
ABSENCE OF EIGENVALUES OF DISSIPATIVE OPERATOR

FOR STRICTLY CONVEX OBSTACLES

VESSELIN PETKOV

Abstract. We study the wave equation in the exterior of a strictly convex

bounded domain K ⊂ Rd, d ≥ 3, odd, with dissipative boundary condition
∂νu − γ(x)∂tu = 0 on the boundary Γ and 0 < γ(x) < 1, ∀x ∈ Γ. The

solutions are described by a contraction semigroup V (t) = etG, t ≥ 0. In [10]
we established that for γ ≡ const and K = {x ∈ R3 : |x| ≤ 1} the operator

G has no eigenvalues and we conjectured that the same result holds for every

strictly convex obstacle. In this paper we prove this conjecture.

1. Introduction

Let K ⊂ Rd, d ≥ 3, d odd, be a bounded non-empty domain with C∞ strictly
convex boundary Γ. Let Ω = Rd \ K̄ be connected and K ⊂ {x ∈ Rd : |x| < ρ}.
Consider the boundary problem

utt −∆xu = 0 in R+
t × Ω,

∂νu− γ(x)∂tu = 0 on R+
t × Γ,

u(0, x) = f1, ut(0, x) = f2

(1.1)

with initial data (f1, f2) ∈ H = H1(Ω) × L2(Ω). Here ν(x) is the unit outward
normal at x ∈ Γ pointing into Ω and γ(x) > 0 is a C∞ function on Γ. Introduce
the contraction semi-group V (t) in H with generator

G =
( 0 1

∆ 0

)
.

The operator G has domain D given by the closure in the graph norm

|‖f‖| = (‖f‖2H + ‖Gf‖2H)1/2

of functions f = (f1, f2) ∈ C∞(0)(R
d) × C∞(0)(R

d) satisfying the boundary condition

∂νf1 − γf2 = 0 on Γ.
The solution of the problem (1.1) has the form V (t)f = etGf, t ≥ 0. The

point spectrum σp(G) of G in C− = {z ∈ C : Re z < 0} is formed by isolated
eigenvalues with finite multiplicity, σp(G)∩ iR = ∅ and G has continuous spectrum
σc(G) = iR (see Section 8, [6]). Notice that if Gf = λf with 0 6= f ∈ D, Reλ < 0,
we have solution u(t, x) = V (t)f = eλtf(x) of (1.1) with exponentially decreasing
global energy. Such solutions are called asymptotically disappearing and they are
important for scattering problems (see for more details [8], [10]). The location in C−
of the eigenvalues of G has been studied in [8] improving previous results of Majda
[7]. In the special case when γ ≡ 1, and K is the unit ball B3 = {x ∈ R3 : |x| ≤ 1}
it was proved in [8] that G has no eigenvalues. The case γ(x) > 1, ∀x ∈ Γ has been
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examined in [8] and a Weyl formula for the counting function of the eigenvalues of
G close to the negative real axis has been established in [9].

Throughout this paper we assume that 0 < γ(x) < 1, ∀x ∈ Γ. This case has
been studied in [8], [10]. In particular, for γ ≡ const and K = B3 in Appendix,
[10] it was proved that G has no eigenvalues. We conjectured in [10] that the same
is true for every strictly convex obstacle. Our main result is the following

Theorem 1.1. For strictly convex obstacles the operator G has no eigenvalues λ
with Reλ < 0.

The eigenvalues ofG in C− are incoming functions (see Section 2 for the definition
of outgoing/incoming functions). The absence eigenvalues of G for Reλ > 0 is based
on the representation of the outgoing resolvent

(G− λ)−1 = −
∫ ∞

0

etGe−λtdt, Reλ > 0 (1.2)

which is analytic for Reλ > 0. For the incoming eigenvalues it should be useful
to have a similar representation with integral on (−∞, 0] involving some evolution
operator. However, the problem

(∂2
t −∆x)f = 0 in R−t × Ω,

∂νf − γ(x)∂tf = 0 on R−t × Γ,

f(0, x) = 0, ft(0, x) = χ(x)

(1.3)

is not L2 well posed (see Theorem 1 in [7]). On the other hand, the problem (1.3)
is well posed with some loss of regularity (see [3], [4]) and for χ ∈ Hm

comp(Ω), m >

d/2+3 it is possible to obtain a solution of (1.3) with the property ecm−3/2tf(t, x) ∈
Hm−2(R−t × Ω) with some large cm−3/2 > 0 (see Proposition 3.2). The idea is to
consider the incoming function

w(x, λ) =

∫ 0

−∞
e−λtP (t)χdt, Reλ ≤ −cm−3/2,

where P (t)χ is a solution of (1.3) and to modify it to obtain an approximative
resolvent R]a(λ) of (G− λ)−1.

We expose below the strategy of the proof of Theorem 1.1. In Section 3 we
examine the operator C(λ) = N(λ) − λγ(x), where N(λ) : Hs(Γ) → Hs−1(Γ) is
the Dirichlet-to-Neumann operator. We study the existence of C(λ)−1 for Reλ ≤
−c0 < 0. For this purpose we apply a weak version of Theorem 2.1 in [3] concerning
only N(λ). We expect that it is possible to obtain (3.2) for general obstacles
and we will study this problem in a further work. In Proposition 3.2 we justify
the existence of an operator P (t) satisfying (3.13). In Section 4 we follow the
approach of the proof of Theorem 4.43 in [1] by using a cut-off function ζa(t, x).
Let χa ∈ Hm

comp(Ω), χa(x) ≡ 1 for |x| ≤ ρ + 2ε, ε > 0. We study the operator
ζaP (t)χa which satisfies{

(∂2
t −∆x)(ζaP (t)χa) =: Fa(t),

(∂ν − γ(x)∂t)(ζaP (t)χa)|R−
t ×Γ =: Ja(t).

To treat the remainder operators Fa(t) and Ja(t), we define an approximative re-
solvent

R]a(λ) =

∫ 0

−∞
e−λt

[
ζaP (t)χa + (1− χc)Wa(t)−Ba(t)

]
dt, Reλ ≤ 0.



ABSENCE OF EIGENVALUES 3

with cut-off function χc(x) and suitable correction operators Wa(t), Ba(t). The
kernels of these operators have compact support with respect to t and this makes
possible to extend analytically R]a(λ) from Reλ ≤ −cm−3/2 to Reλ < 0. The

operator R]a(λ) satisfies (∆ − λ2)R]a(λ) = χa(Id + L(λ)) and for sufficiently large
|λ| ≥ A0 we obtain the existence of (Id + L(λ))−1. This leads to the absence of
eigenvalues λ of G with |λ| ≥ A0. Finally, Section 5 is devoted to the absence of
eigenvalues with |λ| ≤ A0. We introduce the operator Cε(λ) = N(λ)− λεγ(x) with
ε ∈ [0, 1]. The idea is to compare the number of eigenvalues of G in a bounded set
ω = {z ∈ C : −c0 ≤ Reλ ≤ 0, | Im z| ≤ A0} with the number of eigenvalues in ω
corresponding to the problem (1.1) with boundary condition (∂νu−εγ(x)∂tu)|Γ = 0.
For this purpose we apply a trace formula (5.6) and examine the limit ε↘ 0 passing
to Neumann problem for which there are no eigenvalues.

2. Preliminaries

In this section we collect some facts from [8], [10]. For λ ∈ C introduce the
exterior Dirichlet-to-Neumann map

N(λ) : Hs(Γ) 3 f −→ ∂νu|Γ ∈ Hs−1(Γ),

where u = K(λ)f is the solution of the problem
(−∆ + λ2)K(λ)f = 0 in Ω,

K(λ)f = f on Γ,

K(λ)f : λ− incoming.

(2.1)

A function u(x) is called λ-outgoing (λ-incoming) if there exists R > ρ and
g ∈ L2

comp(Rd) such that

u(x) = R±0 (λ)g, |x| ≥ R,

where R±0 (λ) = (−∆0 + λ2)−1 is the outgoing (+) (incoming (-)) resolvent of the
free Laplacian −∆0 in Rd. The resolvents R±0 (λ) are analytic in C and they have
kernels

R±0 (λ, x, y) =
(−1)(d−1)/2

2(2π)(d−1)/2

(1

r
∂r

)(d−3)/2(e∓λr
r

)∣∣∣
r=|x−y|

.

If for Reλ < 0 we have G(f1, f2) = λ(f1, f2), then f1 ∈ H2(Ω) is λ-incoming
solution of (−∆ + λ2)f1 = 0 (see [6] and Section 1 in [10]). Let RD(λ) = (−∆D +
λ2)−1 be the incoming resolvent of the Dirichlet Laplacian ∆D in Ω with domain
D = H2(Ω) ∩H1

0 (Ω) which is analytic for λ ∈ C− = {z ∈ C : Reλ ≤ 0}. Let

Dloc = {u ∈ L2
loc(Ω) : χ(x) ∈ C∞0 (Rd), χ(x) ≡ 1in a neighborhood ofK̄ ⇒ χu ∈ D}.

The incoming resolvent has meromorphic extension

RD(λ) : L2
comp(Ω)→ Dloc

from C− to C . The solution of the problem (2.1) with f ∈ H3/2(Γ) has the form

u = e(f) +RD(λ)((∆− λ2)(e(f)), (2.2)

where e(f) : H3/2(Γ) 3 f → e(f) ∈ H2
comp(Ω) is an extension operator. Clearly,

we may find ∂νu|Γ by applying (2.2). By (2.2) we conclude that N(λ) is analytic
in C̄−.
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We write the boundary condition in (1.1) as

C(λ)v := (N(λ)− λγ)v =
(
Id− λγN(λ)−1

)
N(λ)v = 0, v = f1|Γ ∈ H3/2(Γ).

For Reλ ≤ 0 the operator C(λ) : Hs(Γ) → Hs−1(Γ) has the same singularities as
N(λ). On the other hand, N(λ)−1 : Hs(Γ) → Hs+1(Γ) is compact operator and
by analytic Fredholm theorem (see [8], [10]), the operator C(λ) is a meromorphic
operator valued function for Reλ ≤ 0. Notice that if C(λ) is analytic at λ0, then
C(λ0) : Hs(Γ)→ Hs+1(Γ). Here and below a meromorphic operator valued function
B(z) means that B(z) have Laurent expansion with finite number negative powers
of z and coefficients having finite rank. In [9] it was proved that we can extend
the incoming resolvent (G − λ)−1, λ /∈ σp(G), Re λ < 0 as meromorphic function
(G− λ)−1 : Hcomp → Dloc for λ ∈ C, where

Dloc = {u ∈ Hloc, χ(x) ∈ C∞0 (Rd), χ(x) ≡ 1 in a neighborhood ofK̄ ⇒ χu ∈ D}.

Let

(
u
w

)
= (G− λ)−1

(
f
g

)
with (f, g) ∈ Hcomp. It was established in [8], [10] that

(G−λ)−1 is analytic at λ0 if and only if C(λ0) is invertible and C(λ0)−1 : Hs(Γ)→
Hs+1(Γ) is analytic at λ0. Moreover, if C(λ)−1 is analytic, w = λu+ f, where

u(x, λ) = −RD(λ)(g + λf) +K(λ)C(λ)−1
[
∂ν

(
RD(λ)(g + λf)

)∣∣∣
Γ

+ γf |Γ
]

(2.3)

is a solution of the problem
(∆− λ2)u = g + λf in Ω,

(∂ν − γ(x)λ)u|Γ = γf |Γ,
u : λ− incoming.

(2.4)

Notice that for (f, g) ∈ Hcomp we obtain u(x, λ) ∈ H2(Ω). Indeed,

C(λ)−1
[
∂νRD(λ)(g + λf)

∣∣∣
Γ

+ γf |Γ
]
∈ H3/2(Γ)

and applying K(λ), we obtain the result.
It is easy to see that if C(λ)−1 : Hs(Γ) → Hs+1(Γ) for some s0 ≥ 0 has a pole

λ ∈ C̄−, then this operator has a pole λ0 for every s ≥ 0. This follows from the
fact that there exists 0 6= v ∈ Hs(Γ) such that C(λ0)v = (Id − λ0γN(λ0)−1)v =
0. Since N(λ0)−1 : Hs(Γ) → Hs+1(Γ) is bounded, this implies v ∈ C∞(Γ) and
(Id−λ0γN(λ0)−1) is not invertible in Hs(Γ) for all s ≥ 0. In Section 4 we need the
following

Lemma 2.1. Assume that there exist a1 > ρ and k ≥ 2 such that for f = 0 and
every g ∈ Hk(Ω) with supp g ⊂ B(0, a1) there exists a solution u(x, λ) of (2.4)
which is analytic in a neighbourhood {λ ∈ C : |λ− λ0| < δ} of λ0 ∈ C−. Then the
operator C(λ)−1 : Hk+1(Γ)→ Hk+2(Γ) is analytic at λ0.

Proof. Suppose that C(λ)−1 has a pole at λ0. Then there exist h ∈ Hk+1(Γ), 0 6=
h0 ∈ Hk+2(Γ) and m ≥ 1 such that for 0 6= |λ − λ0| < ε with sufficiently small
0 < ε ≤ δ we have

C(λ)−1h =
h0

(λ− λ0)m
+ lower order singularities.

Let q = N(λ0)−1h ∈ Hk+2(Γ). It is easy to construct g̃ ∈ Hk+2(Ω) with supp g̃ ⊂
B(0, a1) such that g̃|Γ = q, ∂ν g̃|Γ = 0. To do this, by using a partition of unity on Γ,
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we pass to a construction in a neighbourhood U ⊂ Rd of a point x0 ∈ Γ. Consider
in U local normal coordinates (y1, ..., yd) = (y1, y

′) such that

x = α(y1, y
′) = β(y′) + y1ν(y′),

where y1 = dist (x,Γ) and ν(y′) is an extension of unit normal vector to unit vector
field. Then the boundary Γ is given by y1 = 0 and ∂νf(x) = ∂y1f(α(y1, y)). If
q(α(0, y′)) = s(y′), we take g̃(y) = s(y′). Next for f = 0 and g = (∆−λ2

0)g̃ ∈ Hk(Ω)
by our assumption there exists a solution u(x, λ) of (2.4) which is analytic for
|λ− λ0| < δ. The function v = RD(λ0)g satisfies

(−∆ + λ2
0)(v + g̃) = 0, (v + g̃)|Γ = q,

hence ∂νv|Γ = ∂ν(v + g̃)|Γ = N(λ0)q = h. Then in the representation (2.3) for
u(x, λ)|Γ we will have a singular term given by C(λ)−1∂νRD(λ0)g)|Γ and we obtain
a contradiction with the analyticity of u(x, λ). �

Remark 2.1. By the same argument we may construct a modification g̃ ∈ Hm(Ω)
of g ∈ Hm(Ω) such that g̃|Γ = 0, ∂ν g̃|Γ = g|Γ. To do this, in local normal coordi-
nates (y1, y

′) we take g̃(y) = y1g(α(y1, y
′)).

3. Existence and estimate of C(λ)−1

3.1. Analyticity of C(λ)−1. Throughout the paper we will use the notation λ =
µ+ik, µ, k ∈ R. In this subsection we study the analyticity of C(λ)−1 for sufficiently
negative µ. Denote by (., .)s, ‖.‖s are the scalar product and the norm in Hs(Γ),
respectively. Consider the problem

(−∆ + λ2)K1(λ)f = 0 in Ω,

K1(λ)f = f on Γ,

K1(λ)f : λ− outgoing.

and the Dirichlet-to-Neumann operator N1(λ)f = ∂νK1f(λ)|Γ. Ikawa established
the following

Theorem 3.1 (Theorem 2.1 in [3]). Let K be a strictly convex obstacle in R3.
Then there exist constants r > 0, Cm > 0 such that for every m ∈ N and µ ≥ r we
have

− Re(N1(λ)ϕ,ϕ)m ≥ (µ− Cm)‖ϕ‖2m, ∀ϕ ∈ C∞(Γ) (3.1)

with Cm independent of λ and ϕ.

After the change η = −λ, we deduce for operator N(λ) related to (2.1) and
µ ≤ −r the estimate

− Re(N(λ)ϕ,ϕ)m ≥ (|µ| − Cm)‖ϕ‖2m, ∀ϕ ∈ C∞(Γ). (3.2)

Remark 3.2. We apply the estimate (3.1) in [3] with γ ≡ 0. This estimate can be
proved for odd dimensions d > 3 by similar argument. Notice that some estimates

of the operator N(λ)
λ in suitable regions have been established in Section 4 in [10].

Let δ = maxx∈Γ γ(x) < 1. For m = 0 we have (γϕ, ϕ)0 ≤ δ‖ϕ‖20 and we obtain
the estimate

−Re((N(λ)− λγ(x))ϕ,ϕ)0 ≥
(

(1− δ)|µ| − C0

)
‖ϕ‖20.
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Setting α = 1 − δ > 0, c0 = max{ 2C0

α , r}, for µ ≤ −c0 we may absorb the term

C0‖ϕ‖20 and obtain

‖C(λ)ϕ‖0 ≥
α|µ|

2
‖ϕ‖0, ∀ϕ ∈ C∞(Γ). (3.3)

In the following we suppose that µ ≤ −c0. Set M(λ) =
(
Id−λγN−1(λ)

)
and note

that C(λ) = M(λ)N(λ). If for s ≥ 0 the operator C(λ)−1 : Hs(Γ)→ Hs+1(Γ) has a
pole at λ0, then M(λ0) : Hs(Γ)→ Hs(Γ) is not invertible and there exists 0 6= ϕ0 ∈
L2(Γ) such that C(λ0)ϕ0 = M(λ0)ϕ0 = 0. Since N(λ0)−1 : Hs(Γ) → Hs+1(Γ), we
conclude that ϕ0 ∈ C∞(Γ). This leads to a contradiction with (3.3), hence C(λ)−1

is analytic for µ ≤ −c0 and c0 is independent of s.

Remark 3.3. The invertibility of C(λ) for s ∈ N and µ ≥ −c0 has been proved in
[3] following Lemma 3.3 in [2]. Our argument above is short and we use (3.2) only
for m = 0.

Now we will estimate the norm of C(λ)−1 : Hs(Γ)→ Hs(Γ). Let h ∈ L2(Γ) and
let C(λ)g = h with g ∈ H1(Γ). (We omit in the notations the dependence of g of
λ). Choose a sequence ϕj →j→∞ g in H1(Γ) with ϕj ∈ C∞(Γ). Therefore

‖C(λ)(ϕj − g)‖0 ≤ B0(λ)‖ϕj − g‖1
and C(λ)ϕj → C(λ)g in L2(Γ). On the other hand, ‖ϕj‖0 → ‖g‖0. We apply (3.3)
with ϕj and passing to limit, we deduce

‖C(λ)−1h‖0 ≤
2

α|µ|
‖h‖0, ∀h ∈ L2(Γ). (3.4)

Next assume that for µ ≤ −cm ≤ −c0 we have the estimate

‖C(λ)−1h‖m ≤
Bm
α|µ|
‖h‖m, ∀h ∈ Hm(Γ). (3.5)

Applying (3.2), we get

−Re((N(λ)− λγ(x))ϕ,ϕ)m+1 ≥ (|µ| − Cm+1)‖ϕ‖2m+1 + µ(γϕ, ϕ)m+1.

On the other hand,

|µ(γϕ, ϕ)m+1| ≤ |µ|δ‖ϕ‖2m+1 +Am|µ|‖ϕ‖m‖ϕ‖m+1,

where Am depends of the norms of the derivatives of γ(x) of order j ≤ m. The
above estimates imply

Am|µ|‖ϕ‖m‖ϕ‖m+1 + ‖C(λ)ϕ‖m+1‖ϕ‖m+1 ≥ (α|µ| − Cm+1)‖ϕ‖2m+1.

We estimate |µ|‖ϕ‖m from (3.5) and obtain

(AmBmα
−1 + 1)‖C(λ)ϕ‖m+1 ≥ (α|µ| − Cm+1)‖ϕ‖m+1.

Choosing cm+1 = max{ 2Cm+1

α , cm} and repeating the above argument with an

approximation ϕj → g in Hm+2(Γ), we conclude for µ ≤ −cm+1 that

‖C(λ)−1h‖m+1 ≤
Bm+1

α|µ|
‖h‖m+1, ∀h ∈ Hm+1(Γ).

By iteration we establish this estimate for every m ∈ N. Next applying an interpo-
lation argument for the spaces Hm(Γ) and Hm+1(Γ), we extend it to Hs(Γ), m <
s < m+ 1 and obtain the following
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Proposition 3.1. For every s ≥ 0 there exist constants cs > 0, Bs > 0 such that
C(λ)−1 : Hs(Γ)→ Hs+1(Γ) is analytic for µ ≤ −cs and in this domain we have

‖C(λ)−1h‖s ≤
Bs
α|µ|
‖h‖s, ∀h ∈ Hs(Γ). (3.6)

3.2. Existence of solution of the problem (1.3). Let χ ∈ Hm(Ω) with m ∈
N, m > d/2 + 3 and suppχ ⊂ B(0, a) = {x : |x| ≤ a}, a > ρ. Consider an extension
χ̃ ∈ Hm(Rd) such that χ̃|Ω = χ and ‖χ̃‖Hm(Rd) ≤ M‖χ‖Hm(Ω). Let g0(t, x) be the
solution of {

(∂2
t −∆x)g0 = 0 in R× Ω,

g0(0, x) = 0, ∂tg0(0, x) = χ̃(x).
(3.7)

The function g0 has the representation g0 = sin(t
√
−∆0)√
−∆0

χ̃, where −∆0 is the free

Laplacian in Ω. Set

w0(λ, x) =

∫ ∞
−∞

e−λtH(t)g0(t, x)dt, Reλ ≤ 0,

where throughout our paper we use the Heaviside function H(t) = 1 for t ≤ 0 and
H(t) = 0 for t > 0. We obtain (−∆ + λ2)w0 = χ̃ and

q(λ, x) = (∂ν − λγ(x))w0(λ, x)|Γ =

∫ ∞
−∞

e−λtH(t)(∂ν − γ∂t)g0(t, x)|Γdt. (3.8)

Thus w0(λ, x) = R0(λ)χ̃ ∈ Hm+2(Rd), where R0(λ) = (−∆0 + λ2)−1 is the incom-
ing resolvent of −∆0 and w0(λ, x) is analytic for Reλ ≤ 0. Let ‖.‖Hm(B(0,b)) =
‖.‖m,b, b > ρ. It is well known that

‖R0(λ)χ‖k,b ≤ Ca,b|λ|k−1‖χ̃‖0,a, Reλ ≤ 0, |λ| ≥ L0 > 1, k = 0, 1. (3.9)

In fact, for |x| ≤ b, the sharp Huyghens principle yields g0(t, x) = 0 for |t| > a+ b
and (3.9) follows after an integration by parts. The estimate (3.9) implies

‖∂αxw0‖k,b ≤ Ca,b|λ|k−1‖χ‖m,a, |α| ≤ m, k = 0, 1

and from the equation ∆∂αxw0 − λ2∂αxw0 = ∂αx χ̃ we deduce

‖∂αxw0‖m−1,b ≤ Cm,a,b|λ|k−2‖χ‖m,a, |α| = k = 0, 1.

Since m−3 > d/2, the functions w0(λ, x) and ∂xjw0(λ, x), j = 1, ..., d are continuous

in |x| ≤ b with uniform bound O(|λ|−2) and O(|λ|−1), respectively, and

‖q(λ, x)‖Hm−3/2(Γ) ≤ Dm|λ|−1‖χ‖m,a.

Below up to end of this subsection we suppose that µ ≤ −cm−3/2. Introduce the
analytic function

h(λ, x) = C(λ)−1q(λ, x) ∈ Hm−1/2(Γ).

Applying the estimates (3.6), we deduce

‖h(λ, x)‖Hm−3/2(Γ) ≤ Bm−3/2Dm(α|λµ|)−1‖χ‖m,a.

Next, let w1(λ, x) = K(λ)h(λ, x) ∈ Hm−2(Ω) be the solution of the Dirichlet
problem (2.1) with f = h(λ, x). Clearly,

(∂ν − λγ(x))w1(λ, x)|Γ = (N(λ)− λγ(x))h(λ, x) = q(λ, x). (3.10)
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On the other hand, for w1(λ, x) we have the estimates∑
k+j≤m−2

|λ|j‖w1‖Hk(Ω) ≤ Km‖h‖Hm−3/2(Γ) ≤Mm(α|λµ|)−1‖χ‖m,a. (3.11)

Consequently, the inclusion Hm−3(Ω) ⊂ C(Ω) implies

|w1(λ, x)| ≤Mm|λ|−2|µ|−1‖χ‖m,a
uniformly with respect to µ ≤ −cm−3/2 and x ∈ Ω. For (t, x) ∈ Rt × Ω̄ and
c ≥ cm−3/2 define

g1(t, x) =
1

2πi

∫
µ=−c

eλtw1(λ, x)dλ =
e−ct

2π

∫ ∞
−∞

eiktw1(−c+ ik, x)dk.

We may shift the contour of integration to the left, hence g1(λ, x) does not depend
of the choice of c ≥ cm−3/2. It is easy to see that g1(t, x) ≡ 0 for t ≥ 0. For fixed
t0 ≥ 0, x0 ∈ Ω one obtains

|g1(t0, x0)| ≤ e−ct0

2π

∫ ∞
−∞
|w1(−c+ik, x0)|dk ≤ Ae−ct0

c

∫ ∞
−∞

1

c2m−3/2 + k2
dk ≤ Be−ct0

c

and taking c→∞, we conclude that g1(t0, x0) = 0.
According to (3.11), we get

‖w1‖Hm−2−j(Ω) = Om(|µ|−1|λ|−j−1), j = 0, ...,m− 2.

In particular, since m ≥ 5, we have ‖∆w1‖L2 ≤ ‖w1‖Hm−3 = Om(|µ|−1|λ|−2).
Therefore,

(2πi)∆g1 =

∫
µ=−c

eλt∆w1(λ, x)dλ = lim
R→∞

∫ −c+iR
−c−iR

eλtλ2w1(λ, x)dλ

= lim
R→∞

∂2
t

∫ −c+iR
−c−iR

eλtw1(λ, x)dλ = (2πi)∂2
t g1(t, x).

Here in the last equality we take the derivative ∂2
t in the sens of distributions and

we exchange ∂2
t and the limit R→∞. This implies

(∂2
t −∆x)g1 = 0, t < 0, x ∈ Ω.

Finally, taking into account (3.8) and (3.10) and applying the inverse Laplace trans-
formation, for t < 0 we deduce

(∂ν − γ∂t)g1(t, x)|Γ =
1

2πi

∫
µ=−c

eλtq(λ, x)dλ

=
1

2πi

∫
µ=−c

eλt
(∫ 0

−∞
e−λs(∂ν − γ∂s)g0(s, x)|Γds

)
dλ = (∂ν − γ∂t)g0(t, x)|Γ.

Thus we obtain a solution f(t, x) = g0(t, x)−g1(t, x) of the problem (1.3). Introduce
the space Hm(R−t × Ω) with norm

‖|w(t, x)‖|m =
∑

j+|α|≤m

‖∂jt ∂αxw(t, x)‖L2(R−
t ×Ω).

The estimate (3.11) implies ecm−3/2tf(t, x) ∈ Hm−2(R−t × Ω) and we obtain the
following



ABSENCE OF EIGENVALUES 9

Proposition 3.2. For m > d/2 + 3 there exists an operator

P (t) : Hm
comp(Ω) −→ e−cm−3/2tHm−2(R−t × Ω) (3.12)

satisfying {
(∂2
t −∆x)P (t) = 0, P (0) = 0, ∂tP (0) = Id,

(∂ν − γ(x)∂t)P (t)|R−
t ×Γ = 0.

(3.13)

4. Absence of eigenvalues |λ| ≥ A0

To obtain an analytic continuation of the incoming resolvent for |λ| ≥ A0, we
will follow the approach in section 4.6 in [1]. Let χa ∈ C∞0 (Rd) be such that
supp χa ⊂ B(0, a) and χa ≡ 1 for |x| ≤ ρ + 2ε, a ≥ ρ + 3ε, ε > 0. Introduce a
function ζa(t, x) ∈ C∞ such that

ζa(t, x)||x|>ρ+2ε =

{
1 for 0 ≥ t ≥ −(|x|+ Ta),

0 for t ≤ −(x|+ Ta + 1),

and ζa(t, x) = ϕa(t) for |x| < ρ+ ε with

ϕa(t) =

{
1 for 0 ≥ t ≥ −(ρ+ ε+ Ta),

0 for t ≤ −(ρ+ ε+ Ta + 1).

Here Ta ≥ a is a fixed constant. Moreover, we suppose that ζa(t, x) = 1 for
0 ≥ t ≥ −Ta, x ∈ Ω. Then for |x| ≤ ρ+ ε we have ∂tζa(t, x) = ψa(t) ∈ C∞0 (R−t ).

For m > d/2 + 3 consider the operator P (t) given by Proposition 3.2 and intro-
duce

ζaP (t)χa : Hm(Ω) −→ e−cm−3/2tHm−2(R−t × Ω).

Therefore,
(∂2
t −∆x)(ζaP (t)χa) = [�, ζa]P (t)χa =: Fa(t)

and

(∂ν − γ(x)∂t)(ζaP (t)χa)|R−
t ×Γ = −γ(x)ψa(t)P (t)χa

∣∣
R−

t ×Γ
=: Ja(t).

Clearly, for g ∈ Hm(Ω) we have

supp (Fa(t)g) ⊂ {(t, x) ∈ R−t × Ω : −(max{|x|, ρ+ ε}+ Ta + 1) ≤ t ≤ −Ta)},
supp (Ja(t)g) ⊂ {(t, x) ∈ R−t × Γ : −(ρ+ ε+ Ta + 1) ≤ t ≤ −(ρ+ ε+ Ta)}.

The operator P (t) has a Schwartz kernel p(t, x, y) ∈ D′(R−t × Ω× Rdy) such that

(P (t)f)(x) =

∫
Rd

p(t, x, y)f(y)dy, f ∈ C∞0 (Rd),

where the integral is taken in the sens of distributions. This implies that Ja(t) has
kernel ja(t, x, y) = γ(x)ψa(t)p(t, x, y)χa(y)|x∈Γ. According to (3.13), we have

γ(x)ψa(t)P (t)χa|Γ : Hm(Ω)→ Hm−5/2(R−t × Γ).

We will construct a kernel b̃a(t, x, y) such that

b̃a(t, x, y) = 0 for − (ρ+ ε+ Ta + 1) ≤ t ≤ 0, x ∈ Γ, (4.1)

∂ν b̃a(t, x, y) = ja(t, x, y) for − (ρ+ ε+ Ta + 1) ≤ t ≤ 0, x ∈ Γ. (4.2)

To arrange the above conditions we apply Remark 2.1 considering the variables
t, y as parameters. By the construction with local coordinates, we have b̃a(t, x, y) =
α(x)ja(t, x, y) with some smooth function satisfying α(x)|Γ = 0, ∂να(x)|Γ = 1.
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Choose χb ∈ C∞0 (B(0, a)) such that χb = 1 near B(0, ρ + ε) and χa ≡ 1 on the

support of χb and define ba(t, x, y) = χb(x)b̃a(t, x, y). The conditions (4.1), (4.2)
yield

(∂ν − γ(x)∂t)ba(t, x, y)|x∈Γ = ja(t, x, y).

Next let Ba(t) : Hm(Ω) −→ Hm−2(R−t ×Ω) be the operator with kernel ba(t, x, y).
The smoothness of ba(t, x, y) follows form that of ja(t, x, y). The choice of the
correction Ba(t) leads to the equality

(∂ν − γ∂t)
(
ζaP (t)χa −Ba(t)

)∣∣∣
x∈Γ

= 0

and we have

supp (Ba(t)g) ⊂ {(t, x) : −(ρ+ ε+ Ta + 1) ≤ t ≤ −(ρ+ ε+ Ta), |x| ≤ a}.

Denote by Wa(t) the solution of the problem

�0Wa(t) = −(1− χb)Fa(t),Wa(t) ≡ 0 for t ≥ 0. (4.3)

Here �0 = ∂2
t −∆0 and ∆0 is the Laplacian in Rd. Repeating the argument of the

proof of Theorem 4.3 in [1], it easy to see that there exists Ca > Ta such that

supp (Wa(t)g) ⊂ {(t, x) ∈ R−t × Ω : −(|x|+ Ca) ≤ t ≤ −(|x|+ Ta)}. (4.4)

For completeness we present the details. Write

Wa(t) = −(1− χb)ζaH(t)P (t)χa +H(t)U0(t)((1− χb)χa) +Qa(t),

where U0(t) is the solution of the Cauchy problem{
�0U0 = 0,

U0(0) = 0, (∂tU0)(0) = (1− χb)ζaχa.
.

Then

�0Qa = �0Wa + (1− χb)�0

(
ζaH(t)P (t)χa)

)
+ [∆, χb]ζaH(t)P (t)χa

−�0(H(t)U0(t)(1− χb)χa)) = (1− χb)χa + [∆, χb]ζaH(t)P (t)χa − (1− χb)χa

= [∆, χb]ζaH(t)P (t)χa = ra,b(t, x),

Qa(0) = (∂tQa)(0) = 0.

We apply the Duhamel formula

Qa(t) = −
∫ 0

t

U0(t− s, x, y)ra,b(s, y)dyds,

where U0(t, x, y) is the kernel of the operator sin(t
√
−∆0)√
−∆0

. By the sharp Huyghens

principle with a constant Ca > 0 we obtain

supp
(
Qa(t)g

)
⊂ {(t, x) : −(|x|+ Ca) ≤ t ≤ 0}.

Indeed, if (t, x) ∈ suppQa(t)g, there exist (s, y) ∈ supp ra,b and t ≤ s ≤ 0 such that
|x− y| = −(t− s) and this implies

−t ≤ |x|+ |y| − s ≤ |x|+ 2a+ Ta + 1.
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For U0(t)(1−χb)χa by a finite speed of propagation argument one obtains the same
result. This proves the lower bound of t in (4.4). To establish the upper bound, we
apply ones more the Duhamel formula for Wa(t) writing

Wa(t)g =

∫ 0

t

U0(t− s, x, y)(1− χb(y))Fa(s)g)(y)dyds, t ≤ 0.

If (t, x) ∈ supp Wa(t)g, there exist (s, y) ∈ supp (1 − χb)Fa(s)g(y) and t ≤ s ≤ 0
such that |x− y| = −(t− s). Hence

−t ≥ |x| − |y| − s ≥ |x| − |y|+ |y|+ Ta = |x|+ Ta.

Choose a function χc ∈ C∞0 (B(0, a)) which is equal to 1 near B(0, ρ) and such
that χb ≡ 1 on supp χc and introduce the approximative resolvent

R]a(λ) =

∫ 0

−∞
e−λt

[
ζaP (t)χa + (1− χc)Wa(t)−Ba(t)

]
dt, Reλ < 0.

The integral is well defined since for fixed x the supports with respect to t of
the functions under integration are bounded. For m > d/2 + 3 we have R]a(λ) :
Hm
comp(Ω)→ Hm−2

loc (Ω). We obtain

(∆− λ2)R]a(λ) = χa

(
Id + La(λ)

)
, (∂ν − λγ(x))R]a(λ)|x∈Γ = 0

with

La(λ) =

∫ 0

−∞
e−λt

(
−χbFa(t)− [∆, χc]Wa(t) + �Ba(t)

)
dt.

After an integration by parts with respect to t we deduce

La(λ) = λ−1

∫ 0

−∞
e−λt

(
−χb∂tFa(t)− [∆, χc]∂tWa(t) + ∂t�Ba(t)

)
dt.

For the invertibility of Id +La(λ) in Hm(Ω∩B(0, a)) we must estimate the ‖.‖m,a
norms of the terms under integration. For ∂tFa(t) one observes that ∂2

t P (t) =
∆P (t), hence ‖∂tFa(t)‖m,a ≤ C1,m‖χa‖m+4, a. Similarly, for �Ba(t) we exploit
once more the property of P (t) since ba(t, x, y) = χb(x)α(x)p(t, x, y) and conclude
that ‖∂t�Ba(t)‖m,a ≤ C2,m‖χa‖m+4,a, Finally, ∂tWa(t) can be estimated by Fa(t)
and we deduce

‖La(λ)‖m,a ≤ Dm+4,a|λ|−1‖χa‖m+4,a.

Let ρ < a1 < a. We fix m > d/2 + 3 and fix a function χa ∈ C∞0 (B(0, a)) such that
χa ≡ 1 for |x| ≤ a1. Choose |λ| ≥ 2Dm+4,a‖χa‖m+4,a = A0. Then the operator
(Id + La(λ))−1 is invertible in Hm(Ω ∩ B(0, a)) and for every g ∈ Hm(Ω) with
supp g ⊂ B(0, a1) by an analytic continuation we get

Ra(λ)g = R]a(λ)(Id + La(λ))−1g = χag = g, Reλ < 0, |λ| ≥ A0.

The function u(x, λ) = Ra(λ)g is analytic solution of (2.4) with f = 0. According
to Lemma 2.1, this implies that for every s ≥ 0 the operator C(λ)−1 : Hs(Γ) →
Hs+1(Γ) is analytic for Reλ < 0, |λ| ≥ A0 and we obtain the following

Proposition 4.1. There exists A0 > 0 such that the operator G has no eigenvalues

λ ∈ {C : Reλ ≤ −c0} ∪ {C : λ ∈ C−, |λ| ≥ A0}.

It is important to note that Dm+4,a depends of constants Am+4, Bm+4,Km+4 in
subsection 3.2.
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5. Absence of eigenvalues |λ| ≤ A0

Consider for ε ∈ [0, 1] the operator

Cε(λ) := N(λ)− λεγ(x) =
(

Id− λεγ(x)N(λ)−1
)
N(λ).

Obviously, maxx∈Γ εγ(x) = εδ < 1. Set αε = 1 − εδ ≥ α. Below for simplicity we
write Hs instead of Hs(Γ). It is easy to see that for µ ≤ −c0 we have

− Re((N(λ)− λεγ(x))ϕ,ϕ)0 ≥ (αε|µ| − C0)‖ϕ‖20, ∀ϕ ∈ C∞(Γ). (5.1)

with constant C0 > 0 independent of ε and µ. By the argument in subsection 3.1 we
conclude that the operator Cε(λ)−1 : Hs → Hs+1 is analytic for µ ≤ −c0 uniformly
with respect to ε. Recall the constants cm = max

{
2Cm

α , cm−1

}
> 0 defined in

subsection 3.1. Since Cm in (3.2) are independent of γ(x), we obtain

cm,ε = max
{2Cm
αε

, cm−1,ε

}
≤ cm.

Moreover, for µ ≤ −cm we have estimates

‖Cε(λ)−1h‖s ≤
Bs
αε|µ|

‖h‖s ≤
Bs
α|µ|

, ∀h ∈ Hs(Γ) (5.2)

with Bs > 0 independent of ε. To do this, we repeat the argument of subsection 3.1
and recall that the constants Am depend of the norms of the derivatives of εγ(x)
of order j ≤ m, hence they may be chosen independent of ε. Repeating the proof
of subsection 3.2, we construct an operator

Pε(t) : Hm
comp(Ω) −→ e−cm−3/2tHm−2(R−t × Ω)

satisfying {
(∂2
t −∆x)Pε(t) = 0, Pε(0) = 0, ∂tPε(0) = Id,

(∂ν − εγ(x)∂t)Pε(t)|R−
t ×Γ = 0.

(5.3)

The analysis of Section 4 implies that Cε(λ)−1 has an analytic continuation for
Reλ < 0, |λ| ≥ A0, where A0 > 0 is independent of ε. This follow from the fact
that the constants Am+4, Bm+4,Km+4 in subsection 3.2 can be chosen uniformly
with respect to ε. Denote by A(λ, ε) the compact operator

A(λ, ε) = λεγ(x)N(λ)−1 : H1/2 → H3/2.

We need the following

Lemma 5.1. Let ω ⊂ iR be a closed bounded interval. Assume Id−A(λ, ε) invert-
ible in H1/2 for ∀λ ∈ ω,∀ε ∈ [0, 1]. Then with a constant δ0 > 0 independent of λ
and ε we have

‖(Id−A(λ, ε))−1‖H1/2→H1/2 ≤ δ0, ∀λ ∈ ω, ∀ε ∈ [0, 1]. (5.4)

Proof. Assume that (5.4) is not true. Then there exist sequences λm ∈ ω, εm ∈ [0, 1]
and um ∈ H1/2, ‖um‖1/2 = 1 such that

‖um‖1/2 ≥ m‖(Id−A(λm, εm))um‖1/2, ∀m ∈ N.

Choose a subsequence {umk
} converging weakly to 0 6= v ∈ H1/2 and sequences

{λmk
}, {εmk

} converging to λ0 ∈ ω and ε0 ∈ [0, 1], respectively. Clearly, for
g, ‖g‖H1/2 = 1 we have A(λmk

, εmk
)g → A(λ0, ε0)g uniformly with respect to
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g since N (λ)−1 is uniformly bounded and continuous in operator norm for λ ∈ ω.
This means that for fixed η > 0 and all umk

we have

‖[A(λmk
, εmk

)−A(λ0, ε0)]umk
‖H1/2 ≤ η,

if |λmk
− λ0| and |εmk

− ε0| are sufficiently small. Therefore in H1/2 one has

A(λmk
, εmk

)umk
→ A(λ0, ε0)v

because A(λ0, ε0)umk
→ A(λ0, ε0)v since A(λ0, ε0) is compact operator. On the

other hand,

(Id−A(λmk
, εmk

))umk
→ 0 inH1/2

and

‖umk
− umj‖1/2 ≤

∥∥∥[umk
−A(λmk

, εmk
)umk

]
−
[
umj −A(λmj , εmj )umj

]∥∥∥
1/2

+‖A(λmk
, εmk

)umk
−A(λmj

, εmj
)umj

‖1/2.
This implies that {umk

} is a Cauchy sequence in H1/2 and we conclude that umk
→

v in H1/2, hence v −A(λ0, ε0)v = 0. This yields a contradiction with the fact that
(Id−A(λ0, ε0)) is invertible and the proof is complete. �

The above argument works if we have an closed bounded arc β ∈ C such that
N(λ)−1 is uniformly bonded for λ ∈ β and Id−A(λ, ε) is invertible for ∀λ ∈ β,∀ε ∈
[0, 1]. Now consider the contour

ζ = {z ∈ C : Im z = −A0, −c0 ≤ Re z ≤ 0} ∪ {z ∈ C : Re z = 0, | Im z| ≤ A0}

∪{z ∈ C : Im z = A0, −c0 ≤ Re z ≤ 0} ∪ {z ∈ C : Re z = −c0, | Im z| ≤ A0}.
On every segment of ζ the operator Cε(λ)−1 = N(λ)−1(Id− A(λ, ε))−1 is analytic
and by Lemma 5.1 there exists a constant M0 > 0 independent of ε such that

‖Cε(λ)−1‖H1/2→H3/2 ≤M0, λ ∈ ζ. (5.5)

It is easy to see that for λ ∈ ζ the operator N(λ)−1 : H1/2 → H3/2 is trace class
one. Indeed if N(λ)−1ψ = ηψ with 0 6= ψ ∈ H3/2, η 6= 0, we obtain N(λ)ψ = 1

ηψ

and |η|−1 ≤ ‖N(λ)‖H3/2→H1/2 ≤ M1. Thus N(λ)−1 is a finite rank operator with
finite number eigenvalues.

We will prove that the trace

trH1/2(Γ)

1

2πi

∫
ζ

Cε(λ)−1 dCε(λ)

dλ
dλ (5.6)

is continuous with respect to ε. We write

S1,2(λ) = Cε1(λ)−1 dCε1(λ)

dλ
− Cε2(λ)−1 dCε2(λ)

dλ

= Cε1(λ)−1
(dCε1(λ)

dλ
− dCε1(λ)

dλ

)
+
(
C−1
ε1 (λ)− C−1

ε2 (λ)
)dCε2(λ)

dλ
and obtain

C−1
ε1 (λ)− C−1

ε2 (λ) = N(λ)−1
(

(Id−A(λ, ε1))−1 − (Id−A(λ, ε2))−1
)

= (ε1 − ε2)λCε1(λ)−1γCε2(λ)−1.

This implies

S1,2(λ) = (ε1 − ε2)Cε1(λ)−1γ
(

Id + λCε2(λ)−1 dCε2(λ)

dλ

)
.
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The operator in bracket
(
.
)

is bounded in H1/2 uniformly with respect to λ ∈ ζ
and ε ∈ [0, 1]. Consequently, with some constant M2 > 0, independent of λ and
εk, k = 1, 2, we have

|tr S1,2(λ)| ≤M2|ε1 − ε2||trN(λ)−1|, λ ∈ ζ.
To estimate |trN(λ)−1|, it is convenient to use the estimate

|trN(λ)−1| ≤
Q(λ)∑
j=1

sj(λ) = σ(λ), λ ∈ ζ, (5.7)

where sj(λ) are the eigenvalues of the self-adjoint operator
(

(N(λ)−1)∗N(λ)−1
)1/2

=

N (λ). As above, we show that for all λ ∈ ζ the operator N (λ) has spectrum
in [α, β] ⊂ R+ with α > 0. Changing the variable, we reduce the problem to
a compact self-adjoint operator T (λ) : H1/2 → H1/2 depending analytically of
λ ∈ [−a, a] ⊂ R, a > 0. Moreover, with some m0 > 0 we have m0‖T (0)u‖1/2 ≤
‖T (λ)u‖1/2, |λ| ≤ a, ∀u ∈ H1/2, so 0 is not an eigenvalue of T (λ). We may apply
Rellich theorem (see Chapter VII, Theorem 3.9 in [5]) and obtain the analyticity of
the eigenvalues of T (λ). This implies that the sum of eigenvalues of T (λ) is analytic
and bounded uniformly for |λ| ≤ a. Going back to (5.7), one deduces σ(λ) ≤ S0 for
λ ∈ ζ, hence the trace (5.6) is continuous with respect to ε. Since (5.6) takes values
in N, we conclude that this trace is 0 because for ε = 0 we obtain Neumann problem
for which there are no eigenvalues in C−. We are in position to apply Theorem C.11
in Appendix C, [1] or Proposition 2.2 in [10] for the domain ω ⊂ C bounded by ζ.
These results imply that C(λ) is invertible for λ ∈ ω and G has no eigenvalues in
ω. Combining this with Proposition 4.1, we complete the proof of Theorem 1.1.
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