ASYMPTOTIC OF THE DISSIPATIVE EIGENVALUES OF
MAXWELL’S EQUATIONS

VESSELIN PETKOV

ABSTRACT. Let Q = R3\ K, where K is an open bounded domain with smooth
boundary T'. Let V(t) = e*Gb, t > 0, be the semigroup related to Maxwell’s
equations in 2 with dissipative boundary condition vA (VA E)+~(z)(vAH) =
0,v(z) > 0,Vz € T'. We study the case when y(z) # 1, Vx € T', and we
establish a Weyl formula for the counting function of the eigenvalues of G}, in
a polynomial neighbourhood of the negative real axis.

Keywords: Dissipative boundary conditions, Dissipative eigenvalues, Weyl for-
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1. INTRODUCTION

Let K C {z € R®: |z| < a} be an open connected domain and let 2 = R*\ K be
connected domain with C*° smooth boundary I". Consider the boundary problem

O0yF = curl H, 0H = —curl E in RS xQ,
vAWAE)+~(x)(vAH)=0 on RS xT, (1.1)
E(O,J)) on(x), H(va) :HO(J:)

with initial data Fy = (Eo, Ho) € H = L?(£;C3) x L?(2; C?). Here v(z) is the unit
outward normal at = € I" pointing into 2, and v(x) € C*°(T") satisfies y(z) > 0 for
all z € T'. The solution of the problem (1.1) is described by a contraction semigroup

(B, H)(t) = V(t)Fy = " Fy, t > 0,

where the generator Gy, is the operator

0 curl
G = (—curl 0 )
with domain D(G},) C H which is the closure in the graph norm |||u||| = (|ju]|® +

|Gul|?)'/? of functions u = (v,w) € C’("g)(R?’;C?’) X CE’S)(R?’;(C?’) satisfying the
boundary condition ¥ A (v Av) +y(¥ Aw) =0 on T.

In [1] it was proved that the spectrum of G in the open half plan {z € C :
Re z < 0} is formed by isolated eigenvalues with finite multiplicities. Notice that
if G,f = Af with Re A < 0, the solution u(t,x) = V(t)f = e*f(x) of (1.1) has
exponentially decreasing global energy. Such solutions are called asymptotically
disappearing and they are important for the scattering problems (see [1], [2], [8],
[9]). In particular, the eigenvalues A with Re A — —oo imply a very fast decay of
the corresponding solutions. Let ¢,(Gp) be the point spectrum of Gj. Concerning
the scattering problems, we mention three properties related to the existence of
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eigenvalues of Gp. First, let W_ be the wave operators

W_f= lim V(@)JU(=t)f, Wif= lim V*(t)JUo(t)f,

where Up(t) is the unitary group in Ho = L*(R3;C3) x L?(R3;C?) related to the
Cauchy problem for Maxwell system, J : Ho — H is a projection and V*(t) =
'@ is the adjoint semigroup (see [6], [7]). If 0,(Gp) N {z : Rez < 0} # 0, the
wave operators W, are not complete (see [1]), that is Ran W, # Ran W_ and
we cannot define the scattering operator by S = W;l o W_. We may define the
scattering operator by using another evolution operator (see [6], [7]). Second, in a
suitable representation the scattering operator becomes an operator valued function
S(z) : L*(S%;,C3) — L?(S?%C3), 2 € C, and Lax and Phillips (see [6]) proved that
the existence of zg, Im zy > 0, for which the kernel of S(zg) is not trivial implies
izg € 0,(Gp). The existence of such zy leads to problems in inverse scattering.
Third, for dissipative systems Lax and Phillips developed a scattering theory in
[6] and they introduced the representation of the energy space H as a direct sum
H = D, ® K, ® DF. A function f is called outgoing (resp. incoming) if its
component in D, (resp. D7) is vanishing. If f is an eigenfunction with eigenvalue
A € 0,(G), Re X < 0, it is easy to see that f is incoming and, moreover, V (¢)f
remains incoming for all ¢ > 0. On the other hand, V*(¢)f is not converging to 0
as t — +oo. In fact, assuming V*(¢)f — 0 for t — +o0, by the result in [1] one
deduces that f must be disappearing, that is there exists T' > 0 such that V(¢)f =0
for t > T which is impossible for an eigenfunction.

The existence of infinite number eigenvalues of G} presents an interest for ap-
plications. However to our best knowledge this problem has been studied only for
the ball B; = {x € R?, |z| < 1} assuming ~y constant (see [2]). It was proved in [2]
that for v = 1 there are no eigenvalues in {z € C : Re z < 0}, while for v # 1 there
is always an infinite number of negative real eigenvalues )\; and with exception of
one they satisfy the estimate

1
A < - =—cp,
77 max{(o-DVae -1
where vy = max{~, %} On the other hand, a Weyl formula for the counting func-

tion of the negative eigenvalues of Gy for K = B3 and v # 1 constant has been
established in [3].

(1.2)

The distribution of the eigenvalues of GGy in the complex plane has been studied
in [2] and it was established that if y(z) # 1,Vx € T, then for every ¢ > 0 and every
M € N, the eigenvalues lie in A, U Ry, where

Ac={z€C: |Rez| < C(1+ [Im z|*/?7), Rez < 0},

Ry ={2€C: |Imz| <Cuy(1+|Rez])™™, Rez <0}
An eigenvalue \; € 0,(Gp) N {2z : Rez < 0} has (algebraic) multiplicity given by

1
mult();) = tr — (z — Gp) " ldz,

2mi |Xj—z|=e
where 0 < € < 1. Introduce the set
A:={z€C: |Imz| <Co(1+|Rez|)"% Rez < —Cy < —1}.
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We choose Cy > 2C5 and Ry € A, M > 2 modulo a compact set containing a
finite number eigenvalues.

Throughout this paper we assume that either 0 < v(z) < 1,Vx € T'or 1 <
v(z),Vx € T'. Our purpose is to prove the following

Theorem 1.1. Let y(z) # 1, Vo € T, and let y(z) = max{'y(x),ﬁ}. Then
the counting function of the eigenvalues in A counted with their multiplicities for
r — oo has the asymptotic

HA €GN | < 1> O = ([ 03@) 1S, )2+ 0,0 (13)

The proof of the above theorem follows the approach in [10] and [9]. In com-
parison with [9], we will discuss briefly some difficulties and new points. For the
analysis of o,(Gs) we prove in Section 2 a trace formula involving the operator
CNf=NNf+ ﬁ(y A f), where N(A\)f = v A H|r and (E, H) is the solu-
tion of the problem (2.2) with U; = Uy = 0. Setting A = —%, h = h(1 + it) with
0<h<hg, t€R, [t| <h? we are going to study the semiclassical problem (2.8)
with z = —i(1 +it)"!. In a recent work Vodev [12] constructed a semiclassical
parametrix for this problem assuming 6 = |Im z| > h?/5=¢ 0 < € < 1. Moreover,
in [12] an approximation for A/ (—%) has been obtained by a semiclassical pseudo-
differential matrix valued operator.

We deal with the elliptic case, where # > 1 — h2. In this case according to the re-
sults in [12], an approximation T (h, z)(v A f) of N(—%)f can be constructed with

a remainder having norm O(h™)| f||? choosing N € N very large. The principal

symbol of T (h, z) has matrix symbol m = 1 (pI + %) (see Section 3), where B is

z
a symmetric matrix, p = V22 — r¢ and ro(a’,¢’) is the principal symbol of Laplace
Beltrami operator —h?Alr. To approximate C(—%), we use the self-adjoint opera-
tor P(h) = —Tn(h, —i) — ﬁ In the case Yo(z) = 5555 > 1, Vo € T, there exist

values of h for which P(h) is not invertible. The semiclassical analysis of P(h)
is related to the eigenvalues of the principal symbol —m — 7 which has a double
eigenvalue /T + 79— and an eigenvalue r(h) = (14-7¢) /2 —70. The symbol r(h)
is elliptic but lime/| o0 7(h) = —70 and this leads to problems in the semiclassical
analysis of the spectrum of P(h) (see Section 12 in [4] and hypothesis (H2)). To
overcome this difficulty, we introduce a global diagonalisation of m with a unitary
matrix U and write (Opy,(U)) " P(h)Opxr(U) in a block matrix form (see Section
4). We study the eigenvalues (k) of a self-adjoint operator Q(h) and show that
the invertibility of @Q(h) implies that of P(h). This approach is more convenient
that the investigation of det P(h). If hy, 0 < hy < hy, is such that ug(hg) = 0, then
Q(hg) is not invertible and in this direction our analysis is very similar to that in
[10] and [9]. The next step is to express the trace formula involving P(h)~! with a
trace one involving Q(h)~! (see Proposition 5.2). Finally, the problem is reduced
to the count of the negative eigenvalues of Q(1/r) for 1/r < hg. This strategy is
not working if yo(z) = y(x) > 1. To cover this case, we consider the problem (3.10)
and the operator Nl(—%) related to the solution of it. Then we introduce the op-
erators Cy(h),P1(h), Q1(h). We study the eigenvalues of the self-adjoint operator
Q@1(h) and repeat the analysis in the case 0 < y(z) < 1. The eigenvalues of the
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semiclassical principal symbols of both operators Q(h) and Q1 (h) are v/1 + ro —7o-

The argument of our paper with technical complications can be applied to study
the non homogenous Maxwell equations (see (2.1) for the notation)
curl B = —Au(x)H, = € Q,

curl H = Ae(2)E, x € Q,
%w)(y/\(y/\E))—i—(u/\H) =0forz eT,
(E, H) : i\ — outgoing.

(1.4)

Here e(x) > 0, p(x) > 0 are scalar valued functions in C°°(Q) which are equal
to constants €, po for |x| > ¢ > a. For this purpose it is necessary to generalise
the results for eigenvalues free regions in [2] and to apply the construction in [12]
concerning the non homogeneous case.

The paper is organised as follows. In Section 2 in the case 0 < y(z) < 1,Vz € T’
we introduce the operators N'(\), C()\), P()\) and prove a trace formula (see Propo-
sition 2.1). Similarly, in the case y(z) > 1,Vz € T, the operators N1(A), C1(A), P1(A)
are introduced. In Section 3 we collect some facts concerning the construction of
a semiclassical parametrix for the problems (2.8), (2.10) build in [12]. Setting
A= —%, h = h(1 +it), 0 < h < hg, we treat the case z = ihA = —i(1 + it)~*
with [¢| < A% and this implies some simplifications. The self-adjoint operators
Q(h),Q1(h) and their eigenvalues uy(h) are examined in Section 4. Finally, in Sec-
tion 5 we compare the trace formulas involving P(h) and C(h) and show that they
differ by negligible terms. The proof of Theorem 1.1 is completed by the asymptotic
of the negative eigenvalues of Q(1/r), Q1(1/7).

2. TRACE FORMULA FOR MAXWELL'S EQUATIONS

An eigenfunction D(Gy) > (E, H) # 0 of G}, with eigenvalue A € {z € C: Rez <
0} satisfies
curl E = —)\H, z € Q,
curl H=M\E, x €,
ﬁ(u/\(u/\E))—!—(V/\H) =0forz €T,
(E, H) : i\ — outgoing.
The iX- outgoing condition means that every component of E = (E, Ea, E3) and
H = (H,, Ho, H3) satisfies the iA\-outgoing condition for the equation (A—\2?)u = 0,
that is

(2.1)

%(Ej(rw)) — AE;(rw) = O(%), ji=1,2,3,r— o

uniformly with respect to w € S2? and the same condition holds for H;, j=1,2,3.
This condition can be written in several equivalent forms and for Maxwell’s equation
it is known also as Silver-Miiller radiation condition (see Remark 3.31 in [5]). Notice
that we can present £ and H by integrals involving the outgoing resolvent (Ay —

A2)~1 of the free Laplacian in R? with kernel Ro(z,y;\) = kL # y, and if
(E, H) satisty the i\- outgoing condition, we can apply the Green formula
/ div (A A B)dx = / ((B,curl A) — (A, curl B))dx = /((u A B), A)dS;,
Q Q

T

dm|z—y|’
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where (.,.) is the scalar product in C3.

First we treat the case 0 < y(z) < 1,Vx € T'. The case y(z) > 1,Vz € " will be
discussed at the end of this section. Introduce the spaces
HL (D) = {f € H*(T;C%) : (v(x), f(x)) = 0}
and consider the boundary problem
curl E = —AH 4+ Uy, =z € Q,
curl H = AE + Us, x € Q,
vAE = fforxel,
(E, H) : i\ — outgoing
with Uy, Uy € L?(2; C3), div Uy, divUs € L*(Q), f € HI(T). Consider the operator
NQ) :HYT) > f — v AH|p € HETD),
(E, H) being the solution of (2.2) with U; = Uy = 0. According to Theorem 3.1 in
[12], this operator is well defined and it plays the role of the Dirichlet-to-Neumann

operator for the Helmoltz equation (A —\?)u = 0. By N'()\), we write the boundary
condition in (2.1) as follows

(2.2)

COf ::N(A)erﬁ(uAf):O, VAl = f € HL(T). (2.3)

Introduce the operator P(A)(f) := N(\)(v A f), that is N(A\) f = —=P(A\)(v A f).
Therefore, since yo(z) = ﬁ the condition (2.3) becomes

CMv(>‘)g =P >‘)g - 70(1‘)9 = Oa g=v A f = 7Etan‘1" (24)

and P(\) : HY(T) — HE(T). For A € R, it is easy to see that the operator P(\)
is self-adjoint in Hf. To do this, we must prove that for u,v € H (') we have
—(PN\)(v Au),v Av) = (NNu,v Av)
=wAu,NA)v) == Au, PA)(v Av)), (2.5)
where (.,.) is the scalar product in H(T'). Let (E, H) (resp. (X,Y)) be the solution
of the problem (2.2) with U; = Us = 0 and f replaced by u (resp. v). By applying
the Green formula, we get

3 [ B+ s = [

(E,curlY)da:—/(Y, curl E)dz
Q Q

Q

= [wavim) = [ W= [ WAV RE = @A u NG

Similarly,

(X,curlH}dx—/(H,curlXMx
Q

A/Q(<X,E>+ (H,Y>)da::/

Q

= —/(u/\H,X} :/ (H,v) = / (vANH,vAv) = NNu,v Av)
r r r
and for real A we obtain (2.5).
Let (E,H) = Re(M\)(Uy, Us) be the solution of (2.2) with f = 0. Then Re(\) =

(G — \)~1, where G¢ is the operator G with boundary condition v A E|p = 0 and
domain D(G¢) C H. The operator iG¢ is self-adjoint and (G¢ — A) ™! is analytic
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operator valued function for ReA < 0. On the other hand, it is easy to express N'())
by Rc()). Given f € HY(T), let eo(f) € H3/2(€;C3) be an extension of —(v A f)
with compact support. Consider

(Z) = —Re (1@~ (eoéf))) + <6°(()f)> .

Then (u, v) satisfies (2.2) with U; = Uy = 0 and N (\) f = v Av|r implies that N'()\)
is analytic for Re A < 0. Consequently, C()\) : H{(T') — H§(T') is also analytic for
Re A < 0. On the other hand, for Re A < 0 the operator A/()) is invertible. Indeed,
it N(A\)f =0, let (E, H) be a solution of the problem
curl E = —\H, z € Q,
curl H = \E, x € Q,
vANH=0forz e,
(E, H) : i\ — outgoing.
By Green formula one gets

X/(\E|2+|H|2)dz:/(E,curlH}dxf/(H,curlE)dx: 7/<1//\H,E> =0.
Q Q Q T

This implies E = H = 0, hence f = 0. Thus we conclude that for Re A\ < 0 the
operator N'(A)~! is analytic and

CNS = N1+ NN ()i ) .

Here 4, () is a (3 x 3) matrix such that i, (z)f = v(x) A f. The operator N'(\)~* :
H{(T) — H{(T) is compact and by the analytic Fredholm theorem one deduces
that

—1
C)! = (1+ N (@) N
is a meromorphic operator valued function.
To establish a trace formula involving (Gy — )™, consider (G — \)(u,v) =
(F1, Fy) = X, (u,v) € D(Gp). Then
curlu = = v+ Fy, z € Q,
curlv = \u+ Fi, x €
and (u,v) = Re(N)X+K(A)f = (Gp—A)"1X, where K () f is solution of (2.2) with
Uy =Us =0. Let Re(M)X = ((Re(M)X)1, (Re(M)X)2). Notice that for Re A < 0,

(Rc(MN)X);, j = 1,2, are analytic vector valued functions. To satisfy the boundary
condition, we must have

W0(@) WA )+ (NOYS) + v A (Re(W)X)alr) =0,
hence
f==CO) 7 (v A (Re(M)X)alr),

provided that C'(\)~! exists.

Assuming that C'(A\)~! has no poles on a closed positively oriented curve § C
{z € C: Rez < 0}, we apply Lemma 2.2 in [10] and exploit the cyclicity of the
trace to conclude that the operators

H>X — —/6K(u) (C’()\)_l (V A (RC()\)X)2|F>>d>\ e
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and
HYT) 5w —> — /5 O (v (Re()EO)w)) |, )dA € (D)

have the same traces. On the other hand,

{(G — N ZERW) = K(A)(w),

OK(\)(w o
VA (76»3( )>1|r =0.

This implies (RC(A)(K(A)(w))>2|F - (%)JF and

A (GK(/\)(U))) | _ ON (MNw _ OC(A)(w)
o\ 2!l o\ ox
The integrals involving the analytic terms (Rc(A)X);, j = 1,2, vanish and we
obtain the following

Proposition 2.1. Let 0 < y(z) < 1,Vz €T andlet 6 C{z € C: Rez <0} be a
closed positively oriented curve without self intersections such that C(\)~! has no
poles on . Then

1 _ 1 _1dC()N)
try=— [ (A= Gp) rd\ = trye iy =— | CO) ' —2dA. 2.7
tugm [ =G =t o [ O (2.7
The left hand side of (2.7) is equal to the number of the eigenvalues of G} in
the domain bounded by § counted with their multiplicities. Set A\ = —% with

0 <Reh < 1. For A € A we have h € L, where
L:={heC: [Imh| <Ci|h* |h| <C;', Reh > 0}.

Write h = h(1 —|—~it)7 0<h<hy< 0617 t € R. Then for h € L, it is easy to see
that |t| < h? for h € L and the problem (2.2) with U; = Uy = 0 becomes

—ihcurl E = zH, x € Q,

—ihcurl H = —zF, x € (),

vAE=f xel,

(E, H) — outgoing

(2.8)

with —iz = h\, z = —i(1 4 it)~'. We introduce the operator C(h) = C(—h~') and
the trace formula is transformed in
1 , 1 -, dC(h) -
trys— [ (A— Y\ = tryge (5= [ C(h) ' ——=dh 2.
tuge [A= G A= g [l S )
where § = {z € C: z= -1, wed}.

w’

To deal with the case y(z) > 1, Vx € T', we write the boundary condition in (1.1)
in the form

—(WAE)+y(@)(vAWAH)=0,zel.
Consider the boundary problem
curl E = —\H, z € Q,
curl H = \E, x € Q,
vAH=fforxel,
(E,H) : i\ — outgoing

(2.10)
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and introduce the operator
Ni(A) : HU(T) > f — v AE|r € H{(D),
where (F, H) is the solution of (2.10). The above boundary condition becomes

Ci(A) = M) f =w(@)wAf) =0, f=vAHl.
Now we introduce the operator Py(A\)f = —N1(A)(v A f) and write the boundary
condition as

él(/\)f = Pl()‘)g - 70(x)g =0,zel, g= _Htan|f‘- (211)
Comparing (2.11) with (2.4), we see that both boundary conditions are writen

by vo(z). Clearly7 we may repeat the above argument and obtain a trace formula
involving C1(A)~! and £ C1(N).

3. SEMICLASSICAL PARAMETRIX IN THE ELLIPTIC REGION

In this section we will collect some results in [12] concerning the construction of
a semi-classical parametrix of the problem (2.8) and we refer to this work for more
details. Let 6 = [Im z| = 174z < 1. Then the condition § > h*/°7¢, 0 < e < 1 in
[12] is trivially satisfied for small hy. Moreover, § > 1 — > > 1 — h% so 8 has lower
bound independent of h. This simplifies the construction in [12]. In the exposition
we will use h-pseudo-differential operators and we refer to [4] for more details. Let
(x1,2') be local geodesic coordinates in a small neighbourhood U C R3 of yo € T.
We set x7 = dist(y,I'), 2’ = s71(y), where 2’ = (w9, 3) are local coordinates in
a neighborhood Uy C R? of (0, 0) and s : Uy — U NT is a diffeomorphism. Set
v(z') =v(s(z')) = (11(z), va(a'), v3(2’)). Then y = s(z’)+xz1v(2’) and (see Section
2 in [2] and Section 2 in [12])

0]
— 7 =1,2,3.
Gyj 8$1+Z jk ’ 73

The functions o () are determined as follows. Let ¢; = (1,0,0), = (0,1,0), {3 =
(0,0,1) be the standard orthonormal basis in R?* and let d(z) be a smooth matrix
valued function such that

d(z)¢ = v(2"),d(z)Ck = (o1,k(7), a2,k(2), az,k(2)), k= 2,3
and V, = d(x)V,. Denote by £ = (&1,&’) the dual variables of (z1,2'). Then the

symbol of the operator —i V|,,—¢ in the coordinates (z,£) has the form & v(a’) +
Bz, &), where B(a’,€’) is vector valued symbol given by

3 3
A AN / — .
€)= 3 &d0.2)G = (3 &eyn@) -
k=2 k=2
and (v(z'), B(z',£&")) = 0. The principal symbol of the operator —A|;, —o becomes
&+ (B(=',€), B, €)),
while the principal symbol of the Laplace-Beltrami operator —Ar has the form
7"0(:17/, 5/) = <B(£17/, 5/)7 B(z/a 5/)>
It is important to note that S(z’,£’) is defined globally and it is invariant when we
change the coordinates z’. In fact if ' are new coordinates, x; = Z; and

y=38(1) + 21v(Z) = s(2’) + z1v(2)),
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in the intersection of the domains s(Uo) N §(Uy), where the coordinates 2’ and &’
are defined, then v(z') = v('). From the equality V|, —o = V|3 =0, we deduce
B(a', &) = B, &)

Let a(z,&';h) € C°(T*(T) x (0, ho)). Given k € R,0 < § < 1/2, denote by S¥
the set of symbols so that

0207 a(x,€'sh)| < Cogh™1ITEREVETIBL o B, (2/,€) € T*(I)

with (¢/) = (14 [¢/|?)!/? and constants C, s independent of h. A matrix symbol
m belongs to S¥ if all entries of m are in the class S¥. The h—pseudo-differential
operator with symbol a(z,; h) acts by

Om@nE:= @2 [[ O ae g s)ietay

By using the change £’ = hn, the operator can be written also as a classical pseudo-
differential operator

Om@N@ = ex)2 [[ 0 Saw s gy

Next for a positive function w(z’,£’) > 0 we define the space of symbols a(z’,£’; h) €
S5 5,(w) for which

0%00a(z,&'sh)| < Co gt 0le=0218 e vB,  (2/,¢') € T*(D).
We denote 5'51752 = 551762(<§’>) and introduce the norm

[ull gzt ry = 0P (€)Yl 2y

Let p V22 —ro(2',&), Im p > 0, be the root of the equatlon £ +
ro(a’ f’) -z = O with respect to &;. Set z = —i + t(h), t(h) = O(h?). We have
pe S&,

O(h?)

V22 —rg=ivV1+ry—
and p —iy/I+ 79 € S5

iy/1+ 2it(h) — t2(h) + ro +ivI + 10

The local parametrix of (2.8) constructed in [12] in local coordinates (z1,’) has
the form

= (27Th)_2 // 6%(<yl’f/>+‘p(x’£l’z))¢%(1;1/5)@(3:,y/,£/7 2, h)dg'dy,

H= (27rh)72 //6%(<y,’5’>+“’($’§,’z))¢(2)(x1/5)b(x,y',f',z,h)df’dy/,

where ¢g(s) € C§°(R) is equal to 1 for |s| < 1 and to 0 for |s| > 2 and 0 < § < 1.
Set x(z1) = ¢2(x1/9). The phase function ¢ satisfies for N large the equation
(dV 2, dV ) — 2290 =T Vo

and has the form
N—

[

.'L'?(,Ok(l'/,fl,Z), Yo = —<.T/,€/>, Y1 = p.
k=0
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Moreover, for § small enough we have Im ¢ > x1Im p/2 for 0 < x; < 2§. The
construction of ¢ is given in [11], [12]. For z = —i we have p = —(2'.¢') + i
with real valued phase ¢ (see [11] and Section 3 in [9]). Introduce a function
n € C°°(T*(T")) such that n = 1 for ro < Cy, n =0 for rq > 2Cy, where Cy > 0 is
independent on h. Choosing Cj big enough, one arranges the estimates
Ci <|pl < Co, Imp > Cy, (2',€') € supp,
lpl = Tm p > Cy¢'], (2, €") € supp (1 =)
with positive constants C; > 0. Following [12], we say that a symbol w € C(T*(T"))
is in the class S§11’52 (w1) + SZ;;M (we) if nw € Sg;’% (wl) and (1 —n)w 46 S§;’54 (wa).
The amplitudes a and b have the form a = Z;y:_ol haj, b= Z;V:_Ol h?b; and aj, b,
for 0 < j < N — 1 satisfy the system
(dego) A aj — ij = i(de) A aj—1 + (E{V\I/j7
(AV2p) ANbj + za; = i(dV,) Abj_y + N,
9,3 =0,

vAaj = ] onxzy =0,
0,7=>1

(3.1)

(3.2)

where a_y = b_; =0 and

g=—vE)A@E)N W) =) = @) —v@) A G A )

On the other hand, the function aj, b; have the presentation

N—1 N—1
aj =Y afajn bj=>_ afbjx.
k=0 k=0
The symbols a; , b; . are expressed by terms involving g. Moreover,
a5k = Aj,k(xlvgl)f(y/)7 bj,k = Bj,k(x/agl)f(y/)ﬂ

where f(y/) = v(y') A f(y) =i () f(y) with a (3 x 3) matrix i, = Z?zl vil;, I;
being (3 x 3) constant matrices. Here A, j, B; ; are smooth matrix valued functions.
The important point proved in Lemma 4.3 in [12] is that we have the properties

Aji € Sy T (1pl) + S5 1 (lpl), 520, k =0,

—1-3k-5] 7' : (3-3)
Bjk € Sy (lo)) + o1’ (pl). 5 > 0, k > 0.

Since by (3.1), the function |p| is bounded from below for (z',¢’) € supp 7, in
the above properties we may replace absorb Sy 37373 (|p]) and obtain the class
SO_{(|p|) (resp. Sé;j(|p|)) for all (2/,¢’). For the principal symbols ag o, bo,0 we

have form (3.2) the system
Yo A ag,0 — zbo,0 = 0,
Yo A bo,o + zag,0 =0, (3.4)
vAago =g,

with 1o = d(0,2")V4|z,—0 = pv — 8. The solution of (3.4) is given by (4.4) in [12]

and one has
aoo =-vAg+p Hv,BAg)v,

3.5
mbo,o:%(pwgwww,uwm). 39
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Thus we obtain v A E|,,—¢ = f and
N-1 .
v A H|w1:0 = ’L'y(xl)Hbl:Q = Z h]Oph(iVBj70)f.
3=0
Following [12] and using (3.5), for the principal symbol of v A H|,,—o one deduces

3
ivBoof =v Nboo =m(v Ag) =mf +mi, Z(Vj(y/) —vi(@) I f

j=1

with a matrix symbol m := %(p[ + p~1B) and matrix valued symbol B defined by
Bv = (B,v)3, v € R3. Then we obtain

Opn(ivBoo)f = Opp(m) f + hOpy () f

with 7 € 8. Choosing f = ¢(2')(v A f), we obtain a local parametrix Th 4 (h, 2)
and in Theorem 1.1 in [12] the estimate

INO) @) = Opr(m + hait) (v A )l < CRO™| fllgge (3.6)

has been established in a more general setting assuming a lower bound 6 > h2/5.
With the last condition one can study the case z = 1+ i = h\, h = |[Re \| 71,
provided |[Re A| > |Im Al.

In this paper we need a parametrix in the elliptic case z = —i+t(h) and in (3.6)
we can obtain an approximation modulo O(h~%*¥) adding lower order terms of
Ty (h, z) and exploiting the bound § > 1 — h? as well as the estimates (3.1), (3.3).
According to Lemma 4.2 in [12], one has the estimates

0202 (% )] < Caple!|PleCIelonsn

for 0 < z; < 26 with constants C' > 0,C,, g > 0 independent of x1, z and h. In fact,
the above estimates are proved for (2/,¢’) € supp (1 —n), while for (z/,£’) € suppn
the factor |¢’| is bounded. Then (see (4.31) in [12])

hiNx{Vei“’/h € So_iv
uniformly in 27 and h. Now let

—hV A E — z¢H = (2h)~? //e%“y'é'”@)vl(x, Y, € h,2)de'dy’ = Uy,

—ihV A H + z9F = (2h)~2 //e%“y/’g,H‘p)Vg(x,y’,g’, h, 2)d€'dy’ = U,

with
N—-1
Vi = hxa+hx(dVe) Aan_1 + 2 > hIXT;,
7=0
N—-1
Vo = hb+ N x(dVa) Aby o1 +a > hixT;,
7=0

where Y has support in § < x; < 26. Clearly,

(h02)°Uj(w1,.) = Opu (W02 (/) ) f, j = 1,2
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Combing this with the properties (3.3) and the proof of Lemma 4.3 in [12], we
obtain the estimate

||(haw)anHL2(F) < Ca,Nh_éa+N‘|f||H;1(F) (3.7)

with ¢, independent of h, N and f. Thus by the argument in Section 4 in [12] we
construct a local parametrix in the elliptic region and

IN(=2) @) = Tl 2 A6 mgery < Ok N oy, 52 0, N = N,

(3.8)
Choosing a partition of unity Z _1¢;(@") =1 on I, we construct a parametrix

Tn(h,z) = ijl TN, (h, z) and obtain
1 —
WM(fJf—TwWJXVAmemngcwh@+Mumﬂm7szmzvzwg(&w

For the operator P(—f)f N(- )(V A f)=N(A)(v A f) one has an approxi-
mation by —Tn(h, z)f. Moreover for z = —1i the principal symbol of —Tx(h, —1)
becomes

B
V14 rgl — —B.
iWItno i) RARET m

Now we discuss briefly the existence of the parametrix for the problem

(mhr

—ihcurl E = zH, z € Q,
—ihcurl H = —zE, xz € Q,
vANH=f zel,

(E, H) — outgoing

(3.10)

with —iz = hA, z = —i(1 +it)~'. We follow the construction above with the same
phase function. The transport equations for a;, b; have the form

(degp) A bj + za; = i(de) N bj_l + JJ{V\%’]’,
(dvzga) A a; — ij = i(dvz) A aj—1 + JZ{V\PJ',

g7j:07
0,7>1

(3.11)

vAb; = onz, =0,

where a_; = b_; = 0. This system is the same as (3.2) if we replace z by —z and
a;,b; by b;, aj, respectively. Therefore, by using (3.5), we obtain
b0,0 = *l//\g+p71<l/,5 /\g>l/7
1 _
vAago = —;(p(u/\g) +p 1(ﬁ,y/\g>ﬁ).

We obtain an analog of (3.9) with N'(h), Ty (h, z) replaced by Ni(h), Ty n(h, 2).

(3.12)

For the operator P;(— h)f = 7./\/'1(7%)(1/ A f) we have an approximation with
T1 n(h, 2)f and by (3.12) the principal symbol of T3 y(h, —i) becomes
B 1
VIFrol + e ) = VTF 1ol — ———B.
( RV VTt
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4. PROPERTIES OF THE OPERATOR P(h)

In this section we study the case h real. Recall that the operator B(hD,:) has
matrix symbol B(z', h¢’) such that

Bf =(B,f)8, f € R®,

where 8 = B(2’,¢') € R? is vector valued homogeneous polynomial of order 1 in &’
introduced in the previous section. The equality (5, 3) = ro implies B(z',&")3(2',¢’) =
ro(a’, &) B2, &) and B(x', &) (v(a") A B(2',€')) = 0. Thus the matrix B(a',¢’) has
three eigenvectors v(z'), v(z') A B, &), B(a’,&") with corresponding eigenvalues
0,0,79(2’,&"). These eigenvalues are defined globally on I'. Let [|{’||; be the in-

duced Riemann metric on 7*(T') and let b(2’, &) = B(a/, \/ﬁ) For ||¢']]g =1
introduce the unitary (3 x 3) matrix
| | |
U@, &) = | v(a) v(@)Ab@',¢) ba',¢)
| | |

Then for ||{’||; = 1 one obtains a global diagonalisation

00 0
Ul (2", VB, U@, ¢)=10 0 0],
0 0 To

where AT denotes the transpose matrix of A. Writing ¢’ = w||¢'||, with [jw], = 1
and using the fact that B(2’,¢’) and ro(2’,£’) are homogeneous of order 2 in &',
one concludes that the above diagonalisation is true for all £’

First we study the case 0 < v(z) < 1, Vo € T, which yields vo(z) = ﬁ
Introduce the self-adjoint operator P(h) = —Tn(h,—1) — vo(z)] with principal

symbol
B(h¢) .
_ 2 _ — =5 —
p1 =1+ h2rg (I T h27”0) Yo(z)I = p1 — yo(x)I,

where I is the (3 x 3) identity matrix. We assume that N is fixed sufficiently large
and we omit this in the notation P(h). Moreover, as it was mentioned in Section 2,
we can write the pseudo-differential operator as a classical one and

V14 h%rg — 0 0
Ur'p U = 0 VI+h2rg — 0 0 . (4)
0 0 (14 h2rg) =12 — g,

Moreover, U=! = UT and U7 is the principal symbol of (Opp,(U))~!. To examine
the invertibility of P(h), observe that the symbol

—0(x) < (14 h?ro) ™12 — yo(z) < —(y0(x) — 1)
is elliptic. Write (Opp,(U))~*P(h)Opp(U) in a block matrix form

(Opn (V) P(h)Opr () = (ﬁ(&)) Sffg)) |

where R(h) is a (2 x 2) matrix valued operator, S(h) is (2 x 1) matrix valued
operator with symbol in hSJ(T), the adjoint operators S*(h) is (1 x 2) matrix

valued operator, while
R(h) O
0 r(h)
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has principal symbol (4.1). The equation (Opp(U)) " P (h)Opn(U)(Y,y3) = (F, f3)
with a vector Y = (y1,y2) and F = (f1, f2) implies
r(h)ys + 5" (h)Y = fs.
Then y3 = —r(h)~1S*(h)Y + r(h)~1 f3 and for Y one obtains the equation
Q)Y = (R(h) = S(W)r(n)~'S" () )Y = F = S(hyr() ™ .
The invertibility of the operator
Q(h) := R(h) — S(h)r(h)~"S" (h)
depends of that of R(h) and R(h) has principal symbol

_(V1+hPro—"y 0
@= 0 V1I+h%rg—v )"

Let

s _ -1 _ _ : -1
co = minyo(x) = (maxy(z))™", e = maxyo(z) = (min~y(z)) ™"

Introduce the constants C = %, ¢ = §(co—1)? < 1/2 and set (hD) = (1—h2Ap)"/2.
1
We say that A > B if (Au,u) > (Bu,u), Yu € L?(I'; C?). We need the following

Proposition 4.1. The operator Q(h) satisfies the estimate
9Q(h)
oh

Proof. The proof is a repetition of that of Prop. 4.1 in [9]. For the sake of com-
pleteness we present the details. We have

h +CQ(h)(RD)~'Q(h) > e(hD). (4.2)

dn __IMro ;5 + h2rgl — (1 + h?rg) /21,
Oh 14 h2rg

where I is the (2x2) identity matrix. The operator CQ(h)(hD)~1Q(h) has principal
symbol

CV1+4 h2rgl — 200 + CH2(1 + hrg) Y21
and the principal symbol of the left hand side of (4.2) becomes
(14 C — )1+ h2rol 4 ey/1 + h2rgl — 200l + (CA& — 1)(1 + h2rg) "Y1

We write the last term in the form
(1—CH2) (1 -1+ h%«o)*l/z)l +(Cy2 = 1) = Ay + As.

Since 1 — Ch2(x) > 0 and 1 — (1 + h?rg)~Y/2 > 0, the term A; is symmetric
non-negative definite matrix and we may apply the semi-classical strict Garding
inequality to bound from below (Opy,(A1)u,u) by —Cyhljul|?. Next

(14 C —e)((hD)u,u) > (14 C — €)||ul|?
and
((Clo = 1) = ) = (Cleo — 1) = &)jull* = elul®
The lower order symbol hgg of the operator Q(h) yields a term
h(Op(qo)u, u) > ~h[|Op(go) r2 2 [[ul]* = —hCo||ul|?

and we may absorb these terms taking 0 < h < ¢(Cy + C3) ™1 = C%,
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For the analysis of the eigenvalues of Q(h) we will follow the approach of [10]. In-
troduce the semiclassical Sobolev space H*(T'; C?) with norm ||ul|s = |[(hD)%ul| 2 (r;c2).-
Let

pa(h) < pa(h) < oo < () < ..
be the eigenvalues of Q(h) repeated with their multiplicities. Fix 0 < hy < %
where € > 0 is the constant in Proposition 4.1 and let kg € N be chosen so that
ux(ho) > 0 for k > ko. This follows from the fact that the number of the non-
positive eigenvalues of Q(hg) is given by a Weyl formula (see for instance Theorem

12.3 in [4])
(2mho) 2 // da'd¢’ + O(hy').
VI+ro—70<0

By using Proposition 4.1 and choosing 0 < § < <25 L one obtains
€ _, duk(h)
) < Cy, k > ko,
2=" dn U=

whenever ju,(h) € [=6,6], 0 < h < hg (see Section 4 in [9]). Now if 0 < 1 < hg
and pr(1/7) < 0, then there exists unique hy, 1/r < hy < ho such that ux(hy) = 0.
Clearly, the operator Q(hy) is not invertible and for the invertibility of Q(h) we
must avoid small intervals around hj. The purpose is to obtain a bijection between
the set of hy, € (0, hg] and the eigenvalues in A. Repeating the argument in Sections
4 in [9] and [10], one obtains the following

Proposition 4.2 (Prop.4.1, [10]). Letp > 3 be fized. The inverse operator Q(h)~! :
L3(I';C?) — L*(T; C?) ewists and has norm O(h™P) for h € (0, ho] \ 2, where Q,, is
a union of disjoint closed intervals Jy ,, Jo p, ... with |Jy | = O(hP~Y) for h € Jy .
Moreover, the number of such intervals that intersect [h/2,h] for 0 < h < hg is at
most O(h'~P).

If the operator Q(h)~! exists, it is easy to see that P(h) is also invertible. First,

o (of,l S(h)ql(h)) @(&)) %f)) - (ﬁ‘% f(%)) )

where I is the identity (2 x 2) matrix and 0; 2, 02,1 are (1 x 2) and (2 x 1) matrices,
respectively, with zero entires. Second, the operator r~!(h) has principal symbol

o e % € 83, so r~(h) : H*(I';C) — H*(I';C) is bounded for every s. On
the other hand, S(h) : H*(I'; C) — H*(T;C?) has norm O4(h). Consequently, the
operator
I S(hyr(h)\ ™"
0271 1

is bounded in L(H*([';C3), H*(T; C3)), while

@% 7?(11;2})1<—7~—1(h632§]321;)1@<h)—1 rf)ll’(Qh))'

We deduce that the operator on the right hand side of (4.3) is invertible, whenever
Q(h) is invertible and since Opy(U) is invertible this implies the invertibility of
P(h). Finally, the statement of Proposition 4.2 holds for the operator P(h)~! with
the same intervals Jj , and we have a bound ||P(h) ™| 2(rico)— r2(ric2) = O(h7F)
for h € (0, ho \ p.



16 V. PETKOV

The analysis of the case y(z) > 1, V& € T, is completely similar to that of
the case 0 < y(x) < 1 examined above and we have vo(z) = v(x). We study the
operators N(X),C1(A) and Pi(h) = Py(—4) introduced at the end of Section 2.
For the self adjoint operator Py(h) = T1 n(h, —i) — yo(x)I, the argument at the
end of Section 3 shows that P;(h) has principal symbol p;(2/, h’) — vo(z)I. Thus
we obtain the statements of Proposition 4.1 and Proposition 4.2 with a self-adjoint
operator @1 (h) having principal symbol

VIT R — 0
0 m—’ﬁ) ’

Notice that both operators Q(h), Q1(h) have the same principal symbol. Next for
the operator P;(h) we obtain the same statements as those for P(h).
5. RELATION BETWEEN THE TRACE INTEGRALS FOR P(h) AND C(h)

The purpose in this section is to study the operators P(h) and C(h) for complex
h= h(1+it) € L, |t| < h%. We change the notations and we will use the notation h
for the points in L C C with |[Im h| < (Re h)?, 0 < Re h < hg < 1. First we study
the case 0 < v(z) < 1, Y € T". The operator Tn(h, z) can be extended for h € L
as a holomorphic function of h. The same is true for P(h) = =T (h, z) — vo(x)I.
To study P(h)~!, we must examine the inverse of the operator on the left hand
side of (4.3) for h € L. Clearly, S(h), S*(h) and r(h) can be extended for h € L
and h=1S(h), r(h)~! are bounded as operators from H*(I';C) to H*(I';C?) and
from H*(T',C) to H*(T',C), respectively. Since b(z’, h&’) = b(2’,&’), the symbol of
U(z',¢") may be trivially extended for h € L. It remains to study Q(h)~!. Repeating
the proof of Lemma 5.1 in [10] and using Proposition 4.1, we get

_ Reh
1Q(R) Ml 2(ar-1/2(ric2) /2 (ric2y) < Cm, Imh #0, h € L. (5.1)

Here we have used the estimate
Reh

()Mo 00y bre (i) < C < Céma Imh #0, heL

since |Im h| < (Re h)? < hoRe h. To obtain an estimate of

1Q(R) ™ cears (mic2y, me+1 (ric2)) s

as in Section 5 in [9], we introduce a C*° symbol
x(@',¢) = {

Here By > 0 is a constant such that /C3By > 2¢1, ro(2,¢') > Cs|¢’[|2. Then
we extend homorphically x(z’',Re hD,) to ((z',hD,) for h € L and consider the
operator M (h) = Q(h) 4+ vyo(z'){(a’, hD,). This modification implies the property
Q(h)—M(h) : O4(1) : H=*(T';C?) — H*(I'; C?) for every s and the operator M (h)
with principal symbol M (z/,¢) € S} becomes elliptic. Then M (h)~! : H*(T'; C?) —
H*TH(T;C?) is bounded by Og(1) and repeating the argument in Section 5, [9] and
using (5.1), one deduces

2, r' € r, ||§ng < Bo,
07 xl € Fa ||€/H‘J 2 BO + L.

Reh

1Q(R) ™Ml £(ares (ric2), o+ (rsc2y) < Csm7 Im h # 0. (5.2)
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Taking the inverse operators in (4.3), one obtains with another constant C the
estimate

_ Re h
IP(R) ™ N cee (rics) o1 (ricsy) < C T Al , Im h # 0. (5.3)

Following [10], we introduce piecewise smooth positively oriented curve 7y, C C
which is a union of four segments: Re h € Jip, Im h = +(Re h)P*! and Re h €
0k p, |Im h| < (Re h)P*!, Ji , being the interval in €2, introduced in Proposition
4.3.

Proposition 5.1. For every h € v, the inverse operator P(h)~! exists and
IP(R) ™ Nl 2(ars(ricey, i+ (ricey) < Ch,s(Re h) 7. (5.4)

The proof is the same as in Proposition 5.2 in [10]. It is based on the estimate
of [[P(h) || L2(ric3)—r2(ricey for h € (0, ho] \ €, the Taylor expansion of P(h) for
0 < |Imh| < (Reh)P*! and the application of (5.3). We omit the details. Of course,
by the same argument an analog to (5.4) holds for the norm of the operator Q(h)~*
and h € i p.

To obtain an estimate for C(h)~!, with N large enough write

C(h)f :N(—%)H%(m)(sz) =Tn(h, 2)W A f)+70(@) (VA f) +Ry(h, 2) (v A f)
= —P(h)in f + Ry(h, 2)inf, ¢ > 2p

with Ry (h,2) : Os((Re h)?)) : H* — H*+t9=1. This yields

P()'C(h)f = = (1d = P(0) " Ry(h,2) )i
and by (5.4) one deduces

[P0 Ra(hy 2)|| oo presay < Cs(Re h)7PF.
For small Re / this implies

i, (Id — P(h)" 'Ry (h, z)) T p)-te(h) = Id.
Repeating the argument in Section 5 of [9], we obtain

IC(h) " Nl 2(are,mro+1) < Cs(Re h) 7P, b € Y p. (5.5)

In the same way writing

et =i P =i ((1d=P() " Ry(h,2))  — 1a)P(R)",
one gets
IC(h) ™" = i P(R) "l ees o1y < Cs([R[T72P), b € Y. (5.6)

~1
On the other hand, i,P(h)~! = (—P(h)iy) since 4,4, = —Id. By using the
Cauchy formula

1/ C’(C)+P(C)iud
— (¢

— (et = (=Pmi) = 3= -

2mi

= [ RQ(C)'Z)iudCa
Vk,
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where 7, ,, is the boundary of a domain containing 7 ,, one deduces

d d .
mﬁam—aﬂ;mm%mamﬂﬁkwgaﬂmm% (5.7)

Now we pass to a trace formula involving P(h)~! and Q(h)~!. Recall that ky € N
is fixed so that pg(ho) > 0, k > ko. Let pr(hi) = 0, 0 < hg < hg, k > ko. Since
pr(h) is increasing when py(h) € [—4, d], the function uy(h) has no other zeros for
0 < h < hg. We define the multiplicity of hy as the multiplicity of the eigenvalues
i (h) of Q(h) and denote by A the derivative of A with respect to h.

Proposition 5.2. Let 3 C L be a closed positively oriented simple C' curve without
self intersections such that there are no points hy, on 8 with pg(hx) = 0,k > ko. Then

1 L 1 L
b p1/2 0oy 5 PW1WMM:mww@uﬁAQW1MMM (5.8)

27i B

is equal to the number of hy counted with their multiplicities in the domain bounded
by B.

Proof. Since S is related to the eigenvalues of Q(h), repeating without any changes
the argument of the proof of Proposition 5.3 in [10], one deduces the existence of
the trace on the right hand side of (5.8) and the fact that this trace is equal to the
number of hy in the domain bounded by 5. Next

L% B<11%25)_1 (40) i) = L(OOR imi)

and the integral of r 1 (h)7(h) vanishes since this operator is analytic in the domain
bounded by 3. Thus the trace of the right hand side of the above equality is equal
to the right hand side of (5.8) multiplies by (27i). Write

(&% 7?5’2)>_1 (0n, S(h)ql(h))_lim); ) (&0 )

(g% %@1(§$ %@+Zw.

The integral of Z(h) vanishes by the cyclicity of trace since the product
I S () d (T S*(h)r(h)
02,1 1 dh \ 02,1 1 '

is an analytic function of h. By applying the equality (4.3), we obtain that the trace
R(h) 5(h)
S*(h)  r(h)

(5.8). By the same manipulation as above taking the product with (Opy,(U))~! on
the right and by Op,(U) on the left, one obtains (5.8). O

of integral involving ( ) is equal to the trace on the right hand side of

Notice that by the cyclicity of the trace we get

. -1 d
tr 1/2(1;C3 /’P(h)iltp(h)dh:tf 1/2(1;C3 / —P(h)%y e —’P(h)ll, dh.
p— e [[(-P0) o (<P

Applying the estimate (5.6) for C(h)~*—i,P(h)~! and (5.7) for -=C(h)— 4 (—P(h)i,,)

and taking into account Proposition 5.2, we conclude as in Section 5 of [9] that in
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the case 0 < y(z) < 1, Vx € T, we have

fr —— C(h)—ld(h)dh:ui/ P(h) " P(h)dh

2mi _— 2ri

o [ QT QRdn.

2mi e

The analysis in the case y(xz) > 1, Vo € T, is completely similar and we have trace
formula involving the operator C;(h) introduced at the end of Section 2 and trace
formula involving (1 (k) and P (h) = T1,n(h,z) — voI. In this case

fr Ci(h)~*Cy(h)dh = tr 1 P1(h) " P1(h)dh

2mi - 2mi -

= tr Zim /7 Q1(h) Q1 (Rh)dh.

The equality of traces shows that the proof of the asymptotic (1.3) is reduced
to the count of hy with their multiplicities for which we have ug(hy) = 0 in the
domain Sy ; bounded by 7y p. Here pui(h) are the eigenvalues of Q(h) (resp. Q1(h))
if 0 < y(xz) <1 (resp. if y(z) > 1). We obtain a bijection By ; > hy — £(hy) =
Aj € 0p(Gp) N A which preserves the multiplicities. The existence of hj with
1/r < hg < hg is equivalent to pug(1/r) < 0 and we are going to study the asymptotic
of the counting function of the negative eigenvalues of Q(1/r) (resp. Q1(1/r)).
The semiclassical principal symbol of both operators Q(h), @1(h) has a double
eigenvalue g(2',&") = /1 +ro(2’,&) — v(2’). Applying Theorem 12.3 in [4], we
obtain

A€o (G NA: N <7 r>Cy) = 2n)? / da'dg’ + Oy, (r).
q(z’,§")<0

Finally,

/ dz'dg' = / dr'd¢ = W/(Vg(x’) —1)dz’
q(z’,§)<0 ro(z,€) <73 (x) -1 r

and this completes the proof of Theorem 1.1.
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