near the points ==m (m is the mass of the relativistic quantum
particle) for the Dirac operator. Similar technics provide also results on the discrete
spectrum for non-selfadjoint perturbations (i.e. complex-valued potentials), see the
works [175, 176, 177, 178, 179].

5.2.4 Link between the SSF and the resonances

The SSF and the resonances are usually connected by the Breit—Wigner formula. Such
a formula, proved in [143, 144, 145, 37] in the non-magnetic setting, represents the
derivative of the SSF as a sum of a harmonic measure associated to the resonances, and
the imaginary part of a holomorphic function. It can be exploited to obtain asymptotic
expansions of the SSF or to localize resonances. Eventually, it can imply local trace
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formulas in the spirit of [190]. Such a Breit-Wigner formula also holds near the Landau
levels. We have the following result which shows that on small intervals Aq = (r, 2r)
the derivative of the SSF is related to the resonances in a sector +Cy(r, 2r) (defined by
(5.2.25)):

Theorem 5.2.4 [23, Theorem 3] Let V satisfies Dexp with m) > 2. Then for q € 7.
and €,0 > 0, there exist rg > 0 and functions g (-,r) holomorphic in £=Cg(1,2), such
that, for A € 1[1 +¢€,2—¢€], we have

I 1 A
E(MgtA:HY HY= Y /. Y} 5(l—w)+flmg’i(—,r>,
AgtweRes(H TEM’ _W‘z T T
q V) AqEweRes(Hy)
werCo(1,2)\R wer[1,.2]

where g (z,1) satisfies the estimate

L
g (zr)=O(|Inr|r ™),
uniformly with respect to 0 <t <ty andz € Cg(l+¢€,2-¢).

The proof of this formula and more general statement with some applications can
be found in [23, Section 5]. Note that this Breit—Wigner approximation implies that
the SSF is analytic outside of the resonances (including the embedded eigenvalues)
and their complex conjugate.

5.3 Obstacle perturbation of the 3D magnetic Schrodinger
operator

In this section, we still consider the 3D magnetic Schrodinger operator, but now the
perturbation is a bounded obstacle with Dirichlet or Neumann boundary condition. As
in the previous section, we study the singularities of the Spectral Shift Function and
the distribution of the resonances.

5.3.1 The Dirichlet and Neumann realizations of the 3D magnetic
Schrodinger operators

We consider the free 3D Schrodinger operator Hg(A, 0) with constant magnetic field of
strength b > 0, pointing at the x3-direction, corresponding to (2.7.57) withd=2,k=1:

3 J  bxy\> 9 bx;\*> 92
Hs(A,0) = Y TT(A) = (—iX+X2> + <—i—xl) -2 (530
=1 1
where we use the notations of Section 2.5:
II(A) = (IT1 (A), IT1(A), IT13(A)) :=-iV-A,

with the magnetic potential A(x) := %(—Xz,x 1,0).
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In order to define realizations of Hg(A,0) on domains of R3, let us define the mag-
netic Sobolev spaces on Q, an open non-empty subset of R3:

HS,(Q) = {u € 7'(Q)|TI(A)*u € LAR3), a € Z3,0 < |a| < s}, s€Zs.

Denote by H}, () the closure of Cg(€2) in the norm of H, () defined by

2 . 2
[ullis @) = )y |TT(A)%u|“ dx.
ani:Og\oﬂgs

Then, as in the previous section, the operator Hy := Hg(A,0) with domain ®(Hy) :=
HZ (R?) is self-adjoint in L>(R?), and essentially self-adjoint on C(R?) with purely
a.c. spectrum, given by (2.7.61): 6(Hg) = [Ag,+0) = [b, +0).

Let us introduce the obstacle perturbation. We define a domain in RY, d>1,asan
open, connected, non-empty subset of RY. Let Qi, C R3 be a bounded domain with
boundary dQ;, € C*. Set

[:=0Qi, Qe =R\ Q.

Then the operator H+,h :=Hg(A,0), § = ex,in, with domain

:D(H‘hﬂ) = {u & Hi(Qu) | u‘l— = O} s

is the Dirichlet realization of Hg(A,0) on Qh' Similarly, if v is the unit normal vector
at I, outward looking with respect to Q;,, then the operator H_}, := Hg(A,0), fj = ex, in,
with domain

DH_) = {ue HR(@)|v-TiAp=0},

is the Neumann realization of Hg(A,0) on Q. The operators H y, §j = ex, in, are self-

adjoint in Lz(QJ). Moreover, H, ; (resp., H_j) corresponds to the closed quadratic
form

/ ITI(A)u[? dx (53.2)
Q
with domain H}\,O(Qh) (resp., H}\(Qu)).

The operators H. ;, are second-order elliptic partial differential operators acting in
a bounded domain with smooth boundary, then their spectrums o(H. ;,) are discrete.
The exterior problems can be considered as compactly supported perturbations of Hy
and then the essential spectrum of H ¢x coincides with that of Hy:

Ocss(Hy ex) = Oess(H-ex) = Oess(Hg) = 0 (Hp) = [b, +0).

In the following sections, we show that spectral concentration at the Landau levels
is still true for H4 ex. As for the electric perturbations, it will be expressed by the blow
up of the SSF or by the accumulation of resonances near Landau levels. The results
for Hy ex will be close to those for the Schrodinger operators Hy + 1, , but a first
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difficulty is to define the SSF and the resonances for pairs (Hy, H+ ¢x) whose operators
are not defined on the same domains. To overcome this difficulty, using the orthogonal
decomposition L2(R3) = L2(Q;,,) ® L2(Qex), we introduce the auxiliary operators:

Hyi :=H. j ®Hiex.

By the Dirichlet-Neumann bracketing and the non-negativeness of the quadratic forms
(5.3.2), we have
Hy >Hy>H_>0. (5.3.3)

Even if these operators act in LZ(R3) their domains are different and (Hy —Hp) is
not well defined as a selfadjoint operator. An adaptation of the general outline of
Section 5.1 consists to work with the inverses (or resolvents) of the operators H4 and
Hyp. Since b > 0, the invertibility of the operators Hy and H, is a consequence of
(5.3.3). It is not difficult to see that H_ is invertible as well. To this end, we use that
Oess(Ho) = Oess(Hp) = [b, +o0), then 0 € o(H-) should be a discrete eigenvalue of H_.
Let u € ®(H-) such that H_u = 0. By (5.3.2), we have

I(Aug, =0, T(Aug, =0. (5.3.4)

Taking into account the explicit expression for A, we find that the only element u €
®(H_) which satisfies (5.3.4), is u =0, and hence 0 ¢ o(H.).
Further, (5.3.3) implies

H' > Hy' > H, (5.3.5)

and the operators
Vi=Hp'-H;!, Vv_:=HIl-Hy,

are non-negative, bounded, selfadjoint operators on LZ(R3). Then, having in mind that
A is in the spectrum of an operator if and only if ™! is in the spectrum of its inverse,
we introduce the Birman-Schwinger operators associated to H‘i] = Hal FViatz

o sl -l
T(z):=Vi(H;' -z 'V1, zeC. (5.3.6)

Obviously, combining the relation:

1 1 1 1
TE(z) =—zViHy(Ho—2)' V2 =2V4 —7*Vi(Hy-2) ' V3, (5.3.7)

with the formula (5.2.8), we see that the Landau levels are singularities of T=. As for
the electric perturbations, these singularities will be the origin of the following spectral
concentrations for the obstacle problem.

5.3.2 The spectral shift function for the exterior problems

In order to define the spectral shift function &(H,Hy;-), by exploiting that Hy coin-
cide with Hy outside the boundary of Q;,, we prove that V1 contains terms localized
near dQ;,, then that V1 € &, and Hf—Haz € & (see [41, Proposition 2.1]).
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Then, we define the spectral shift function &(Hx,Hy; ) as

~EHPZ,Hg%E?) if E>info(Hy),

E(H+,Hp;E) = ) )
0 if E<info(Hy),

where, for almost every E > 0,
1 -1
EHP HE?) = 7 lim arg det ((H;Q—E—z—is) (H52—E—2—is) ) . (5.38)
€
the branch of the argument being fixed by the condition

-1
. 2 2 _
Iml;g _arg det ((HjE z) <H0 z) ) 0.
The SSF &€ (H4,Hp; ) is the unique element of LllOC (R) which satisfies the Lifshits-Krein
identity
Tr (f(H+) - f(Hp)) = /R f'(B)é(H+,Hy:E)dE, fe CF®R),

and the normalization condition
E(H+,Hp;E)=0, E<info(Hy).

Morever, for almost every E € (0,b), E(E;H_,Hg) = -Tr 1 g)(H-).

Our next goal is to introduce a canonic representative of the class of equivalence
&(Hx,Hp; ) analogous to (5.1.4). Using (5.3.7) and localization properties of Vi, we
have:

Proposition 5.3.1 ([41, Proposition 2.2]) Let E € (0,0) \ Ugez, {Aq}. Then there ex-
ists a norm limit

THE):=n- lim T (z) € S,, (5.3.9)
C_>z—E
and
ImT*(E) € S;. (5.3.10)

Moreover, Re T*(E) (resp., InTT(E)) depends continuously in &, (resp., in &) on
E € (0,%0) \ Ugez, {Aq}-

For E € (0,0) \ Ugez, {Aq} set

= 1 n n dt
E;Hi,Hp) :=£— [ Trl(| ) (£ (ReTT(E)+tImT(E))) —=. 5.3.11
EE:HLHy) =& [ Trl o (& (ReTHE) ®)) 5 G311
We can not apply directly the results used in Section 5.2.2 (because the operators have

different domains), but following arguments of [148] we show that we can identify
&(H4,Hyp; E) with £(H4,Hy; E), defined for every E € (0,0) \ Ugez, {Aq}-
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Proposition 5.3.2 ([41, Proposition 2.3]) The function E (-;H+,Hg) is well defined on
(0,00)\ Ugez, {Aq}, bounded on every compact subset of (0,%0) \ Ugez, {Aq}, and con-
tinuous on (0,00) \ (6p(H+) Ugez, {Aq}) where op(H.t) denotes the set of the eigenval-
ues of Hy.

Moreover, for almost every E € (0,0) we have

§(H+,Ho;E) = §(Hy, Hp; E). (5.3.12)

As for the electric perturbations, we study the asymptotic behavior of the SSF at
the Landau levels.

For x € R3, we write x = (x1,x)) where x| = (x],X3) € R? are the variables on
the plane perpendicular to the magnetic field B while X|=X3€ R is the variable along

B. Forx = (XJ_,XH) € R3 define the projections 7| (X) ;==X , 7rH(x) =X Note that if
QCcR3isa (bounded) domain, then 7, (Q) C RZisa (bounded) domain as well. Set

Oin =7 (Qin)-

Thus, 0y, is the projection of the obstacle Q;, onto the plane perpendicular to the
magnetic field B. The following result involves Cap(&;,), the Logarithmic Capacity of
Ui (introduced in Section 4.2.2).

For A > 0 small enough, and C € R set

Iny(A) :=In|InA|, In3(A):=1Inlny(A),

and

B(h) = [InA|

o InyA)  C
= m, CD]()L,C) —q)o(l) (1+ + ) .

1112(2,) 11‘12(}{)

Theorem 5.3.1 ([41, Theorem 3.1]) Let Q;, be a bounded domain with 9, € C*.
Fixq € Zy. Then, as A |0,

E(H4+,Hyp; Ag—1) =0(), (5.3.13)
1 |InA|

EH_,Hp;Ag—2) = -3 ®1(A;Cap(Oip)) +0 <ln2(l)2> , (5.3.14)
) 1 . [InA|

§(H Ho: Aq+4) = £ @1 (2:Cap(Gin)) +0 (1112(702) . (5.3.15)

Remark 5.3.1 From (5.3.14) and (5.3.15) with sign “~" we deduce the following gen-
eralized Levinson formula (analogue of (5.2.16)):
EGH_,Hp;Aq+1) 1

lim =—. 5.3.16
110 EH_Hp;Aq-2) ~ 2 ( )

Remark 5.3.2 By the so-called telescopic property of the SSF, we have

E(H4, H;E) = E(Hy Hp; E) - E(H_,Hp;E),  E € (0,0) \ Ugez, {Aq}-
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Therefore, (5.3.13) - (5.3.14) imply

Al
Iny(A)?

EHy, H ;Aq—A) = = cp](x Cap(ﬁm))+o( ) 210,

while (5.3.15) implies

. _1 . : [InA|
E(H, HoiAq+4) = 5 @1 (A: Cap(Gin)) +0 (1n2(z)2) , Alo.

In particular, similarly to (5.3.16),

lim S(Hy H :Aq-2)

- =1.
210 EHy, Ho;Ag+A)

Remark 5.3.3 Since, we have
é(H,,HO;AO—A)=—Tr]l(_m,A0_,1)(H,) = (5.3.17)

“Tr o pg2)Hoex) = Tr Lo oy 2)Hojin), A > 0.

and
TrlewpynyH_jn) =0(1), A 10,

(o(H_j;y,) being discrete), then (5.3.14) with q =0 implies

1 [InA|
Trl . H_ex) = <I> A;Cap(Oip)) + , AlO.
T 1o pg-2)(Hoex) = 5 @1(A;Cap(Oyp)) +0 (lnz(l)z \
It describes the accumulation of the discrete spectrum of the exterior Neumann mag-
netic Laplacian H_ ex at Ay = inf Oggs (H_ex).

Let us compare Theorem 5.3.1 with Theorem 5.2.1 the similar result for (Hg+
V,Hp), V a real-valued fast decaying electric potential. Formally, our Theorem 5.3.1
resembles the results of Theorem 5.2.1 for compactly supported V (more explicitely
described in [75]), which however are less precise than (5.3.14) and (5.3.15): the right-
hand side of the analogue of (5.3.14) (resp., of (5.3.15)) in [75] is —%CIDO(?L)(I +0(1))

(resp., £5Po(A)(1+0(1))).

Idea of the proof of Theorem 5.3.1

Following the arguments (and notations) of Section 5.2.2 (for electric perturbation)
and using the relation (5.3.7), the singularity of the SSF is essentlally governed by

the distribution of the eigenvalues of the operator AzVi(pq ®r0)VjE Then we can
use propertles of localization near dQ;, for V1 in order to justify that the operator

A2V 1(pg® rO)Vi can be replaced mainly by +1¢, (pq ®10)1g,,. It is not so obvious
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because Vi contains some non local operators like H(_)l. One one hand, using that
in some sense Ho(py ® 19) = Agpq ® 19 We replace AqHa1 by the identity. One the

other hand, on a subspace of Range(py ® 1), we show that AclejE is comparable to
1o, (on a space of finite co-dimension). This last point is justified in [42, Section 5]
using ellipticity properties of Dirichlet-to-Neumann operators and in [41, Section 5] by
variational arguments.

Finally, we exploit (as in Section 5.2.2) that the distribution of the eigenvalues of
the operator 1o, (pq ®10)Lg,, coincides with that of p, Wi,p, where

1
Win(x1) =7 /R Lo, (x 1, x)Pdx|
which is comparable to %pq]l ,,Pq- Then we conclude using results of Section 4.2.2.

5.3.3 Resonances for the exterior problems

In this section we define the resonances of H4 ¢x and study their distribution near the
Landau levels. As for the SSF, we show that the logarithmic capacity of the projection
of Q;, onto the plane perpendicular to the magnetic field appears in the asymptotic
expansion of the counting function of resonances near the Landau levels.

As in Section 5.2.3 we define the resonances on the the infinite-sheeted Riemann
surface ./, where near a fixed Landau level A4, we identify a point zq € ./ with
Ag+k% ke C*:=C\ {0}, k| < 1.

Combining the relation (5.3.7) with Proposition 5.2.1 and using that H+ coincide
with Hy outside the obstacle (which gives cut off properties of Vi) we obtain that
the operator-valued function z — T+ (z) is analytic on C4 with value in GM(Lz(R3)).
Moreover using the analytic Fredholm theorem, we can define resonances of H4 as
follows (see the proof of [42, Proposition 3.3]).

Definition 5.3.1 We define resonances of Hy as the discret set of values of z € M for
which (I F Ti(z)) is not invertible. The multiplicity of a resonance z is defined by

1 )
mult(z) := ﬂtr( /% (FT%) @ (15T @) ‘dz), (5.3.18)

where € is a small contour positively oriented, containing z( as the unique point z

satisfying (I :FTi(Z)) is not invertible.
Theses resonances are also the poles of the meromorphic extension of the resolvent

Ri(z)=(Hy-2)"" : e EXILAR3) — EXNL2ARY),
with multiplicity given by the rank of their residues.
In particular since
He-2)" =(Hejn-2" ®Heex-2)

it gives the following definition of resonances of Hy ex.
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Definition 5.3.2 We define the resonances of Hi ex as the poles of the meromorphic
extension of the resolvent

(Hiex—2)" : € EFNL2(Qex) = eEXILA(Qey).

These poles (i.e. the resonances) are resonances of Hy, excepted the poles given by the
eigenvalues of Hy jp.

Near a fixed Landau level Aq, q € Z, using the identification described above we
parametrize the resonances zq by zq(k) = Aq +k> with |k| << 1.

Then as for electric perturbation (Theorem 5.2.3) we have the localization of the
resonances of Hy ex near the Landau levels Aq, q € Z;, together with an asymptotic
expansion of the resonances counting function in small annulus adjoining Aq, q € N:

Theorem 5.3.2 ([42, Theorem 2.1][41]) Let q € Z;. Suppose Q;, satisfies sz,q (in
the sense that (5.2.24) holds true by replacing V and Hy by V4 and Hy). Then, for
0 < 19 < V/2b fixed, the resonances zq(k) = Aq +k? of Hy with |k| sufficiently small
satisfy

+Imk <0, Rek = o(|k]),

and

#{z=Aq+k> € Res(Ho); r < [k| <19} =@y (A:Cap(Gin))(1+0(1)),  1\,0,
(5.3.19)
with the notations of Section 5.3.2.

Idea of the proof of Theorem 5.3.2

The proof combines results of [42] with those of [41]. As for the proof of Theorem
5.2.3, we apply the Propositions 5.2.3 and 5.2.4 to an appropriated meromorphic Fred-
holm function. This time the analytic function A is:

AZ(iK) = 2(k) 2|V £ |7y @KV | Fik| V|2 (Zq(k)+zq(k)2R0(zq(k))(I—pq®IH)) V|2,

being such that T+ (Aq+ k?) = Aqi (ik)/(ik). Thanks to Proposition 5.2.4, the main con-

tribution is given by A(T(O) = iA(21|Vi | %pq Q1(0)|[ V4| %, the same as for the SSF. Then

as in [42] we obtain the first order asymptotic (with ®g(A) = %). For the third

order asymptotic expansion, we exploit the more refined results of [41] as for the SSF.

5.4 2D magnetic hamiltonians on domains with unbounded
boundaries

In this section, we discuss 2D magnetic Schrodinger operators, for which the presence
of unbounded boundaries produces continuum spectrum. Our reference operators are
mainly the magnetic Schrédinger operators in the half-plane & := Ry x R and in the
strip 01, :=[-L,L] x R, L > 0. As we will see, even for electric perturbations of these
fibered operators, new difficulties appear.
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5.4.1 Dirichlet and Neumann magnetic Schrodinger operators on
the half-plane

On 0 :=(0,+00) x R, we consider the free 2D Schrodinger operator Hg(A, 0) with con-
stant magnetic field corresponding to (2.7.3) (the kernel of the magnetic field is reduced
to zero):

2 2
Hg(A,0) :=IT;(A)? +T15(A) = 9, (—i —bx) ., (xyeo, (54
ox2 dy
with the magnetic potential A(X,y) =b(0,x), b > 0 being the strength of the magnetic
field.
As in Section 5.3.1, we define Hyp (resp., Hyn) the Dirichlet (resp., Neumann)
realization of (5.4.1) with domains

D(Hyp) = {u € HX(0) | uj{0y k= 0} . D(HgN) = {u € HX(0)| dku) (0} xr = o} .

Hamiltonians of this type arise in various areas of mathematical and theoretical
physics: for instance, Hy p and its perturbations are important models in the theory of
the quantum Hall effect (see e.g. [59]), while the spectral properties of Hyn play a
central role in the contemporary theory of superconductivity (see [60]).

Exploiting the translation invariance in the variable y, let us analyze these operators
by using .%, the following partial Fourier transform with respect to y:

(Fu)x.k) = 1) 12 /R euiy)dy, (k) € 6.

Then we have
-®
yHo’gy* = /]R hy(k)dk, ¢=D,N,

where hp (k) (resp., hn(k)) is the Friedrichs extension in L%(R,) of the operator

dZ
g +(bx—k)?, keR, (5.4.2)

defined originally on Cj'(R+) (resp., on Cg’(E)). Thus (hp,®(hp)) (resp., (hy, D(hy)))
is the Dirichlet (resp., Neumann) realization of (5.4.2). Note that the operators hy,
¢ =D,N, are Kato analytic families (see [107]). Moreover, for each k € R the opera-
tors hy(k) have discrete and simple spectra. Let {Eq’g(k)}qezp k € R, be the (simple)
eigenvalues of hy(k), / = D,N. By the Kato analytic perturbation theory, for all q € Z,
Eg,¢(-) are real analytic functions of k € R.

Let us give some of the properties of the functions Eg y which we will need in the

sequel. In both cases ¢ =D, N, using that hy(k) is unitarily equivalent to —;—; +(bx)? on
[-kb™!, +o0), we have
lim Eg s(k)=Aq=b2q+1),
Jim Eq (k) =Aq=b2q+1)
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(see e.g. [59] for £ =D, and e.g. [58] for ¢ = N). Moreover, the mini-max principle
easily implies that

Eq () =K (1+0(1)), k— —oo.

However, Eél p(k) < 0 for any k € R (see [59]) while there exists kg« € (0,%0), a non-
degenerate minimum of Eg y, such that Eél N(K) <0 fork € (—eo,kq ), Eél n(&) > 0 for

k € (kg,x,0), Eg,N(kq,*) > 0, and Eq Nn(Kg,«) € (0,b) (see [58]). Thus the bottom of the
band functions Eg s, £ =D, N are given by :

gq,D =Aq= kh_r>n Eq,D(k)v gq,N = Eg,N(Kg,«)s
and the spectrum ¢(Hg ¢) of Hy ¢, £ =D, N, is absolutely continuous, and we have

0(Ho¢) = Uqez, Eqe(R) = Ugez, [Eq.0.+0) = [0 g, +20).
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It is known that the extrema of the band functions play a significant role in the
description of the spectral properties of fibered operators (see [79]). In the following,
under an electric perturbation, we will analyze these roles and distinguish the particular
case where these extrema are reached and non-degenerate (e.g. the points &3 N, q € Z+,
for the Neumann magnetic operator), from the case of the not reached extrema which
are the limits of the band functions at infinity (the Landau levels Aq, q € Z,, minima
for the Dirichlet magnetic operator and maxima for the Neumann magnetic operator).

Near a reached non-degenerate extremum, we will apply a well know procedure
to obtain an effective Hamiltonian. Near the Landau levels, extremal points which are
only the limits on the band functions, the procedure is less classical. In some cases,
an effective Hamiltonian will involve Anti-Wick-type operators, but more complicated
situations may arise, for example when the considered energy level crosses the band
function at infinity.

Assume that V is a bounded, real-valued, Lebesgue-measurable function and de-
note again by V the multiplier by this electric potential. For £ = D,N, on the domain of
Hy,¢ the perturbed operator

Hy:= Hs(A, V)= Ho’g +V (5.4.3)

is self-adjoint in L2(&).
In the following sections, we will suppose that V satisfies one of the following proper-
tieson O :

e Dy (null at infinity) : V € Lg(6) := {u € L=(0) | limyy . u(x) = 0};

e Dy, (polynomial decay): V(x,y) = O({x,y)™) with m > 2;
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o Dexp (fast decay with respect to y): V(x) = O((x)"™ exp(-N|y|)) with some
mg > 0 and any N > 0.

Evidently, assumption Dexp with mg > 2 implies Dry. Moreover Dexp and Dy, imply
Dg. Thanks to the Diamagnetic inequality (see Section 2.5), as soon as V satisfies Dy,
the operator VH61€ is compact in L2(&) and therefore

Oess(Hy) = Oess(Ho ¢) = 0(Ho ¢) = [£p ¢, +o0), ¢=D,N.

However, the interval (—eo, &) /) may contain discrete eigenvalues of the operator H,
whose number could be finite or infinite; in the latter case they could accumulate only
at &y ¢. In the following section, for negative V € L7(&), we study the counting func-
tion of the eigenvalues of Hy, below &y, £ = D,N. We will see that the effective
Hamiltonians in the Dirichlet and the Neumann cases are quite different due to the dif-
ferent nature of the infima &y p and &y N of the spectra of Hy p and H  respectively.
Then, in the other sections, under the assumption Dy,, we will define the SSF for the
pairs (Hp,Hp ¢), £=D,N and analyze its asymptotic properties near the thresholds: the
Landau levels Aq, q € Z+ and the headed non-degenerated minima & N (for the Neu-
mann hamiltonian). Up to small modifications, we will find again the previous effective
Hamiltonians corresponding to each type of extremum.

The study of resonances of Hy is still little explored. To our knowledge, for the
moment, for V satisfying Dexp, there are ways to define and study the resonances of
these operators only near the real axis outside the Landau levels (see [78, Chapter
1]), but further investigations deserve to be carried out. In particular, near the Landau
levels, given the exponential behavior of the band functions Eg ¢, a first difficulty is to
describe the complex surface on which the resonances are defined.

5.4.2 Counting function of eigenvalues below the bottom of the es-
sential spectrum

For A > 0 let us introduce the counting function of the eigenvalues of the operator Hy
lying on the interval (—eo, £y y—A), and counted with the multiplicities:

N(A) = TrL (e ,-2)Hp),  £=D,N.

In this section, we exhibit the effective 1D hamiltonians for each type of extrema:
a Schrodinger operator for the non-degenerated minimum &y (Neumann case) and
an Anti-Wick-type operator perturbed by the band function Egp (view as an operator
of multiplication) for the minimum &y given by the limit of the band function Eq
(Dirichlet case). These effective Hamiltonians will appear after restrictions to the lower
band function Eg ¢ and the projection onto the associated real valued eigenfunctions

vy (+; k) satisfying
he ()W (k) = Bo (W (5K, w50l 2g,y =1, keR, £=D,N,

such that the mappings R 3 k — yy(-;k) € D(hy(k)) are analytic.
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Spectral accumulation for Dirichlet Hamiltonians

The bottom of the essential spectrum of Hp is given by & p the limit, as k tends to
infinity of the first (decreasing) band function Egp. We show that this band function,
near +oo, provides the main contribution of Hy p in the study of the eigenvalues below
&y.p = b. Moreover, we exploit that, as k — +oo, the associated eigenfunction yp(-;k)
is approximated by Yp .(-; k) defined by

Vbo(x:K) = b Mo 2x—b12k);  @x) = Me*2  xeR, keR. (544)

This function satisfies

d2
(=52 + 010 ¥poxik) = bYD (K. (VDR 2y =10 (545)

and for _
W, (k) =bPe Ry (xik), keR, (x,&)ETR,

the system {‘PX ¢ }
) (x,E)ET'R
(see Sections 3.1 and 3.4), we can introduce the orthogonal projection

Pre=Pre)(Prel, %8 ETR,

being overcomplete with respect to the measure %dxdé

acting in L%(R), as well as the anti-Wick-type operator ¥ : L%(R) — L%(R) defined as
the weak integral

b
Vo= o /ﬁV(x,é)@x’é dxdé&.

Since V € L (&), the operator ¥ is compact (see Corollary 3.1.1). Then we show
that the effective Hamiltonian which governs the asymptotics of ApH(A) as A | 0 is
Eop+7 : L2(R) — L%(R) where Eo p should be interpreted here as the multiplier by
the function Eg p. More precisely, we have the following

Theorem 5.4.1 ([36, Theorem 2.1]) Assume V € LB"(@’ ) is negative. Then we have
NH(A) ~ Trl o g ,-2)Eop+ ¥), Al0, (5.4.6)
where we use the notation ”~" introduced just before Theorem 5.2.1.

Remark 5.4.1 Due to the compactness of the operator ¥ we have Cess(Egp+5¥) =
Oess(Eg p) = [6p p, ) for any s € R so that Tr ]l(—oo,@‘”‘g,D—)L)(EO,D +s¥) <ooforanys € R
and A > 0. Moreover, as we will see in the proof, the main contribution of Eo pis when
it is close to &y p (as k — +0), in particular, in the above result, Eyp can be replaced
by any function ng{) which coincides with Egp for k > A >> 1 and is larger than
Epp(A) fork <A

Remark 5.4.2 The operator Eop + V' is quite similar to the effective Hamiltonians
which arose in [35] where is studied the asymptotic distributions of the discrete spec-
trum in the gaps of the essential spectrum of the operator Hy =V self-adjoint in L2(R?)
where

82

H=-52

a 2
+ (—i —bx) +W(x), (5.4.7)
dy
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with a bounded monotone W. There are many other similarities of the spectral prop-
erties of the perturbations of the operator Hy in (5.4.7), and of the operator Hy p, but
also several essential differences due to the existence of a boundary in the case of Hy p.
(iii) Another model where such effective operator Eqp + ¥ also appears, is the Iwat-
suka model corresponding to non-constant magnetic field along one direction (see

[132]).

In Corollary 5.4.1 below we will show that even if a non vanishing identically V has
a compact support, .45 (A) blows up as A | 0, i.e. the operator Hp has infinitely many
eigenvalues. In order to formulate this corollary, we need the following notations. Let
Q be a bounded domain. Denote by ¢_(€2) the maximal length of the vertical segments
contained in Q. Further, let BR({) C C be a disk of radius R > 0 centered at { € C.
Identifying C with R?, set

KQ) :={(,,R)eRxRy|In € R suchthat Q CBr(£+in)},

c;(Q)= inf Rx (é'> ,

(£ R)EK(Q) eR

and

where &, := max{§,0}, x(s) := [{t > 0tlnt <s}|, s & [0,e), and |- | denotes the
Lebesgue measure.

Corollary 5.4.1 ([36, Corollary 2.2]) Assume that V satisfies
clg (x,y) £-Vx,y) <cilg (x,y), (xy)€OD, (5.4.8)

where Q4 C O are bounded domains, and 0 < c_ < ¢y < o are some constants. Then
we have

% A2 (1+0(1) < AHA) < Ci|InA|2(1+0(1)), A 10, (5.4.9)
with €. := 2wy 'Wbe_(Q) and €, = ev/bey (Qy). In particular,
o) 1
200 In|lnA| 2
Remark 5.4.3 The constants €+ already appeared in [35, Theorem 6.1]. As it is indi-

cated there, we have € < € (in fact, % > em).

The main interest of this corollary is to show that Hp has infinitely many discrete
eigenvalues and that the distribution is of order /|InA|. The rather technical proof
consists in extracting the main properties of the operator Eqpp + 7/, in which there is
competition between Eg 1y and ¥ (none of both operators dominates). A difficulty is in
particular the spectral study of an intermediate operator of integral kernel

sin(k—k") 2vVkk’

—, (kK)eIxI
K ke OROETX

on I, a bounded interval of R,.
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Counting function of discrete spectrum of Neumann Hamiltonians

The bottom of the essential spectrum of Hy is given by &y N the non-degenerated min-
imum of the band function Eq y at the point k¢ ,. This setup is more standard and it is
not so difficult to show that the main contribution of Hy y in the study of the eigenval-
ues below &y N € (0,b) is given by the behavior of this band function Eg N, near kg .,

that is &y + 1 (k—Kg ) with

1
1= SEf (ko). (5.4.10)

2
Moreover, the contribution of the potential V will be given by its restriction to the
eigenspace Ker(hN(ko,*)—éao,N) generated by yn(-;kg ). We introduce the effective
potential

v(y) = /0 - V(x, )Un(x:ko)?dx, yER. (5.4.11)

Then the effective Hamiltonian which governs the asymptotics of A(A) as A | 0
is the self-adjoint operator
d2
—U—5+V 5.4.12
Hap (5.4.12)
defined originally on C7(R) and then closed in L2(R). More precisely, we have the
following Theorem (using the notation ”~” introduced just before Theorem 5.2.1).

Theorem 5.4.2 ([36, Theorem 2.3]) Assume V € L§(0) is negative. Then we have

2
M) ~ Tl g (—u;2+v>, Alo0. (5.4.13)
y

Remark 5.4.4 Since v € L7 (R), the multiplier by v is an operator relatively compact
with respect to —,u% in Lz(R), and we have Oegg (—,u% + sv) =[0,00) for any s € R

so that Trl ., ) (—u;—; +sv) < oo foranys € Rand A > 0.

Remark 5.4.5 Effective Hamiltonians quite similar to (5.4.12) arose also for magnetic
Schrodinger operators on the strip Oy, = (-L,L) X R where the band functions also have
non-degenerated minima (see [30] and Section 5.4.4).

Remark 5.4.6 In [134], an infinite-matrix-valued version of (5.4.12) appears as an
effective Hamiltonian in the study of the asymptotic distributions of the discrete spec-
trum in the gaps of the essential spectrum of the operator Hy+V self-adjoint in L*(R?)
with

32
ox2
and Wper a periodic potential. The band functions associated to this fibered operator
are periodic with a finite number of extrema on one period. The periodicity yields an

2
Hy :=- + <—i59y—bx> + Woper(X), (5:4.14)
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infinite number of extrema for each band function which justifies the infinite-matrix-
value of the effective Hamiltonian (under additional assumptions as non-crossing of
band functions and non-degeneracy of extrema).

Applying well-known results concerning the counting function for 1D Schrédinger
operators (see e.g. [165, Theorem XIII.82], and [110]), in Corollary 5.4.2 below we
establish sufficient conditions for the infiniteness and the finiteness of 0gjsc(Hn). We
also use the Hardy inequality

oo 1 o) o
| WPz g [Ty umPay. ue g,
and the result of [165, Problem 22, Chapter XIII].

Corollary 5.4.2 ([36, Corollary 2.4]) Let V € LB"(ﬁ) negative.
(i) Assume that there exists o € (0,2) and constants @+ > 0 such that

. o _
yglilm|Y| v(y) =-04. (5.4.15)
Then we have
B(; L_l)
11 2°a 2
limAe 2 M A) = —— 2 (/% l/*), 5.4.16
/11?6 N4) T/l ( - * ) ( )

B being the Euler beta function.
(ii) Assume now that (5.4.15) holds with o = 2. Then we have

' B _l &_1 12 &_l 172
%Unﬂq M) = 1) \ama) ) (5.4.17)

(iii) Finally, assume that

limsupy?|v(y)| < 2. (5.4.18)
[yl oo 4
Then we have
A =0(1), 2 10. (5.4.19)

Remark 5.4.7 If at least one of the constants @+ in (5.4.15) with o € (0,2) is positive,
then (5.4.16) implies that the operator HN has infinitely many discrete eigenvalues.
Similarly, if at least of the constants @+ in (5.4.15) with oo =2 is greater than [/4, then
(5.4.17) again implies that o4isc(HN) is infinite. Finally, (5.4.19) shows that under
assumption (5.4.18), the operator Hx has at most finitely many discrete eigenvalues.
Note that the estimate u

limsupy? sup [V(x,y)| < )

ly]—ee  x€Ry
evidently implies (5.4.18).

Remark 5.4.8 Relation (5.4.16) can be written in a semiclassical form, namely
1
M= {@meTRIun?+v) <-a}|a+o). 2lo.

The following sections concern the continuous spectrum. We analyze spectral con-
centration phenomena near the thresholds.
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5.4.3 The spectral shift function near Landau levels

In this section, we still consider the operators Hy, ¢ = D,N defined by (5.4.3), but now
we assume that V satisfies Dy,. Then thanks to the Diamagnetic inequality (see Section
2.5), the operator VH5IZ is Hilbert—Schmidt, and hence, for ¢ > 0 large enough, the re-

solvent difference (Hy +cI)‘1 —(Hp +cI)‘1 is a trace-class operator. Therefore, accord-
ing to Theorem 5.1.1, the spectral shift function (SSF) for the operator pair (H,,Hg ¢),

E(Hy,Hp;-) € LY(R; (1+42)71dA)

exists, satisfies the Lifshits-Krein trace formula
Te(t(H)~(Ho,0) = | E(H,Ho s F ()dA

for each f € Cj(R) and is unique with the normalization condition §(Hy,Hg ;1) =0
for A € (—oo,info(Hy)). In particular, for almost every A > 0 we have

-E(HyHoyp: 80— A) = ()

which has been studied in the previous section, for V < 0.

Now, we extend this investigation to the continuous spectrum where the thresholds
&q,0>q € Z+, £ =D,N will play particular roles. First, we can show that for V of definite
sign the SSF is bounded on compact sets not containing the thresholds, that is (see [34,
Corollary 2.2]):

e &(Hp,Hop;-) is bounded on every compact subset of R\ Ugez, {Aq};
e &(Hn,Hon;-) is bounded on every compact subset of R\ Ugez, {Aq, éaq,N};

In this section we study the asymptotic behavior of these SSF (in the Dirichlet and
Neumann cases) near the Landau levels Aq, q € Z4, while for the Neumann case, the
thresholds &4 N, q € Z, will be studied in the next section.

Since the Landau levels are limits, as k — +oo, of the band functions, by mimicking
the study of the counting function of Section 5.4.2, a natural effective hamiltonian for
the behavior of {(H,,Hp g;Aq+A), £=D,N, as A — 0 would be Eg ¢+ 74 with 74 the
Anti-Wick operator 7 : LZ(R) — 12 (R) defined as the weak integral:

b
Vo= /ﬁ V(%,E) Py dXdE,

with

P =W (Pamel Pane®=b2e Ry (k). keR, (xE)ETR,

and g satisfying

d2
(— @ +(bx—k)2) lI/q,oo(X;k) = Aqll/q’oo(X;k), || Wq’m(.;k)lle(R) =1. (5420)
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That is Yq,e(x;k) = bl l//q(bl/zx—b_l/zk) where {yq}qcz, are the eigenfunctions of
the harmonic oscillator given by (2.7.14) (see Section 2.7).

For £=D,N, q € Z, we can show that these functions g (-;k) are good approx-
imations, when k — +co, of l//q,g(x;k), the normalized, real-valued eigenfunctions of
hy(k) associated to Eq’g(k)l

he() W (5:K) = Bq oK) W 1K) Yigr € D), ([ Y e(5R) 2,y = 1.
(5.4.21)
Fix k € R and q € Zs, let us denote by 7, ¢(k) the one-dimensional orthogonal projec-
tion onto Ker (hy(k)-Eg ¢(k)):

g0 (K) = [ W 0 K0) (W oK. (5.4.22)

Fix q € Z4, =D or N. For z € C; let us introduce the operator
T = V127 [ (B 02y 7, o) dk [ V]2 5.4.23
al@ =V[2F" [ By 00— 7y k) dk 7|V (5.4.23)

By definition, the sum:

Y Tou@=V["*Hy -2 V]2,
qEZy

is the Birman-Schwinger operator and we can prove ([34, Proposition 3.6]) that the
limit limg 10 Tq’g(E+i5) = Tq,g(E) exists in the trace class-norm for energies E € R,
E # Aq (and for £ =N, E # &4 N).

Then as in the proof of Theorem 5.2.1, we can use the representation formula given
by Proposition 5.1.1. Thus applying the Weyl inequalities (4.2.4) in the formula (5.1.4)
we have the analogue of (5.2.17) (replacing Ty 4 by Ty ¢), and exploiting that ImTg /(E)
is of finite rank, we deduce (with still the notations introduced before Theorem 5.2.1):

Theorem 5.4.3 ([34, Theorem 2.1]) Fix q € Z4, £ =D or N and £V > 0 satisfying
Dm. Then, as E — Aq,

+E(Hy Ho i) ~ Tril( o) (:F ReTq,g(E)) . (5.4.24)

Consequently, the analysis of the SSF near Landau levels becomes close to the
study of the counting function made in Section 5.4.2 (Dirichlet case). Indeed it works
on the same way below each Landau level for the Dirichlet case, but new difficulties
appear in the other cases because band functions Ey ¢ cross the energy level Agq+4,
A >0 (resp. A < 0) both for £=D and £ =N (resp. for £ =N). When the crossing is at a
finite value of k (when A — 0), as in the case £ =N for Ag+ A, A >0, the contribution
of the crossing is negligible but in the other cases (when Eq’[l (Aq+A) is not uniformly
bounded w.r.t. A — 0) the spectral analysis of the operator Tq,(E), as E — Agq, is more
difficult.

Thus, we will be able to extend results of Theorem 5.4.1 when Aq + A doesn’t cross
the band function Eq,g(k) for large values of k, and for the other cases, we will have
asymptotic expansion of the SSF near Landau levels only when V decrease moderately
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(power like decreasing) at infinity. In this case, the operator 74 is a classical pseudod-
ifferential operator and the contribution of Eg ¢(k) is negligible thanks to the following
behavior ([102, Corollary 15.A.6]):

Eqr(k)-Aq = kzq’le*bilkz, as k — +oo,
where for two functions F and G defined on some interval I, we write
Fx) =<Gx) if c.Gx)<FXx)<ciGkx), (5.4.25)

for all x in I and for positive constants c.

Results for Dirichlet boundary conditions

We have the following extension to the SSF, of Theorem 5.4.1.

Theorem 5.4.4 ([34]) Fix q € Z4 and =V > 0 satisfying Dy. Then,
+E(Hp, HopiAq—A) ~ Trl o p ) (ng{) + "//q) A0, (5.4.26)

where we use the notation ”~" introduced just before Theorem 5.2.1 and EeffD stands
Jor any function which coincides with Eqp on [A,+e), A € R fixed and such that
ng]g<k> > Eqp(A) fork < A.

Let us remark that since Eq,D is decreasing, we can take ng]f) = Eq’D. Moreover, on one
hand exploiting that Eq p > Aq (and 74 has the sign of V), on the other hand following
the proof of Corollary 5.4.1, we deduce:

Corollary 5.4.3 Fixq € Z,.
1. If V > 0 satisfies Dy, then

2. On the other side, if V < 0 is compactly supported (i.e. satisfies (5.4.8)), then
E(Hp.Hop:Aq—A) =< [InA|Z, A ]0.

In order to give a result when we approach the Landau level from above (i.e. the
energy level Aq+A > Aq crosses the band function Eg p) let us introduce the assump-
tions corresponding to moderately decreasing potentials. To measure this decaying rate
it is typically considered the following volume function:

For a : R? — R measurable and A > 0, set

N(A,a) :=$|{(X,€)GR+XR; ax,&) > A}, (5.4.27)
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where | - | denotes the Lebesgue measure in R2. Iface Frln(Rz), m > 0, the class of
symbols introduced in Section 2.3, we have that N(4,a) = O(?L’%), for A | 0. Some
control “from below” and a regularity of the volume function are also introduced by
supposing that V satisfies the following conditions.
There exist m > 2 such that:
a) V is the restriction on Ry x R of a function in FIIH(RZ)

b) N(A,|V]) > CA~2™_ for some C >0and 0 < A < A (5.4.28)
o) limlimsup 2™ (N(A(1-¢),|V])=N(A(1 +€),|V|)) = 0.
el0 210

Conditions (5.4.28) are commonly assumed in the study of the distribution of eigen-
values of some pseudodifferential operators (see for instance [57, 153, 105, 172]). A

typical situation of V satisfying (5.4.28) is when limy y) o0 (X,y)™[V|(X,y) = @ ( \gzgl )

where @ : S! — [€,0) is smooth and € > 0.

As written above, under this conditions (5.4.28), we can prove that the contribution
of Egﬂg is negligible compared to that of #5 which has pseudodifferential properties for
moderately decreasing potentials. Then standard results like [57, Theorem 1.3, Lemma
4.7] give the following theorem.

Theorem 5.4.5 ([34, Theorem 2.3, Corollary 2.4 1) Fixq € Z.
1. If £V > 0 satisfies (5.4.28), then the following asymptotic formulas for the SSF
E(Hp,Hop;AqEA) =3+bN(A,[V])(1+0o(1)), A 1O, (5.4.29)
hold true. This implies in particular that

E(Hp,Hop;AqtA) <A™, 4 ]0.

2. On the other side, if V < 0 satisfies (5.4.28), then

E(Hp,Hyp;Aq+A)=oA~m), 2 Lo0.

From Theorem 5.4.5 we can compare the behavior of the SSF as a Landau level is
approached from different sides. For £V > 0 satisfying (5.4.28), we obtain:

i EHp,Hyp;AqFA)
m =
210 E(Hp,Hop; Aq+A)

0. (5.4.30)

This result is different to the results obtained for 3D magnetic Hamiltonians for which
the behavior of the SSF was studied at the thresholds (see Corollary 5.2.1 and formula
(5.3.16)) For those models the corresponding limit (5.4.30) is a constant different from
zero, at least for negative perturbations, which gives a generalization of the Levinson’s
formula.

Now, let us mention some analog results for the half-plane magnetic Schrodinger
operator with a Neumann boundary condition.
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Results for Neumann boundary conditions

In the Neumann case, the band function Eq’N tends to the Landau level Aq from below,
then the behaviors of the SSF above Aq for Neumann with -V > 0 corresponds to these
below A4 for Dirichlet with FV > 0. Concerning the behaviors of the SSF from below
Aq, since the energy level Aq—A, as A — 0, crosses Eq N at infinity, we only have
a result for moderately decreasing potentials (assumption (5.4.28)). These analogies
between Dirichlet and Neumann are also due to the fact that the behavior of the band
functions and of the associated eigenfunctions are the same in both cases. Thus we
have:

Theorem 5.4.6 ([34]) The statement 1. of Theorem 5.4.5 hold true for the Neumann
boundary conditions. On the other hand, for the Neumann boundary conditions, the
results of Theorem 5.4.4 and of Corollary 5.4.3, as well as the statement 2. of Theorem
5.4.5, have to be replaced by:

1. If £V > 0 satisfies Dy, then, as A \, 0,
& (Hy Hopi Ag +2) ~ Trl (s 4 4oy (ngg +"Vq), 210, (5431)

where EflffN stands for any function which coincides with EqN on [A,+e0), A € R
fixed and such that Ezﬂf\](k) <EgN(A) fork <A
2. If V <0 satisfies Dy, then

EHN,Hon;Aq+A)=0(1), 2 ]0.
3. If V > 0 is compactly supported (i.e. satisfies (5.4.8)), then

E(Hx. HoniAq+A) = [InA|2, A 10,

4. If V > 0 satisfies (5.4.28), then
2
E(HN.Hon:Aq—A)=0(Am), A4 ]0.

Remark 5.4.9 Some of the above results are also established for Iwatsuka Hamilto-
nians (i.e. with non-constant magnetic field along one direction) in [133]. It seems
also reasonable that these results could be extended without mayor changes to other
2D magnetic models like the Robin boundary problem in the half-plane.

5.4.4 The spectral shift function near a non-degenerate extrema

Let us recall that for the Neumann boundary condition in the half-plane each band
function, Eq’N has a non-degenerate minimum (see Section 5.4.1). In this case, as in
Theorem 5.4.2 the behavior of the SSF below the minimum &y N = Eq n(kq,«) is gov-
erned by the counting function of the negative eigenvalues of the selfadjoint operator
(in L2(R)):
f d?
hg' =g 02 +Vq
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where pg := E(’]”N(kq’*) > 0 and

vq(y) :=/0 V(X,y)l[/q,N(X;kq7*)2dX, yeR, (5.4.32)
Wg,N(+; k) being the eigenfunction satisfying:

hN(OWgN(:K) = Egn(RWan(iK) YinO0:K) =0, [YgnCiK)2g, =1 kER.

It means that, if V > 0, then the SSF is uniformly bounded below each threshold

&qN» and if V <0, we have

q
E(HN Hon: N =2 ~=Trl ey (). 240,

On the other hand, the behavior of & (Hn, Hon; g n+4) as 4 | 0 (i.e. above &y N) will
be governed by the behavior of & (hfff, —Uq % ;A), the SSF for the 1D pair (hgff, —Ug %).
Such result is proved in [30] for the magnetic Schrodinger operator in a strip (whose

each band function has a unique non-degenerated minimum). Let us now describe these
results obtained for perturbations by a potential whose the sign can change.

The magnetic Schrodinger operator in a strip

By replacing the half-plane & := R; x R by the strip 61, := [-L,L] xR, L > 0, in
Section 5.4.1, we define Hy, the magnetic Schrodinger operator in the strip &1, as the
Dirichlet realization of (5.4.1) with domain

DHp) = {u eHY(OL)| U (4L} xR = 0} .

Exploiting again the translation invariance in the variable y, for .%#, the partial
Fourier transform with respect to y, we have

D
FHyF* = / ho(K)dk,
R

where hg(k) is the Friedrichs extension in L2(—L,L) of the operator

d2
e +(bx-k)?, keR, (5.4.33)

with domain D(hy(k)) := {w € H*(-L,L)|w(-L) = w(L) = 0}.
The operators hg is a Kato analytic family and for each k € R the operators hq(k)
have discrete and simple spectra. Let {Eq(k)}:zo be the increasing sequence of the

eigenvalues of hy(k), which are even real analytic functions of k € R. The minimax
principle easily implies

Eq(k) =k*(1+0(1)), k — £o. (5.4.34)
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By [81, Theorem 2] we have

KEq(k) >0, k0, (5.4.35)
Eq(k) = &+ Ugk? +O(k*), k— 0, (5.4.36)
with |
Eq:=Eq(0) > Aq :=b2q+1), pq:= E15{1’(0) > 0. (5.4.37)
|
4\ /
Thus

0 (Hp) = 0ac(Hp) = quZ+Eq(R) =Uqez, [8q,+00) = [&p, +0),

and &y, q € Z, are thresholds in o(Hp) corresponding to non-degenerated minima of
the band functions.

For V : 01, — R a bounded, real-valued, Lebesgue-measurable function, on the
domain of Hy, the perturbed operator H := Hg(A, V) =Hy+V is self-adjoint in L2(0y).
Moreover, let us assume that V satisfies the following polynomial decay property:

e Zm: V(x,y)=0({y)™), (x,y) € O, withm > 0.

Then the Diamagnetic inequality (see Section 2.5), implies that the operator VH61
is compact in LZ( 01, and therefore

Oess(H) = Oess(Hp) = 0(Hg) = [&£p, +o0).
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However, the interval (—eo,&) may contain discrete eigenvalues of the operator H
whose number could be finite or infinite; in the latter case they could accumulate only
at &.

As in Section 5.4.3, we also define &(H, Hy;-), the SSF for the pair (H,Hy), using
that for ¢ > 0 large enough, the resolvent difference (H+ cI)_l —(Hp+ (:I)_1 is a trace-
class operator when V satisfies Zp, with m > 1.

As in the previous cases, it can be proved (see [30, Proposition 2.1]) that the SSF
&(H,Hy;-) is bounded on every compact subset of R\ {&4; q € Z4} and continuous on
R\ ({&4: q € Z4+} Uop(H)). Thus the thresholds &, q € Zy are the only points where
the SSF can be unbounded.

Set
. 1 if V(x,y)>0,
Ixy) =signV(x.y) = { -1 if \(f(xy;) < 0.

For q € Z, fixed, let yq(:;k) : (-L,L) — R, k € R, be the real-valued normalized in
L2(-L,L) eigenfunction of the operator hy(k) corresponding to the eigenvalue Eq(k).
For € € (-1, 1) introduce the effective potential

L 1 2
Wae(y) = / VoL ) ygxi0dx, y € R,

so that wq o(y) = JV(x, y)qu(X;O)de is the analog of the effective potential (5.4.32).
We introduce the effective Hamiltonians

2
ho’q = —‘u.q @, hq(g) = hO,q + Wq’g,

the number L being defined in (5.4.37). Note if V satisfies Zry with m > 1, then the
SSFs é(hq(s),ho’q; ), q € Zy4, € € (—1,1), are well defined and as stated below, their
behavior near 0 will govern the behavior of the SSF &(H,H; -) near &.
For A > 0 set
1 if B>1/2,
Op(A):=¢ |ImA| if B=172, (5.4.38)
A i 0<B <12

and for A < 0, set Oﬁ(l) :=1forall B >0.

Theorem 5.4.7 ([30, Theorem 2.2]) Assume that V satisfies D withm > 1. Fix q €
Z+. Then for each € € (0,1) we have

&(hq(=€),hg g5 1) +0(62y(A)) < E(H,Hp; Eq +A4) < E(hg(€),hg g3 1) +0(62¢(1)),
(5.4.39)
as A — 0, forany y € (0,(a—-1)/2), y< 1.

Consequently, as in Corollary 5.4.2, from well-known results concerning the asymp-
totic behaviour of the SSF é(hq(e),h()’q; A)as A — 0 (see e.g. [165, Theorem XIII.82],
[215] and [110]), more explicit asymptotic behaviour of the SSF & (H, Hy; Eq+ A) can
be deduce. In particular it provides conditions ensuring the boundedness (or not) of the
SSF &(H,Hy; -) near &g.
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Corollary 5.4.4 ([30, Corollaries 2.1, 2.2, 2.3]) Let V satisfy P with m > 1 and fix
q € Zy.

1. If m > 2, then
é(H,HO;@Qq +A)=0(1), A —0. (5.4.40)

2. If m € (1,2) and for each € € (—€&y,€&y) (for some & € (0,1)) there exist real
numbers @q,+(€) such that

 Hm [y Wa.e(y) = 0g.(e) (5.4.41)
uniformly with respect to €, then we have

1 1
limAm 2EH, Hy; & —A) = —u 26,00, 5.4.42
bim E(H,Ho;6q—A) =g ' Cm ( )

%A%—%g(H, Hos 6 +A) = —pig 2 G (csc(n/m)gg +cot(n/m)9g) . (5.4.43)

where 6y = % [§ (™ =1)2dt, and QF =Y oy 0, (0)™, while 0, (0); and
g, (0)_ denote the positive and the negative part of q,c(0) respectively.

3. If m =2 and wq¢ satisfies (5.4.41), then we have

, - 1 wgc(0) 1\
lim|[InA['E(H, Hy: &y —A) = —— e )
il InA | & b, Hos - 2) 2%;( <0, 0)

Moreover, if g +(0) > —uq/4, then E(H,Hp; 64—A) =0(1) as A | 0.
Remark 5.4.10 I[fq=0and A > 0, we have (cf. (5.1.2)):
—-E(H,Hp; &—A) = AM1(A) = Trl (e g-2)(H),

the number of the eigenvalues of the operator H lying on the interval (—oo,&y— 1),
counted with the multiplicities. This quantity is defined for m > 0 and as in (5.4.42),
we have O
limAn~2 A7) = ug*6mQ; 5.4.44
tim G = g P26y (5.4.44)

for all m € (0,2) and not only for m € (1,2).
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