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ABSTRACT. We examine the wave equation in the exterior of a strictly convex
bounded domain K with dissipative boundary condition d,u — v(z)0:u = 0
on the boundary I" and 0 < v(z) < 1, Va € I'. The solutions are described by
a contraction semigroup V(t) = €@, t > 0. The poles A of the meromorphic
incoming resolvent (G — )~ : Heomp — Dioc are eigenvalues of G if Re A < 0
and incoming resonances if Re A > 0. We obtain sharper results for the location
of the eigenvalues of G and incoming resonances in A = {A € C: |Re)| <
C2(1+ |ImA))~2, |[ImA| > Az > 1} and we prove a Weyl formula for their
asymptotic. For K = { € R3 : |z| < 1} and ~ constant we show that G has
no eigenvalues so the Weyl formula concerns only the incoming resonances.
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1. INTRODUCTION

Let K ¢ R4, d > 3, d odd, be a bounded non-empty domain with C'°° strictly
convex boundary I'. Let Q = R?\ K be connected and K C {x € R : |z| < po}.
Consider the boundary problem

Ugr — Agt = OinRj x €,
Oyu —y(x)0u = 0on R x T, (1.1)
w(0,2) = f1, ue(0,2) = fo

with initial data (f1, f2) € H = H'(Q) x L*(Q). Here v(x) is the unit outward
normal at € T pointing into Q and y(x) > 0 is a C* function on I'. The solution
of the problem (1.1) has the form V (¢)f = e!“ f, t > 0, where V (¢) is a contraction
semi-group in H with generator
0 1
¢=(a o)

The operator G has domain D given by the closure in the graph norm

A= I3+ IG A5

of functions f = (f1, f2) € Co (R%) x Co) (R9) satisfying the boundary condition

Oufi —7vf2 = 0 on I'. It is well known that the point spectrum o0,(G) of G in

C_ ={z € C: Rez <0} is formed by isolated eigenvalues with finite multiplicity,

0p(G) NiR = @ and G has continuous spectrum o.(G) = iR (see Section 8, [8]).
1
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Notice that if Gf = Af with 0 # f € D, Re A < 0, we have

(A=N)fi=0inQ, 1.9)
Ofi —Ayfi=0onT '

and u(t,r) = V(t)f = eMf(x) is a solution of (1.1) with exponentially decreasing
global energy. Such solutions are called asymptotically disappearing and their
existence is important for the inverse scattering problems. We refer to [12], [13],
[14] for a description of the relation of asymptotically disappearing solutions to
scattering theory. On the other hand, a solution u(t,z) of (1.1) is called disap-
pearing if there exists T > 0 such that u(¢,x) = 0 for ¢ > T. The existence of a
such solution implies that the space

H(T) = {u(t,z) : u(t,x)=0fort >T}

is infinite dimensional. Majda [9] proved that in the case 0 < vy(z) < 1,V € T and
C* boundary T" and in the case y(z) > 1,Vz € T and real analytic boundary T’
there are no disappearing solutions.

Let () : L?(S%71) — L2(S?1) be the scattering operator defined in Section 3,
[8] for d odd. The existence of zp, Imzg > 0, such that Ker.#(z) # {0} implies that
izg € 0,(G) (see Theorem 5.6 in [8]). Consequently, if 0,(G) = 0, the operator .7 (z)
has trivial kernel at all regular points of .#(z) with Im z > 0. (The same property
holds for the scattering operators related to Dirichlet and Neumann problems since
S "Hz) = #*(z) for these problems, provided that .#~1(z) exists). In [8] the
energy space H was decomposed with three orthogonal parts

H=D"®K"® DY, a>po

and we have the relations

Uo(=t)V(t)g = V*()Uo(t)g = g, g € DY,

Uo(t)V*(t)g = V(t)Uo(—t)g =g, g € D%, (1.3)
Up(t) being the unitary group related to Cauchy problem for the free wave equation
in R? (see Section 2 in [8] for the definition of D%, K% and the above relations).
A function f € H is incoming (resp. outgoing) if its component in D (resp. D)
vanishes. It is easy to see that if f is an eigenfunction of G with eigenvalues A ,
then f is incoming. Indeed, for every g € D¢ we get

(f.9) = (£, V*(®)Uo(t)g) = (£, Uo(t)g) — Oast — oo

and the solution V'(¢)f remains incoming for all ¢ > 0. Here (e, ) denotes the
scalar product in . This leads to difficulties in the inverse scattering problems.

The location in C_ of the eigenvalues of G has been studied in [12] improving
previous results of Majda [10]. It was proved in [12] that if K is the unit ball
Bz = {z € R®: |z| < 1} and v = 1, the operator G has no eigenvalues. For this
reason we study the cases

(A) rgglgcfy(x) <1, (B): grlellglw(x) > 1.
The case (B) has been examined in [12] and it was proved that for every 0 <
€ < 1 and every N € N, N > 1 the eigenvalues lie in A, U Ry, where
A.={z€C: |Rez| < C.(1+|Imz|/?*%), Rez < 0},
Ry ={2€C: |[Imz| < Ax(1 +|Rez|)™, Rez < 0}.
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Moreover, it was shown in [12] that for strictly convex obstacles K there exists
Ry > 0 such that the eigenvalues lie in {z € C: |z| < Ry, Rez < 0} U Ry. Next,
for obstacles with arbitrary geometry a Weyl formula for the asymptotic of the
eigenvalues lying in

R={AeC: [Im)A <Ci(1+|ReA))"%, ReA < —Cp < —1}
has been established in [13]. This formula has the form
HAjeop(G)NR: N <7, r>CL}

_ (;jf;{l(/r(y?(x) )48, ) 4 0,(r4), s oo,
w4—1 being the volume of the unit ball {z € R?~! : |z| < 1}. A similar result for
the Maxwell system with dissipative boundary conditions and ~v(x) # 1,Vx € T,
has been proved in [14].

It is important to note that in the case (B) the properties of the exterior Dirichlet-
to Neumann operator only in the elliptic region & are important (see Section 3 for
the definition the hyperbolic, glancing and elliptic regions J#, ¢4, &, respectively).
The analysis in [13] was similar to that in [15], where the operator on the boundary
is not invertible in some manifold included in the elliptic region. This phenomenon
creates Rayleigh resonances for elasticity operator.

The study of the case (A) is more difficult and only some results for the location of
eigenvalues are known. In [12] the previous result of Majda [10] has been improved
and it was shown that the eigenvalues of G for every 0 < ¢ < 1 are included in the
region A.. By using the results in [19], it is possible to improve the eigenvalue free
regions replacing A, by {z € C: —A4y < Rez < 0} with sufficiently large Ay > 0.
The same eigenvalues free region for strictly convex obstacles K and d = 3 can be
obtained from Theorems 2.1 and 2.2 in [5].

The eigenvalues in the half plane C_ are the poles of the meromorphic incoming
resolvent (G —\)~! : H — D (see Section 2 for the definition of incoming/outgoing
solutions). Since G has continuous spectrum on iR, it is convenient to extend the
incoming resolvent. Let Rp(A) = (—=Ap + A?) 7! : L?(Q) — D be the incoming
resolvent of the Dirichlet Laplacian with domain D which is analytic in C_. The
resolvent Rp(A) : L%(Q)comp — Dioe has a meromorphic continuation in C and
the same is true for the incoming resolvent related to Neumann problem. These
properties make possible to extend the incoming resolvent (G — A\)™% : Heomp —
Dioe from C_ to C as meromorphic function (see Section 2). The poles of this
continuation in C; = {z € C: Rez > 0} are called incoming resonances and
noted by Res (G).

The outgoing resolvent

(G-N"t= —/ e'Ye=Mdt, Re A > 0 (1.4)
0

is analytic for Re A > 0. We obtain the outgoing resonances as the poles of the
meromorphic continuation of the outgoing resolvent (G — \)~! : Heomp — Dioe for
A € C. These outgoing resonances have been studied in Section 5, [8]. Notice that
z € C_ is outgoing resonance if and only if —iz is a pole of the scattering operator
7 (z) (see Lemma 5.2 and Lemma 5.4 in [8]).

The examination of incoming resonances is much more difficult. To our best
knowledge, it seems that in the literature there are no results concerning their
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location and existence and for first time these problems are studied in our paper.
Obviously,
(G- =G =N =—(-G" = (-N) ",
. 0

where G* = (_ A
the boundary condition 9, f1 + v(x)fz = 0 on I'. For y(z) # 0 we obtain G #
—G* and if w is an incoming resonance with resonance state f, then —w is not
an outgoing resonance with resonance state f. Formally, a representation of the
incoming resolvent similar to (1.4) should be given by an integral from —oo to 0
involving the solution of the problem (1.1) in R; x Q. Changing the time ¢ = —s,
the problem in R, x Q is transformed in

uy — Ayu = 0in R x Q,
Oyu+y(x)0u =0on R x T, (1.5)
U(07.T) = fla ut(O,x) = f2‘

This problem for 0 < v(z) is not L? well posed (see for instance, Theorem 1 and
Corollary 1 in [10]), while for 0 < v(x) < 1 the problem (1.5) is C* well posed but
with loss of regularity (see [5], [6]). This leads to difficulties if we wish to obtain
an integral representation of the incoming resolvent, to develop a scattering theory
related to (1.5) and find a relation of the incoming resonances with the poles of a
suitably defined scattering operator.

Let ¢ = minger y(z), c1 = max,er v(x). In this paper we obtain sharper results
for the location of eigenvalues and incoming resonances for strictly convex obstacles.
Our first result is the following

-1\ . - . . .
0 ) is the adjoint operator with domain D* determined by

Theorem 1.1. Let K be strictly convex obstacle and let 0 < v(z) < 1, Va € T.
There exists Ry > 0 and Az > 1 depending on ¢y and ¢y such that for every
N €N, N > 1, the eigenvalues of G are located in the region

({z €C: |2| <Ry} U QN) N {Rez < 0},

where
Onv ={2€C: |Rez| < By(1+ |Imz|)™", |Imz| > Ay}.
Moreover, for every ¢ > 0 there exists D. > 0 such that the incoming resonances
lying in
M.,={2€C: 0<Rez<clog|lmA|, ImA| > D.}
are located in
({z €C: |z| < Ro} U QN) N{Rez > 0}.

The constants Ry, As are very large. In particular, in Section 4 we show that we
must take in Theorem 1.1

1
A2Z—1\/_—C$}7

min{c%, 5

hence As ' 400 when either ¢g N\, 0 or ¢; 1. These properties are natural
since for Neumann problem (y = 0) we have no eigenvalues of G and incoming
resonances are located outside M., while for the ball B3 = {z € R3, || < 1} and
~v = 1 there are no eigenvalues. The above theorem is similar to Theorem 2.1 in
[12] concerning the case y(z) > 1, Vo € T'. On the other hand, for the ball Bs
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and 0 < v < 1, v = const in Appendix we show that 0,(G) = 0. We conjecture
that the same is true for 0 < vy(z) < 1, Vo € T' and strictly convex obstacles K
and hope to study this question in a further work. The statement of Theorem 1.1
concerning incoming resonances is similar to Theorem 1.1, (a) in [17] concerning
outgoing resonances of the elasticity system for strictly convex obstacles.

To study the distribution of eigenvalues and incoming resonances we generalise
the result in [12] (see Proposition 2.2) and prove a trace formula involving extended
incoming resolvent (G — \)~! : Heomp — Dioe and integration over curves inter-
secting the imaginary axis. Define the multiplicity of an eigenvalue or incoming
resonance A by

mult(\) = tri, (A —G)tdz,
2mi |z—X|=¢
where 0 < € < 1 is sufficiently small and introduce the set

A:={z€C: |Rez| < Co(l+|Imz|)"2 |Imz| > Ay > 1}.

Our second result is a Weyl asymptotic for the eigenvalues and incoming resonances
in A.

Theorem 1.2. Let K be strictly convezr and let 0 < v(z) < 1, Vo € T". Then the
counting function of the eigenvalues and incoming resonances of G lying in A and
taken with their multiplicities has the asymptotic

#H{A; € (0p(G)URes (G))NA, |Nj| <r,r>C,}
2wq—1

= W(/r(l - 72(w))<d*1>/2dsx)rd*1 + 0, (r*7%), r — oo, (1.6)

wa—1 being the volume of the unit ball {x € R |z| < 1}.

The constant C'y depends on v and C,, ,* +o00 when either ¢ N\ 0 or ¢; 1. The
eigenvalues and incoming resonances are symmetric with respect to real axis and
this explains the factor 2 in (1.6). If the conjecture for the absence of eigenvalues of
G is true, the asymptotic (1.6) will concern only the incoming resonances. In this
direction our result will be similar to that in [15] dealing with Weyl asymptotic of
Rayleigh resonances. In particular, for the ball Bs and - constant (1.6) implies the
existence of incoming resonances lying in a small neighborhood of the imaginary
axis. The location of the outgoing resonances is different and it seems possible
following the approach in Section 4, [3], to show that for non trapping obstacles
the outgoing resonances in C_ are in a region bounded by logarithmic curves.
The existence of incoming resonances z; with Rez; N\ 0 is related to the loss of
exponential decay of the solutions of (1.5). Tkawa [6] studied the exponential decay
for the problem (1.5) with boundary condition

Opu + y(x)0pu + d(x)u = 0on R x T,

assuming v(z) < 1 and d(z) < —dy < 0, Vo € T with large dyp > 0. In our case we
have d(xz) = 0 and the existence of incoming resonances close to iR for Bz should
imply that such decay of solutions is not possible. We don’t study this problem in
this paper.

Our approach is based on the following ideas. The behaviour of the exterior
Dirichlet-to-Neumann operator N(\), A € A for A — A2 in the hyperbolic region
S is crucial for our analysis (see section 2 for the definition of N(X)). Setting

A= i‘f, 0 < h < 1, we are going to study the Dirichlet problem (2.12) and
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the corresponding semi-classical Dirichlet-to-Neumann operator N (z,h) for z =
1+ iIm z and —ch|logh| < Im z < h%, ¢ > 0 (see Section 2). A semi-classical
parametrix for A'(z, h) and |[Im z| < h?/? has been constructed in [16]. We need a
more precise information for the parametrix in .77 and for this purpose we present
in subsection 3.1 a construction similar to that in Section 4, [21]. The trace formula
(2.7) can be transformed into (2.9) with integration with respect to complex semi-
classical parameter h = %, 0 < Reh < 1. For the analysis in Sections 5 and 6 it is
necessary to have a parametrix Ty (h) for the operator A'(h) related to the problem
(3.14) in s which is holomorphic in the domain

L={heC: |Imh|<Colh%, 0 <Reh < hy}.

To do this, we make another construction in subsection 3.2 following that in Ap-
pendix A.2 in [17].

The location of eigenvalues and incoming resonances in A is studied in Section
4. The idea is to prove that the eigenfunction or resonances states are supported
in the hyperbolic region . An eigenfunction/incoming resonance state f of G
satisfies the equation

(N(z,h) = Vzy(2)) f = 0. (1.7)
We use a microlocal partition of unity f = Qy f + QY + Q;’f with h-pseudo-
differential operators Qg', Q5 , QY having symbols supported in the regions &, #, ¥,
respectively. Here 0 < § < ¢2 depends of ¢g. By using (1.7) and the parametrix
for N(z,h)Qf and N(z,h) ((;0) constructed in [19], [21], [22], [16], we show in
subsections 4.1 and 4.2 (see Propositions 4.1, 4.2) that for small § and h we have
Q;f = QY = 0. This makes possible to reduce (1.7) to

(N(z,h) = Vay(2)Q5 f =0.

The proof is technically complicated because we cannot separate the terms involv-
ing Q5 f and ng)f. The last equation implies Im ((N'(1,h) —7)Q5 f, Q5 f) = 0
because N (1, h) is self-adjoint. We exploit a Taylor expansion with respect to Im z
and one applies the approximation of N(z,h)Q; by the parametrix Tn(z,h)Qy
constructed in subsection 3.1. Our argument is similar to those used in [19], [12]
for the eigenvalues free regions created by the characteristic set of N(z, h) —+/zv(x)
in &.

To obtain a Weyl formula, we are inspired by the strategy in [15] (see also [13],
[14]). The crucial point is to construct an operator P(h) which is holomorphic in L
and self-adjoint for Reh = h, 0 < h < hg. For this purpose in Section 5 we modify
outside .7 the parametrix —TN(B) constructed in subsection 3.2 and consider

P(h) = =T (k) Ao(h) +(z) + (Id = Ao(R)Op (y/1+ 2ro ).
The operator flo(ﬁ) is a suitable holomorphic extension of
A(h) = Op(1 = B(h*ro(2’,€))

for complex h. Here 7 (2’,&’) is the principal symbol of the Laplace-Beltrami opera-

tor —A|r induced on I and the function 3(t) € C*°(R : [0,1]) defined in subsection

4.3 has the properties: f(t) = 0fort <1—96, (t) =1fort >1—-4/2, f'(t) >
2

0, Vt € R, with § = 3. The self-adjoint operator P(h), 0 < h < hg, has classical
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principal symbol

p1=—V1=h2ro(1 = B(h’ro) +~(x) + B(h*ro)V/1 + h?rg.
Our modification has the following proprieties: (a) the glancing and elliptic region
are cut-off, (b) in ¢ we preserve the contribution from the parametric and this is
important for the leading term in (1.6), (c) we have
liminf dist (p1(2’,&’),] — 00,0]) > 1.
")—o0

(z',€")—
Moreover, the set
E={,&): pi(2/,&) <0} <= {(2/,&): ro(a’,&) <1 —-~*')}y Cc 2 (1.8)

is independent of the choice of § and 5 and the same is true for the characteristic
set X = {(2/,&) : p1(a’,&") =0} (see (5.7)). Consequently, the asymptotic of the
counting function for the negative eigenvalues of P(h) can be obtained from the
results of Section 10 in [2].

The second point of the strategy is to study the eigenvalues of P(h). As a prepara-
dP(h)
dh

tion in Proposition 5.1, we establish the positivity of the operator h , choosing
h = o((1—¢%)). Next our argument is similar to that applied in [15], [13], [14]. We
introduce the eigenvalues

pa(h) < po(h) < ..o < pu(h) < .

of P(h) for 0 < h < hg. By using Proposition 5.1 we prove that for every eigenvalue
pr(h), k > ko, which takes negative values for some 0 < hj < hg there exists unique
point hj < hj < hg such that p(hy) = 0. For these values of h the operator P(h)
is not invertible and it is necessary to avoid them working in some intervals not

containing hy. In Section 6 a trace formula for P(h) is given in Proposition 6.2. The
final step is to compare the trace formula for P(h) with that in (2.9). By using the
special choice of P(fz), we show that these trace formulas differ by negligible term
and we obtain a bijection between 0, ho] 3 hy and eigenvalues/incoming resonances
Aj € A. Thus the problem is reduced to count for 0 < r~1 < ho the number of the
negative eigenvalues jux(r=1) of P(r=1). Asin [15], [13], this number is given by well
known formula (6.12). Taking into account (1.8), and we obtain the asymptotic
(1.6).

Acknowledgements. We would like to thank Johannes Sjostrand for the useful
and stimulating discussions concerning the construction of the parametrix. We
thank also Jean-Frangois Bony and Plamen Stefanov for the interesting discussions
concerning the absence of eigenvalues.

2. PRELIMINARIES

In this section we collect some facts from [12], [13] and we prove a trace formula
involving the extended incoming resolvent (G — \)~!: Heomp = Dioc. The results
in this section hold for non trapping obstacles. For A € C introduce the exterior
Dirichlet-to-Neumann map

N(\): H(T) > f — O,ulr € HH(T),
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where v = K () f is the solution of the problem
(—A+X)K(\)f=0inQ,
K(A)f=fonT, (2.1)
K(\)f: XA — incoming.
A function u(x) is A-outgoing (A-incoming) if there exists R > pp and g €
Lgomp(Rd) such that
u(z) = Ry (N)g, |z| > R,
where RE()\) = (—Ag + A?)~! is the outgoing (+) (incoming (-)) resolvent of the
free Laplacian —A in RY. The resolvents R(jf()\) are analytic in C for d odd and
they have kernels

Ry(\z,y) =

—1)(@=1)/2 - Ar
samen () ()

r=la—y|

Remark 2.1. Our definition of outgoing/incoming solutions coincides with that
in Chapter IV, [7]. Setting A = iu, we see that the incoming resolvent Ry (in) =
(=Ag — )™t for Imp > 0 is bounded form L*(R?) to L?(RY), hence Ry (iu)
becomes the outgoing resolvent defined in Section 3.1, [3]. Throughout our exposition
the incoming resolvents are outgoing ones in the sense of [4], [17], [3].

It is clear that if G(f1, fa) = A(f1, f2) with Re A < 0, then f; € H?(Q) is A\
incoming solution of (—=A + A?)f; = 0. In particular, the incoming eigenvectors
defined in Section 5, [8] are the eigenfunctions of G.

Let Rp(\) = (—Ap+A2)~! be the incoming resolvent of the Dirichlet Laplacian
Ap in Q with domain D = H?(Q) N H(Q) which is analytic for A € C_. Let
Dy = {u € L2 (Q) : x(z) € C(RY), x(x) = lin a neighborhood of K = xu € D}.
For d odd the incoming resolvent has meromorphic extension

RD()\) : L2 (Q) — Dloc

comp
from C_ to C . The solution of the problem (2.1) with f € H3/2(I") has the form
u=e(f) + Rp(A)((A = X*)(e(f)), (2.2)

where e(f) : H3/2(T') > f — e(f) € HZ,,,
may find d,u|r by applying (2.2).
For non trapping obstacles and d odd Rp(A) is analytic in

Ap={AeC: ReA< Chlog[Im A|, Im A > Cy > 1}, Ch >0

and from (2.2) we deduce that operator N () is analytic in the same domain. More-
over, for non trapping obstacles the Laplacian with Neumann boundary conditions
has no resonances in Ay with suitable positive constants Cy, C; and this implies the
analyticity of N(\)~!.

() is an extension operator. Clearly, we

Going back to the problem (1.2), we write for A € Ag the boundary condition as
COv = (N(A) = M)v = N() (Id— N(A)—lm)u =0,v=filr € H¥*(T). (2.3)

For A € Ag the operator C(\) : H*(T') — H* !(T) has the same singularities as
N()). On the other hand, N(A\)~!: H*(') — H*(T") is compact operator and
C()Np) is invertible for some Ag. Applying analytic Fredholm theorem (see [12],
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[13]), the operator C(\) is a meromorphic operator valued function for A € Ag.
Here and below a meromorphic operator valued function B(z) means that B(z)
have Laurent expansion with finite number negative powers of z and coefficients
having finite rank.

For the resolvent (A —G)™' : H — D, A ¢ 0,(G), Re A < 0 we proved in [12] the
following trace formula.

Proposition 2.1. Letw C {\ € C: Re\ < 0} be a closed positively oriented curve
without self intersections. Assume that C(A\)~1 has no poles on w . Then

1 1y 1 _,0C
The left hand term in (2.4) is equal to the number of the eigenvalues of G in the
domain U bounded by w counted with their multiplicities. It is clear that A € C_
is an eigenvalues of G if there exists a function 0 # f € H3/?(T) such that

() = NOf = M(2)f = 0. (2.5)

Since G has continuous spectrum on iR (see Section 8, [8]), we cannot extend
the trace formula (2.4) with the resolvent (A — G)~! for curves intersecting the
imaginary axis. To do this, we extend below the incoming resolvent.

For d odd, Rp(\) : LZ,,,(€) = D, N(A)~! and C(\) are meromorphic
operator valued functions in C. By using (2.3) and meromorphic Fredholm theorem,
we conclude that C(A\)~! will be meromorphic in C. If Rp(A\) and N(\)~! are
analytic in some domain ¥V C C, we can apply the analytic Fredholm theorem to
obtain that C(\)~! is meromorphic for A € V. In particular, for non trapping
obstacles there exists a > 0 such that Rp()) : LZ,,,,(€2) = Do, and N(X)~! are
analytic for Re A < a and for strictly convex obstacles K this statement holds. It is
easy to see that we can extend the incoming resolvent (G—X)"1, A ¢ 0,(G),ReX < 0

as meromorphic function (G — \)~!: Heomp — Dioe for A € C, where

Dioe = {u € Hipe, x(x) € CR?Y), x(z) = 1in a neighborhood of K = xu € D}.
Let (:Z) = (G-\)"1 (i;) with (f, ) € Heomp. For A € C_ we have w = Au+f,

u=—Rp\)(g+Af)+ K(Nq
with ¢ = u|r and K(\)g determined by (2.1). From the boundary condition

0o [~Ro(N(g +A) + KWNa]| = 2va—1]. =0,
one gets
a = o (REN g +A)|+771r]
provided that C(\)~! exists. Thus we obtain

u=—RpWN)(g+Af) + KNCW [0 (RoW g +AD)| +7flr]. 26)

The operator C(\)~! has meromorphic extension and

RD()‘) : L2 (Q) — Dlocy K()‘) : HB/Q(F) — Dloc

comp

are meromorphic operator valued functions. Consequently, (u,w) € Dj,. yields a
meromorphic extension of the incoming resolvent (G —\)~* <§) . We call incoming
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resonances the poles z, Rez > 0 of this incoming resolvent and denote them by
Res(@). Similarly, we can define the outgoing resonances as the poles w, Rew < 0, of
the meromorphic continuation of the outgoing resolvent (G — \)~!: Heomp —+ Dioc
which is analytic for Rew > 0 and meromorphic for Rew < 0.

Now assume that a > 0 is such that Rp(X) : L2,,,,(Q) = Dio. and N(X)~! are
analytic for Re A < a. This implies that K()) is also analytic for Re A < a. Let
¢ € {z € C: Rez < a} be closed positively oriented curve without self intersections
such that C(\)~! has no poles on C. Let (f,g) € Heomp and let p(z) € C§°(R?) is
chosen so that ¢ = 1 on supp f Usupp g. From (2.6) we give

u=—pRo(N) (g + M) + oK NCN) [0, (Ro(N(g +A) | +f1e].

pw = Apu+ f.
Since ¢ Rp(A)(g + Af) is analytic for Re A < a, the integral over ¢ of this term

vanishes and f f
1 _ YU
(9) - /cgo(G Y (9) "= /< (sow) “
_ A A\ (f
B /CQD <A21 A22> (9) a2

By the cyclicity of the trace the factor ¢ can be transferred to the right and the
trace of above operator becomes

tr/C(AH + Agy)d) = tr/CK()\)C()\)l [aVRD(A)QA + y] ’FdA

b /C e (0 (Ro(M2AK () | + ) dx.

In the last equality we used the fact that K () is analytic and following Lemma
2.2 in [15] we can transfer K () to the right. Since

(-A+ AQ)LI;/(\A) = “2AK(N), GI;;A) =0,
one deduces DN
a, (RD()\)2)\K(>\)> = - ai ),

Thus we obtain

Proposition 2.2. Let a > 0 and let { C {z € C: Rez < a} be closed positively
oriented curve without self intersections such that the incoming resolvent Rp(\) :
L2,mp(Q) = Dioe and N(X)~! are analytic for Re X < a. Assume that there are no

poles of C(A\)™1 on (. Then the extended incoming resolvent (A — G) ™'+ Heomp —
Dioe satisfies

1 1 1 _1dC(A)
tr27ri C()\ — G) d\ = tI‘H1/2(F) ori /CC()\) N dA. (27)
It is clear that if the resolvent (A — G)™1 : Heomp — Dioc has a pole at Ao, then
C(M\)~! must have a pole at \g. From (2.3) this means that (Id — N(A)~*\y)~! has
a pole at \g. The fact that N(\)~! is compact implies that for some f € H?/?(T)
we have
(Id = N(Xo) "' A7) f =0,
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hence C(\o)f = 0. Choosing an incoming solution of (2.1) with Dirichlet data f,
from the last condition we obtain the existence of a solution v € Dy, of the problem

(—A+A3)v=0inQ,
dyv — Xpy(z)v=0o0nT, (2.8)

v 1 Ag — incoming.

If v € D, A\ is an eigenvalues of G. If v ¢ D, we obtain an incoming resonance \g
and a resonance state v € Dy, for which (G—\p)v = 0 in the sense of distributions.
In conclusion, the left hand side of (2.7) is equal to the sum of the multiplicities
of the eigenvalues and the incoming resonances of G included in the domain U
bounded by (.

It is easy to examine the case A € iR. First, let A\g € iR, \g # 0 and let v be an
incoming solution of (2.8). Write v = ¥v + (1 — ¢)v with a function ¢ € C§°(R?),
equal to 1 in a neighborhood of K. Then (—A + A3)((1 —)v) = F € L%(R%) with
F =0 for |z| > ap and some ag > 0. Since (1 — ¢)v is incoming, by Corollary 4.3
in [7] (see also Theorem 4.17 in [3], where outgoing solutions are incoming ones in
our sense), we deduce (1 —1)v = 0 for |z| > ap and this yields v € D. The operator
G has no eigenvalues on iR, hence v = 0. We will use this result in the proof of
Proposition A.4 in Appendix. Second, let Ag = 0. Then Av = 0 and d,v|r = 0.
Since v is incoming, we have v = O(r?~4), 9,0 = O(r'=%) as || = r — oco. Applying
the proof of Theorem 4.19 in [3], we conclude that v = 0.

For the analysis in Section 5 it is convenient to replace C(\) by the operator
—C(A) = =N(A) + Ay and write (2.7) with —C()). Next setting C(A) = — X&) 4 5,
for contour ¢ and domain U not including 0, we obtain

2m/C d/\—t%/c d/\

Now we pass to semi-classical parametrisation h = }, 0 < Reh < 1 and intro-
duce the operator C(h) := ihN(ih™1) +~ = —N(h) + . We have Im X > 0 and
consider a contour ¢ C {z € C: Imz > 0}. Applying the above equality, the trace
formula (2.7) becomes

1 I — g iN-1eindi
r o C(A—G) dA = tro— C_C(h) C(h)dh, (2.9)

where C denote the derivative with respect to i and C~ is the curve (~ ={ze€C:z=
i, w € (}. The eigenvalues and incoming resonances are symmetric with respect to
real axis, since if v is a solution of (2.8) with Im A > 0, then ¥y is a solution with
Xo. On the other hand, according to Theorem 1.1 in [12],in the case 0 < y(z) < 1
for fixed dy > 0 there are only finite number eigenvalues A with |Im A| < dp.
Hence it is sufficient to study the eigenvalues in the half plane {Im A > 0}. Clearly,
Reh = Ig\llz’\, Imh = %\‘2 For A € A we obtain |Tm &| < C1|h|* and we will work

with h € L, where

L:={heC: [Imh| < Colh|?, 0 < |h| < ho}. (2.10)
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The operator N'(h) is related to the problem

(h2A +1)u = 0in Q,
u= fonl. (2.11)
1 — incoming.

For the analysis of the location of eigenvalues and incoming resonances in Section

4 it is more convenient to work with another parametrisation A\ = * hz with z =

1+ilmz, Imz| <1,0 < h < hp and Re v/z > 0. Thus we have again Im A > 0.
The problem (2.1) becomes

(—=h?A - 2)u=0inQ,
u= fonl, (2.12)
u — incoming.
and we introduce the operator N'(z, h)f = —ihd,u|r. We have
i
o(f) = 7 (Mm)f = VEr)
and the equation C(f) = 0 yields
(N(2,h) = VE)f = 0. (2.13)
Now we recall some definition concerning semi-classical wave fronts sets. Given

a manifold X with dimension d — 1, consider T*(X) = T*(X) U S*(X), where
S*(X) ~ {(x,008) : (z,€) € S*(X)}. The point in T*(X) will be called finite and
the points in S*(X) will be called infinite (see [1], [4], [15]). We are interested of
semi-classical distributions u(z, h) € D'(X), 0 < h < hg for which

Vx € C5°(X), |&E)(f)| < CnhN (1 + €)Y for some N,
4 being the semi-classical Fourier transform

&)

a(g,h):/e—”? u(z, h)dz.

Let p = (z0,&) € T*(X). Then p ¢ WF(u) if there exists 1 € C§°(X) and
C(¢) € C°(RIY) with ¥(zg) = 1, (&) = 1 such that |C(§)%(§)| < CyhN, ¥VN.
Similarly, an infinite point p = (¢, 00&y) € S*(X) is not in WEF(u) if there exists
P(z) € CFP(X) with 1p(xg) = 1 such that

()] < CnhN (1 + [e))™N, YN

for all &,|¢| > C in some conic neighborhood of &. Next as in [15], we introduce
the the space of symbols a(z,&;h) € S™F(T' x R4~ x (0, hg]) such that

020 a(w, & h)| < Cagh (€)™ V(2,6) € T x R, Vo, V8.
Let S7%5(T x R™") be the class of symbols a(z, &) € C*°(T' x R%™!) such that

10200 alx, €)| < Capl€)m P11+l (2, €) € T x R, Vo, Vp

and let Sg’k C S™F be the class of symbols a(z, ; h) having asymptotic expansion

a(x,&h) ~ > W Fa;(z,€)
§=0
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with a; € S7'y° I(I x R%"1). Denote by Op,(a) the h-pseudo-differential operator

(Opu(a))(@) = ()51 [ im0 g, &b ) s

Set ST = ﬂm & S™F and introduce the spaces of h-pseudo-differential operators
LMk, LZZL’k with symbols in S, SZL’k, respectively.

Passing to semi-classical wave fronts of operators A € L™* . consider the com-
pactification 7*(T') = T*(T') U S*(T'). We say that p = (z0,&) ¢ WF(A) if the
symbol of A in a neighborhood of p is in the class S7°~>°. For p = (xg,00&) €

Y/ﬂ;\(F) \ T*(T"), we have p ¢ VfV\l/U’(A) if the symbol of A is in the class ST 7 in
the set {(x,£) : = € Uy, % € Vo, [€] > C} with Uy, Vi being neighborhoods of
xo, &0, respectively.

3. PARAMETRIX IN THE HYPERBOLIC REGION

1. Parametrix for N(z,h). Throughout this and following sections we assume
that the obstacle K is strictly convex. In this subsection we use the parametrisation
A="E0<h<1,z=1+1if, while in the subsection 3.2 we will work with
A=

h € L. Moreover, we assume that 0 satisfies the inequalities

r*\

—ch|logh| <0 <h® ¢>0,0<e<x1.

Introduce local geodesic coordinates (z1, '), ' € V C R%!, where the boundary
I locally is given by 1 = 0 and x7 > 0 in the domain 2. In these coordinates one
has

—h*A =h*D2 + Q(2,hDy) + hag(2) Dy, Dy, = —i0s,, 5 =1,...,d
with second order operator @ with symbol Q = rq(2’,&’') — z1q(z,&’). Here
ro(z’,€") = (B(&")€,€') > agl¢[?, ag > 0, V€ e R
and q(2',€') > qo|¢'|?, o > 0. Define the hyperbolic J#, glancing ¢ and elliptic
regions & by
H={(2',&)eT"(T): 1—ro(a',&) >0},
G ={(2',&)eT"(): 1—-ro(2', &) =0},
E={,)eT*T): 1— rg(x’, ¢) < 0}.
For 0 < § < 1 consider the function yj (= =Y~ ( ’5 )= 1) where

Y~ € C(R;[0,1]), supp ¢~ C (-1, —o0)
and ¢~ (t) = 1 for t < —3/2. Let (o = (2(,&)) € supp x; and let U be a small
neighborhood of ¢y contained in the set {(z',£') € T*(T") : 1 —ro(a’,&') > §/2} C
. Choose ¥(z/,&') € C3(U) such that v = 1 in a neighborhood of ¢, and
introduce the symbol p(z', ') := /2 — ro(a’, &').
Our purpose is to construct a parametrix for the problem

(—=h2A - 2)u=0, z € Q,

U = Oph(X(S_)fa S F7 (31)
u— "f — incoming,
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with f € L?(T') and to obtain an approximation for the operator
N(2,h)Opy, (x5 )f = —ihdyulr.
The local parametrix of (3.1) is u,, = ®(z1)K, f with

(K5 1)) = (2mh) 1 / / AW D o ¢ 0 1) (o )y de, (3.2)

where ®(21) = x0(5), xo € C5°(R) is such that xo(t) = 1 for [¢t| < do, xo(t) = 2
for |t| > 2, 0 < 09 < 1. This incoming condition will be arranged later by applying
incoming resolvents to local parametrix.

We follow the construction in Section 4, [21] and for convenience of the reader
we present some details. The main difference with [21] is that we treat the case
—chllog h| < 0 < he for strictly convex obstacles, while in [21] the analysis was given
for h1=¢ < § < h® for obstacles with arbitrary geometry. The symbol a(x,¢’, 0, h)
will have support for (2/,£’) € U, so in the construction below the condition 1 —
ro(2’,£') > §/2 holds. The phase ¢ satisfies

2+ (B(@)par, pur) = 1+10 + 0" Rop, ¢loy—0 = —(2/, &) (3.3)

and has the form
M-1

Z (i6)’ goj x,&)

J=
with real valued phase functions ;. The function ¢q is a local solution of the
problem

:v 1_ z s V! )

<Po\a:1=0 = —<$'7§/>
existing for small z; and
awl <p0|$1:0 - 1-— 7“0(.13/, 5/)v

where 1 — ro > /2. The sign of /1 —ro(2/,¢’) determines the propagation of
singularities in the interior of €. The functions ¢;, 1 < j < M — 1, satisfy the
equations

Z%% ) Pl J+Z Vo 0i Ve Okmj) = ks Phlar=0 =0, 1<k <M —1

with e1 = 1, ¢ = 0, k > 2 and the remainder Rj; is bounded uniformly with
respect to 6. From the above equations with £ = 1 one obtains

0 0

005, 1]z, =0 = ﬁ > 3 for 6 > 0, (3.5)
h|log h

002, 1]a1—0 > C'\F‘;', for 6 < 0. (3.6)

This implies
0
Im 830190|11_0 = 98$1w1|I1 =0+ 0(92) > § 6>0

and for small 8 and x; we have

Im @ = fp; + O(x10%) > ==, 0 >0,
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_cxz1h[logh
226

Imep > , 0<0.

The eikonal equation (3.3) yields
(893190|171:0)2 = p2(1 + O(QM))v
hence for x; small enough
Oz, Pler=0 = p+ O(OM/?). (3.7)
The amplitude has the form

a= Z hray(x,€,0),
k=0

where the functions ay satisfy the transport equations
2i0,, 00y, ak + 2(B(z) Vi, Vaar) + Aap_y = 0MQF, 0 <k < m,

aglzy=0 =V, Gklz,=0 =0, k>1,a_1 =0.
We search the functions ay, in the form

M—-1

ar =Y (i0) ar;(,€,0),

J=0

with ag,0le;=0 = ¥, ak,jley=0 = 0 for k+ j > 1. We refer to Section 4, [21] for the
determination of ay ;.
The construction of IC; implies

(WA + 2)uy, = Ky, f + K5 f-

Here
Ko d = (12 (28 @00, +@7(01) ) + haolw)®'(21) | K £

Ky h)(z) = (2mh)~ 4+ // e%(<y',£’)+w(w,€',9))A£¢(9575/’ 0, 1) f(y)dy'de’
with
Ay = (a1) (GMRMa +0M >Rl + hm“‘Aam). (3.8)
k=0

By using a partition of unity on supp x5 with functions 1;, we arrange Z}]=1 Y =

X5 and consider the parametrix w = ijl u;J Set

J J
Ki =D Kiy k=12 47 =3 Ay, .
j=1

j=1
Let Ry (z,h) = (—h?Ag — 2)~! be the incoming resolvent of the free Laplacian
Ag in R? witch for Im z > 0 is an analytic operator valued function bounded from

L2(RY) to H2(RY). Let ¥ € C§°(RY) be a cut-off function such that ¥ = 1 on a
small neighborhood of K. Then the cut-off resolvent W(—h2Ag — 2) 1 ¥ is analytic
in C. Introduce the semi-classical Sobolev spaces H; (X) with semi-classical norm

£l iz o) = (AD)* Fllz2(x), (hD) == (1 — h*Ax))'/2.
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For Re v/z > 1 the sut-off resolvent satisfy the estimates (see for instance Theo-
rem 3.1 in [3] and recall Remark 2.1) .

||‘I’Ro_(zah)‘I’”LZ(RdHH;;(Rd) = th (h+V/]2) fm =) ;7 =0,1 (3.9)

where L > sup{|z — y| : =,y € supp ¥} and 2_ = max{0, —z}. In particular, for
Im z > 0 the exponential factor on the right hand side is equal to 1, while for
—ch|log h| < Tm z < 0 this factor is bounded by h=¢L.

Similarly, introduce the incoming resolvent R~ (z,h) = (—h?Ap — 2)~1, where
Ap is the Laplacian with Dirichlet boundary condition on I' and domain D =
H?(Q)NH(Q). Then R~ (z,h) : L2(Q) — D for Imz > 0 and R~ (2, h)¥ admits
a meromorphic continuation in C with poles in {z € C : Imz < 0}. Since the
obstacle K is non-trapping, for

Revz > 1, Imz > —ch|logh|, 0 < h < hg
we have the estimates (see Theorem 4.43 in [ ] and Theorem 2 in Chapter X, [18])

(im
IOR™ (2, h) ¥ L2 ()17 () < Cib™ LT ,C;>0,T>0,j=0,1,2. (3.10)
To build a global parametrix, consider

u=w— Ry (z,A)K{ f — R (z,h)K5 f.
The operator K, is bounded from L*(T) to L? (). To prove this, consider K,

loc
as a h-Fourier integral operator with real phase function (y',¢’) — Re p(z,¢’,0)

and amplitude b(z,&',0,h) = e~
x1 € [0,200]. Write

b:exp(—”ie( = +0(x1)+0(9)))A;:exp( Q)A*

A (x,&,0,h) depending on the parameter

2h \/1—7‘0 2h
Therefore
. 1’10 [B1] 1’19 B1 B2
sb= > Cam(Gy)  ew(-59) 029 070s)
[B1]+]82]=|c

with some symbol bg,. For small 0 < 21 < 2§ and small h the product

(50) " (-t 020

is bounded since g > 1/2. For —ch|logh| < 6 < 0 the product
(c| log h|3319> 1811 ( c|log h|z16
106 A exp( — L2521

V20 V20

is bounded by (C|log h|)!#11h=C2 with C; > 0,Cy > 0 independent of h. Similarly,
we estimates the derivatives 8?, b. Consequently, taking into account (3.8), we have

g),920

10%92b] < Ca s log h| 1181, =C2 ((’)(hEM) + O(hm+2)), Cy >0

with large M and m. For 6 > 0 the factor | log h||"‘|""5‘h_o2 must be replaced by 1.
On the other hand, for small x; the phase (v, &) —Rep(z1,&’,0) is non-degenerate

and Re
[det(Gprger )| 2 D> 0
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because @|z,—0 = —(2,&). By a standard argument we consider the h-pseudo-
differential operator (K5 )*K, with parameter x; and deduce the estimate

1Ky fllzz) < ANRY (| fllL2(r (3.11)

with big N choosing M and m large and depending on N. Applying the estimates
(3.10), we conclude that ||R(z,h)K2_f||H}3/2(F) = O(hWN=3/2)||f|| 2 exploiting the
operator of restriction

o= O(h~Y2) . HE () — H)*(D).

To deal with the term R (z, h)K] f, we will apply the argument in Appendix
A L1, [4] for KT f = F(h). For this purpose repeating the proof of Corollary A.II.4,

[4], one proves that the semi-classical wave front set W(F (h)) is included in the
intersection of the set of outgoing rays issued from {(y’,7n') € T*(T") : (v',n') €
supp X, } with a bounded set W such that dist (W, K) > g9 > 0. The set W is
determined by the support of the derivatives ®7(x1), j = 1,2, while the wavefront
V[’/\F(KJ) is determined by the set {(z, ) : (2/,£’) € supp X(s_} and the fact that
the phase ¢ is chosen so that ¢,, > 0 (see [4], [1]). Finally, WF(R (z,h)F(h)) is
given by the outgoing rays issued from V’V\IJJ‘( F(h)) (By Remark 2.1, the resolvent
Ry (2, h) is outgoing in the sense of [4]). Since K is strictly convex, these rays don’t
meet the boundary I'" and

IRy (2, W) E (W) 0y = Om (W) fll 2, Ym € N
in a small neighborhood O of K. We conclude that u— is a solution of the problem

(— hZA—z)(u—u)—O x €,
u—u=—(Ro(z,h)F(h))|r, x €T, (3.12)
(u— ) incoming.

Therefore [|N'(2,h)(Opy, (x5)f — alr)| gy < CnhY| fllz2, VN and
N (z,h)ilr = N(z, h)w|r + O(hY).

By our construction we obtain N (z, h)w|r = Tn(z, h)Opy, (x5 )f with a h-pseudo-
differential operator T (z, h) having principal symbol /z — r¢ and

1N (2, 1) = Tiv (2, 1)) Opy, (x5 )l 2z < O™, (3.13)

3.2. Parametrix for N(h). In the trace formula (2.9) we have integration with

respect to h = + and it is convenient to have a parametrix holomorphic with respect

to h. Comparing with the parametrisation A = ‘h[ used in the first part, we give

Reh = Rle {h and Reh = h if and only if Rey/z = |z|. This leads to difficulties if we

wish to extend the approximation T (z, h) as a holomorphic function of h modulo
some remainder. To overcome this problem, we will construct another parametrix
in the hyperbolic region for h € L, where L is defined by (2.10). Setting Re h=h,
for small hg we have [Im h| < C1h2.
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Next we repeat without changes the construction in Appendix A2, [17] and search
a parametrix for the problem

(=h2A —1u=0, z€Q,
u=O0p;(x;)f, €T, (3.14)
u — incoming.

Here Opj,(x; ) is a pseudo-differential operator with large parameter % having the

form
(Opy (x5 ).) (@) = (2mh) 4+ //6%@'—1&5»%— (@', &) f(y')dy/ de’.

The symbol xj has compact support with respect to £ and the above operator is
well defined for h € L (see Appendix Al, [17]) since

‘ 1 1 ’ B ’Im h
h h hh
Notice that for A € A we study the problem (2.11).

The local parametrix in local geodesic coordinates (z1,«’) introduced above has

the form ®(z1)Hy(h), where

(Hx(B)f)(z) = (2mh) 4+ / / AT VU 4 1 T oy dE

‘ <c. (3.15)

The phase function v is real valued and satisfies the equation

|Vm¢|2 =1,
{w|$1_0 = _<xl>£l>' (316)

In local coordinates used in the previous construction we have

(02 )? + (B(x) Vs, Vortf) = L.
The phase v is determined as ¢ above and we obtain 0, 9|, =0 = /1 — ro(2/, &) >
V6 for (2',€") € supp X; . The amplitude has the form

N-1 B
a= a;(z,&)n’
j=0

and a;(x,&’) are determined as solutions of the transport equations
2i(Vy,Va;) +i(AvY)a; = —Aaj—1, j=0,...,N — 1,

with conditions ag|s,—0 = x5 (¢',¢’), @jlz,—0 = 0, j > 1 and a_; = 0. By using
(3.15), we may write Hx(h) as a Fourier integral operator with real valued phase

L}M making the factor

. 1 1 / !/ !
exp(i(+ — (. &) +(.€))
in the amplitude. Thus as in Corollary A.IL.8 in [4] and (A.19) in [17], we obtain

WE(Hx(R) € {@.&y/.0) € TO\T) x T°(D) : [l =1,
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(x, &) belongs to the outgoing ray issued from (y’,n') € supp Xg}.

Here U C R? is a small neighborhood of T' and ||£]|, is the norm of dual vari-
able induced by local coordinates. Next we construct a global parametrix by
using a partition of unity, the incoming free resolvent (—BQAO — 1)~! and the
incoming resolvent (—iL2A p — 1)71 of the Dirichlet Laplacian Ap. The operator
N (h)Opj, (x5 ) f = —ih~'d,ulr (see Section 2) has an approximation by a h-pseudo-
differential operator Ty (B)Op;l (x5 ) and T(h) has principal symbol /1 — ro(z/, €').
Similarly to (3.13) we get

|(N(R) = T (1)) Oy, (x5 )l 2y < Bh™, € L. (3.17)

The advantage of the above construction is that the symbol of TN(E) is holomorphic
for h € L.

4. LOCATION OF THE EIGENVALUES AND INCOMING RESONANCES

Recall that an eigenfunction f of G with eigenvalue A\ satisfies the equation
C(A\)f = 0. The same is true for the incoming resonances A. We will use the
parametrisation A = i\hﬁ, z=1+1ilmz, |Imz| < 1 introduced in Section 2 and the
equation (2.13).

Denote by (.,.) the scalar product in L?(I") and by ||.|| the L?(T") norm. Through-
out this section we choose 0 < § < ¢ and impose the condition

. \/1 fc%
~ 8o < —ch|logh| <Imz < mm{a, TMS} — 5. (4.1)
1

Hear 0 < ¢y < ¢; < 1 are the constants introduced in Section 1 and § was used
in the construction of the parametrix in the hyperbolic region in Section 3. In
subsection 4.1 there are no restrictions on § > 0, in subsection 4.2 we take § < 3
and in subsection 4.3 we choose § < ¢g. Notice that for the analysis of eigenvalues
we work with Im z > 0, while for the analysis of incoming resonance we deal with
Imz < 0.

In [12] it was proved that for 0 < y(z) < 1 the eigenvalues A of G are located in
the region

{AeC: Re) <C.(1+[ImA)Y* Red <0}, 0<e < 1.

Since Re A = 7Imh\/2 <0,Im)\ = Rehﬁ, 1 <Re/z < V2, for fixed € < 1/6 and

small h we deduce

1 2
0 <Imz < Coh'/?7¢ < h'/3, > < [Tm )| < %

We choose 0 < h < min{d% dyp}. For fixed § if h is small enough, 0 < Im z <
h'/3 implies the inequality on the right hand side of (4.1). (In Section 5 we take
h = o((1 — ¢1)?) in the proof of Proposition 5.1, so for ¢; 1 we must work with
h small enough.) On the other hand, —ch|logh| < Im z < 0 yields

cllogh| ¢
< =log |Im A|.
2Re 7 = 318 MmA

Our purpose is to establish that following

0<ReX<
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Theorem 4.1. Assume the inequalities (4.1) with § < ¢3 and h < min{s®, dp}
small. Then for every eigenvalues having the form iy/z/h and every incoming
resonances lying in M. and having the form iy/z/h we have the estimate

0 < [Im z| < Byh™, YN € N.

Theorem 4.1 implies the statement of Theorem 1.1. Indeed, one obtains

Im z By N
I =|——|< —h
[T /2] |2Reﬁ|— 2
and for 0 < h < §g we deduce
I B 1
\Re/\\:‘ my/z < ZNHLEN < Onim AN, [Im A > —.
h 2 do
Next
Vi 1
201 72C1 -2

Vi

and from (4.1) we give 6y < min{c§, ¥

In this section the coordinates in T*(T") are denoted by (2’,¢’). The principal
symbol of a parametrix for M (z,h) — y4/2z in hyperbolic and elliptic regions (see
subsection 3.1 and Section 5 in [21]) becomes

Vz—ro—z=p—1/z, (4.2)

where

p(a’ &) == /14 ilm z — ro(z', &).

Let
Y= {(e,¢) e THT) : ro(a’,€) =1 -~*(a")} C 2,
be the singular set, where the operator Op; (/1 — 19 — 7) is not elliptic. Then
1—-42<1-c2<1—4implies X C {(2/,¢&): ro <1-4}.
Introduce a partition of unity on R given by

G0+ 000 + ) =1, Ve R,

where 9(t) € C§°(R; [0,1]), ¥°(t) = 1 for [t| < 1, ¥°(t) = 0 for |t| > 3/2, while
Y= () € C(R;[0,1]), supp ¢~ C (—o00,—1), supp ¢ C (1, +00).

Define the symbols

i€ = v (I g gy = o (A 21

and notice that ¥ N (supp X3 U supp X;) = 0. Let QF = Op,(x¥), Q% = Op,(x?)

be h-pseudo-differential operators. For h'/2 < § one obtains the estimates
||Q§||L2(FHL2(F) <Qj,j=%,0

with constants @); independent of h and 4. In fact,

SRl s

la|<d (z/,§)eT*(T)

a;m/ﬂ’(%)\ <Qjj==0

and an application of Proposition 3.1 in [19] implies result.
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4.1. Analysis of Qgr f. Here we treat the elliptic region &, where we have a
parametrix S(z, h) with principal symbol (4.2), such that for small i one has

with constant A; > 0 independent of h. This implies
(N (2,h) = S(2,m)QF f,QF )| < Azhl|QF fI1*.

Here and below we denote by A; different constants independent of h. These
constants may depend of §, while by B; we denote different constants independent
of § and h. We will prove the following

Proposition 4.1. Assume the inequalities (4.1) and h sufficiently small. Then
ffr=o.
Proof. Choose a function ((t) = (140 — t)a(t) with a(t) € C*(R;[0,1]), a(t) =1
for t <1+4, a(t) =0for t > 1+ 3 and introduce the symbol r. = ro + ((ro).
Obviously, re = rg for rg > 1+ %(5 and
re =10(1 — a(rg)) + (1 + 8)a(rg) > 1+ 6, V(a', &).

Therefore

ro(1 = ¢(r0))
V1I—r.+itlmz++/1—1rg+itlm z

vanishes on the support of X;(s and Oph(Re)QJgéf can be estimated by O(h*>°)||f].
2 2

Let se := /1 — 1. + ilm 2. Then |[Im+/z| = Q‘II{IS\% < ‘Inglz‘. On the other hand,

Ims.=Revre—1—ilmz > r, — 1.

Re:\/1—1"e—|—itImz—\/1—r0—|—itImz:

According to (4.1),

0 _Are—1
\Imz|<£§ ! )
C1 C1

and we give
|Im z| re —
Im(se—’Y\/g)Z\/Te—l—ﬁ 5 > 5 > cav1+ro,
where 0 < ¢g < Vo 1y fact, for ro <1+ %(5 we arrange § > 4c3(2 + %) taking

2v/2
Vi _ e

35~ 2¢/2
2 for s 22

For rg > 1+ %6 we obtain r, = rg and

1

0<c <Z

30
43 +1<(1—4c3)(1+ )< (- 4c3)ro

which is satisfied for 36 > 4¢3(2 4+ 32). By a standard argument, we deduce
i ((S(2, 1) ~ W2)@QF £,QF F) 2 a0, (VIT )@ £,QF f) — Ashl Q3 111

(4.4)
Consequently,

IN (2, 1) = W2QF Fl-121QF fllmre 2 e2llQF fllmire — Aahl|QF fllF /2
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and for small h one obtains

105 flinvs < ol (M =)0 Al (@5

with constant Cy > 0 depending of . The estimate (4.5) holds for every function
f € HY? and not only for eigenfunctions. In Section 6 we will use it for the proof
of (6.5).

As an application of (4.4) we will show that C(f) = 0 implies QF f = 0. Assume
Il = 1 and observe that

((S(,1) = VEn)QE £, QE 1) = (QF (S(2, ) = Va £, QF 1) + (18(2, 1), QF11. @F f)
(W2, QEEQE D = (18 ), Q4 — W27, QED S QF F) + Os(h 1@ £

Here in the second equality we used the equality (N (z,h) — v/z7)f = 0. On the
other hand, the symbol of the commutator [Opy, (s.), Q¥ ] modulo a remainder by . 5
has the form

; N-1
(ih)] a 0‘
byes= 3. LY [Dg, (52) D% (xF) — D& (xF) D2 (s } b;

1<Gj<N-1 77 Ja|=j j=1

<.

with D,/ = —i0,/, D¢ = —i0/. The derivatives D% (x{) yield a factor 512/, while
the derivatives Dg,se yield a factor (1 — 7, + ilm z)1/2_‘0‘|. Since r, > 1+ %5, by
using the condition h!/3 < 6, we estimate

b1 < JW( ) V3 < DN Wl ), 1< < N -1

with constant C; depending of the derivatives of ¢ and ry and independent of &
and h. A similar estimate holds for h|ﬁ|/2\8f/bj\7 |8 < d, and for the remainder
bn,e,5. Consequently,

H[S(th)’Q;_]HLzﬁL? < BS\/ghl/g (4.6)

with a constant Bs > 0 independent of A and . The same argument can be applied
to estimate the commutator [, Q(ﬂ Thus we obtain a upper bound

[t ((S(2.h) = WE)QE£,QF F)| < (Bev/on'/* + Ash)|Qf 112

with constant Bg > 0 independent of § and A5 > 0 depending on §. Combing this

with (4.4), taking co = 2—‘/\/2 and using h'/? < §, we deduce

/s
22

We fix ¢ and the constants Az, As. Choosing h small enough, we obtain Qf{f =
0. O

1Q3 £ < (BsVoR'/? + (4g + A5)n*36) |QF 111

Remark 4.2. In this subsection the argument works without restrictions on 0 <
0 <1
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4.2. Analysis of QJf. Our purpose is to prove the following

Proposition 4.2. Assume the inequalities (4.1) and h small enough. There exists
2
constant D > 0 such that for § < %J we have Q3f = 0.

Proof. First, using Q;réf =0, from C(f) = 0 we deduce
2

(N (2. h) — VEN( @3y f + @) = 0.
Consider
Re (Q§(-N (2, k) + V21 ) (@5, f + QY,0), Q81 ) = 0.

It is easy to estimate the terms involving (5, since
2

supp x5 N supp Xéé = 0. (4.7)

In the hyperbolic region we have a paramterix T (z,h) and we can apply (3.13).
This implies

(Q3(=N(2,h) + Ve Q3, [, Q3N < Cnh™ Q5 f1)°
and we give
Re (Q8(-N(z,h) +7vZ)Q%, £, Q81 ) < O™ Q11
Next
QF1Q%5 = [Q5,7]Q%,; +1Q5(Q%,; — 1) + Q5.
The commutator on the right hand side has a norm O(%) = O(6?) and for the
second term we use the fact that X% s = 1 on the support of xJ. Consequently,

o Q312 < Re (vW/ZQ81, Q3F ) < Re (QIN (2, 1)Q%,/, Q87 )
OB + B QRS2 (48)

with constant B; > 0 independent of § and h.
The problem is reduced to an estimate of the term involving N (z, h)Q% s and we
2

prove the following

Lemma 4.1. For Im z satisfying (4.1) with § < % and h small enough we have
IV (2, )@Yl 22 < BsV/s + Agh'/1? (4.9)
with Bg > 0 independent of § and Ag > 0 independent of h.

Proof. We consider several cases concerning Im z.
1. Im z > h'/3. Following the results in [19], [20], [22], for Im z > h'/?7¢ and
e = 1/6, we obtain

IV (2, h) = Oy (p) Q% 5l 22 < Ch
with constant C7 > 0 independent of h and depending on J. For Im z < § on the

support of X%(; we have |[v/1—rg+ilmz| < %5_ Applying Proposition 3.1 in
2
[19] we deduce

< C1h?/?

Imz —

||Oph(p)Q%5”L2aL2 < BQ\/S-
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N
~

. h?/3 <Imz < h'/3. In this case, we will apply Proposition 3.3 in [21]. Set

A= —iA= % and for f € L*(T") consider the problem

(A4 X2)u=0in,
u=Q%f onT, (4.10)
u — (i)) — incoming.
Here we replace 62 in Section 3, [21] by §. Since Im z > 0 and u is iy/z/h-incoming,
u is decreasing for |x| = r — oo. Hence we may use an integration by parts to

obtain Lemma 3.1 in [21] for unbounded domains and the proof of Proposition 3.3
in [21] works. To apply this proposition, we need the conditions

1§|Im5\|§5ReS\, Re A > Cs > 1.

Obviously,
< Im 2

ImM\= h_lm, ReS\ = h_lRe \/2 > h_l.

The analysis of the proof of Proposition 3.3 in [21] shows that it is sufficient to take

Cs = 51% and % > % > 511/8 holds. On the other hand, for Im z > h?/3 and
small h one gets

1 < 1 < Im 2
= Oni/33 = 2hRe /z
and Im z < 26(Re /z)? is satisfied by (4.1). Now the estimate (3.11) in [21] for the
solution u of (4.10) yields

IV (2, W)@3 L z2ry < Buo (Vo+HImMA ) | fll ey < Buo (VA+2/5012) | £l ey

with a constant Bjp > 0 independent of § and X. We replace & by 36 /2 changing
the constant Big.

3. —ch|logh| <Imz < h2/3. In this case we have Im z| < h2/3 and a semi-
classical parametrix for the exterior Dirichlet-to-Neumann map N (z, k) for strictly
convex obstacle has been constructed in Chapter 10 of [16]. In particular, the
estimate (10.32) in [16] for the principal symbol ng.(x’, &'; h) of N'(z, h) in suitable
local coordinates yields

1020 near (@', €3 h)| < Cap(|1 — ro| + h/3)1/2=01,
where ¢ is the dual variable after a second microlocalisation. The derivatives with

respect to 2’ are estimated by O(|1 — r|*/? 4+ h'/3) and applying Proposition 3.1
in [19] once more, we deduce

HN(Zv h)QgHL2ﬁL2 < Bll(\/g + hl/g)

with a constant Bj; > 0 independent of § and h. Combining the estimates in the
three cases we deduce (4.9). O

Remark 4.3. The estimate (4.9) is not optimal. The term h'/'*2 comes form the
case 2, where we have used the results of [21] established for obstacles with arbitrary
geometry. For strictly convex obstacles we may apply the parametriz constructed
in Section 5, [12] for h*/3 < Imz < h%, 0 < ¢ < 1. However, Theorem 5.2 in
[12] yields an estimate for ||J\/'(z,h)0ph(xg/2)|| = O(he/*) and some extra work is

necessary. Moreover, if h¥/2 < §, then h should be taken very small for e < 1.
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Going back to (4.8), we obtain the estimate
col|Q3S* < (BiaVd + Aroh'/ ) (|Q3 £II?

with a constant Bijs > 0 independent of §. We fix § = 4;32 and then A;g will
12

be fixed too. Finally, for small h we arrange A;gh'/'? < ¢y/2 and conclude that

Qif =o. O

2
For further references notice that for all f € H/2, § < %’ and small h we have
an estimate similar to (4.5)

N(z h
198 s < Call (M = 2) Q811 (411)
with constant C4 > 0 depending of §. To do this, consider
(N(z, h)

Re ((—= 2 +7)@87, Q47)
and apply (4.9) for the norm of NV (z,h).

4.3. Analysis of Q5 f. In this subsection we prove Theorem 4.1.
Proof of Theorem 4.1 Set fy = Q5 f and consider

0=Im (M=) = W25 f5)
=T ((Tw(zh) = W25 £ ) + OMIIf5 |2,

where T (z, h) is the parametrix in the hyperbolic region constructed in subsection
3.1. The operator Tn(1,h) is self-adjoint, hence Im (T (1,h)f5 , f5) = 0. This
implies
aTN(Zta h) Y — — —
= I z|[Re ((Z2520 = 5 7z) oo ds)) | = 00N 1P (412)

with z; =1+ itlm z, 0 <t < 1, |Im 2| < . Introduce the operator

F= Oph(z\/ztl—iro)_%jz

As in Lemma 3.9 in [19] and Lemma 4.1 in [12] we obtain

e (PR s=)I5 J) ~Re (FU). ) < Auhlf5 1P (413)

with constant A;; independent of h. Next Re (Fg,g) = +((F + F*)g,g) and the
principal symbol of the self-adjoint operator %(F + F*) is

1 Y
—Re — .
2 (\/1—|—itlmz—7‘o \/1+itImz)
Let B(t) € C>*(R;[0,1]) be such that S(¢t) = 0 for t < 1 — 0 and S(t) = 1 for
t>1-46/2, p'(t) > 0, Vt € R. Introduce the symbol

Fola!. €)== ro(1 — B(ro)) + (1 - 2 )Bl(ro)

1- 2
2



26 V. PETKOV

and notice that 5
1 =7 = (1 =ro)(1 = B(ro)) + 55(ro)-
Then r¢ = 7y on supp x; and for 1 —§ <ry <1 —6/2 one deduces
. d 1)
1 =79 2 5(1 = B(ro)) + 58(ro) = 8/2,
because 1 — 3—25 > 1 — 2 > 0. Consequently,
1—79>6/2,V(a', &) e TH().

Moreover,

7”‘07710
V1+itlmz — 7o ++/1+itlmz — 7o

implies ||Opy, (Rp)f5 || = O(h™)]|f5 |- The same is true for the operator with sym-
bol

Ry = \/1+it1mszof\/1+iﬂmzfr0:

1 1
VItitlmz —79 I+iflmz-—ro
We are going to study the operator with principal symbol

1 g
) ) = R _ . 414
s(2,€52) e(\/1+it1mz—f’o \/1+iﬂmz) .

Our purpose is to prove that for Im z satisfying (4.1), the symbol s(z’,&’;2) is
elliptic.
Set y = /1 +t2(Im 2)2, ¢ = /(1 — 7)2 + t2(Im 2)2, and let

2z =ye®, 1 — 7o +ilmz = qe¥, 0 < |p| < 7/4, 0 < || < 7 /4.

Therefore
B*iﬁb/Q efigp/Z 1 w ©
s(x’,f';z):Re( — )z { Y COS — — v,/q Ccos =
NG Vi )T ey TV
1 y cos? % —y2qcos® £
VY4 \/ﬂcos% + \/qcos ¥

1 y(1+cosy) —12q(l + cos )
2\/yq \/ﬂcos% +/qcos §

On the other hand,

1—7 1
y(1 4+ cos) — v2q(1 + cos @) = y(l + TTO) — 72q<1 + ;)

1 -
= [yQ(l —7o+aq) =" (1+ y)}-
Write the symbol in the brackets [...] as

t2(Im z)?

51:y2(2(17’f;0)+q+1_710

) =221+ 9)((1 = 7o) + 2(Im 2)%)

~ 2 = 2,2 2 y*t*(Im 2)?
> (14 9)[(L= )y =721 = o)) =78 (m 2)” 4 o P

> (1+y)|do — 7*(Im 2)?
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with
do = (1 —70)(1 —7*(1 = 7o) > (1 —70)(1 — (1 — 7o) = G(Fo).
% =c3 and c3 < 1—6/2. Let

ming, efo,1-s/2 G(Fo) = dy. If ¢} < 1/2, then dy = 3(1—c33). For 0 < ¢c3 < 1—§/2,
we have

The function G(7p) has a maximum for 7p = 1 —

5 28\ el 2 1
dl . 5(1_015)7 1f§ <Cl S 1+5/2’
- 2 e 2 1
1—cf,ifeg > 5573

For simplicity we use the crude estimate dy > g(l —c?).

By (4.1)
e 1 [do
< — _ o2 < — .
[Im 2| < 20, \/1—c3 < V2 (4.15)

do o_do do
(ya)*2(Vy+a) ~ w232 ~ 8(1+42)3/4°

Notice that for some values of v(z) the term

and we obtain

s >
s(x?§7z)— 4

y2

Y =+ =
L R PR )

could be positive. On the other hand,
2
Y 1
— = — 4+ O(|Im =
Trularir)  a1-—rg  OUMmD
and for 79 = 0, Im z = 0, the function Y may take negative values. For this reason
we simply estimate Y from below by —v2. Finally,

d
Re (F(3)003) 2 (5 gy — Aizh) 15 1P

(1+

with A2 > 0 independent of h. Assuming f; # 0 and taking together (4.12) and
(4.13), for small h we have

[Tm 2| < Byh", VN € N.
This completes the proof of Theorem 4.1.

5. PROPERTIES OF THE OPERATOR P(h) FOR REAL h

In the section we use the notations of preceding sections. Let h € L, h = Re h.
Introduce a function a(z’,£’) € C°°(T*(T) : [0,1]) such that

2
0’ f > 1 . Co(lJrEl)’
O‘(m/agl) = s = 302 2
1, ifrg<1— 2@
where 0 < &; < 1 satisfies the inequality 5(1+¢;) < 6. Let T (h) be the parametrix

in the hyperbolic region J# constructed in subsection 3.2 for the problem (3.14)

with boundary data Opj, (o) f. Recall that this parametrix is holomorphic for i € L.
As in (3.17) we obtain

(W(R) = T (h))Opz, (@) = Ry (h)Opy, (), h € L
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with |Rall2y—miy = O(|h|Y). The operator —Tn(h)Opy,(a) is self-adjoint.
However for h%rg > 1 the principal symbol —v/1 — h2rg of? v (h) is not real valued
(see the end of Section 3). To deal with a holomorphic in h operator, we add some

additional terms. We fix § = % and consider the function 5(t) € C*(R;[0,1])

introduced in the previous section with this §. Recall that S(ro(z,¢')) = 0 for

ro<1-— % and B(ro(z',&')) =1 for ro > 1 — %. This choice of § is not related

to that in Section 4. In fact, in the proof of Theorem 4.1 we have choose § < ¢q
and we obtained an eigenvalue free region Qy depending of ¢y and ¢; and small h.
The function 8 and ¢ will be fixed and there are no confusion. Later in Section 6
we will use the functions Y=, x° with small parameter w different from § fixed here.

Set A(h) = Op(1—S(ro(z’, hE')). In the following Op(a) with symbol a(a’, h¢’; h)
denotes the classical pseudo-differential operator

(Op(@ () = )1 [ [ 0D alat he'sh) (o) de
and similarly if one has k at the place of h. Obviously,

sup(1 — B(ro(2',€"))) Nsupp a(z’, &) = 0. (5.1)
Let

Q(h) = =Tn(h)A(h) + y(z) + (Id — A(h))Op(y/ 1+ h2ro).

To extend Q(ﬁ) for h € L we must extend holomorphically for h € L the operator
A(h). Since the symbol of this operator vanishes for large |[£'[|, we may apply
Proposition A.1 in [15]. According to this result, for small ho and h € L there
exists an operator R(h) such that

O5R(h) = O(|h|®): H* = H*,Vk >0,Ys >0
and Ag(h) = A(h)+ R(h) extends holomorphically to the domain L. Moreover, the

extension Ag(h) has the form Ag(h) = B(h; TZI) with a classical pseudo-differential

operator B € L%°(T) and p ¢ WE(A(R)) implies p ¢ WF(Ag(h)). After this
manipulation we introduce the operator

P(h) == —Tn(h) Ao (R) + (x) + (Id — Ao(ﬁ))Op(\/ 1+ Ezro)
which is holomorphic for h € L. Notice that (5.1) implies
WF(Id— A(h)) N WF(Op(a(a', he')) = 0,

hence
WEF(Id — Ag(h)) NWF(Op(a(a', h&')) = 0.
This leads to
(C(h) = P(R))Op(a) = = (N'(h) = T () Ao(R) ) Op(a) + O(|h] )

= —(W(h) = Tw(R)) Op(a) + O(BI®) = O(RY).  (52)

In this section we study the self-adjoint operator P(h) for Re h = h with principal
symbol

pr(a he') == —/T— W2rg(1 = B(h*ro)) + (x) + BH>ro) /1 + hro.
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Choose 0 < 2n=1-—c2 <1—26, gg =
that L1 < Lo if (Lyu,u) < (Lou,u).

8(1’77_;)_ For two operators Ly, Ly we say

Proposition 5.1. For small h depending of g we have the inequality
dP(h
h# + P(h)Op((1 + hzro)fl/z)P(h) > eoOp(v/ 1+ h2rg). (5.3)
Proof. We have

@ _ 32 1 — B(h*ro) B(h*ro)
Man =T ( V1 = h2rg \/1+h2r0>

212 (o) (V1= h2rg + /T + 2o
and one obtains hcfilhl >0, V(x',&).

We consider several cases.
1. 0 < h2rg < 7. Then /1 — h2ry > /T —1n, B(h*rg) = 0 and

—V1=hrg+y< —y\/1—-n+4c1 =—

Ui
ca+V1—-17n
This implies

n?

dp1 P
h— + 5V 1+ h?rg > 2e0\/ 1+ h2r 5.4
i TR, S n)(c1 V= 070 o (5:4)

2. n < h?*rg <1 — 6. Then B(h%rg) = 0 and
@ i "

> > 1+ h2rg. 5.5
\/1+h27“0_\/1—h27“0_n "o ( )
3. 1-6<h?rg < 1—7 We obtain
2 1— 2 2
dh \/1+h‘2r0 Vo w/2—5/

1-6
V1+ h27"0 > 7\/ 1+ h27"0 (56)

2-6/2 2—6/2
4. h?rq > 1— 3. Therefore, B(hrg) = 1 and

2
p1 /
—_— > 1+ h2rg.
\/1+h27"0 0

< n. Taking together the estimates (5.4), (5.5),

Clearly, n < 12;‘5 and 2¢g =

(1+n)
(5.6), we get
dp: i
h— + ———== — 250/ 1 + h?rg > 0.
dh T g 0 ro 2

By the sharp semiclassical Garding inequality we deduce

(nop(E4) s+ 0p (\/fTTO)ﬂf) > 260 (Op(V/1+ 12r0) £, f) = Cabl| 1312

The norm of the low order terms on the left hand side of (5.3) can be estimated by
Cah|[fI?, €3 > 0. Finally, h(Ci|[ I, + Ca][f|?) can be absorbed by eo £/
choosing h small, and this completes the proof. [
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Remark 5.4. The choice of gg is independent of § and the function B(rg) and
g0 = o((1—c1)?), 5059 (0 as ¢; /1. We have a similar phenomenon in the case
y(x) > 1,Vx € T (see Remark 2 in [13]), where g = o((1—¢0)?), o = minger v(z) >
1. On the other hand, h depends of eg and we must take h < hg = o((1 — ¢1)?).

Let 0 < h < hg < 1 and let

pr(h) < pa(h) < oo < pir(h) < ..

be the eigenvalues of the self-adjoint operator P(h). We repeat without changes the
arguments of Section 4 in [13] and Section 4 in [15]. For convenience of the reader,
we mention briefly the main steps and we refer to [13], [15] for more details. The
number of negative eigenvalues

ko = #{k : uu(ho) < 0} = (2mhg)~(@=D) / / da'd€' + O(hg **?)
p1(z’,£)<0
is finite and
E={,&): p(a',&) <0} ={(,&): ro(a', &) <1—~*(2")}. (5.7)

In fact, p1 < 0 implies

ro < 1—72 < 1—0(2).
On the other hand, 3(rp) > 0 yields ro >1 -6 =1— % and this contradicts the
above inequality. Thus (z/,¢') € € <= B(ro(2’,&’)) = 0 and we obtain (5.7).

Notice that kg is independent of § and the function 8. For k > kg the eigenvalues
ux(ho) are positive. By applying (5.3), we show that uy(h) are locally Lipschitz
functions and the derivatives %) are almost defined. Repeating the argument in
[13], [15], for pk(h) € [—a,a], 0 < a < 1,h € [h1, ha], one establishes the estimates
%Shdﬂgilgm§627k>ko.

We discuss briefly only the proof of lower bound in the above estimate. Let hy
be small and let py(h1) have multiplicity m. For h sufficiently close to h; one has
exactly m eigenvalues and we denote by F(h) the space spanned by them. We
denote by a(h) the derivatives of a(h) with respect to h. Let ho be close to hy and
let e(h2) be a normalised eigenfunction with eigenvalue py(hs). We construct a
smooth extension e(h) € F(h), h € [hy, ha] of e(hy) with |le(h)|| = 1, é(h) € F(h)*.
Obviously, e(hy) will be normalised eigenfunction with eigenvalue py(h1). Since
pur(h) € [—a,a], h € [h1, hs], we have ||P(h)e(h)]| < a. To estimate hd“l’;i}gh) from
below, we apply (5.3). For o = \/g we have

dﬂ;}ih) = (hP(h)e(h), e(h)) > 0(Op(v/1 + h2ro)e(h), e(h))

—(Op((1+ h?ro) ") P(h)e(h), P(h)e(h)) > g0 — a® > £9/2.
Consequently, for h € [h1, ho] one has

h

ho
5 _ €
pr(he) — pi(he) > 0 / h~tdh > 270(h2 — hi)
h

and
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The above inequality combined with the continuity of ug(h) implies that if for
h < hg, k > ko we have pp(h) < 0, then there exists unique h < hy < hgy such
that py(hi) = 0. Clearly, the operator P(hy) is not invertible. Thus we are led to
count for 0 < 1 < hy the number of the negative eigenvalues of P(1/r) which can
be expressed by well known formula.

Repeating without any change the argument in [15], we choose p > d and con-
struct intervals I, , containing hy, with length |1y, ,| ~ hPT! and |ug(h)| > kP for h €
(0, ho] \ I - Next, one constructs closed disjoint intervals J ,, |Jx | = O(hPF274)

so that
U Iy p = U Jkp
k>ko k>ko

and we obtain the following

Proposition 5.2 (Prop. 4.1, [15]). Let p > d be fized. The inverse operator
P(h)~' i L? — L? exists and has norm O(h™P) for h € (0, ho] \ ©p, where Q, =
UrJk,p. Moreover, the number of intervals Jy, , that intersect [h/2, h] for 0 < h < hg
is at most O(h'~P).

6. RELATION BETWEEN THE TRACE FORMULAS FOR P(h) AND C/(h)

In this section we study C(h) and P(h) for complex h € L. Moreover, § = 73
and (B are fixed as in the preceding section. We obtain without changes many
statements of Sections 5, 6 in [15]. We refer to [15] for the details and below precise
citations are given. First, one repeats the proof of Lemma 5.1 in [15] exploiting
Proposition 5.1. Thus we get

HP(?L)*lHaH_l/z H1/2) < C’LN, h >0, Imh # 0. (6.1)

' [Tm A
Second, as in Section 5 in [13], one introduces an elliptic operator M (h) holomorphic
in L such that P(h) — M(h) : O4(1) : H=% — H*, Vs. A modification is necessary
since the principal symbol p; vanishes on the set ¥ = {(2/,&') : p1(2/,£’) = 0}. For
this purpose we repeat the argument of Section 5 in [13] and for convenience of the

reader we present the proof.
Consider a symbol o(z’',¢’) € C5°(T*(T'); [0,1]) such that

(2!, €) = 1, (2,¢&) e T*(T), ro(x',&) <1 - 11207
o 0, (2/,¢") e T*(T), ro(2',&') > 1~ <o

6

Introduce the operator
M (h) = P(h) + Op(o (2, hE)).
The principal symbol of M(h) has the form
m(z’, he') = —/1 — h2ro(1 — B(h*rg)) + y(x) + B(hzro) 1+ h2rg + o(z’, h').

The operator M (h) is elliptic since for h?rg < 1 —
1-— % <h*rg<1-— % we get B(h?rg) = 0 and

m > () — V1= W2rg > 7(z) — /==

12607

12 we have m > y(x) > ¢y, for
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while for 1 — % < h2r0 1-— % we obtain m > vy(z) — /1 — h?rg > y(z) — \/gco.
Finally, for h2r0 >1— 2 we have B(h%rg) =1 and m > ~(x).

Consequently, m € 50,17 the operator M ~1(h) : H® — H**! is bounded by O,(1)
and WE(P(h) — M(h)) C {(2/,€): 70 < 1— %} By applying Proposition A.1
in [15], we can extend homomorphically o (', he’) to n(z’,&';h) for h € L. Thus
M (h) has a holomorphic extension

M(h) = P(h) + Op(n(a’,€'; h))

for b € L and WF(P(h) — M(h)) C {(a',€) : mo < 1 — 28}, The last relation
implies P(h) — M(h) : O5(1) : H=* — H®, Vs.
Next, one deduces the estimate

~ h ~
||P(h) 1||[,(HS,HS+1) < Csm, h > 0, Im~h 7é 0 (62)

applying (6.1) and the representation
Pl=M*t'-MYP-MM* '+MY(P-MP(P-MM"  (63)

combined with the property of P(h) — M(h) mentioned above. Following [15],
introduce a piecewise smooth simply positively oriented curve <, as a union of
four segments: {h € Jy, Imh = +h?*} and {h € 8Jyp, |Imh| < hPT1}, where
Jkp is one of the intervals in €2, defined in Proposition 5.2. Then we have

Proposition 6.1 (Prop. 5.2, [15]). For every h € vy, the inverse operator P(h)~*
exists and

||P(B)71||L(HS,HS+1) < Csh™P, h € Y.

For the operator P(h), we obtain a trace formula repeating without any change
the proof in [15]. Let pr(hg) = 0, k > ko. Define the multiplicity of hy as the
multiplicity of the eigenvalue g (hg) and denote the derivate of A with respect to
h by A.

Proposition 6.2 (Prop. 5.3, [15]). Let 7 C L be a closed positively oriented C*
curve without self intersections which avoids the points hy with pg(hg) = 0. Then
1 _ D
tr— P(h)*lp(h)dh
2mi

is equal to the number of hy in the domaz'n bounded by .
Introduce an operator x € Lgl’O(F) which is holomorphic for & € L so that

WF() € {(@'.€) € T"() : ro(@',€) < 1- 22y,

WE(1 )  {(«, )eT*(P):ro<x§>>1—4ﬁ}

We apply (6.3) for P~1(1 — x), and exploiting
WEP(h) — M(h) NWEF(1—y) =0,

we get
Pl=P I+ M'1-x)+Ki,hcy, (6.4)
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with K : O(|h|*) : H™* — H*, Vs. For the analysis below consider a product
X1 P~ 'x2, where x1,x2 € Lgl’o are such that Vrﬁ'()ﬁ) N ﬁ()@) =0, and ﬁ()ﬁ)
or ﬁ‘(XQ) is disjoint from {(a’,&"): ro <1 — %} Applying once more (6.3), we
deduce x1 P~ txa : O(|h|*): H=% — H®, Vs.

We pass to the analysis of the inverse of the operator C' (ﬁ) First choosing small
w > 0, introduce a partition of unity on 7*(T")

1=xg +x3 + x5,
where the functions xJ (z',¢’), j = 0,4 have been introduced in Section 4. We

replace § by w to avoid a confusion with § = % fixed above and choose w < cZ.
Let QJ, = Op(x7, (2, h¢')), j = 0,%. The estimates (4.5) and (4.11) can be written
as estimates for C(h) = —N(h) + v(z), because

h —ihd, - - -

Nhz) _ Zihovule o e = Ki(h).

vz vz
Notice that for the proof of (4.11) we must take w < ¢ sufficiently small. From
these estimates we deduce

1= Qo) v < NQLS sgose + Q% oo
< B(ICRQ 172 + ICHIQE flla-112)

with constant B > 0 depending of w and small h. We fix w < % and obtain

[RAFFEE <B<IIC( ) ll-1/2 +20CR)QE f rr-1r2

HICEQE -2 ) +1Q5 fll v

By using a parametrix Sy (h) in the elliptic region, we have C(h)QF = Sn(h)QF +
RN, RN = O(|h|N) Then

C(h)QY = QEC(h) +[Sn(h), Q51+ O(IhI™)

and it easy to estimate the norm of the commutator [Sx(h), QF] by O(|h|). Also
by using the parametrix T (h) in the hyperbolic region, we obtain the same result
for the commutator [T (h),Q;]. The terms with norms O(|h|) can be absorbed by
the left hand side of the last inequality and we give

1l < Bu(ICE) s+ 1Q5 Fllarre )- (6.5)

Introduce the operator C (iz) =C (71) + x, where x € LSZ’O depends homomorphi-
cally of h € L and WF(Y) is included in a neighborhood of . To do this, choose
¢ € C§°(T*(IN); ]0,1]), so that

1, if ro(a, &) < 1— %
C(x/7£l):{ 7% 7"0(37,6)_ 5’227
0, if ro(z',&') > 1 — 2.

Extend ¢ homomorphically to 5 forﬁ € L as we have proceeded above with 7, and
define the operator x with symbol {. Obviously,

x) C {(@ eT*F):r0<175ﬁ}
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Moreover, it is easy to see that C (ﬁ) is elliptic operator. Indeed, choose a symbol
m € C5°(T*(T1);[0,1]) satisfying
, if ro(a, &)
!

1
AP
e = {0, if ro(a’, ¢')
and set v = Opy, (). We apply (6.5) for (1 —v)f and deduce

(A=) fll /2 < B (ll(1 —0)CM) =172+ [C(R), VI f [ r-1/2 +0(|h\°°)||f|\H1/2)~

(6.6)
Since WF(1—v)NWFEF(R) = 0, we have (1 —v)C(h) = (1 —v)C(h) + O(|h|>) and
we may replace (1 — v)C(h) by (1 —v)C(h) in the last inequality. On the other
hand, C (iz) is elliptic in the hyperbolic region and similarly to (4.5) we give

los e < Be(ICGRYS sr-1s2 + AR fllgris2)- (6.7)

The commutator [C(h), v] yields a term with norm O(|h|) and taking together (6.6)
and (6.7), we conclude that

1£llzz172 < Bsl|C(R) f | gr-1s2, o € L. (6.8)
This proves that C(h) is invertible with inverse C~!(k) holomorphic for h € L.

gl_%7
w
>1-%

Passing to C~!(h), consider the operator
D=C' ()1 —x) + P (R)x, h €y
We have o
CD=1+(C—-C)C 1 —-x)+(C—P)P 'y
Let @ = Op(a) € Lgl’o with symbol a(z’, hE’) be the operator introduced in the
preceding section. Clearly,

2 1 o 3 2
CO(#“”}, WF(1—a) C {(@,&): ro>1— %}.
Then (C — P)(1 —&)P~'x: O(|h|*) : H=® — H*. On the other hand, according
to (5.2), one has

WF(&) c {(«/,€): rg<1-—

(C—P)a=Rna (6.9)
with Ry : O4(|h|N) : H® — H*. Applying (6.2),we conclude that
(C = PYPT!x = Ou(|B¥7), H™* = H, b € Y p.

Next C —C = —x and WF(R) ﬁViV\Z/*"(l —x) = 0 implies YC~1(1—x) = O(|h]*) :
H™* — H*. Finally, CD = Id + O(|h|N=P) and we can take N arbitrary large. We
obtain an inverse D(Id + O(Jh|N=P))~! of C(h) and this implies the following

Proposition 6.3. For h € Yk,p We have
IC™ ()| 2 are pre+ry < Cslh| 7P (6.10)
Similarly to (6.4), we get
C7(h) =C M (h) (1 = x) + P (h)x + Ka(h), h € iy (6.11)
with Ky(h) : O4(|h|N=P): H™* — H?.
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Now we are going to compare the traces involving C'(h) and P(h) and our argu-
ment is very similar to that in [15]. First, using (6.11), we have

1 NN — 1w e (i i \N—p
try CH(W)C(hydh = try P () xC(R)dh + O, (|h|N 7).

Yk,p Vk,p
since C~1(h)(1 — x) is holomorphic. Next write
P~ (h)xC(h) = (1 = &) P~ (A)xC(h) + GP~ ' (A)xC(h)
and observe that I/Vl/*“(l —a)n W/ﬁw(x) = (). Thus the norm of first term on the

right hand side is estimated by (9(|iL|°°) For the second one we apply the cyclicity
of the trace and obtain

p—l@)x(o(;a) - P(B))d + P (R)xP(h)a.
By using Cauchy formula for the derivative %(C(ﬁ) — P(h)) and (6.9), we deduce
that P*l(ﬁ)X(C’(iL) —P(ﬁ))a = O(|h|N=P). To handle the term P~ (7)xP (k)& by
the cyclicity of the trace we transfer the operator & on the left and conclude that
1 e 1 o _
tr— P~ (h)xC(h)dh = tr=— P~Y(h)xP(h)dh + O(|h|N7P).
o | PO =g [P+ 00 )
Finally, taking into account (6.4) and the analyticity of M ~1(1 — x), we give

[ PRy P(R)dR = tr% PR P(h)dh + O(JF™).

2mi Ve (L S A

The difference

A
t]f'i.
2mi ~

is a negligible term, hence this difference is zero. Repeating the argument in [15],
[13], we obtain a bijection (0, ho] 3 hy < g € (0,(G)URes(G)) and we must count
the negative eigenvalues pg(r=!) of P(r='), r > C,. By the well known formula
(see for instance, Theorem 10.1 in [2]) we have

C*l(ﬁ)XC(B)diL—trziﬁ / P~ (h)xP(h)dh

k,p Vk,p

Tdfl
Bk pu(r) <0} = W/ s da'de’ + O, (172). (6.12)
p1((z’,§")<

Applying (5.7), the integration is over {(z/,¢’) : ro(2/,¢’) < 1 —+2(2/)} and we
obtain the leading term in (1.6). This completes the proof of Theorem 1.2.
APPENDIX

In this Appendix we assume that K = B3 = {x € R® : || < 1} and v > 0 is a
constant. We will prove the following

Proposition A.4. For K = B3 and 0 < v < 1 the operator G has no eigenvalues.
Proof. Consider the dissipative problem

(—A+ X )u=0in|z| > 1,
Oru — Ayu =0, on |z| =1, (A1)

u — A — incoming.
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Set in (A.1) A = ig. The incoming solution of (A.1) in polar coordinates (r,w) €
R* x S% has the form

T w ,LL Z Z An,m h(l)( ))Yn,m(w)'

n=0m=—n

HWY r
Here hgll)(r) = :117//22() are the spherical (modified) Hankel functions of first kind,
Y,,.m(w) are the eigenfunctions of the Laplace-Beltrami operator —Ag> with eigen-
values n(n + 1) and

ul\zl:l = f(OJ) = Z Z an,mYn,m(w)

n=0m=—n
To satisfy the boundary condition we must have
C(n; 1, Y)anm =0, ¥n, —n < m < n,

where

—ipy, n e Ny Impy > 0.
r=1

hi (ur)
C(n;p,y) = (97»(%)

Our purpose is to prove that C(n;u,v) # 0 for Imp > 0 and all n € N. This
implies @, = 0 and f = 0. Hence u = 0 since the Dirichlet problem has no
eigenvalues. We have the representation

h;l)(l“) _ (_1)n+1 ﬁRn (L)

T 2z
with
(ntmlz" S~ .
B (2) = mz;o (n—m)m! mz;ocmz
Tt is well known that the zeros of H'") (z) are located in the domain Im 2 < 0, so

n+1/2
R, (z) # 0 for Rez > 0. Taking the derivative with respect to r, we obtain

Cn;p,y) = (L =7)ip - ;_:0 W (i)m(Rn(i))il'

Setting w = ﬁ, we will study for Rew > 0 the equation

=0 307) = gt 2 e+ Ve (Rafu))

2wRy, (w) 2wR,,(w)
The coefficients by, () have the form

_ (= MRa() + 350 20m + Dew )™ FLZobuuw™ _ oy o

b (7) = (1 = ¥)em + 2mepm—1, m=1,...,n

br(7) = 201+ e = 200+ 1) 2 () =1,

We fix 0 < v <1 and for 0 < e <1 consider the polynomlal
n+1

)i= 3 bt
k=0
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Let w;(n;e) = 1,...,n + 1 be the roots of the equation B,,(w;e) = 0 with respect
to w. By using the result of Fujiwara (see [11]), we obtain an upper bound for
lw;j(n;e)|, j =0,...,n+ 1 given by
bn(e7) ‘ bn—1(£7) ‘1/2
bn+1 bn+1

PEEEY) B

bi(e7) ’1/"

bo(e7) ’1/(71-*-1)}
anrl

= M,(g).

Since by41 is independent of v and € and 0 < bg(ey) < bi(0), 0 < e <1, k =
0,...,n, we deduce

2max{

Mo (e) < Mp(0), 0<e < 1.

To estimate M, (0), observe that the sequence b,,11(e7) > bp(e7y) > ... > bi(ey) >
1 — e is decreasing. Indeed,

(n+k-1! n+k 1 (n+k—1)!

G T R T D -k Lk n—k+1) k!(n—k+1)!(”2_k2+”>'
Thus the maximal term in the above upper bound becomes
2b,, (&) _ (1 —ev)en + 2nep—1 _ 1—evy no_q & oy
bnt1 (n+ ey, n+1 n+1 n+17

and we take M, (0) = 1.
Consider the contour w = aUf C {w € C: Rew > 0}, where

a={weC:|w=2Rew >0}, B={w=iye C: |yl <2}
By using the factorisation of B, (w;e), we give
| B, (w;e)| > bpt1, Vw e a, 0 <e<1. (A.3)

On the other hand, B,,(w;e) # 0 forw € 8,0 <& < 1. Indeed, B, (0;e) = 1—ey #0
and for w = iy,y # 0 one has C(n; %,57) # 0. In fact, R 5 le = —iA yields
A € iR\ {0} and in Section 2 it was shown that there are no eigenvalues and
incoming resonances on iR \ {0}. If C(n; —i\g,e7y) = 0 for some A € R and some
n, taking a, ., # 0 and ag.» = 0, k # n, we obtain a function f # 0 such that
C(—iXo)f = 0 which is impossible. We claim that there exists dg(n) > 0 such that

|Bp(w;e)| > do(n), Yw e B, 0<e <1 (A4)

Assume (A.4) not true. Then there exists a sequence {iym,em} € B x [0, 1] such
that

1
|Bn(iym;5m)| < —,VmeéeN.
m

Choosing convergent subsequence {ypm, ,&m, } and passing to Umit (Y, ,&m,) —
(yo,€0) € B x[0,1], we obtain a contradiction with By, (iyg, o) # 0. This proves the
claim.

Now consider the integral

1 Bl (w;¢)

w@) = — | 2 g 0<e< 1.
an(e) 2ri /w B, (w;e) WY=e=

Here gy (¢) € N is equal to the number of the roots of B, (w;e) = 0 counted with

their multiplicities lying in the interior of the domain bounded by w. We will

prove that g, (¢) depends continuously of € € [0, 1], hence ¢, () is constant. Let

€1,&2 € [0,1]. Write
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= Bu(wse1) ' Bu(wie2) " ([Bh(wie1) = B (w;22)] Bu(ws 22)

+B;, (w; £2)[ By (w; £2) — By (w; 61)}).

On the other hand,
B, (w;e1) — Byp(w;ea) = (2 —e1)y Z ™
m=0

and a similar equality holds for BJ (w;e1) — B}, (w;e2). Taking into account (A.3)
and (A.4), we have an upper bound

2)},Vw6w,0§e§1 (A.5)

B! < —_
B3 ()| < mas {5, =

and we conclude that ¢, () is continuous. This implies g,(¢) = ¢,(0) = 0 since
for Neumann problem (v = 0) we have no roots of the equation B, (w;0) = 0 with
Rew > 0. 0

Remark A.5. A shorter proof of Proposition A.4 may be given by using the con-
tinuity of the roots w;(n;e) with respect to e. If we have a root wj(n;e) with
Rew;(n;e) > 0 for some 0 < ¢ < 1, then for ¢ N\, 0 we obtain Re w;j(n;0) >
0, w;(n;0) # 0 since the roots w;(n;e) cannot cross the imaginary axis. This leads
to a contradiction with the fact that By, (w;0) # 0 in {Rew > 0}. The above proof
is based on complex analysis and the same approach could be useful for the general
case of strictly convex obstacles.

We may apply another perturbation argument. Consider the polynomial

n+1
Fa(win) = 3 bn(1+m)w™

m=0

for |n| < 1. Let w;(n) be the roots of F,(w;n) = 0 with respect to w. Clearly, for
|n| small enough we have a simple root w(n) such that w(0) = 0 and %ij (0;0) = 2.
The other roots of F,,(w;0) = 0 are different from 0 and they have strictly negative
real part (see Appendix in [12]). The root w(n) must be real, otherwise we will
have two perturbed roots for 1 close to 0. Taking the derivative with respect to 7,

we obtain

S s () + 5 (wlin) =0

and for n = 0 we deduce w'(0) = 1/2. This implies tw(n) > 0 for +n > 0 and
small |n| (w(n) < 0 for n < 0 follows also from the fact that B, (w;~v) = 0 with
0 < v < 1 has no positive real roots). For v = 1+ n > 1 the root w(n) yields an
eigenvalue A = _#(n) < 0, while for v = 1 —7 < 1 we have an incoming resonance
A= —ﬁ > 0. The other roots w;(n) with Rew;(0) < 0 remain in the half
plane {Re z < 0} for small |7].
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