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Abstract. We consider the Cauchy problem for the nonlinear wave equa-
tion uy — Agu + q(t, z)u + u® = 0 with smooth potential ¢(t,z) > 0
having compact support with respect to x. The linear equation without
the nonlinear term u® and potential periodic in ¢t may have solutions
with exponentially increasing as t — oo norm H'(R2). In [2] it was
established that adding the nonlinear term u® the H'(R2) norm of the
solution is polynomially bounded for every choice of ¢. In this paper
we show that H"(R2) norm of this global solution is also polynomially
bounded. To prove this we apply a different argument based on the
analysis of a sequence {Yx(n7) oo with suitably defined energy norm
Y (t) and 0 < 7 < 1.
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1. Introduction
Consider for t € R, z € R3 the Cauchy problem

Ofu— Agu+ q(t,z)u+u® =0, u(0,2) = fi(z), Ou(0,7) = fo(x), (1.1)
where 0 < ¢(t,z) € C®(R; x R3), q(t,x) = 0 for |z| > p > 0 and

sup |0Fd%q(t, x)| < Ch,a, Yk, Yo (1.2)
teR,|z|<p
Set
Jut, )l = llult, 2) || a1 @s) + lue(t, 2)]| 22 @)
For the Cauchy problem for the linear operator 0?u — A, u + q(t, r)u there

exist potentials ¢(t,z) > 0 periodic in time with period T' > 0 such that for
suitable initial data f = (fi, f2) € H(R3) = HY(R?) x L?(R3) we have

[ (2, CC)HHl(RS) > Ceoll
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with C' > 0, a > 0 (see [1], [2]). This phenomenon is related to the so called
parametric resonance. On the other hand, adding a nonlinear term u® for
the Cauchy problem (1.1) there are no parametric resonances and for every
potential ¢ the solution u(t,z) is defined globally for ¢ € R and satisfies a
polynomial bound

[u(t, z)|| g rsy < Bi(1+ Bolt])?

with constants By > 0, B; > 0 depending on ¢ and the initial data f € H.
This result has been obtained in Theorem 2, [2] and the proof was based on
the inequality
X'(t) < CX ()72,
where ) )
X(t)= 5/ (|0wul® + [Voul® + qlul® + §|u‘4)dx.
R3
If fact, the local Strichartz estimates and Theorem 2 in [2] hold for every
non-negative potential ¢(t,z) € C*(R; x R?) with compact support with
respect to x satisfying the estimates (1.2) since in the proofs of these results
the periodicity of ¢ with respect to ¢ is not used.

In this paper we study the problem (1.1) with initial data f € H*(R?) x
H*~1(R3), k > 2. Throughout the paper we consider Cauchy problems with
real-valued initial data f and real-valued solutions. First in Section 2 we
establish a local result and we show the existence and uniqueness of solution
for t € [s,s + 73] with initial data f € H*(R3) x H*"1(R?) on ¢t = s and

Tk = (14 | (f1, f2)llmwsy) ™7, v >0,

where ¢; depends on ¢ and k (see Proposition 2.1). It is important to notice
that 74 depends on the norm | f|l# and since we have a global bound for
the H norm of (u,u¢)(t, z), the interval of local existence depends on the H
norm of the initial data. We prove this result without using local Strichartz
estimates. Next we show that the global solution in R is in H*(R3) for all
t € R and the problem is to examine if the norm |[u(t, )| gxmsy, ¥ > 2,
is polynomially bounded. To do this, it is not possible to define a suitable
energy Yj(t) > 0 involving

[ et ) + ) s gyl

for which Y/(t) < C,Y*(t), 0 < 7, < 1. To overcome this difficulty, we
follow another argument based on Lemma A.1 (see Appendix) which has an
independent interest and apply local Strichartz estimates for the nonlinear
equation. We study first the case k = 2 in Section 4 and by induction one
covers the case k > 3 in Section 5. Our principal result is the following

Theorem 1.1. For every potential ¢ and every k > 2 the problem (1.1) with
initial data f € H*¥(R3) x H*"1(R?) has a global solution u(t,z) and there
exist Ax, > 0 and my, > 2 depending on q, k and || f|» such that

lut, )| e ey + 100ult, 2) || xrey < Ax(1+[E))™, ¢ € R (1.3)
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We refer to [3] and the references therein for other results about poly-
nomial bounds for the solutions of Hamiltonian partial differential equations.
The method of the proof of Theorem 1.1 basically follows the approach in
[3]. The main difficulty compared to [3] is that in our situation, we do not
have uniform bound on the H'(R?) norm and for that purpose we need to
apply the estimate of Lemma A.1 in the Appendix.

2. Existence and uniqueness of local solutions in H*(R?), k > 3

In this section we study the existence and uniqueness of local solutions of the
Cauchy problem

{uttAqurqt,x)quuBO,te[s,erT],zGRB, (2.1)

u(s,z) = f1(z), u(s, ) = fo(x),
where f = (f1,f2) € HF(R3) x H*"}(R3), k > 1,0 < 7 < 1. We assume
that [s,s + 7] C [0, a], where a > 1 is fixed. The cases k = 1,2 have been
investigated in Section 3, [2] by using the norms
[ulls,_y = [[(u, ut)”C([s,s+r],Hk(R3)ka—l(R3))-

For k = 1 the space Sy has been denoted as S. The number 7 is given by
T=c(L+[|(fi, f)lln)”7 <1 (2.2)

with some positive constants ¢; > 0,y > 0 depending on g. The case k£ > 3
can be handled by a similar argument and we will show that with 7 = 7
defined by (2.2) with the constant ¢; replaced by 0 < ¢ < ¢; depending on
k and ¢, one has a local existence and uniqueness in the interval [s, s 4+ 7%].
Consider the linear problem

{agun—ﬁ-l — Atpgr + q(t, 2)un g1 +u =0, n>0, (2.3)

Unt1(8,7) = f1(z), Orunti1(s, ) = fa(z)

for t € [s,s + 7] with ug = 0. For the solution of the above problem with
right hand part —u> and f = (f1, f2) we have a representation

(Una1, (Unt1)e) = Uo(t—s)f—/ [Uo(t—T)Q(T)un+1(T, 2)+Uo(t—7)Qoul (1, 2) | dr.

(2.4)
Here Uy(t, s) : H — H is the propagator related to the free wave equation in
R? (see Section 2, [2]) and

r) = (q(gx) 8) Qo= (3? 8) '

To estimate ||un+1]s,, we apply the operator

_(a-apr o
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Notice that this operator commute with Up(¢t — 7) and ||Up(t — s)||g—n < A
for |t — s| <1 with A > 0 independent on k. Therefore

[Uo(t — s)Lifllre < Cllf lawsr m
and

| tatt-nLsQunns(rayar| < [ 10t L@ty < Aurifunsalls,

For Ayt < 1/2 with A; > 0, depending on k and ¢, the term involving
Q(T)un+1 in (2.4) can be absorbed by |[un+1]ls, and we deduce

tnt1lls, < Cl(frs f)ll s @eyxme@z) + Cllud |l s 540, 10 R2)) -

Here and below the constants C' depend on k and ¢ and they may change
from line to line but we will omit this in the notations. Next we define the
norm

£l sz sy 2= (1= D)/ fll Lo sy, 1 < p < o0
We will use the following product estimate
Ifgllaer < Aspll flla llgllaea + Aspllgllorll.fllesrs, (2.5)
provided

1 1 1 1 1
-—=—+—=—+ —, 41,71 S (]-700]7 q2,72 S (1700}
p q1 qz ™ T2

For the proof of the classical estimate (2.5) we refer to [4]. We apply (2.5)
with p=2,¢1 = 3,92 = 6,71 = 6,72 = 3 and get
[ e sy < Clltnlleo @) lunllZomsy + Clluallmes@s)llunll Lo @s) -
For the term involving u2 in the above inequality we apply the same estimate
with p = 3,¢1 = q2 =11 = ro = 6 and deduce
il zres sy < 2C |unll s @) llunl Lo s).
Consequently, by Sobolev embedding theorem
”ui”H’“(R:’) < Cl||U7LHH’“+1(R3)||vxun||2L2(]R3)'

This implies

s+T
/ [ (8, 2) || sy dt < Cr7l[un |7 (5,50, 11 o)) 1 L 51 -
S
On the other hand, for the solution u,, we have the estimate

lwnllos,stm,m1 @)y < 2Col[(f1, f2)ll#, ¥n > 1

with some constant Cy > 0 depending on ¢ (see Section 3, [2]) and we deduce
the bound

Cllud L (s, 511, 50 ®2)) < CCLT(2C0)2 |1 (f1, f2) I3[ tnll sy -

Thus choosing 2CC17(2Cy)?||(f1. f2)||3, < 1, we may prove by induction the
estimate

||un||s,C S 2C||(f17f2)HH"’+1(R3)><Hk'(R3)u Vn 2 1. (26)
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Next, let w,, = u,4+1 — u, be a solution of the problem

DPwy, — Awy, + q(t, 2)w, = ud ud, w,(0,2) = Gywn(0,x) = 0.

n—1 "
By using the inequality
‘113 - w?” < 2v — w|<|v\2 + |w|2),
we can similarly show that
1
[unt1 = unlls, < §Hun = Un-1l[s,
which implies the convergence of (uy,),>0 with respect to the ||-||s, norm. Re-

peating the argument of Section 3, [2], we obtain local existence and unique-
ness. Thus we get the following

Proposition 2.1. For every k > 1 there exist Cy, > 0, ¢ > 0 and v > 0
depending on q and k such that for every (fi,f2) € HF(R?) x HF1(R?)
there is a unique solution (u,u;) € C([s,s + 7], H*(R3) x H*=Y(R3) of the
problem (2.1) on [s,s + 7] with 7, = cx(1 + ||(f1, f2)lln) Y. Moreover, the
solution satisfies

Julls, < Ck”(fhf2)||Hk(R3)ka1(R3)~ (2.7)

It is important to note that for every k, 7, depends on the H norm of
the initial data.

In [2] it was proved that one has a global solution (u,u;) € C(R, H(R?))
with initial data (f1, f2) € H(R3). It is natural to expect that for (f1, f2) €
HF(R3) x H*"'(R?) we have a global solution (u,u;) € C(R, H¥(R?) x
Hk_l(RS)).

Let a > 1 be fixed and let £ > 1. We wish to prove that the global
solution with initial data f € H**'(R3) x H*(R3) is such that

(u,uy)(t,z) € H*L(R3) x H¥(R?), 0 <t < a. (2.8)
According to Theorem 2 in [2], for 0 < ¢ < a we have an estimate
([ (w, ue)(t, )|l < Ba = || flln + a(B1 + Bza),
where B; > 0 and Bz > 0 depend only on || f||#. Consider
Tr(a) = cx(1 + B,)™7. (2.9)

First for 0 < ¢ < 74 (a) we apply Proposition 2.1. Next we apply Proposition
2.1 for the problem with initial data on ¢ = Z7;(a) which is bounded by
(2.7). Thus we obtain a solution in [0, 274(a)] and we continue this procedure
by step 27;(a). On every step the norm H*™!(R?) x H*(R?) of (u,u;) will

increase with a constant Cy. Finally, if

(a+1),

N W

ga <m7i(a) <
we deduce
Il (u, we) (@, @) || e n < CFM(frs )l v x e

3(a+1)
S 627%(“) lOgck||(f1,f2)||Hk+1><Hk. (210)
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Hence, we established (2.8) and one has a bound of H**! x H* norm. Since
a is arbitrary, we obtain (2.8) for t € R and a global existence for ¢t € R. In
Section 5 we will improve (2.10) to polynomial bounds of the Sobolev norms.

3. Local Strichartz estimate for the nonlinear wave equation

Our purpose is to establish a local Strichartz estimate for the solution of the
Cauchy problem

{utt—AIu—Fq(t,x)u—l—u?’:0,t€}s,s—|—7‘],x€R3, (3.1)

u(s, z) = f1(x), ui(s, x) = fa(),
where f = (f1,f2) € H*(R3) x HY(R?), 0 < 7 < 1. It well known (see
Proposition 1, [2]) that for the solution of the Cauchy problem

{vtt —Apv+q(t,z)v=F, (t,z) €s,s + 7] x R3, (3.2)

v(s,x) = hi(x),ve(s, x) = ha(x),

we have an estimate
vt )| Lo (5,541, L7 (R3)) < C’(II(h1, h2)||H1(]R3)><L2(]R3)+||FHL1([s,s+~r],L2(R3))>7

where  + 3 = 1,2 < p < oo. We will choice later r = #£2¢ with 0 < e < 1
and this determines the choice of p > 2. For the solution of (3.1) we get

”U(tvx)||LP([s,s+T],L;(R3)) < C(p,7’)(HU(&I),Ut(S,I)||H1(R3)xL2(R3)

7t @) e i 1y ) s (3:3)
where we have used the estimate
[0 (8, )| L1 (15,5471, 22 @3)) < T D) F oo ([ 5),101 3 -
Next, for the solution u(t,z) € H*(R?) of (3.1) in ]0, s + 7] with initial data
f = (u,u;)(0,7) € H(R3) we have a polynomial bound (see Section 3, [2])

sup [u(t, )| ey < sy + 5(B1 + Bas)?,
te[0,s+7]

where By > 0, By > 0 depend only on ||f||7, and this implies
[ w(t, )| Lo (s 400,20 @) < Crlpr, [ fll2) (1 + 5)°. (3.4)

Now we will examine the continuous dependence on the initial data
of the local solution to (2.1) given in Section 2. Let g, = ((9n)1, (9n)2) €
HF1(R3) x H*¥(R?) be a sequence converging in H*(R?) x H*"1(R?) to
f=(fi,f2) € H*(R®) x H*"'(R?). Let

wp(t,z) € C([s,s + 7], H¥ 1 (R)) N CY([s, 5 + 7], H*(R?))
be the local solution of (3.1) with initial data g,. Setting v,, = w, — u, we

obtain for v,, the equation

3t2vn - Ayu, + q(t, x)v, = ud — wi.
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By the local Strichartz estimates for the linear equation with respect to v,
we get

[ (vn, (vn)t)||C([s,s+T],H’“(]R3)XH’C*I(R?’)) + Hv"||Lt°°([s,s+r],H§*1’6(R3))
< Cx(a)llgn — f”Hk(RS)ka*l(Rf‘) + Ck(a)||u3 - w?z||Lt1([s,s+7]7H§*1(R3))~ (3.5)

This estimate for k = 1,2 has been proved in Proposition 1, [2]. The proof for
k > 3 follows the same argument. The constant C(a) > 0 depends on k and
on the interval [0, a], where [s,s + 7] C [0,a]. We will omit in the notations
below the dependence of the constants on k and a. Applying (2.5), we have

=l pxr < Cllvnll e lu? +uwn-+02 s +C o sl Fuan 2 | s
< 2C vnllgpe-so (lulds + lwnllfe) + Cllvallze (2lulla-ro full s

+2/lwnll gr-vollwnlle + 1l gr-rellwnllLs + IIwnIIHf«—wHUIILs) = Py + Qn.

To handle P,, notice that L>([s,s + 7], L°(R3)) norms of u and w,, by local
Strichartz estimates can be estimated by || f|l% and | gn|#. Therefore, for
n > ng we have

s+T
/ Pndt‘ < AkTan||Loo([s7s+7—],Hk71,6(R3))

with a constant Ay depending on Cy(a) and ||f||2. Hence, we may absorb
P, by the left hand side of (3.5) choosing 0 < 7 < ﬁ small. The analysis of
Q. is easy since we proved in subsection 3.2, [2] that for all ¢ € [s, s + 7] we

have ||V, (t, )|/ L2rs) — 0 as n — oo and the term in the braked () for

t € [0, a] is uniformly bounded with respect to n according to the analysis in
Section 2 and estimate (2.10). Finally, we conclude that

[ (Vns (Un) )l (fs,s4-7], F* (R3) x HF—1(RS)) —n—oco O- (3.6)

4. Polynomial bound of the H?(R?) norm of the solution

Let (u(t,z),u(t,z)) € C([s,s + 7], H*(R3)) x C([s,s + 7], H}(R?)), where
u(t, ) is the solution for t € [s,s + 7] of the Cauchy problem (2.1). Taking
the derivative 0., = 0;, j = 1,2,3, and noting u; = d;u, uj; = 0;0;u, one
gets in the sense of distributions

(uje)r — Aguj + (0jq)u + qu; + 3u2uj =0. (4.1)
It is easy to see that
(0j9)u+ qu; + 3u2uj € C([s, s + 7], L*(R®)).

In fact, our assumption implies that u(¢,z) € C([s, s + 7], L°(R?)) and this
yields v?u; € C([s, s + 7], L*(R?)). Therefore

(uje)e — Aguj € C([s,s + 7], L*(R?)).
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Multiplying the equality (4.1) by wu;:, we have

/((ujt)t - Awuj)ujtdx =— /(6jq)uujtdx — /qujujtda:
_3/u ujujde = I (t) + Io(t) + I3(t). (4.2)

Assuming (u(t,z),u¢(t,z)) € C([s,s + 7], H*(R3) x H%(R?)), we can write

1 1
L(t) = 3 /q&‘t( Hdx = —fc()t (/qu?dm) t3 /qtufdx,
3 20 (2 3 2.2 2
I3(t) = 5 [u O (uj)dr = —56,5( u ujdx) +3 [ uupujdr.

After an integration by parts in the integral [ A, (u;)ujdx for solutions
(u(t, z),u(t,z)) € C([s,s + 7], H3(R3) x H?(R?)) the equality (4.2) can be
written as

3

%8752[/«“]%)2 + |Vx(uj)|2+3u2u§ + qu; ) (t,x) dx = Z/ i q)uujid

j=1
3 |3
+3 Z/uutu?dx +3 Z / qruide = Ir(t) + Jy(t) + Jo(t),(4.3)
j=1 j=1

where the derivative with respect to ¢ of the left hand side is taken in sense
of distributions.

4.1. Justification of (4.3) for (u(t,z),u(t,z)) € C([s, s+7], H*(R?*)x H' (R?))
Introduce

3
1
-3 Z/((ujt)2 1V ()2 + Bu2u + qu?) (t,x)dx.
j=1

Notice that the function X (¢) is well defined. For the integral of u? u we have

1/2 3/2 1/2 3/2
[ s < gl sy < Tl 21Vl s 13221900,

(4.4)
Also a similar argument shows that the right hand side of (4.3) is well
defined and it is a continuous function of ¢. For example,

| [ et 0)da] < s ) g s ) oo .2 ey (45)

This implies that the derivative with respect to t is taken in classical sense.
Now let (gn, hn) € H3(R3)x H2(R?) converge to (u(s,z), us(s, z)) in H2(R?)x
H'(R3) as n — oo. Denote as in Section 3 by w,(t,z) the local solution of
(3.1) with initial data (g, hy,). Therefore for t € [s, s + 7] we have

/wQ((wn) V2(t, x)dr —p oo /UZU?(t,Qﬁ)dﬂ?,
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/wn(wn) (wn);)*(t, )dx —p— 00 /uutu (t,z)dx.

To justify these limits, we apply the estimates (4.4) and (4.5). For example,

‘/wn (wn)e((wn); t x) dw‘ < ‘/ t((wn)j)de‘

+] [t - utx(wn)j)?da:] +] / wue(wn))? — )]

and we use (3.6) for & = 2. Passing in limit in the equality (4.3) for w,,, we
obtain it for u.

Consequently, after an integration with respect to ¢ in (4.3), one deduces
s+T
X(s+7) = X(s) + 2/ (720) + o(0) + 1a(0) ).

4.2. Estimation of szT Ji(t)dt

Let 0 < € < 1 be a small number. First by the generalized Holder inequality
one estimates

3
O] <33 Mt )| ey et 2) | 2w oy 1 (1 2) |3 s
j=1
3
1/2 3/2
<33 ult, o) ey et 2) | e oy g (£ 2) | oty s (1 ) |t
j=1
where
1 €
r 442

According to the estimate (2.7), for s < ¢ < s+ 7 by the local existence of
a solution of (3.1) with initial data (u(s,z),us(s,z)) € H*(R?) x H'(R?) on
t = s, we obtain

/2
Ytss) < Co (s @)l sy + s, 2) | o))

with constant Cs > 0 depending on ¢g. Next
3

s (£ @) | oges) < |V (£ )]

(s, )2 ey < O D2 102,00, uls, ) [Fa(gs) + luls,2) s e )
t,j=1
3
oo, ) 3 sy < (D N, )3y + (s ) ey ).
j=1

Notice that we have a polynomial bound with respect to s for the norms
lu(s,z) || (rsy and ||u¢(s, )| L2(rs) of the solution wu(s,z) (see Theorem 2,
[2]). Consequently, we obtain

wp st )Yy < C (XY (1+5)), sup ug(t)aqes) < Col1+9),
te(s,s+7] tE€[s,s+7]
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where Cy > 0,C1 > 0 depend on [[u(0, z)|| g1 (r3).

Now we pass to the estimate of [[u¢(t, z)||L2+<(rs). By Hélder inequality
we obtain

e 2(1— < 3e —e 3e
’/u?+ dm‘ = ‘/ut( 4)ut2 dl“ S ||Ut||2L(21(R3§4)||UtHEG(R3)
3e 3e
< Ca(1+ 02|Vt o sy < Ca(1+ 3)2()((8)% + 1+ 3)36).

/ ultedx

Taking into account the above estimates, for the integral with respect
to t one applies the Holder inequality and for small € we have

Hence, one deduces

sup e §C5(1+s)3/2(X(s)ﬁ+1).
te[s,s+7]

s+T
[ o] < Cortt (14 9Pult o)l (X6 4 1),

where

1+ 3e 1 1_~_1_1
p 442 229 p

To complete the analysis, we apply the Strichartz estimate (3.4) and deduce
lut, )| Lo (is,srizz rey) < Ce)(1 +5)°.

Finally for 0 < 7 < 1 with y = 12 we have

ST
/s Rt < O (X()1¥ 1 1) (1451, (4.6)

4.3. Estimation of f;+7 I (t)dt

We apply a similar argument.
3 3
IL(6)] < O llult, @) L2 gy luje (8 )| L2 sy < Cr(14E) D Nuje(t, )| L2 rs) -
j=1 j=1
By the local existence result for ¢ € [s, s 4+ 7] one has
wje (8, 2) | L2 me) < C(lluls, z)lm2rs) + llue(s, ©)l| a1 rs))

and repeating the above argument, we deduce

/W Il(t)dt’ < Cy(X ()2 +1)(1 + )2 (4.7)



Nonlinear wave equation 11

4.4. Estimation of f:+T Jo(t)dt

This term is easy to be bounded since we have a polynomial estimate
/u?(t,x)dz < Co(1+ [t])?

and this yields

/W Jg(t)dt’ < Cy(1 + )2 (4.8)

Combining (4.6), (4.7), (4.8), finally we get

3e

X(s+7) < X(s)+Clo(X(s)%+? +1)(1+s)y. (4.9)

4.5. Growth of H?(R?) norm

Let a > 1 be a fixed number. According to [2] and Proposition 2.1, there exists
a solution in [s, s + 7(a)] C [0,a] with initial data g € H*(R3) x H*(R?) on
t = s. Here

ol
T(a) = C((l + ||f||H1(R3)><L2(]R3) =+ a(Bl + BQG)) <1,

where ¢ > 0,7 > 0,B; > 0, By > 0 are independent on a and f. We choose
N(a) € N so that a — 7(a) < N(a)7(a) < a. Setting X (n7(a)) = an, n <
N(a), and exploiting (4.9), one deduces

on < Qp_1+ Clo(OZZL/,Sl +1)(1 +n)'2.

We are in position to apply Lemma A.1 in the Appendix and to obtain
X(N(a)r(a)) < C(N(a))'™

~ san 104 104
< C(g) (1 + 1 fll 5 3y x L2 w3y + a(By + Bza))

This estimate and the bound of the H*(R?) norm of the solution u(a, x) estab-
lished in [2] imply a polynomial with respect to a bound of ||u(a, z)|| g2 ®s) +
|0su(a, z)|| 1 (rsy. This implies the statement of Theorem 1.1 for k = 2.

5. Polynomial growth of the H*(R?) norm of the solution.

To examine the growth of the H*(R3) norm of the solution, we will proceed
by induction. Assume that for 1 < k < s — 1,s > 3, we have polynomial
bounds

[wt, )| g sy + llue(t, 2l e sy < AL+ €)™, LR

for the global solution of the Cauchy problem of u; — Azu + qu + u® =

with initial data (f1, fo) € H*(R®) x H*"1(R3). Consider the equality
708U — Ay (05%u) + 0% (qu) + 9% (u) = 0
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with |a| = s — 1. After an integration by parts which we can justify as in
Section 4, we write

ld
2dt
= —/ag(qu)aﬁatudx - /6§(u3)8§‘8tudx = K1(t) + Ka(t). (5.1)

/(|vzagu|2 + |8t8§‘u|2>dx

Clearly,
| [ (o2 w®0200) da| < 02 )l 0501025
Applying two times (2.5), one gets
105 (u®) || L2rsy < ClOTul 2@y l[ull oo (msy
and by Sobolev theorem ||ul| o 3y < C||u| g2 (rs). Thus by our assumption
105 (u?(t, @) L2 rs) < CAg—1A(1 + |t])™-172m2,

Therefore, using the notation of subsection 4.5 for n7(a) <t < (n+ 1)7(a),
one deduces

105 (u® (t,2)) || 2 (rsy < CAp—1 AG(L+n)™e-rH2me,
On the other hand, applying (2.7), one obtains
102 0ru(t, @)l 2 es) < Co((lulnr (@), @) 7= o) + 1 (07 (@), @) g1 ) )-
The analysis of K;(t) is easy and
K1 ()] < Cllult, @) || o1 re) 105 Opult, ) || L2 (rs)

< CeAra (1 )™ (Ju(nr (@), ) - gy + (0 (0), )]l g1 o)

Now define Y (t) := [Ju(t, z)||3x gsy + ||8tu(t,:z:)Hf{k_1(R3) and integrate
the equality (5.1) from n7i(a) to (n + 1)7x(a) with respect to ¢, where 0 <
Tr(a) < 1 is defined by (2.9). Taking into account the above estimates, we
have

Yi((n+ 1)mi(a)) < Yi(nmi(a)) + CqAr—1(1 +n)m 1
+C A1 AL+ n) ™1 422y 2 (0 ().

Applying Lemma A.1 and repeating the argument of subsection 4.5, we obtain
a polynomial bound for Yj(t) and this completes the proof of Theorem 1.1.

6. Appendix
The aim in this Appendix is to prove the following
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Lemma A.1. Let {a,}22, be a sequence of non-negative numbers such that
with some constants 0 <y <1, C >0 and y > 0 we have

an < op1 4+ C((an_1)' 7 + 1) (1 +n)Y, Vo > 1.
Then there exists a constant C' > 0 such that
an < C(1+n)=", ¥n > 1. (A1)
Remark A.1. A similar estimate has been established in [3] for sequences
{an} satisfying the inequality
a, < op_1+ C’oz};z.
Proof. We can choose a large constant C; > 0 such that
(1) 77 +1<Crlay + 1), Vo> 1.
This implies with a new constant Cy > 0 the inequality
an+1<ap_14+1+Colan_1+ 1)1 +n)Y, Vn>1.
Setting (3, = a, + 1, we reduce the proof to a sequence «,, satisfying the
inequality
n < a1+ Colan 1) 771 +n)Y, n>1.
We will prove (A.1) by recurrence. Assume that (A.1) holds for n — 1.

Therefore
1ty ~ 1ty

an <Cn> +Ch (CnT>1_’Y(1 +n)Y

=Cn v {1 + CoC Y (1 + n)y}
1 e ~ n o \"Y
e (G)
n+ 1) [ R G
To establish (A.1) for n, it is sufficient to show that for large C' one has

fn) = (l_n—l—l

Setting C,C~7 = ¢, a simple calculus yields

TN

) A ) )
el1— Iy UL N _
n+1 n?\n+1 Y (n+1)2 n+1

1 1ty

) [

n+1)_y] sLnzl (A2

1 \5* 1 1 g1 1 1\ 1
- (k) e )
n+1 (n+1)2L ~ n «y n+1 n n
Notice that since % gl—n%‘_l,we have

1 - 1\~
(-7 =)
n+1 2
which implies

1+y n+1+y 1 \Nv_ 14y n+1l+y /1\—¥
— (1-—=) = — I(5)
vy n n+1 ¥ n

2
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For small € > 0 the right hand side of the above inequality is positive. Con-
sequently, for the derivative we have f’(n) > 0 and one deduces

f(n) < lim_f(n)=1

This completes the proof of (A.2). O
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