SEMICLASSICAL RESONANCES AND TRACE FORMULAE FOR
NON-SEMI-BOUNDED HAMILTONIANS
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1. INTRODUCTION

The formulas relating the scattering resonances and the trace of some functions of the perturbed
and unperturbed operators play an important role in the scattering theory and in the analysis of
the distributions of resonances. For compactly supported perturbations of the Laplacian in odd
dimension a formula connecting the trace of the wave group to the resonances was proved by Lax-
Phillips [24] and with successive extension by Bardos-Guillot-Ralston [3], Melrose [26], Sjostrand-
Zworski [39], Zworski [45].

Recently a substantial progress has been given in the analysis of the Schrodinger operator with
long-range perturbations going to 0 as || — +oo and the works around the trace formulae gener-
ated many results on the upper and lower bounds of resonances, the Breit-Wigner approximation
and the Weyl-type asymptotics of the spectral shift function (see [36], [37], [28], [29], [6], [7], [9],
[4], [5] and the references given there). The approach developed in these works cannot be applied
directly to non semi-bounded Hamiltonians as Stark Hamiltonians like Py(h) = —h2A + V() + 21
since the symbol |¢|? 4+ 21 + V(x) does not converge to || as |x| — 400 and the operator Py(h) is
not elliptic.

We generalize for non semi-bounded Schrodinger type operators the result of [6] proving a rep-
resentation of the derivative of the spectral shift function (), h) related to the semi-classical reso-
nances. We obtain the same result for Stark Hamiltonians P»(h). Also we examine the resonances of
the two-dimensional Schrodinger operator Py (B, 3) = (D, —By)2+DZ+ﬁx+V(J§, y), B>0,58>0,
with constant magnetic and electric fields. We define the resonances of Pj(B,3) and the spectral
shift function £(M), related to Py (B, 3) and Py(B, ) = P1(B, ) — V(x,y), without any restriction
on B and (3. For strong magnetic fields (B — oo) we obtain a representation of the derivative of
£(A), a trace formula for tr(f(P1(B, ) — f(Py(B,3))) and an upper bound for the number of the
resonances lyingin {z € C: [Rz—(2n—1)B| <aB,Imz > plmf},0 < a < 1,0 < p < 1,Imb < 0.
Moreover, for B — oo we examine the free resonances domains and show that the resonances are
included in the neighborhoods {z € C: |Rz — (2n — 1)B| < Cp}, where (2n — 1)B are the Landau
levels and Cy > 0 is a constant independent on B and n € N*,

2. LONG RANGE PERTURBATIONS
Consider two self-adjoint operators L; = L;(h), j = 1,2, in L?>(R") and assume that
Lju= Z ajy(z;h)(hDg)"u, u € C5°(R™)

lv|<2
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with a;,(x; h) = a;,(z) independent of h for |v| = 2 and a;, € C;°(R™) uniformly bounded with
respect to h. Assume that there exists C > 0 such that

Lo, &) = aj(2)& > Cl¢%, (2.1)
lv|=2
Z aj,u(m;h)gy I ’5‘27 ’1" — 0 (22)
lv|<2
and suppose that
01,023 h) = @z, (1) | < O() (@) "7, € > 0, [] <2 (2.3)

uniformly with respect to h.
Next we assume that there exist 6 €]0, 5[, € > 0 and Ry > Ry so that the coefficients a;,, (2; h)
of L; can be extended holomorphically in = to

= {rw: weC dist (w,S" ) <e,re€C,re®PR +oof}

and (2.2), (2.3) extend to I". The spectral shift function (A, h) is a distribution in D'(R) such that
for f(X) € C5°(R) we have

< &), FON) >= tr(f(L2) = F(L1)).

We define the resonances w € C_ by the complex scaling method as the eigenvalues of the complex
scaling operators L;g, j = 1,2 (see [38], [36], [37]). Denote by Res L;(h), j = 1,2, the set of
resonances of L;(h) and introduce the notation [aj]?zl =ay —ay.

Theorem 1. Under the above assumptions let
Q cc el™2200, +00[, 0 < 0 < by < 7/2

be an open simply connected set and let W CC ) be an open simply connected relatively compact
set which is symmetric with respect to R. Assume that J = QNRT, I = QNR™ are intervals. Then
for A € I we have

1 —Imw 2
"\ h) = —1 h —_— oA —
g =+ 3 e 3 d0-w)|
w€Res L;NQ, Im w#0 wERes L;NJ
where r(z,h) = g+(2,h) — g+ (Z,h), g+(z,h) is a function holomorphic in Q2 and g4 (z, h) satisfies
the estimate

|9+ (2, h)| < CW)R™", z € W.

Remark. In the case of “black box” long-range perturbations, Theorem 1 is proved in [6] under
the assumption that L;(h) are semi-bounded from below. This assumption were removed in [11].
The novelty in our approach is the proof of formula (3.5) based on a complex analysis argument
related to the behavior of the functions o4 (z) in C4 (see Section 3).
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3. STARK HAMILTONIANS

The Schrédinger operator describing the particles in a homogeneous electric field can be written
in the form

Pl(h) = _h2A + Bxl’

where 3 > 0, h > 0 and z = (x1,2') € R x R""!. The perturbation to the homogeneous electric
field has the form

Py(h) = —h?A + By + V(z), (3.1)
where V(z) is a real-valued C*°(R") function. We assume that
|0V (x)| < Colx1) " ()%, Va (3.2)

for s; > 2 and sy > n — 1, where (z) = (1 + |z|%)Y/2.
The assumption (3.1) insures that the operator f(Pa(h)) — f(Pi(h)) is trace class for every
f € C§°(R). We denote by (X, h) € D'(R) the spectral shift function defined by

(€O h), FO) = tr(F(Ps(h)) = F(PL(R))).

The case h = 1 has been studied by many authors (see [2], [16], [17], [18], [21], [44], [33], [34],
[35], [40]) and the scattering theory has been developed (see e.g. [2], [44], [33]). The problem
of resonances has been examined mainly for 8 \, 0 and only the resonances close to a negative
eigenvalue Ey of —A + V(z) have been treated (see for instance [35], [40], [22], [21]).

In the following we suppose for simplicity that G = 1. To define the resonances, we assume that
V' admits a holomorphic extension in the z;-variable into the region

Is,ri={2€C: Rz < R,|Imz| <dp},
for some dp > 0 and R > 0. We also assume that (3.2) remains true on I's, r and
|0V (21, 2")] < Co{|Rz1|) 5 (') ~%2, Vo (3.3)

Let xo € C*®(R) be such that xo(t) = ¢ for t < —e < 0 and xo(t) = 0 for t > 0. Set v(t) =
1 — exo(t=Fo) ' \where Ry < R and for § € R define ®g(z) = (x1 + Buv(z1),2’). We denote by
Jo(x) = det [DPy(x)] = 1+ 6v'(x1) the Jacobian of ®y(x). Then, for |f| small, U(A) defined by

U@o)f(x) = Jel/z(x)f(@(;(x)) is unitary on L2(R").
We have

Pyg(h) :==U@)PL(R)U0) " = —h2V(a9(x)V> + 21 + Ou(z1) + hPge(x),

Pag(h) := U(O)P2(R)U(0) " = Pro(h) + V(@o(z)),
where ag(x) = (ag,i ;());,; is the diagonal matrix given by
ag,1,1(x) = (1+00'(21)) 7>, ag,jj(x) = 1,5 # 1.

By the analytic assumption, Pjg(h) admits a holomorphic extension in ¢ into a complex disk
D(0,6y) C C with radius 6y < dp. Consider an open simply connected relatively compact domain

Qycc{zeC: Rz2<Ry—36, Imz>a(l —e )Imb},

where Im 0 <0, 0 < <1, € > 0.
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Lemma 1. There exist 6y > 0, ho > 0 small enough such that for 6 € D(0,0y) with Imé < 0, h €
10, ho] we have
O’(Pl,g) NQy = 0.

Moreover, the operator (Pag(h) — z) is a Fredholm one with index 0 for all z € Q.
Let 6 € D(0,60y) and Im 6 < 0. We say that z € C is a resonance of P g(h) if
dimKer (P 9(h) — z) > 0.
The resonances depend on h but they are independent on 6 € D(0,6y) with Im 6 < 0. Moreover,
there are no resonances with Im z > 0.

3.1. Representation of ¢'(\ h) for Stark Hamiltonians

Let © = Qy be the domain introduced above and let W be an open relatively compact subset
of . Assume that W and 2 are symmetric with respect to R and independent of A and suppose
that J=QNR, I =W NR are intervals.

Theorem 2. Assume (3.3) with s1 > " and sy > n — 1. Then &' (X, h) is real analytic in I and
for X € I we have the representation

FO0h) = %Im roh)+ S ﬁ
2ERes(Ps(h))NQ
where r(z,h) is a function holomorphic in Q0 and
|r(z,h)| <CW)h™",ze W (3.4)
with C(W) > 0 independent on h €)0, ho|.

Main steps of the proof of Theorem 2
e Following the approach of Sjostrand [37], we construct an operator Pag(h) : D — L?(R") with
the following properties:

K — ﬁz,e(h) — Py p(h) has rank O(h™"),
(Pg(h) = 2)"' = O(1) : L*(R") — D,

uniformly on z € Q. Let m > n/2 and define for £Im z > 0 the functions

0w () = (2 + 1™ x e (P () = i) (Py(h) +1)™"(z = Py(h)) "]

j=1
e We prove that for f € C5°(R) we have
€)= lim o / O [o (A +i6) — o_(x — ie)] an (3.5)

Proposition 1. There exists a function ay(z,h) holomorphic in  such that for z € QNImz > 0
we have

oy (2) = tr((P2 LK (P — z)*l) +ay(z,h).

Moreover, |ay(z,h)| < C(Q)R™", z € Q.
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Next, to obtain a meromorphic continuation of o4 (z) through the real axis, it suffices to do
this for the trace involving K. Setting K = K(z — P,)~!, we get the representation

—tr((P2 — ) K (P - z)*l) = tr((1+ f((z))*lazf((z)) = 9, log det(1 + K (2)),

and the resonances of Py are precisely the zeros of the function z — det(1 4 K(2)).
Now, Theorem 2 is a simple consequence of (3.5), Proposition 1 and the above equality. For
the details we refer to [37], [6] and [11].

3.2 Applications

Using Theorem 2 and repeating the proof in [29], [6], we obtain the following local trace formula
in the spirit of Sjostrand [36], [37]

Theorem 3. Assume that Pj(h), j = 1,2, satisfy the assumptions of Sections 3.1, and let Q be as
in Theorem 2. Suppose that f is holomorphic on a neighborhood of Q and that v € C§°(R) satisfies

0, d(I,N) > 2,
Y(A) = { 1, d(I,)\) <e,
where € > 0 is sufficiently small. Then

2
wl@N@E)] = Y fGE)+ Bageh) (3.6)
I eRes Po(h) N O

with
|Eq,fp(h)] < M@, Q)sup {|f(2)] : 0<d(Q,2) <2, Imz<0}h™".
For the application of the above results to the Weyl-type asymptotics, we need the following
weak asymptotics :

Theorem 4. Assume that V satisfies (3.2) with s; > "T‘H and sy > n—1 and suppose that

suppV C {z € R": 21 > R} for some R € R. Then for f € C§°(R) we have

tr(f(Pa(h)) — F(Pi(R)) ~ Y ash? ™", b\, 0,
j=0
with

ag = —(2m)™" /R%(@“V(x))f(]&\z + x1 + V(x))dxdg.

Theorem 5. In addition to the assumptions of Theorem 4 suppose that pa(x, &) = [£|?+V (x) 421 is
not critical on {(x,&) : pa(z,&) = 7} for all T € [Ey, B1], Ey < E1. Then there exist Cy > 0 and hg
small enough such that for 8 € C§°(] — CLO’ CLO[, R), 0 =1 in a neighborhood of 0, f € C§°(|Eo, E1[)
and h €10, ho] we have for Ym € N, VN € N

=

tr([fu(r = BONIBE)] ) = a7 (17) X 2 (m + 0 () m)

J

I
=)

uniformly with respect to T € R. Here
0,(1) = (2rh) /e”t/hﬂ(t)dt

is the semi-classical inverse Fourier transform of 6 € C3°(R).
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In the case where the operators P;(h), i = 1,2, are elliptic, Theorem 4 and Theorem 5 are
well known (see [10], [19], [32] and the references given there). On the other hand, the approach
developed in these papers cannot be applied directly to the case of non-elliptic operators. For
potentials V' satisfying supp,, V' C [R, 4o00], we show that

tr(F(Po(h) = F(P(R))) = —tr((00, V) F(P(h) ) + O(h),

where 152(h) is an elliptic operator. Consequently, the above theorems follows from the results for
elliptic operators.

Theorem 6. Assume the assumptions of Theorem 5 fulfilled and suppose that E1 < 61 = inf{x; €
R : xy € supp,, V'}. Then there exists hg > 0 small enough such that for h €]0, ho] we have

£\ h) = (2mh) eo(A) + O(h™ Y, (3.7)

uniformly on X € [Ey, E1], where
co(N) = —%wn / 0,V (2)(A = V(2) — 1) 2 da
with wy, = vol S"~1. Moreover, if
Res(P3(h)) N ([Bo, B1] = il0, Nhn(1/R)]) =0, h €]0, hy], YN € N,

then we have

§AR) ~> (VR W0
j=0

with vo(A) = ¢ ().

In the analysis of the counting function of eigenvalues, asymptotics like (3.7) are a simple
consequence of Theorem 4, Theorem 5 and some Tauberian arguments. For the SSF, the main
difficulty to establish (3.7) is that, in general, we do not know if £(\, h) is monotone with respect to
A and we cannot apply Tauberian theorems. To overcome this difficulty, we use the representation
formula given in Theorem 2. In fact, Theorem 2 allows us to consider the integrals of the sum of
the harmonic measures we_ (z) related to the resonances z, Im z < 0, as a monotonic function and
to apply a Tauberian argument as for the counting function of eigenvalues (see [27], [6]). Here the
harmonic measures wc_(z) have the form

1 Im 2

For the term involving r(z, h) we use the estimate (3.4).

4. STARK HAMILTONIAN WITH STRONG MAGNETIC FIELD

The two-dimensional Schrédinger operator with electric and homogeneous magnetic fields can
be written in the form

Pl(Baﬁ) :PO(Baﬁ) +V($,y), PO(Baﬁ) = (Dm —By)2+D§+ﬁ$, DI/ =—1 0

55
where B and ( are proportional to the strength of the homogeneous magnetic and electric fields.

We assume that V' satisfies (3.3) in I's, 100 = {z € C: [Im 2| < o}, where now z; =z and 2’ = y.
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The essential spectrum of Pj(B,0) and Fy(B,0) are the same and it is well known that the
spectrum of the operator Py(B,0) is given by

Ui {(2n — 1)B}.

The numbers \,, = (2n—1)B, n € N*, called Landau levels, are the eigenvalues of infinite multiplicity
(see [1]). Outside the Landau levels we have discrete eigenvalues caused by the potential V. The
presence of electric field creates resonances which will be characterized as the eigenvalues of a
distorted operator P;(B,0), Im 6 < 0.

The spectral properties of the 2D Schrédinger operator Py(B,0) have been intensively studied
in the last ten years. In the case of perturbations the Landau levels A, become accumulation
points of the eigenvalues of P;(B,0) and the asymptotics of the function counting the number of
the eigenvalues lying in a neighborhood of A, have been examined by many authors in different
aspects (see [30], [19], [20], [31], [25] and the references given there). We would like to mention that
it seems difficult to obtain a trace formula involving some summation over the eigenvalues close to
a Landau level (see [23] for a result in this direction).

For the 2D Schrodinger operator with crossed magnetic and electric fields (3 # 0) the situation
completely changes and oess Po(B, 3) = 0ess P (B, 3) = R. For decreasing potentials the operator
P (B, 3) can have embedded eigenvalues A € R, but this question seems not sufficiently investi-
gated. From physical point of view, it is expected that V(z,y) creates resonances z € C, Imz <0,
and it natural to define and to study the spectral shift function (SSF) £(\) related to Py (B, [3)
and Py(B, ). There are only few works treating magnetic Stark resonances. The case B — oo
was studied in [41], [42], while the case 3 — 0 has been examined in [13], [14] (see also [40]). In
these works the authors study mainly the resonances close to the eigenvalues of the non-perturbed
operator Py(B, ). Moreover, in [41] the complex scaling and the definition of the resonances for
B — oo lead to some difficulties when we try to show that there are no resonances z with Im z > 0
and this was an open problem in [41]. We can define SSF following the general setup [43] , but to
our best knowledge the SSF for magnetic Stark Hamiltonians has been not investigated, as well as
there are no trace formulae involving the resonances lying in a compact domain in C.

4.1 Resonances for magnetic Stark Hamiltonians

From now on we assume that § = 1, and we write P;(B) instead of P;(B,3). Let D(0,6y)
be the disk in C of center 0 and radius 6y > 0. For 6 € D(0,6), 6y > 0 small, we will use the
dilatation (z,y) — (x 4+ 0,y). More precisely, for § € R, consider the unitary operator

Up: L*(R*) — L*(R?), [ — f(z+6,y).
It is clear that B
Uy Po(BYUy = Po(B,0) = Po(B) + 0, (4.1)
Uy ' Pu(BYUy = P1(B,68) = Po(B,6) + V(x+6,y). (4.2
Using the analytic assumption on V', we obtain
Lemma 2. There exists 0y > 0 such that the self-adjoint operator Py (B, ), defined for 6 €]—0y, 0],

extends to an analytic type-A family of operators on D(0,6y) with the same domain D as that of
Py(B,0). Moreover,

Uess(Pl(B>9)) = O-ess(PO(Bae)) = J(PO(B>9)) = {>‘ +0; e R}
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Definition 1. Let Im 6 < 0. We say that z € Qp is a resonance of Py(B) if
dimKer (Py(B,0) — z) > 0.
As in section 3, we show that P;(B) has no resonances z with Im z > 0, as well as, that the

resonances in {z € C: Imz > Im #y > Im 6#;} are independent of the choice of # satisfying the
condition 0 > Im #s > Im 6 > Im 6;. We define the multiplicity of a resonance zg by

1

m(zp) = rank — / (z— P(B,0)) 1dz,
271 ’YV(ZO)

where v.(20) = {z = 20 + e, 0 < ¢ < 27} and v > 0 is small enough. In the following we fix
6 € D(0,60p) with Im # < 0 and we denote the resonances of P;(B) by Res P;(B).

Proposition 2. Let V' satisfy (3.3) with s1 > 2 and s9 > 1 and assume that
140,V (x,y) > 0.
Then, there exists 0y , Im 0y < 0, such that Py(B) has no resonances in g, .

Proof. First, since 0,V (z,y) tends to 0 when |(x,y)| tends to infinity, it follows from our assump-
tions that

140, V(x,y) >n >0,
uniformly on (z,y) € R?. For u in the domain of Py(B) we have
—Im ((P1(B,0) — 2)u,u) = (Im z — Im 0)||u||* — Im (V(- + 6, -)u,u).
Applying Taylor formula for the function § — V(x + 6,y), we obtain
ImV(x+6,y) =m0 0,V (x+R0,y) + O(Im 0/?).
Thus
—Im ((Pi(B,0) — 2)u,u) = Im z||u||* — Im 0((1 4+ 9,V (- + RO, -))u, u) + O(|Im 0*)||ul?.

Next, we choose Im 0 < 0 small enough, and using the above inequality we get the proposition. [J

4.2. Representation of the derivative of the spectral shift function for strong mag-
netic fields

In this section we will examine the case of strong magnetic field characterized by B — oo. For
simplicity we assume 6 € iR. First, by using a symplectic change of variables (see [8], [19], [15]),
there exists an unitary operator U such that

. 1
_ 771 _ 2 2
Py(B,0) =U""'Po(B,0)U = B(D,, +y°) +x + 6 — VIR
Pi(B,0) =U'P(B,0)U = Py(B,0) + V*,
where

1
V¢ :=V¥x+60- B VD, - 55 B2y + B7'D,).

Let ¢, be the n-th real normalized Hermite function given by

(D2 +y?)pn = 20+ )gn, llonl =1, neN.
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Fix0<a<2, 0<ajand 0<p<1. Set
Q,={2z€C:|Rz—2n+1)B|<aB, yB >Imz > pImé}.

Let II be the spectral projection corresponding to eigenspace generated by ¢,,.
Proposition 3. For B > 1 sufficiently large and z € Q,, the operator <(I — )P (B,0)(I —1I) —

-1
z> (I —1II) is well defined and there exists a constant vy > 0, independent on B, such that

(1 =0)P1(B,6) ) (I = M| = y[m 6]||( ~ Wyu||, u € D (4.3)
uniformly with respect to z € §y,.

The existence of double characteristics of the operator (D, — By)? + DZ which is not globally
elliptic, combined with the Stark effects caused by z, lead to several difficulties. In particular, the
proof of Proposition 3 is rather technical and too long and we refer to Proposition 3 in [12] for
more details.

Let us introduce the following operators

L1(B,0) = (I—H)(B(D5+y2)+x+9—é+V“’>(I—H),

La(B, ) = H(B(D§ Fy)) o t0— é)n,
WY =(I-I)VII+ 1OV (I —1II) 4+ [IV¥IL.
It clear that
Li(B,0) + Ly(B,0) — 2+ W* = P|(B,6) — z.
The operator L(B,0) — z = L1(B,0) + Ly(B,#) — z is invertible for z € Q,,. In fact, we have
I(L(B,6) — 2)ull* = |I(L1(B,6) — 2)(I — Wul® + [|(L2(B, 6) — 2)ITul|*.

For the first term at the right hand side we apply Proposition 3, while for the second one we
estimate the imaginary part of (Lo(B,0) — z)IIu, u). Thus for z € 2,, we obtain

I(L(B,0) = 2)ull* = 3|1 = Wull* + y2|Tul® > ysllul®, 7; >0, j =1,2,3.
Since [II, V¥] = O(B~'/?), for B large enough the operator
L(B,0) —z=L(B,0) + (I —I)VII + IIV¥(I —1I) — 2

is invertible for z € Q,,. On the other hand, by the h-pseudodifferential calculus (see for instance
[10]) K = IV“II is an h- pseudodifferential operator in L?(R?), and

IKlw < CB (4.4)
with a constant C' > 0, independent on B. Thus we have the following
Theorem 7. Let B be sufficiently large. Then for z € Q,, we have

z—Pi(B,0) =z - L(B,) - K (4.5)

and the operator z — L(B, ) is invertible for z € .
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Denote by &(A, B) the spectral shift function related to operators Pj(B), Py(B). Let  C Q,
and let W be an open relatively compact subset of 2. Suppose that J = QNR, I = WNR are
intervals. Now, repeating the proof of Theorem 2 and using the above theorem, we obtain the
following

Theorem 8. Let V' satisfy (3.3) with s1 > 2 and sy > 1. Then for B sufficiently large and A € T
we have the representation

¢\, B) = %Im r(\ B) + 3 _mz S -2, (4.6)

7| A — z|?
z€Res (P1(B))NQ, Im 2<0 z€opp(P1(B))NJ
where r(z, B) is a function holomorphic in  and
|r(z,B)| < C(W)B, z € W. (4.7)

According to Proposition 3, the invertibility of (P(B,6) — z) for z € Q,, is reduced to the
invertibility of TI(P;(B,6) — z)II + O(B~%/2). Hence, considering a suitable Grushin problem, we
can reduce the spectral study of P (B,0) in Q, to the study of a h-pseudodifferential operator
E_(z,0,h). Moreover, the leading term of the symbol of E_ (z,0, h) can be explicitly calculated
(see [12], section 6). In particular, by using the formula of E_, (z,0,h), we obtain the following

Proposition 4. Let 0 < u < 1, n € N be fized. Then there exists a constant Cy > 0, independent
on B, and B,, such that for B > B, the operator P;(B) has no resonances z lying in the domain

{zeC: Ch<|Rz—(2n—1)B| < B, Imz > pIm 6}.
Moreover, there are no resonances z with £z < aB, 0 < a < 1.

Remark. Our results implies that the Landau levels A, are the only points that may play
the role of attractors of resonances creating the gaps and free resonances regions. For fixed B it is
proved in [13] that there are no resonances z of Py(B) with |Rz| > Ro(B) > 0. In this direction the
above proposition says that we have no resonances with negative real part.
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