WEYL FORMULA FOR THE NEGATIVE DISSIPATIVE
EIGENVALUES OF MAXWELL’S EQUATIONS

FERRUCCIO COLOMBINI AND VESSELIN PETKOV

ABSTRACT. Let V(t) = etGb, t > 0, be the semigroup generated by Maxwell’s
equations in an exterior domain  C R3 with dissipative boundary condition
Etan — v(@)(V A Btan) = 0,7(z) > 0,V € T' = 9Q. We study the case when
Q={xeR3: |z| > 1} and v # 1 is a constant. We establish a Weyl formula
for the counting function of the negative real eigenvalues of Gy,.

1. INTRODUCTION

Let K C {x € R®: |z| < a} be an open connected domain and let 2 = R*\ K be
connected domain with C*° smooth boundary I". Consider the boundary problem

OyF = curl B, OB = —curlE in R?’ x €,
Etan — (@) (¥ A Bian) =0 on R xT, (1.1)
E(O,I) :EO(‘T)& B(O,IE) :BO(I)

with initial data f = (Eo, By) € L%*(Q;CS) = H. Here v(z) is the unit outward
normal to 92 at € T pointing into €, (,) denotes the scalar product in C?,
Utan = U — (u, v)v, and y(z) € C°°(T") satisfies y(x) > 0 for all x € T. Let

0 curl
G= <—curl 0 >

and let Gy, be the operator G with domain D(G}) which is the closure in the graph
norm

lulll = (lullF + 1GullF)?
of functions u = (v,w) € C§°(R3;CO) satisfying the boundary condition v, —
¥(v A wian) = 0 on T'. The operator G} generates a contraction semigroup V (¢) in
H (see for instance Theorem 3.1.8 and Section 3.8 in [6]) and the solution of the
problem (1.1) is described by

(E,B)=V(@t)f =¢!%f t>0.

In [1] it was proved that the spectrum of Gy in the open half plan {z € C :
Rez < 0} is formed by isolated eigenvalues with finite multiplicities. Note that
if Gpf = Af with Re\ < 0, the solution u(t,x) = V(t)f = eMf(x) of (1.1) has
exponentially decreasing global energy. Such solutions are called asymptotically
disappearing and they are very important for the inverse scattering problems (see
[1]). In particular, the eigenvalues A with Re A — —oo imply a very fast decay of the
corresponding solutions. In [2] the existence of eigenvalues of Gy, has been studied
for the ball By = {z € R?: |z| < 1} assuming 7 constant. It was proved that for
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~ = 1 there are no eigenvalues in {z € C : Rez < 0}, while for v = const ,y # 1
there is always an infinite number of real eigenvalues {\, }nen and with exception
of A1 they satisfy the estimate

An < — !

= Tl D1 -

where vy = max{~, %}

In this Note we study the distribution of the negative eigenvalues and our purpose
is to obtain a Weyl formula for the counting function

N(r)=#{ € 0,(Gp) NR™ : |A| <7}, 7> 1(7),

where every eigenvalues \,, is counted with its algebraic multiplicity given by

1
mult(\,) = rank —; (z — Gp) " tdz,

2mi |An—z|=€
where 0 < € < 1. Our main result is the following

Theorem 1.1. Let v # 1 be a constant and let 9 = max{~, %} Then the counting
function N(r) for the ball B3 has the asymptotic

N(r)= (73 —1)r?+ O,(r), r > ro(y) > co. (1.3)

The proof of Theorem 1.1 is based on a precise analysis of the roots of the equa-
tion (3.1) involving spherical Hankel functions hﬁﬂ)(,\) of first kind. We show in
Section 3 that for v > 1 this equation has only one real root A, < 0. Moreover,
we have A\,+1 < Ap, Vn € N, so we have a decreasing sequence of eigenvalues.
The geometric multiplicity of A, is 2n + 1. Since C} is not a self-adjoint operator
the geometric multiplicity could be less than the algebraic one. In our case these
multiplicities coincide and the proof is based on a representation of (G, — z)~t. To
estimate A\, as n — 0o, we apply an approximation of the exterior semiclassical
Dirichlet to Neumann map for the operator (h?A + z) established in [7] (see also
[9]) combined with an application of Rouché theorem.

We conjecture that in the general case of strictly convex obstacles and minyer v(y)
~v1 > 1 we have the asymptotic

: (/F(VQ(ZJ) — 1)dsy)7“2 +05(r), 2 710(7).

T 4r

For the ball Bj this agrees with (1.3).

N(r)

2. BOUNDARY PROBLEM FOR MAXWELL SYSTEM

Our purpose is to study the eigenvalues of GG, in case the obstacle is equal to
the ball B; = {z € R® : |z| < 1}. Setting A = iy, Imp > 0, an eigenfunction
(E, B) # 0 of G satisfies

curl B = —iuB, curl B =iukE. (2.1)
Replacing B by H = —B yields for (E, H) € H*({|xz| > 1};C") the problem,

{curlE =iuH, curl H = —ipFE, for x € Bs, (2.2)

Etan + fY(V A Htan) - O, fOI' x € SZ_
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The functions F(x), H(x) are solutions in {|z| > 1} of the Helmholtz equation
Av+ v =0

and since (E, H) € H these solutions are outgoing. By using spherical coordi-
nates w on S?, we can expand E(z), H(x) by the spherical functions Y,*(w), n =
0,1,2,..., |m| <n, w € S? and the spherical Hankel functions of first kind

1)
(1) L Hn+1/2( )
z

An application of Theorem 2.50 in [3] (in the notation of [3] it is necessary to
replace k by p € C\ {0}) says that the outgoing solution of the system

,n>1.

curl E =iuH, curl H = —ipFE, for z € Bs

for 2 = |z|w,r = || > 0,w = ¥ has the form

0 W,
:Z Z [ )h iu )Yn M w)w

m

+“7"(rh$><w>>’v,:”<w> + B ()Y, ()], (2.3)
.
@)= > 3 [t T D Dy o
n=1|m|<n
+ﬁ7"(7“h53)(w))’Um( ) 2D (V2 () (24)

m _ 1 m m _ m _
Here U™ (w) = mgradszYn (w) and V™" (w) = v AU (w) for n € N,—n <
m < n form a complete orthonormal basis in
L3(S?) = {u(w) € (L*(S%C?) : (w,u(w)) = 0on S?}.

To find a representation of v A Hygp, observe that v A (vAUT) = =U", so for r =1
one has

(v AN Hign)(w) = —— Z Z [57”( ihél)(ur)lrzl)Vf(w)

n 1 |m|<n

12 D (1)U ()]
and the boundary condition in (2.2) is satisfied if

d
7(]7’;1)(/“”))'7’:1 - ’)’i,uhgzl)(u)} =0,VneN, ‘m‘ <mn, (2'5)

o [P ) + =

ﬁnm'}/ (1) d (1) i/’(' (1)
—_— _— = < . .
i |:hn (u) + (hn (M7'))|r—1 hn (,u)} 0, Vn € N, |m| n (2 6)
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3. ROOTS OF THE EQUATION g, (A) =0

To examine the eigenvalues of Gy, it is necessary to find the roots of the equations
(2.5) and (2.6). Since hg)(u) # 0 for Im s > 0, the problem is reduced to study
the roots A € R™ of the equation

d
1+ d—h,(})(—i)\r) (A (=iA) =My =0 (3.1)
T r=1
and the same equation with v replaced by % Clearly, if 4 = —iA is such that the
expressions in the brackets [...] in (2.5) and (2.6) are non-vanishing for every n > 1,
we must have o] = B = 0 which implies Etoy,, = Bian = 0. Hence (E,B) =0
because the boundary problem with v = 0 has no eigenvalues in {z € C: Rez < 0}.
In this section we suppose that v # 1 and examine the equation
1 d
90N = 5 + 72 (B (=0 (D (X)) = =0, (3:2)
A dA
It is well known that (see [5])
A : A 1
RV (—iX) = (—i ”+1€—Rn(;) = (- ”e—Rn(—*)
n (F) = ()" r B 5y ) = (5 2\
with
(n+m)!

———= > 0.
m!(n —m)!

Rn(z) = Z am,nzmy Am,n =
m=0
We will prove the following
Proposition 3.1. For A < 0 we have
d p(1) : d (s
<h —iA = hy’ (—iA
Grni1(N) = dk(l’;ﬂ(_ ) _ dk(l) (_ ) > 0. (3.3)
hyiq (—iX) hr ' (—iX)
Proof. The purpose is to show that

d d -1
1)/ sy & (1) s _ (1) e Y ). (1) s (1) s
(A0 2h (=8) = A (i0) S (=) (B (-INAD (-i0)) > 0.
Introduce the functions
A
e

1
Then hgll)(fi/\) = (—1)"¢,(\) and the above inequality is equivalent to

(60 75601 = 601 (V)76 (1 (V0 N)
= (M) 3301 ) = 1t )7 N)) (s (V) > 0.

Since 0, (A)Nr41(A) > 0 for A < 0, it suffices to show that the function

FO) = 100 1 (8) — ma (3) e, (3)

has positive values for A € (—00,0). Consider the derivative

F/) = 0N) 3100 = 11 () 3277 ).

We have
N (A) = "D (—iX) (—iN) = i"T1E, (<)) = —i"1E, (—i)).
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The function =, (z) = zhg)(z) satisfies the equation

n2+n

Eg(z)+-(1- > )En(z)::O

and
d? ol o n?+n .
WU"(/\) =i"1E (N = i 1(1 + T):n(—l)\)
n°+mn
Consequently,
n+1)24+n+1 n’+n
Py = [ )
Tn A Tn A
:mn+m—ilpﬂil>o.

On the other hand,
F() =R, (*7)%(6 s (=55)) = s (=55 gy (1 (35

g [0 (g e (- 35) R () g5

lim F(\) =0, lim F(A\) =400
Ao oo A0

and

since
lim [ R (W)} 1 (w) = Ry (), ()] = +o0.

w——+00
Finally, the function F()) in the interval (—oo, 0] is increasing from 0 to +o00 and
this completes the proof. O

Now if A, < 0 is a solution the equation (3.2) one has
1 d ) . _
gnt1(An) = 5=+ (A (=ix) ) (1 (=ixa)) ™ = 5 = G (An) > 0,
S0 A, is not a root of the equatlon
d . a 1 oy
g1 () = 5 + (S (-0 (B (-iX) 7 =7 =0,
In the following we assume that v > 1. Then for A — —oo we have gp4+1(A) —

1 -~ < 0, and since g,4+1(A,) > 0 the equation g,4+1(A) = 0 has at least one root
—00 < A1 < Ay

Lemma 3.1. Let v > 1. For every n > 1 the equation g,(\) = 0 in the interval
(—00,0) has exactly one root A, < 0.

Proof. Setting w = —5, we write the equation (3.2) as R, (w) := w’R}(w) +
aR, (w) =0, where a = 1_% < 0. We will show that this equation has exactly one
positive root. Since

w? R, (w Z kag 0", R, ( Z apnw”
k=1
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the polynomial R, (w) has the representation

n+1
Rp(w) = Z bkmwk
k=0

with

bn—l—l,n - %

{bk,,n = (k - 1)ak—1,n + QAL n, 0 < k < n, a—1,n = 07

Taking into account the form of ay, ,,, we deduce

I (n+k—1)!
BT =k + 1)k

Thus the sign of by ,, depends on the sign of the function
B(k) :== (1 —a)k* + (o — Dk + a(n?® +n)
which for & > 1 is increasing since

B'(k)=21-a)k+a—-1>1—a>0.

(k(k—1)+a(n+k)(n—k+1)>, 0<k<n+l (34)

Clearly, by, = o < 0 and by, 11,, > 0. There are two cases:

(i) b1,n < 0. Then there is only one change of sing in the Descartes’ sequence
{bn+1,n7 bn,n7 HAS) bl,na b(],n}'

(ii) b1, > 0. Then by, > 0for 1 < k < n+ 1 and in the Descartes’ sequence
{bn+1,n,bn,m, s b1 0, bo n } One has again only one change of sign.
Applying the Descartes’ rule of signs, we conclude that the number of the positive
roots of R, (w) = 0 is exactly one.
O

Combining Proposition 3.1 and Lemma 3.1, one obtain the following

Corollary 3.1. Let v > 1. Then the generator Gy has an infinite sequence of real
etgenvalues
—00 < ... <A < ... <A< A <0
and A\, has geometric multiplicity 2n + 1.
The geometric multiplicity is 2n + 1 since the functions {Y, . (w)}m__, are
linearly independent. The algebraic multiplicity of A,, will be discussed in Section
5.

4. ESTIMATION OF THE ROOTS

Throughout this section we assume v > 1. Set A = i\f, 0 < h < 1 with
z=—1+1in, 0 < |n| < A2 n e R. Consider the Dirichlet problem

{(h2A+z)w =0, |z| > 1,w € H*(|z| > 1),

w1, sl =1 oy

and note that A + % = A — X%, The solution of (4.1) has the form

w(rw) = Z Z AD (=) (BED (—iN) " n Yom (W),

n=0m=—n
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where

w) = Z Z Onm Yo m (W)

n=0m=-—n

hd

The semiclassical Dirichlet-to-Neumann operator Nyt (h, z) = T W wlr=1 related to

(4.1) becomes

ext h Z = _l\fz Z 1)‘ h(l)(_l)‘)) Qp mYn,m

n=0m=-—n

=VE), ) %(hw—m)(hm iA) ™ Qi Yo

n=0m=—n

By using the approximation of M. (h, z) established in [9],[7] for z = —1 + in, one
deduces

Ny o N .

Newt (R, 2) f — Opn(p) fllL2(s2) < g I fll2s2y, 0 < h < hg

with p = v/z —ro(2’,&’) and a constant C' > 0 independent of z, A and f. Here
ro(a’,&’) is the principal symbol of the semiclasssical Laplace-Beltrami operator
—h?Ag = +2Ag2 and Opy(p) is a h—pseudodifferential operator with symbol p.

Moreover, /z = iy/1 —in =i(1 — % + O(n?)) and
1
Red=—3 +0(1), Im\ = O(h~Y/?).
Hence, for 0 < h < hy we get
AeMA={z€C: |Imz| < ché/2|Rez|, Red < —e <0, |A| > Ao}
On the other hand, it easy to see that

fomtn - va(y/i3%)

Applying the spectral calculus for the operator Agz, one deduces

(1-55)7-% % (e 5 Donation
and

[ (Nt =212 (1= 521, = 2 |Z Z a3 (i) iy
—,/1+w‘2|an,m|2.
This implies

d . e nn+1) _
Z(p) 1) _ 1_ SN 1
’d)\ (hn ( 1)\))(hn (—iN)) /14 2 ’ < CoN\TH, Vne N, A e Ay (4.2)

which we write as

’B dci(h(”( X)) (A (=i0) " =] - | 1+@—7H§00\A|—1. (4.3)

< LA™Y, A€ Ag.
L2(S2)—L2(S?)
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Remark 4.1. For bounded 1 < n < Ny and sufficiently large |\| the estimate (4.2)

follows easily from the fact that gigg; =n(n+1)+ O(jw]) as |w| — 0.

Remark 4.2. The estimate (4.2) is similar to that in Proposition 2.1 in [8], where
the function 5:8% forv >0 and 0 < C < [ImA| < 0|ReA|, ReX > Cy has

been approzimated. Here J,(2) is the Bessel function, while the boundary problem
ezamined in [8] is in the bounded domain {x € R®: |z| < 1}.

Put z = X and for z € Ag consider the function

nn+1)
fale) =1+ B -y
2
+ n<—+n
z, ==x o
v

In the following we set 2, = —,/ "V(Zfi ). Clearly,

with zeros

1 n(njl)
fo(z) = —- ————
and % =72 -1, fl(zn) = 77;_1. A calculus yields the second derivative

f;{(z):i{3n(n+l)< 1+n(n+1))

22 22 22

2 2 —1/2 -1

n(n:rl) ( 1+n(n;rl)> }(1+n(njl)) .
z z z

For n large enough and a > 0 to be fixed below introduce the contour

Cula) :={z =z, +ae'?, 0 < p <271} C Ag.

Our purpose is to choose a so that

| fn(2)| > gi, Vz € Cp(a). (4.4)
We have
22 = 22 4 22,0e'% 4 2%
and
nin+1) 5 1 1y 5\ ¢
=0 1)(1+O(ﬁ>a+(’)(ﬁ)a)  2€Chla).  (45)

On the other hand,

"D [v2 +(9<71L)a+(9(n12)a2}1/2.
1

2 1+O(%)a+0(n2)a2
Clearly, one has the estimate
2 _ 1 aQ
@) 2 Tra =5 swp |£1(2)], = € Cula). (4.6)
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Set C, = -1 > 0 and choose a > 0 so that Cya > 4Cy. We fix a and obtain

¥
Cya _ 2C C
> = 70@70§S0<27T,
20zal 2l T ||l 4 222
taking n large enough to satisfy the inequality
1
‘7. < 2.
14 222
Next we arrange the inequality
C,a a?
0L sup |(2)] > 0. (4.7)

2lznl 2 secn(a)

It is clear that
1 ,/n(n+1)
f;ml(z) = ?G<72>7

z
where

G(Q) = [3ev/C+T- e+ 2+

Note that for z € C,(a) and n large enough according to (4.4), the function
\G(MH is bounded by a constant B , depending on v and a . Thus for large

22
n we get
1 1 1 1
sup |fl(z2)|< By, sup —5 =B,,——> sup ———— <4B, ,——
2eCnla) T eca) 127 TN 2nl? secnia) |1+ ecz|2 Tz |?
and the proof of (4.7) is reduced to
a
C, > 4B, ,——
EN

which is satisfied taking again n large. Finally, we proved the estimate (4.3) and
we can apply Rouché theorem for the functions g,(z) and f,(z) and conclude that
the function g,(z) has exactly one simple zero A, in Cp(a). Since g,(z) has only
real zeros (see Appendix in [2]), this implies the following

Lemma 4.1. There exist no(y) and a(y) > 0 depending on v such that for n >
no(7y) the negative root A, of the equation (3.2) satisfies the estimate

n(n+1)
7 -1

Mot | <a. (48)

Remark 4.3. According to Proposition 2.1, ng(y) must satisfy the inequality

ST
() 2 e LA =T}

5. WEYL ASYMPTOTICS
We start with the analysis of the multiplicity of A,,.

Lemma 5.1. For n > ng(y) we have mult(A\,) = 2n + 1.
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Proof. Since the geometric multiplicity of A,, is 2n + 1, it is sufficient to show that
mult(A,) < 2n+ 1. (5.1)

Let A € Ag, where Ay is the set introduced in the previous section and let A ¢
a(Gp). If 0 # (f,g9) € Image G, N L?(Q), one has divf = divg = 0 and for
(u,v) = (Gy — N)7L(f, g) we get divu = dive = 0. Consider the skew self-adjoint

operator
0 —curl
A= (curl 0 >

with boundary condition vAu = 0 on S?. Then o(A) C iR and let (ug(x; ), vo(z;\)) =
(A—XN)"L(f,9), that is

Uo | _ f
(A-X) (1)0) = (g) for |z| > 1, (5.2)

v Aug=0onS?.

Since divuy = divyy = 0, the well known coercive estimates yield (ug,vg) €
H1(Q2). Moreover the resolvent (A — A)~! is analytic in {z € C: Rez < 0} and
uo(x; A), vo(x; \) depend analytically on A\. We write (u,v) = (ug,vo) + (u1,v1),
where (uq(z; A),v1(x; \)) is the solution of the problem

U1 - 0
(G-=N) <v1> = <0> for x| > 1, (5.3)

(ul)tan - ’Y(V A (Ul)tan) = _7(1/ A (v())tan(x§ Z)) on S2'

To solve (5.3), note that —y(v A (vg)ian(w; 2)) = F(w;\) € L*(S?) with F(w;\)
analytical in A for A € Ag. Thus we may write

Flw;A) =" > arNU7 (w) + B (Vi (w)

n=1m=—-n

with analytical coefficients &y (A), G7(X\). Now we can solve (2.5), (2.6) with right
hand part (&*()\), B7*(A\)). Finally, we obtain a representation of the solution of
(5.3) with meromorphic coefficients

o (3] = ar () |
AP E [+ £ ) (B (—) 7 = ]

DN [ & A (A o (D (i) = x|

If v > 1 the analysis in the previous section shows that for A € Ay the meromor-
phic function af'(A) has a simple pole at A, < 0, while 87()) is analytic in Ay.
For 0 < v < 1 the function o7'(\) is analytic in Ag and G]*(A\) is meromorphic.
Next we integrate (u(x;\),v(x;\)) over the circle |\, — A| = €, where € is suffi-
ciently small. The integral of (ug(z;A),vo(x;A)) vanish, while for the integral of
(ug(x; ), v1(z; N)), taking into account the representation of the solution of (5.3),
we will obtain a sum
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This completes the proof of (5.1). O

Passing to the analysis of N(r), consider first the case v > 1. The root A, has

algebraic multiplicity 2n+1 and to find a lower bound of N(r) we apply the estimate

for

n(n+1 n+1
ol =[S b a) < T e <

r>a(y)+ % Then

[(r—a()y/v?—1-1]

N(r) > > (25 +1) = (y* = 1)r* + O, (r) + A,.
Jj=no(v)
To get a upper bound for N(r), we use the estimate
72_1 (1) =7
for
n > (r+a())V7? =12 2a(1)V72 = 1+n0(7) +1,
hence
[(r+a(n)v/2~1]+1
N(r) < > (25 + 1)+ Dy = (y* = 1)r? + O, (r) + AL
Jj=no(v)

If 0 < v <1, we have % > 1 and one applies our argument to the the equation

(2.

6). This completes the proof of theorem 1.1

REFERENCES

[1] F. Colombini, V. Petkov and J. Rauch, Spectral problems for non elliptic symmetric systems

with dissipative boundary conditions, J. Funct. Anal. 267 (2014), 1637-1661.

[2] F. Colombini, V. Petkov and J. Rauch, Figenvalues for Mazwell’s equations with dissipative

boundary conditions, Asymptotic Analysis, 99 (1-2) (2016), 105-124.

[3] A. Kirsch and F. Hettlich, The Mathematical Theory of Time-Harmonic Mazwells Equations,

vol. 190 of Applied Mathematical Sciences, Springer, Switzerland, 2015.

[4] P. Lax and R. Phillips, Scattering theory for dissipative systems, J. Funct. Anal. 14 (1973),

172-235.

[5] F. Olver, Asymptotics and Special Functions, Academic Press,New York, London, 1974.
[6] V. Petkov, Scattering Theory for Hyperbolic Operators, North Holland, Amsterdam, 1989.
[7] V. Petkov, Location of the eigenvalues of the wave equation with dissipative boundary con-

ditions, Inverse Problems and Imaging, 10 (4) (2016), 1111-1139.

[8] V. Petkov and G. Vodev, Localization of the interior transmission eigenvalues for a ball,

Inverse Problems and Imaging, 11 (2) (2017), 355-372.

[9] G. Vodev, Transmission eigenvalue-free regions. Commun. Math. Phys. 336 (2015), 1141-

1166.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI PISA, ITALIA
E-mail address: colombini@dm.unipi.it

INSTITUT DE MATHEMATIQUES DE BORDEAUX, 351, COURS DE LA LIBERATION, 33405 TALENCE,

FRANCE

E-mail address: petkov@math.u-bordeaux.fr



