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ABSTRACT. We study a class of third order hyperbolic operators P in G = {(t,z) : 0 < t <
T, x € U € R"} with triple characteristics at p = (0,x0,&), £ € R™ \ {0}. We consider the case
when the fundamental matrix of the principal symbol of P at p has a couple of non-vanishing real
eigenvalues. Such operators are called effectively hyperbolic. V. Ivrii introduced the conjecture that
every effectively hyperbolic operator is strongly hyperbolic, that is the Cauchy problem for P + Q
is locally well posed for any lower order terms ). This conjecture has been solved for operators
having at most double characteristics and for operators with triple characteristics in the case when
the principal symbol admits a factorization. A strongly hyperbolic operator in G could have triple
characteristics in G only for ¢ = 0 or for ¢t = T. We prove that the operators in our class are strongly
hyperbolic if T" is small enough. Our proof is based on energy estimates with a loss of regularity.
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1. INTRODUCTION

1.1. Introduction. Consider a differential operator

P(t,z,D;,Dy) = Y cap(t,2)D{DY, Dy = —idy, Dy, = ik, (1.1)
ot <m
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of order m with C* coefficients ¢, 5(t, z), t € R, x € R". Denote by

pm(t,l‘,T, 5) = Z Ca,ﬁ(tax)Tagﬁ

at|Bl=m

the principal symbol of P. We assume that ¢, (t,z) # 0 for all (¢,x). Let Q2 C R**! be an open
set and let Q" = QN{t <9}, =Qn{t>n}, G=Qn{0<t<T}.
Set P, (t,x, Dy, Dy) = pp(t, x, Dy, Dy).

Definition 1.1. We say that the Cauchy problem
Pu=finQn{t<T} suppuC G (1.2)

is well posed in G if o

(i) (existence) for every f € C§(Q), supp f C Qf there exists a solution u € D'(Q) satisfying (1.2).
(11) (uniqueness) if u € D'(QQ) satisfies (1.2), then for every s,0 < s < T, if Pu= 0 in Q, then
u=01in Q.

A necessary condition for the well posedeness of the Cauchy problem (WPC) is the hyperbolicity
of the operator P in G (see [6] and the references cited there). This means that for every (o, zo,&) €
G x R™\ {0} the equation

pm(to, 20, 7,§) =0 (1.3)
with respect to 7 has only real roots 7 = A;(to, o, §).

Definition 1.2. We say that the operator P with principal symbol py, is strongly hyperbolic in G
if for every point zy = (to,x0) € G there exists a neighborhood U of zy, T(U) > 0 and Ty > 0
(To < T ifto =T and Ty = 0 if to = 0) such that the Cauchy problem (1.2) for the operator
L = Py (t,z, D¢, Dy) + Qum—1(t,x, Dy, Dy) is well posed in US for every Ty < s < T(U) and for any
operator Qum—1(t,x, Dy, D;) of order less or equal to m — 1.

When P is strictly hyperbolic, that is when the equation (1.3) has simple roots A;(t, x,&) with
respect to the variable 7 for all (t,2,£) € G x RY \ {0}, it is a classical result that P is strongly
hyperbolic. If the equation (1.3) has real roots with constant multiplicity for (¢, z, &) € G xR™\ {0},
the operator P is strongly hyperbolic if and only if it is strictly hyperbolic. Thus in the case of
roots with constant multiplicity—greater than 1—we must impose conditions on the lower order
terms ().,,—1, called Levi conditions, in order that the Cauchy problem be well posed. The analysis
of the Cauchy problem for such operators is complete and we know the necessary [3] and sufficient
[2] conditions for (WPC).

Passing to the case when the roots of (1.3) have variable multiplicity, notice that the roots
Aj(t,z,€) in general are not smooth but only continuous. The case of operators with constant
coefficients is also completely examined and P is strongly hyperbolic if and only if P is strictly
hyperbolic. The necessary and sufficient condition of Garding for (WPC) says that there exists a
constant ¢ > 0 such that for the full symbol p(7, &) of P we have

p(7,&) #0, for Im 7| > ¢, V¢ € R™ \ {0}.

In the following, for the sake of simplicity, we switch to a different notation and denote t = xg,
r = (20,21, ..., Tp) € R™1. The dual variables are denoted by & = (&, &1, ..., &) = (£0,&).
Given a symbol p(z, &), let

%(p) ={z € T°G\{0} : p(z) =0}, Zu(p) = {z € T*(G) \ {0} : p(2) = 0, dp(z) = O}.
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In the case ¥1(pm) = 0, the operator is of principal type and a hyperbolic operator P in G is
strongly hyperbolic (see [7] and Section 23.4 in [5]).
Turning to the case X1 (py,) # 0, notice that if we have a critical point (Z, é) € ¥1(p), then the

Hamiltonian system

dv 9 g

ds £Ds ds zP
has a stationary point and it is natural to consider the differential of the Hamilton vector field.
Thus we are led to define the fundamental matrix

4 & pg,x(@’éz pg’g(i', A)A
Fp(&,€) (_px’m(@,g) _px,é(Avf)).

We recall two important properties of F), (see [6], [4]):

1. For every point z € 3i(p) the Hessian Q,(X,Y), X,Y € T.(T*(G)) at z of & is well
defined. Then Q,(X,Y) = o(X, F,(2)Y), o being the symplectic form on T%(G). Thus
after a canonical transformation the fundamental matrix is transformed into a similar one
and its eigenvalues are invariant under canonical transformations. Hormander [4] called
F,(z) the Hamilton map of Q.

2. If P is hyperbolic in G and (2, €) is a critical point of py,(x,€), then F,,. (2, €) has at most
two non-vanishing real simple eigenvalues p and —p and all other eigenvalues u; are purely
imaginary, that is Re p; = 0.

~

The existence of non-vanishing real eigenvalues of F,,  (&,&) is a necessary condition for strong
hyperbolicity. More precisely, let pp,_1(z,&) = E‘ a=m—1 Ca (2)€% and let

..n 82 .
P2 (2,6) = Pt (2,6) + 5 D 5 (2, )
=0

be the subprincipal symbol of P which is invariantly defined for (x,&) € X1 (pp,). Then we have the
following

Theorem 1.1 (Theorem 3 and Corollary 3 in [6]). If P is strongly hyperbolic in G, then at every
point (z,£) € 1(pm) the fundamental matriz Fy, (z,£) has two non-vanishing real eigenvalues.

Moreover, for (z,£') € G x (R™\ {0}) the multiplicities of the roots of (1) are not greater than two,
and for (xz,&') € {xg = 0} x R™\ {0} or for (z,&') € {xg = T} x R™"\ {0} these multiplicities are not
greater than three. If F, (&, f) has only purely imaginary eigenvalues, the condition Imp/, (&, f) =
0 is necessary for (WPC).

If F,, (:%,é) has only purely imaginary eigenvalues, for (WCP) we have a second necessary
condition
1 2n+2

Re gyt (2,6 < 7 3 sl
§=0
j being the eigenvalues of F,  (Z, é ) repeated according to their multiplicities. This condition has

been proved in [6] in some special cases concerning the structure of F, (i,€) and without any
restriction by Hérmander [4].
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Definition 1.3. A hyperbolic operator with principal symbol py,(x,&) is called effectively hyperbolic

if at every point (:&,é) € X1(pm), the fundamental matriz F, (&,§) has two non-vanishing real
etgenvalues.

V. Ivrii introduced the following

Conjecture. A hyperbolic operator is strongly hyperbolic if and only if it is effectively hyper-
bolic.

For operators with at most double characteristics the sufficient part of the above conjecture
has been established for some special class of effectively operators by Oleinik [14], Hérmander [4],
Ivrii [7], Melrose [10] and in the general case by N. Iwasaki [8], [9] and T. Nishitani [11], [12], [13].
In particular, in the works of Nishitani many properties of effectively hyperbolic operators with
double characteristics have been established. An important phenomenon for this class of operators
is that we have always a loss of regularity which depends on the ratio of the subprincipal symbol
and the non-vanishing real eigenvalue of F), at double characteristic points (see Theorem 3 in [6]
for a necessary condition, and [7], [12] for sufficient conditions).

However according to Theorem 1.1, there are also classes of effectively hyperbolic operators with
characteristics of multiplicity 3 which should be strongly hyperbolic. The analysis of operators with
double characteristics is fairly complete and over the last 30 years a lot of works treating both the
effectively hyperbolic and the non-effectively hyperbolic operators has appeared. The case when we
have triple characteristics is more complicated for several reasons. So far the only result concerning
effectively hyperbolic operators with triple characteristics appears to be that of Ivrii [7] for operators
such that in a conic neighborhood of every point (0, xg,&p) with triple characteristics p3 admits a
factorization

pg(t, Ly T, ﬁ) - ((T - ,8(.’13, é—))Q - D(tv €T, f))(T - 7(t7 &, 5)) (14)
as a product of two principal type symbols with smooth real-valued symbols 3,~, D and D > 0 for
t > 0. For such a class of operators Ivrii established in [7] a strong hyperbolicity. It is clear that,
for a factorization of the form (1.4) to exist, it is necessary that the equation ps = 0 has a C*° real
root 7 = (t,x,§) defined in a small conic neighborhood of the point (0, zg,&y). This is possible
only if some terms of p3 have a very special behavior. For example, consider the symbol

b3 = T3 - (ta2(t7$a£) + Oé(LL‘,g))T + t2b3(t7$7£) (15)

with as(t, z,€) > cl¢f?, ¢ > 0, a(x,€) > 0 and «(0,&) = 0,4(tag + «)® > 27t*b3 for t > 0, where
bs(t, x,€) is a symbol of third order. Then if b3(0,0,&p) # 0, the factorization (1.4) for fixed £ = &
is possible only if a(z, &) = 0 for all z in a neighborhood of 0. We prove this result in the Appendix.
The purpose of the present paper is to show that for a class of third order weakly hyperbolic
operators whose principal symbol p3, after a reduction, has the form (1.5) we have strong hyperbol-
icity if the Hamilton map Fj, has two real non-vanishing eigenvalues in its spectrum on the triple
characteristic points. The last condition is satisfied if the symbol ay(¢, x, &) is elliptic. According
to Theorem 1.1, a strongly hyperbolic operator may have triple characteristics only for ¢ = 0 or
t =T and in this paper we deal with the case when this may happen for some points on ¢ = 0.
More precisely, we study operators having the form

VS D§)+Q1(t7xv Dx)DtQ+QQ(t7$,Dm)Dt+q3(taan1)
+ro(t, x, Dy) + r1(t, x, Dy) Dy 4 ro(t, ) D? + my(t, z, D) + mo(t, ) Dy + co(t, z). (1.6)

Here ¢;(t,z, D), j = 1,2, 3, are differential operators with C'*° coefficients and real-valued symbols
q;(t, z,&) which are homogeneous polynomials of order j in &, r;(t,z, D;), j = 1,2, are differential



CAUCHY PROBLEM FOR EFFECTIVELY HYPERBOLIC OPERATORS 5

operators with C* coefficients and symbols 7;(t, z,£) homogeneous of order j with respect to &,
ro(t,x), mo(t, z), co(t, z) are C*° functions and mq (¢, z, D,) is a first order differential operator with
C coefficients. Let ps(t,x,7,£) be the principal symbol of P and let G = {(t,z): 0<t<T, z €
U}, where U € R” is an open set in R™. Consider the symbols

Ay = 27g3 — 9q12 + 247, Do = g7 — 3q2, A = —2*7(A2 4A3).

The symbol A is the discriminant of the equation ps = 0 with respect to 7 and we have three
real roots for ¢ > 0 if and only if A > 0. The symbol Ag is the discriminant of the equation
Orp3 = 372 + 217 + g2 = 0 with respect to 7 and if we have a triple root at p = (0,0, &), we get
Ao(p) = 0. Thus if the equation pg = 73 + 172 + g27 + g3 = 0 has a triple real root at p = (0, zg, &),
we must have Ag(p) =0, A(p) = 0. This implies A1(p) = 0 and the triple root is 7 = qlép)

Since the polynomial ps is hyperbolic with respect to 7 for ¢t > 0, we deduce that at a point p

with triple characteristics we have

(d¢zp3) (0, xo, — (h:(;)) , 5) =0

(see Lemma 8.1 in [6]). The last condition can be written as follows

2
a\p qilp
(o)D) T (202) (0) 2 4 (d5) ) = 01
Taking the differential of Ay at p, and using Ag(p) = 0, we deduce easily that (d;,A1)(p) = 0.
In this paper we make the following assumptions:

(Hp) The roots of the equation p3(t, z, 7, &) = 0 with respect to 7 are real for all (¢,7) € G, & €
R™,

(Hy) If the equation p3(0,z,7,£) = 0 with respect to 7 has a triple root 7 = A(0, zg, &) for
t=0, xg € U, & € R™\ {0}, then we have a triple root 7 = A(0, g, &) for (0, x,&),VE € R™\ {0}
and the Hamiltonian map F,, (0, zg, A(0, 2o, &), &) of ps has non-zero real eigenvalues %4(xg, §) for

£ e R™\ {0}.

(H2) If (Hj) holds for (0,xzg,&), then there exists an open neighborhood Uy, of xg such that
A1(0,2,8) = (0:A1)(0,2,£) =0 for z € Uy, and £ € R"\ {0}.

Our main result is the following

Theorem 1.2. Let xg € U be a point for which the hypothesis (Hy) — (H2) are satisfied. Then
there exists a neighborhood V,, C Uy, of xo such that for T > 0 sufficiently small, the operator P
is strongly hyperbolic in {(t,z); 0 <t <T, x € Vg, }.

The techniques of the energy estimates can be modified to cover the case when (H7) holds only
in a conic neighborhood of a point py = (0, zg, &y). However, to obtain a (WPC) in a neighborhood
of g, it is necessary to have more sophisticated tools to deduce (WCP) from the microlocal a
priori estimates with loss of regularity. As we mentioned above, the assumption (Hs) is valid at all
triple characteristic points. Notice that if T" is not small and if for 0 < § <t < T with sufficiently
small § the operator P is effectively hyperbolic with double characteristics at some points, we
can combine our result with those of [8], [9], [11], [12] to obtain a strongly hyperbolic operator in
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{0 <t < T,z e U}. Our arguments work also if we assume that q1, g2, g3 are pseudodifferential
operators with real-valued symbols.

To prove Theorem 1.2, we establish a theorem of existence and uniqueness for solutions of the
Cauchy problem (see Theorem 8.3). To this purpose we obtain an a priori estimate with a loss
of regularity of order 2N/3 — 2 for the operator P near a triple characteristic point. We choose
N = %H + Ny, with Ny an integer and

M=t s [ph(0,2 00,2, (n(x.€) ] (7
2€U,E|=1

where ph(t, z, 7,€) is the subprincipal symbol of P, \(0, z, ) denotes the triple root of p3 = 0 and
p(z, €) is the non-vanishing eigenvalue of Fj,(0,z, A(0,z,§),§). Moreover, the integer Ny depends
only on p3(0,z,\(0,z,€),§), v € Uy, but we are not going to precise the optimal value of Nj.
It seems that with a more complicated analysis of the contribution of the subprincipal symbol p,
it should be possible to obtain a loss of regularity 2N/3 — 2 with N = %H + Np and this is an
interesting open problem.

We may compare the number (1.7) with the loss of regularity for second order strongly hyper-
bolic operators L with principal symbol ly(t, z, 7,€£) given by

1 _

2+ |5+ sup 15 () (u(p) 7).
pPEX]

where [z] is the integer part of z (see [14], [7], [10] for a special class of operators with double

characteristics and [12] for the general case). Here

= {p = (t7x77-a 5) € G xR \ {0} tla(p) = OvdZQ(p) = 0}

is the double characteristic set of L, I{(p) is the subprincipal symbol of L and u(p) is the non-
vanishing eigenvalue of the Hamiltonian map Fj,(p) at p € £;. It is important to note that the loss
of regularity M for the solutions of the Cauchy problem for P is bounded from below by

sup | Tm(ph(0, 2, A0, 2, €), €))(u(x, €)' < 2n(M + 3). (1.8

zeU, [€|=1

This follows from the necessary condition (36) in Theorem 3 in [6]. Thus our result with M =
2N/3 — 2 is compatible with this lower bound.

1.2. Comments on the proof of the main result. The proof of Theorem 1.2 is long and
technical. It is based on the energy estimates obtained in Theorems 8.1 and 8.2 and, as we mentioned
above, we cannot avoid the loss of regularity which is related to the ratio of the subprincipal symbol
and the non-vanishing eigenvalue of the Hamiltonian map. This is one of the main differences
compared to the hyperbolic operators of principal type (see for example the analysis in Section
23.4 in [5].)

First by a change of variables (¢, x) we reduce the analysis to the case when the principal symbol
ps in the new variables, which we denote again by (t,x), has the form

pg(t, $,T,§) =7 - (taQ(tvxvf) + Oé(l‘,f))T + t2b3(t,x,§),

where ag, «, are real-valued symbol homogeneous of order 2 with respect to £ and as(t,z,&) >
clé)?, ¢ > 0, a(z,€) > 0, while b3(t,z,£) is a real-valued symbol of ordre 3 in ¢ (see Section 2).
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Here we use essentially the condition (Hs) to present the term with third order derivaties in z as
t2b3(t, x, D). If (H3) is not satisfied, we will have a term

a3(t7 €T, f) = t2b3(t7 €T, 5) + th(ﬂ?, é‘) + ﬂ(xv 5)
with third order symbols b3, c3, 3. Of course, the hyperbolicity of ps implies that
a3 < (ta + 0)?, 12 0,
27

but it is quite difficult to exploit this condition working with the energy &x (u) and the time function
f=%+ (£)72/3 defined below. A different choice of f adapted to the structure of p3 and some
more complicated energy techniques seem to be necessary to cover the general case when c3 # 0
and ( # 0. The reader may consult the work of Nishitani [12], where the choice of f is related to a
microlocal model of the principal symbol with double characteristics.

Next, we introduce, in Section 4, the scaling t = e23g, 1 = ey, € > 0, and we transform our
operator into the operator P with respect to (s,y) (see Section 4 for the notations). Since we are
interested in showing that the Cauchy problem is well posed for sufficiently small ¢ and since P is
strictly hyperbolic for ¢ positive and small enough, we can investigate the operator P. We denote
below again by (¢, z) the new variables. The symbols as(t, z,§), a(z, ) are transformed to symbols

a5 = as(c*/3t,£2,€), of = afex, )

and this is important for the pseudodifferential calculus developed in Sections 3-4. Eventually we
choose ¢ = O(N), where N = %H + Ny is a large integer, so that 0 <egp <elN <« 1.

The so called time function f(t,§) = % + <§>_2/ 3 plays an important role in the calculus of
pseudodifferential operators with order function mﬁv =fN (t,€) and metric

gy = €°1dz|* + (€) 72 |de .

The reason of this choice is that the commutator [a5(t, z, D;), f = (¢, D;)] has symbol in the space
S(f~NeN(¢),g%) so [a5(t, =, D), f~N(t, D)~ (t, Ds) becomes a first order operator whose norm
is not depending on N and, in particular, on II. This is proved in Proposition 5.2.

The main idea is to multiply =2V (¢, D,)Pu by the multiplier
Mu = ()| D? — 0(ta5(t, z, Dy )u + of (z, Dy)u) |,

where we choose § = 1/3 and ¢(t) = eftﬂ, A > 0. For the analysis of the problem with data
Du(T,z) =0, j =0,1,2, we use the function ¢(t) = te"?}". We study the expression

—2Im(f N (t, D,)Pu, Mu), (1.9)

(,) denoting the scalar product in L2(R") and u € C§°([0,7] x U) has traces D}u(to,z) =0, j =
0,1,2, 0 <ty <t <T. The last condition guarantees that Mwu is well defined for ¢y = 0. The above
expression modulo lower order terms is a sum of 15 terms and we make a quite detailed analysis of
all these terms in Section 5. The purpose is to find, by integration by parts, “positive” terms with
a big coefficient of order O(N) which will absorb in the energy estimate the contributions with
“Indefinite” (possibly negative) sign.

In fact, we have many indefinite terms, while the positive ones come from the expression

2N
8t(fN(u) + ?@@N+1/2(u) + 2)\(5)]\[(%),
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where
2
En(u) = o[ f~Nu"|§ + 3 Re(f 2N (ta5 + e~ *3a)u/ )

1 2
*3 1f 7N (tagu + e=2/3a)ulff + 3 Re(f72Nu", (ta§ + e 2/3a)u)
+e Bt 2 Im(f N bju, o).

The quantity in the third line above, involving powers of € and t, is a lower order perturbation.
We introduce the energy of order k£ € N by the expression

1 2
Be(u) = (515713 + 5 Relf~*(tas + =20y, £+

(15 + = %)) 7). (1.10)
where aj is the operator with symbol a5 (0, z, &) and ||.||x denotes the H*(R™) norms. Next we prove
that modulo lower order terms we have &;(u) > FEx(u). To gain control on the terms involving
| £ *u(t,.)||; norms with j = 1,2 and k = N, N + 1/2, we would like to exploit the terms with
H?(R™) norms having large coefficients. However, we have positive terms only with the norm
t)| f~N=12u))3 and, as t becomes close to 0, we cannot absorb the Ho norm of f~N~1/2y. This is
the principal difficulty when we try to absorb the lower order terms created by Im{f~2V b5u, asu)
and the second order operator by. A way around this is to use the key inequality

P <t
established in Lemma 6.1. Thus, for example, we have an estimate

LF N2 < ) N ulE (Yl

1 — € — € 2 —
+ 5l (taGu + e Paf)ullf + S 7 (u +

Applying the above equality twice, we get also norms of the form ||f=% -5/ 2ul|o. Following this
way, we have negative terms with coefficients ¢, but we have now generated other negative terms
involving norms with weights f~N=3/2 and f~~5/2 and these also have to be absorbed. However,
the latter types of terms are not included in our energy expressions Ex_1/2(u), En(u) given by
(1.10).

To deal with them, we apply to just a fraction of the positive terms in 1/JEN+1/2(u), having a
large coefficient proportional to NV, the inequality

PN > 0 (N — N+ RN/ - 473yl N
2N +1
3

A similar inequality for ¢||f = ~1u||? completes our technical toolkit.
Finally, in Section 7 we show that we can absorb all non positive terms. In Section 8 we get

the energy estimates with loss of 2/N/3 — 2 derivatives in « which imply, by a standard argument,
the well posedeness of the Cauchy problem.

00 (I 2ul) = NP 4 S N R (1)

Acknowledgments. Thanks are due to the referee for her/his critical comments on the initial
version of the paper.



CAUCHY PROBLEM FOR EFFECTIVELY HYPERBOLIC OPERATORS 9

2. HYPERBOLIC OPERATORS WITH TRIPLE CHARACTERISTICS

In this section we use the notations of Section 1. First we will change the variables so that in
the new variables the principal symbol has not a term involving 72. Let us write

_ 1 3 (J%( 1 ) ne | 24
p3_(7+3‘h) o= ) T+3q1 ST

Then the term without coefficient (7 + 3q1) is Just . With a change of variables
s=t,y;= fj(t,w), ji=1,..,n

we may transform for small ¢ > 0 the symbol 7 + %ql into 0. Let %ql = Z?Zl a;(t,x)&;. It is
sufficient to solve the first order hyperbolic equations

8f3+z ——0]-1

oxy

with initial data f;(0,2) = x;. The Jacobian J = det ng’yi is different from 0 for small ¢ > 0 and
z € U and can solve the system for f;,7 =1,...,n, for small [t| <.
Now by using the same notations (¢, ) for the new variables, consider the operator with principal

symbol

ps =70 — ot x, &)1 + 13(t, 2, &), (2.1)
where 7; are real- Valued symbols homogeneous with respect to ¢ of order j = 2,3. Clearly, the
symbol r3 is just 5 7 If we have a multiple real root 7 = A(0, z¢, &) of ps = 0 for (0, z,&), then
A0, g, &) is a root of 372 — ra(t,x,£) = 0. Thus r2(0,z9,&) > 0. Moreover, the root A is triple if
and only if A\(0, zo,&) = r2(0,x0,£) = 0. If 7 = 0 is a triple root at (0, zg, ) and if the fundamental
matrix of ps at (0,0, 0,&) has non zero real eigenvalues, then 9;r2(0, zg,&) > 0 (see Lemma 8.1 in
[6]), On the other hand, the hyperbolicity of the operator implies that the discriminant A satisfies
the inequality

A =4r] —27r > 0.

If at a point (0, xg, &) we have r2(0, zg, &) < 0, then A(0, zg, &) < 0 and we will have two complex
conjugated roots. Thus in a neighborhood of (0, zg) we have

ra(t, @,§) = oz, §) + tas(t, z,§)
with
a2(0,2,€) > clé]?, ¢ > 0, a(z,€) > 0.
In the new variables, denoted by (t,x), the operator P is transformed into
P = D} — (tas(t,z,D;) + a(x, Dy)) Dy + as(t, , Dy) + ba(t,x, Dy)

+by(t, 2, Dy) Dy + bo(t, ) D? + c1(t, x, Dy) + co(t, ) Dy + do(t, ). (2.2)
Here as, a3 are homogeneous polynomials with respect to ¢ respectively of order 2, 3, b;(t,z,§)
are homogeneous polynomials with respect to & of order j, while by, co,dy are smooth functions
and ¢ (t,z,§) is a first order differential operator with respect to the variable x. Without loss
of generality we may assume that as(t,x,D,) and «a(x,D,) are self-adjoint positive operators.

This will change the operators by (t, z, D) Dy, co(t,z)D; which is not important for our argument.
According to the condition (Hs), in a neighborhood Uy, of xg we have the representation

a‘3(t7 xz, é) = t2b3<ta z, Diﬂ)
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with s symbol b3(t, z,£) homogeneous of order 3 in £&. We may also assume that bs(t,z, D,) is a
self-adjoint operator changing the lower order terms. Since we have a coefficient ¢2, this is not
important for the subprincipal symbol p) at (0, z,§).

Next throughout our exposition we will assume that the principal symbol ps(t,x,7,£) has a
triple root 7 = 0 for t = 0,29 € U, V¢ € R™\ {0} and we examine the operator having the form (2.2)
with a(zg, &) = 0. We suppose in the following that xg = 0. Since a(z,£) > 0, in a neighborhood
of 0, we have

az,§) = Z zixj fi (@, §). (2.3)
ij=1
Therefore the Hamilton map Fj,, of p3 for t = 0,2 = xo, 7 = 0 has non-vanishing eigenvalues if only
if a2(0, 2, &) # 0,€ € R™\ {0}.

It is well known that the subprincipal symbol and the eigenvalues of the Hamilton map are
invariant on the characteristic points p € X1 = {p € T*(G) \ {0} : p3(p) = 0, dps(p) = 0}. Thus the
number IT defined by (1.6) can be expressed by the subprincipal symbol p4 (0, z, ) and a2(0, z, ).

We extend the coefficients of as, a, by, k = 0,1, 2,3 and ¢y, ¢cg, dg for x € R™ as smooth functions.
Thus in the analysis in Section 3-8 we will assume that the operator P is defined in R™. Moreover,
our arguments work with small modifications if as,a, by, ci, etc, are classical pseudodifferential
operators with symbols

a?(tvxaé) S ‘5112,0(]Rn+1 X Rn)abk(tﬂx7§) € S{C,O(Rn+1 X Rn)7ck(t7w7§) S S{C,O(Rn+1 X Rn)

depending smoothly on the parameter .

3. SOME CLASSES OF SYMBOLS
Let
t _
where (€)2 = 1+ |£|?. Then clearly f is a symbol in the class S? 9/3) when derivatives with respect
to t are considered, but it is in the class S?,o if ¢ is just a parameter and no derivatives with respect
to t are involved.

It will be convenient for us to use the Weyl calculus formalism, in the variables x, in order to
establish an a priori estimate for the operator we deal with. From now on ¢ will be regarded as a
non-negative parameter.

Let € > 0 be a small positive number. We consider the metric in 7*R" defined by

Iwg) = €2lda]” + (€)7%|de[? (3.2)

which is almost the classical (1,0)—metric. In the following we will write g, when there is no
ambiguity. It is well known that ¢ is a slowly varying metric.

Let N be a positive integer. In what follows the size of N is determined in terms of the problem.
We define the function

miy (&) = N (t,€) (3-3)

and it is trivial to verify that ml; is an order function. Then we may define the classes S(ml, ¢°)
of symbols in the standard way.
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We point out explicitly that ¢ is just a parameter at this level and that if there is no ambiguity
we may omit it in our notation. We have the following
Proposition 3.1. f~N(¢,&) € S(mly, ¢°).
Proof. Of course we must check only &-derivatives. We have that
- - (§)=2/3 & o1
O, [N (4,€) = =NfN(1,6) (e
¢ (t.€) 3 (©)

Hence we have the estimate |0, IO < OnfN(t,€)(€)~L. A simple iteration concludes the
proof. O

Remark 3.1. In particular we deduce that
oef N (t,6) = 0 (Nely Nt €))7l

Given a symbol a(t,z,&) € S(ml, ¢°), which we may also denote by a’(z,§), the Weyl pseudo-
differential operator associated with it is defined by the formula

_ (2#)"//ei<xy’£>at (“y,g) u(y)dy de.

We recall the composition rule for two symbols (see e.g. [5]). Define
() — up [ 0P
w’ g (’UJ/)
Here o denotes the symplectic form defined on T'(T*R"™) x T(T*R"), which in our local coordinates

is given by
o ((1‘,5), (ya 77)) = <ya§> - <.%',77>.

Theorem 3.1. Let g be a temperate metric with g < g° and let m1, mg be (o, g) temperate order
functions. Let a; € S(mj,g), j = 1,2. Then the composition of the associated pseudodifferen-
tial operators is associated to a symbol map (a1,a2) — a = aj#ay from S(my,g) x S(ma,g) to
S(mima,g) and a is defined by

a(2,€) = oxp ( o(Ds, Des Dy, D )) ar (2, €)aa(y. )

(3.4)

(z,£)=(y,n)
Let

h(z,€)* = sup gi’ig, (3.5)

then we have that for every integer M the map associating al, as to the remainder term

ar1#as(z,§) — Z (i0(Da; De; Dy, D )>

771
i 27 51

(x> £)a2 (ya 77)

evaluated on the diagonal (x,€) = (y,7), is continuous with values in S(hMmima, g).

Remark 3.2. We explicitly note that the above formula (3.4) reduces to the usual symbol compo-
sition formula (i.e. with no effect of the Weyl operator definition) if a1 or ay does not depend on
x; thus (3.4) reduces to

a(e,6) = 3 0w (€ Diaae,6),

o] >0
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or the analogous symmetric formula if as is independent of x.
Note that a different way of writing the above formula is

ofe.€) = exp ( 3Dy D) ) an(€Jaaly )

(z,€)=(y,m)
Remark 3.3. An easy and explicit calculation yields that
(95.6)7 = (€)°|da|? + e72|dg %, (3.6)
and consequently the function h is given by
h(w, &) = @ (3.7)

Evidently in this case
Gae < (92.6)7-
We need to have a better control of this remainder terms in order to estimate the composition
symbol with respect to the parameter N introduced above.
We recall a result due to J.—M. Bony, [1], according to which the composition aj#as is written
as a finite sum plus a remainder term:

M-1 :
1 /1 P
al#a2($7£) = Z N <20(DI7D§7Dy7Dn)> al(%f)@(?/ﬂ])‘
p=0 p: (z,8)=(y,n)
+ RM(Gl,&Q)(l’,f), (38)
where
1 (1 _ Q)M—l
RM(al,az)(J%f)—/O -1
N / / o~ (26/0)0((@.)— (7))~ (v.m)
(779)2n

. <;U(Dt, D+ Dy, Dn))M a1 (t, 7)az(y, n)dtdrdydndd (3.9)
Proposition 3.2. Assume that a; € S(m;,g), where g is a slowly varying, temperate metric such
that g < g°. Then both Rys and the restriction to the diagonal of
0((Dz, D¢); (Dy, Dy))aa (z, §)az(y, n)
belong to S(mimahM | g).
4. SCALING AND MULTIPLIER
To obtain an a priori estimate and to deal with the lower order terms we introduce a scaling
t =e?/3s, xr = €y, e>0. (4.1)
Multiplying by €2, we obtain an operator
P=D3— sa2(62/3s, ey, Dy)Ds + bg(sg/gs, ey, Dy) — E_Q/Ba(sy, Dy) D,
+e1/3]s2b3(e¥3s, ey, D) + b1 (%35, ey, Dy)Ds} + £2/3by (235, eyy) D?

+ec1 (€235, ey, Dy) + e¥3¢o(e2/3s,ey) Dy + 2do (€235, eyy). (4.2)
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Here we applied (2.2) and we use for simplicity the same notation P for the transformed operator.
Moreover, as, a,br, k =0,1,2,3, etc. are the symbols of Section 2.

Since we are interested in obtaining an estimate for 0 < ¢y < ¢ < T with initial conditions on
to = 0, with sufficiently small T' > 0, we may think of € as a parameter which is going to be chosen
sufficiently small; actually it will be fixed below as ¢ = (’)(%), where N = %H + Nop and II was
defined in the Introduction.

We may also return to the notation (¢, z) for the time and space variables respectively, without
any risk of misunderstanding. Let

Py = D} — tas(0,ex, Dy) Dy + b2(0, e, D) (4.3)

be the leading term in P having no factors depending on e.
It is convenient to use the following notation:

a5(t, x, Dy) = ag(e¥t,ex, Dy), of = alex, D), (4.4)
and
b (t,x, Dy) = bj(e¥/%t,ex, D), ¢(t,2,Dy) = c;(e¥/%t,ex, D) (4.5)

for the differential operators appearing in the definition (4.2) of P, emphasizing the dependence on
the parameter e.
For u, v € C§°(RT x R™), we denote by

(u,v) :/Qu(t,x)l_)(t,x)dx,

the usual scalar product in L?(R™) w.r.t. the space variables z. Also we denote by |[v(t,.)||s the
norms in the spaces H*(R").

In order to deduce an energy estimate, we need a second order multiplier operator. In what
follows we use the multiplier

M(t, 2, Dy, Dy) = 9(t) (Df — Ota5(t, x, Dy) — 0=~23a (x, Dx)), (4.6)

where 6 denote a positive constant to be chosen later and ¥ (t) = %m, A > 0. Clearly, we have the
inequalities
—2)\t e—4>\t

5> = 3(t). (4.7)

—/(8) > A(t), —'(t) > =
For u € C§° (@ x R™) and 0 < tg <t < T we compute the expression
—2Im(f 2N (t, Dy)Pu, Mu).
Here f~2N(t, D,) denotes the pseudodifferential operator whose symbol is =2V (¢, &) € S(mby, ¢°).

We suppose in addition that u(tg, x) = w(to, x) = uu(to, z) = 0. Thus in the case typ = 0 the terms
with () have a sense for t = 0.
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We have
—2TIm(f 2N (t, Dy)Pu, Mu) = 2Re(yp f 2N (0} + ta50;) u, (O} + 0ta5) u)
+2Re 06_4/3<wf_2Na56tu, au)
+ 20723 Re(y f 2N (65’ + ta30y) u, a"u)
+2Ree 23 (=N af oy, (07 + 0tas) u)
+ 2Im (e f 2N e B3i2b5u, (8,52 + 6tas + 9672/3045) u)

+ 2Im(y f N b5u, (8? + Ota5 + 9«5—2/3(16) u) + lower order terms
3

5 4 3
= Z Z Z A+ Z B, + lower order terms. (4.8)
j=1 j=1 k=1

v=1

Here I;, J; denote the terms arising from the scalar product with the operator D} — (ta§ +
=2/ 3055)Dt, the A come from the third order operator w.r.t. D, and finally the B, originate
from the lower order term b5. Moreover, we denoted by “lower order terms” the terms of order 1
or 2 involving the operators by, dy,d;. It will be evident after the discussion below that they do
not have any influence whatsoever on the energy estimate for P that we are going to deduce and
hence, to avoid burdening the exposition with useless details we omit a discussion of those terms.

In the next section we are going to estimate each term I; with the purpose of putting in evidence
a positive energy containing the weight £~ as well as f~V—1/2,

5. ESTIMATE OF THE TERMS IN (4.8)

5.1. Estimate of I;. For the term I; we have

~2Tm{pf >N Dju, Dju) =
2Re(pf 2Nu ) = 0 (wll N 2) + 2N/30ll N2 gl N R (5.1

Here we write, as we did in the preceding section, f~2V instead of Op(f~2V), for the sake of
simplicity.

Note that we have used the fact that f, or rather its powers, is self adjoint as an operator w.r.t.
the = variables when acting on smooth functions with compact support.

5.2. Estimate of I3 and Js;. Due to Proposition 3.1, we have that, as a symbol, f=2N ¢
S (mg N> 9°), where € is a positive parameter to be chosen below and the variable ¢ can be regarded,
for the time being, as a parameter. The order function ml, has been defined in (3.3).

Taking into account that we performed a dilation by €, we conclude that

Proposition 5.1. The symbols a5, af, b5 belong to S((£)2, g°), as symbols in the x variables. It is
then straightforward to show that actually

e 50l alt, x,€) € S((6)2, ¢°), (5.2)

where a denotes a5, a or b5.
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A typical situation we encounter in the estimate of I; is the evaluation of a norm or scalar
product involving a commutator. We have

Proposition 5.2. The commutator
[a5(t, x, Dy), f 2N (5.3)
has a symbol in S(f~2VNe(€), ¢°).

Corollary 5.1. If 0 < € < g9, where €9 denotes a suitably small positive number depending on N,
then the commutator in (5.3) can be written as

[a5(t, @, Dy), f72N] = f7295 (¢, 2, Dy, (5.4)
where 75 € S((€),9°).
Proof of Proposition 5.2. Since f~2V does not depend on z, the bracket can be written as a product:
symb ([ag(t, z,Dy), f*QN(t, Dz)]) = agf*QN — f*2N#a§,

where symb(b) denotes the symbol of the operator b.
Using Proposition 3.2, as well as definitions (3.2) and (3.5), we obtain that the r.h.s. of the
above identity belongs to S(f~2Ve(¢), ¢°). O

Proof of Corollary 5.1. Choosing M =1 in (3.9), we get

o ([ag(t,x, D,), fﬁQN(t, DJC)]) (t,z,€)

1 ]. — (22 o((x,&)—(z T,5)— 7/
:/0 (ngn//e @0 =0.0O=wm L pas(t, 2,0

- Dy 2N (t, n)dzdCdydndd.

Since 23
cq p—an _ AN e M\ pan, -1 M7

aza28nf = 3 5((8,2@2) ) <77>>f <77> P <77>72/37

we see that besides the order function f~2Ne(€) we have also a factor N, which justifies the presence
of e. Here we used the notation (9,az) to denote the symbol (9,a2)(e%/3t, 2, €). See also definition
(4.4). O
Due to the above statements we may conclude that

[fiQNv ag] = fﬁQNoév (55)

for some first order symbol oj. Therefore

I3 = 6—2>\t (<f_2Na§u/7u”> + <u//7 (a;f_zN 4+ f_2Noz§) u/>)

— 672)\t (<f72Na§U/, u//> + <f72NCL§'LLH, UI> + <f72Nu/I, aiu’>) (56)

2N
_ e_2>‘t8t<f_2Na§u’, u/> + ?6_2/\t<f_2N_1

_ 6_2)\t<f_2Nat (CL;) ul’ ’LL/> + 6—2)\t<f—2Nu//7 aiu'>

2N
— at <672)\tf72Na§u/’ u/> + 2)\(672)\1‘/]{.72]\[@;'&/, u/> + ?672)\15

asu’,u')

<f72N71a§u/7 u/>

+ 131+ I3.
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Here we denoted by v/ = dyu and v = d?u. Moreover 9; (a5) denotes the operator whose symbol
(or coefficients in the differential case) are the t-derivative of aj.
Repeating the same argument, we obtain

31 = —20 Im (¢ f =N af Dyu, ofu)
= 20Re(f 2N ofu!, ofu) (5.7)
= 0[N ofu!, ofu) + (0fu, p f N afu')]
=00, (v f 2N afu, ofu) — 0 (f 2N afu, afu) + 2N /300 f N " Lafu, afu).
5.3. Estimate of I;. Let us consider I,. We have
Iy = —2Im (2N ta5 Dyu, Otasu)
= 2e "M Re(fHasu/, Otasu)
=60, (e‘”‘t(f_QNaEu ta%u)) + 20t he M (F 2N aSu, aju)
+ 02N /3te (N 2050, a5u) — e M (2N agu, aju) (5.8)
— O f 72N (a5 ), tasu) — e PN (f 2N agu, t(ad)ew).
Here we just used the fact that both f~2% and a5 are self adjoint in L?(2), t being a parameter
at this stage.
5.4. Estimate of I, and J;. Let us consider the expression for Ia, see (4.8),
Iy = 2Ree M (f 2V 9Pu, fasu)

— 06—2)\t ((f_QNu’”, CL%’U,> + <a§u7 f—2Nu///>)

— 6V, (<f—2Nu", asu) + (a5, 2Ny — (F-2N, u>> (5.9)
2N —2Xt —2N—-1_1n ¢ 5 —2N—-1_1n
+ ?96 Re <f U ,CL2U> + <a’2u’ f U >

_ <]£‘72N71u/7 agul>> + 9672)\)&2 Re<f*2N&ziu/’ U//>
92 Re (<f-2Nu", (Ouad)u) + (Dras)u, £-2Vu"y — (F~2Nod, (Bya)u >)

= 00, <26_2’\t Re(f2Nu" a5u) — e 2M Re(f 2N/, agu'>>

2N
+ ?‘9 (26—2)\t Re(f_2N_1u",a§u> _ 6—2)\t Re(f_2N_1u/,a§u/>)

+2X0 <2€_2)\t Re(f2Nu" a5u) — e M Re(f 2N/, a5/ ) ngk

A few words are in order. Here af denotes a suitable first order pseudodifferential operator origi-
nating from a commutator exactly as it occurred for the other terms above.
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Moreover in deducing (5.9) the following identity has been used:

8t <<f2Nu/l7 a§u> + <CL§U, f72NU//> o <ff2Nu/’ CLZUI))
— <f—2Nul//7a§u> + <f—2Nu// a%u/> + <a§u/ f—2Nu//> + <a€u, f—2Nu/1/>
— (72N asu’y — (f72Na aSu”) + terms being O(N) 4+ terms involving d;a5.
Thus let us examine the first four terms in the r.h.s. above. We have
<Jc—2Nu///7 a§u> + <CL§U,, f—QNu//> + <a§u’ f—QNu///> o <f_2NU/ agul/>
— <f72Nu///’a§u> + (CLSU, f72Nu///> + <[ff2N7a2}u/’u//>
= 2Re(f 2N aju) + (f 72N a5, u").

To obtain the last line we used Corollary 5.1 and the fact that a5 is a self-adjoint operator.

For J; we use the same argument and we obtain
2371 = 20 Tm(yp f 2N Ddu, ofu)
= 20 Re(y f 2N OPu, au)
= 0( f 2N 0, afu) + 0(afu, 1 f 2N OPu)
= 00, <2w Re(f2Nu" afu) — Re(y f 2N/ a%’))
— 6y (2 Re(f~2Nu" ofu) — Re(f 2N/, asu/>>
+ 62N/3 (21& Re(f2V=W" ofu) — Re(y f 2V~ 1/, aau'))
+ 029 Re(f =2V g0/, u”) (5.10)
with a first order operator (3.
5.5. Estimate of J; and Jy. We have
e3(Jy + J1) = —2Im(ep f "N ta§ Dyu, 0ofu) — 2Im(p f 2N af Dyu, Otagu)
=2Re [(¢f_2Nta§u', Oacu) + (N afu, Htaguﬁ
= 020, (Re< TN S, u>) + 04N /3Re(e” M f~N1 2050, o u)
+ 40 Re(e M 2N g5u, ofu) — 20 Re(e M F72N (a5)4u, ofu). (5.11)
5.6. Estimate of J;. Consider, see (4.8),
23 J3 = 2Re(f 2N ol u)
= (7ot ) + (0 T >+wRe<f—Nu“mf—Nu’>
= 0 ()N ot ) — ¢ Re<f Mo, u') + I,
+ 2N/3( f 7 Lafd/ '),

where

Jz1 = Re(yf~Nu" 1 fV)



18 E. BERNARDI, A. BOVE AND V. PETKOV

and =1 is a first order operator.

5.7. Estimate of A;. Let us rewrite i4; in the following way

iA; = 2i Im(e M F2N 1 Btpsu, o)
_51/3t€_2>\t<<f 2Nb3u u > < " f 2N(L3U>>

We have the identity
020 I (f 2N b5u, o) = (f 2V b5u, u”) — (W, F2Nb5u) + (FTEVBS ) — (f, FRVBSY) (5.12)

= 2 () = )
U @) - Ok,

Plugging (5.12) into the above expression for iA;, we then obtain
2N
Ap = et/Pte™2Mp, (2Im(f*Nbu,u’)) + 2e1/3te2A 3 Im(f 2N 1b5u, u')
— Bt M2 Im (F Vb5 o) — 261 Bte M I (f 2N (0,05 u, )
= 2¢1/39, (te 2 Im(f 2V bsu, u )) — 21 Be M I (F 2N pEu, )

+ 22 Bte ™M Im (F 2V bsu, o) 4 '/ 3tePMAN /3 Im (F 2N b5, o)

2
+) A (5.13)
k=1

5.8. Estimate of A; and As. Using the calculus it is not difficult to show that there is a symbol
of first order, ag, such that

Ay = 2130127 Im (F =2V b5u, aju) = e'/30t2e 722 Im (f =V S aSu, a5u). (5.14)

Here our argument is based on the fact the principal symbols of the operators a5(t,z, D,) and
b5(t,x, D;) are real-valued. Thus we obtain

(a5(t, z, Dg)b5(t, @, Dy))* = b5(t, x, Dy)a5(t, x, Dy)) + a(t, x, Dy)
with a pseudodifferential operator aj of order 4. Since a§(t,x, D) is elliptic, it is easy to find a
zero order operator v§(t, z, D) so that of(t,z, Dy) = (a3)*§(t, x, Dy)a5

For As we obtain straightforwardly that As = 20e=2/3 Im<wf_2N51/3t2b§u, afu).

6. ENERGIES

Summarizing the expression of all terms in Section 5, we may rewrite (4.8) in the following
form

2N
—2Im(f 2N Pu, Mu) = ;&N (u) + ?éaNHﬂ(u) +2XéN(u) + Z, (6.1)
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where
En(u) =9 [Hf_NU"H% + (1= 0) Re(f N (ta5 + e/ *a)u/, ) (6.2)
+ 015~ (tasu + &= YulF + 62 Re(f72Nu, (ta5 + == a%)u)|
+ e Bte 2 Im (f NV bu, o).

Moreover & includes all terms that can be considered “errors”, since they do not contribute to the

energy &y or &y1/2. Note that somewhat improperly we include into % also norms multiplied by

e which are positive, but require “ad hoc” treatement. Recall that we have 0 <ty <t < T and

t2
we suppose that u(ty, z) = u(to, x) = u(to, z) = 0, so the expression with factor ¢ or eft?t below

make sense when tg = 0.
The quantity Z is defined as

6—2)\t

+ 07232 Re(f V", asu)) — 0| fNa5ul|3

74 (|| FNU)2 4 073 (2N 0fu, ofu) 4 (1 — 0)e 2B Re(f 2N ot o) (6.3)

— 2028 Re (£ (a§),u, o u)
— 20e" M Re(f N (a3)su, tagu) + e (—(f 7N (ag)eu, ') + (f TN, ofu))
+ 96—2>\t2 Re<f—2N&.ﬁi‘ul’ ul/> + 295—2/3w Re<ﬁlf_NU,, f_NU”> + 5_2/3w Re<’71f_NU,, f—Nul/>
— e 2N <2 Re(f_QNu”, (a5)u) — Re(f_QNu', (ag)tu'>>
— 9el/3g=2M Im(f 2V b5u, u') — el /3te=2M9 Im(f Vb5, /)
— 23t 2N I (F 72N (9,65 )u, ')
+ 301222 Im (f =V S aSu, a5u)
+ 203 2 Im (2N b5, ofu)
3

+ Z B, + lower order terms.

v=1

To keep the exposition simple it is convenient to denote by 2]1-0:1 Zj the sum of 10 terms corre-
sponding to the 10 lines in the expression of Z above.
Consider the sum

Sk = F U1 + 0015 (105 + 0 Yulld + 260 RelfH(ta5 + =%, 4",
Choose 6 = 1/3. Then we deduce
1 _ 1 _ _ 2 _ 1 _
Sk = YIS + Gl (ta5u + #af)ullf + SUIF (" + (a5 + e #af)u))lg. (6.4)
It is clear that

_ 1 _ _ 1 _ 1, _
IF75 " + 5 (ta5 + & PaYu)llf < 201 f (" + 5 (ta5 +e 2/3045)U)H3+E|!f " (a5 + e*%a%)u)I3
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and we get
1 _ 4 _ _ 1 _ 1 _
Sk = YIS I3 + 77 VIS “(tas + e P )u)lf + YIS " + gltas +¢ #2af)u)lg. (6.5)

In the same way we obtain

6—2)\15

1 1 2 1
G+t = o (IR + S BNt + S (5 5 ) I
2 1
+5e P Re( N ot afu) - 51 F N tasull)

6—2)\15

32
+2e 2B Re(f 2N/, o) — Hf_Ntagqu> .

A\

_ 4 _ _ _ 2
("3 + e 21N asulld + || (#~ (" +e7a%u) [

To simplify the notations in the following we will write a5 for a5(0,x, D;), while a5 will denote the
operator aj(t,z, D;). Therefore a5(t, x,&) = a5 + 52/3t&§(t, x, &) and we have

2 — € - £ - 1 - € - 5
SURe(f ™ (ta5 + e *Pa%), ) + cull £ (a5 + e a%)ulf

2 1
= SURe(f ¥ (a5 + = ¥0a%)u, £ M) 4+ ol (ta + =20 ulf 4+ tem P AR ()
Here te?/ 3Al(€2)(u) denote a sum of terms which have coefficient te%/3. Tt will be easy to absorb
them taking € and ¢ small and we will discuss this in Section 7 after the terms in &y will have been
conveniently prepared. To start we need the following

Proposition 6.1. There exist positive constants C1 and Co, independent of the positive integer k
such that for 0 < e < eo(k) we have

Re(f*agv, f*v) > Ci|| f 7 0lff — Call F7*0]|3, (6.6)
for every v € C§°. The constant Cy depends only on the symbol a5(0,x,§).

Proof. The proof consists in just making sure that we may commute the weight operator f=* with
a5 and estimate the errors, which naturally depend on N. We have that

<f_ka§(0’ $7DI)U’ f_kv> = <a§f_kvv f_kv> + <[f_ka ag]v, f_kv> = X1+ Xo.

Keeping in mind that a5 is uniformly elliptic and using the strict Garding inequality for it, we
obtain that

X1 > el f7Mlf = eol £,
for two suitable positive constants ¢; and co independent of k. We are thus left with 5. By
Proposition 5.2 and Corollary 5.1 we see that if € is small enough depending on k, i.e. if ¢ < g¢(k),
there is a positive constant c3 independent of k, such that

| Xo| < esll f 0130 < SIF T 0llF + o IF Rl
Choosing § conveniently small, but independent of € and k, we obtain the assertion. ]

To treat the negative terms, we apply the following lemma which will play a key role in the
next section.
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Lemma 6.1. Fort >0 and £ € R™ we have

(€)?

Proof. The proof is a simple verification. In fact f3 = f2t/3 + f2(¢)~2/3. The latter quantity is
equal to f2t/3 + (£)72 + %t(ﬁ)“l/g + %(6)_2/3. It is clear that
2 t 2
t[f —4/3 L Lieyv=2/3] « 2y g2
2o+ L) < 2y
and this accomplishes the proof. ]

+tf? > f3. (6.7)

To examine the term J, 1 = pe—2/3 Re(f~*au, f~*u), we use the fact that the operator o is
positive and write

Jok = € PO Re([f 7, aJu, £~ u).
The symbol of the operator of is &'(¢2) uniformly and for 0 < & < &1(k) we obtain
| Ja k| < 0481/3¢Hf_kUH%/2
with ¢4 independent on € and k. Now an application of Lemma 6.1 yields
(2 <O f T+ @ T T < THAT  (T

since (£)72/3f~1 < 1. Therefore

| ok| < cag™ e FRuF g + ca Pl FF Ml
and for small 0 < ¢ < g1(k) taking into account (6.6), we get

20| Re(f~*(tag + e 2o, f7Ru/)| > Cae M| f~Hd|I}

—Coe M| f R F = cac Pl TS, (6.8)

We introduce now the energy by the following
Definition 6.1. For a non negative integer k we define the k-th energy as
Bi(u) = (153 + 2 Re( (105 + e, £y
2l s+ oyl + S+ o (12 + <))
For the expression of the energy &j(u), k = N, N +1/2 we have, with the notations above, the
representation
8 (u) = Ex(u) + tsQ/Se_QAtAl(f) (u) + 2¢Y3te M Im (f ~*b5u, £ /).

The last two terms on the right hand side can be considered as small perturbations.
Moreover in the energy En1/2 (u) we have no positive terms involving

1N 2alR, (YR and Nl

These turn out very useful in order to absorb a number of “errors” using Lemma 6.1.
For this purpose we will obtain several new positive terms exploiting a part of the energy
Eny1/2(u). The same argument applies to the energy En(u).
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Let us now consider the following identity, where & is a positive integer and g denotes a smooth
function in the same class as u:

O *2Re gy = 0 (0 HIg) — v f gl + 2k /307 g
which implies
GFEG P 2 0 (w2 Ig) — o g + (20/3 = 1w gl
Taking g = Oyu, k = N + 1, we have

D2 > g, (wfszfz‘u/P) N2 4 (2N)3 — 1/3)w 2N B, (6.9)
while taking g = u, k = N + 2, we get
I NP 2 0y (N ) = 0Nl o N3 13 P (6.10)

Combining (6.9) and (6.10), we get
GIFN T 2 0y (Wl M) =N
+ (2N/3 = 473l F V2| 4 0 (w5~ 2ulR)

2N +1
3

— ¢ If Nl + Yl (6.11)

Also we obtain easily the inequality

NG = 0y (T T lR) + 2aem P Y
+%(2N+ Ve 2 f=N =342, (6.12)
By using the calculus of pseudodifferential operators, Proposition 6.1 and (6.8), we may write
2 Re(f~N"12(ta5 + =238/, f~N=V20/) > 20562 f~N-1/2/|2
— Cae P NIV - o Byl NI (6.13)
Next, taking into account the inequalities (6.11), (6.12) and (6.13), for small € we get

1 2
§¢||f_N_1/QU”II3 + U Re(f N2 (tah + e 2B0f Y, fN2y)

> 2 [0 (s R) - Y
+ (2N = 5)/39 | F N2 + 0 () £V 2ulB) — NN 2l
+ (2N +1)/36] N Sulf]

1 _ _N— _ _N— _ _N-3
+ 50301 (VSN ulF) + 20 VYNl 4 (2 + 1) /3¢ 5N R
L
3

Here the term —Cjse'/34)|| f~N=3/24/||2 has been absorbed by diminishing the coefficient in the term
NZB )| f=N =320/ |2 (compare with 22| f~N=3/2¢/||2 in the above inequality.)

_ _N_ 1., _ _N_
5 Coe N fN TR SCge N N R (6.14)
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Therefore, using (6.14), we have for small ¢ and large A the estimate

5N _ 2 _N— _ _N—
P[RR + 2 Re(p N2 g + e 0t N

N 1 2
+ gw <3||f_N_1/2U”H(2) + gRe(f_N_lﬁ(ta% + 8_2/30[5)2/, f—N—l/Qul>>

N _N_— N _N— N, _ _N—
Jﬂ—wfN%%+fwa%%+§%WWVN%M)

5N
"’7[ N3 + e_QAtRe<f_ 1/2(ta§+5_2/304£)u’,f_N_1/2u’>}

N o 2N5 VN
+ 5 SR + Pl — N 2l

9
2N +1 N 2C5 . _ N
- wWNW%m+gwﬂwamﬁ

2N +1)C3  onei pone Cs oty p—
§ BRELC sy sy g Crommezy]. (6.as)

Going back to the operator P, we have

— 2Im(f 2N Pu, Mu) = 20 Im(f 2N Pu, (u" + ;8 2305u)) + 2672” Im(f2NPu, a5u)

—2At

6¢2

_ _ e _ 1
< 7V Pul + o (17 + 36 Parwl + SN rasul?).

Therefore, exploiting (6.6), we obtain

2N
76—2)\tHf—NfPuH2 > atéaN(u) + ?@@N-i-lﬂ(u) + 2)\(§N(u) + %

e Ml Ny, 1 2/3 2, M| =N 2
o [S17V@ + SePatu) R 4 2 N agul]
oN 10 3
0= OhEN(U) + —ENi1/0(u) + 2XEN (u) + 21 + R + B, + lower order terms. (6.16)
3 +1/ J
j=3 j=v
Here
— €_2>\t N // 2 74/3 2 5 —N/ 1 2/3 € 2
21 = *Hf Io+e Hf a“ullg + g If 77 (w4 3e u)ll5

2 4
5N ot ;) = gl N tasull).
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Finally, taking into account (6.4), (6.15), (6.16), we obtain the energy estimate
7 —2Xt|| p—N 2 > o & E —-N—-1,/2 ﬁ —-N-2_12
e ST Pullo = 0 { En(w) + oIl g + oo vl f T ullo

N _ _N—
+ g Cae Nl

4N
+2MEw (1) FIPSVEIS 2t . Tm (f2N bz, u') +52/3tA§v)+1/2( )
10

27

_N— _ T -
PN 4 (ras + eyl + gl (v + el

N L N— 2N -5 _N— (N
+ 5 [ I T+ Tl T A = Y Rl

9
20
BN Rulf + S e

2N+ 1
n Me*wurw?uu% Doy gy

“W[ £ T2 4 G Redf N e 0ty N )

_|_

Ae 2| foN Ly 2

9 3
10 3
4+ 01 + Z%j + Z B,, + lower order terms. (6.17)
j=3 v=1

7. ESTIMATE OF THE ERROR TERMS IN THE ENERGY INEQUALITY

The last line of (6.17) contains a number of terms grouping the “errors” that must be dominated
with the other positive terms. We point out that the B, are just those “errors” associated with the
lower order terms containing pure second order x-derivatives and did not play any role up to now. It
is convenient to write a§(t, z, £) = a§(0, x, &) +te2/3a5(t, z, €) and to replace the operator a§(t, x, D)
by the operator a5 with symbol a§(0,x,&). This will add a few terms similar to te?/ 3Ag\,)( ) .
Consequently, we have to deal with lower order terms which can be treated choosing € small,.

For the analysis of the terms B,, v = 1,2,3 we apply a similar procedure. First we write
b5 (t, x, &) = b5(0, x,€) + te2/3b5(t, , €). The terms with the factor te%/3 are similar to t52/3AS\2,)(u)
and can be treated choosing € small. We will analyze these terms in subsection 7.6. To keep the
notation simple, we denote by b§ the operator with symbol 5(0, z, ). The modified terms B, will
be denoted by B, v=1,23.

7.1. Estimate of ||b5f~N*1/2u||g. The subprincipal symbol of the operator P for t = 0 and 7 = 0
has the form

)
pl2(07 Zo, 50) = _7a§(0) Zo, 50) + b%(ov Zo, 60)

2
If we have a triple point p = (0, zg, §) for the symbol p3(t, z,7,€), then t = 7 = 0. Thus
1 p(0,2,6)
b5(0, P25 %S) s (0 .
( x 6) [ 5(0 T 5) CL2( 7$7§)
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Let us introduce the number

2
II=-+ max

P5(0,z,€) ‘
3 2€Usy, alz,6)=0, ¢|=1

a5(0,z,¢)
which correspond to (1.7). Here U,, C R™ is the open set defined in the hypothesis (Hz). Notice

that we could have only one point y € U, such that a(y,£) = 0. It is clear that for V,, € Uy,
sufficiently small we have

1. ph
sup =i+ —E(O,x,g)’ <TII.
2€Vzy, [€]=1 2 as

In the following we can assume that u(t,z) has a support with respect to x included in V. Let
x € C*°(R™) be a function such that 0 < x(z) <1, x(z) =0 for |z| <1 and x(x) =1 for |z| > 2.
We write

a%(()? €, f) = X(fé)ag(ov €T, f) + (1 - X({(S))CL;(O, €T, €>
with 6 > 0. The operator with symbol (1 — x(£6))a5(0,z, &) is smoothing and the analysis of the
corresponding term is covered by using the argument for lower order terms. On the other hand,
the norm in £(L?(V,,)) of the zero order operator

1 /
[+ 22(0,2, D) | x(D.) (7.1)
2 as

is not greater than II if § is chosen small enough depending on the symbols as and p), (see Theorem
18.1.15 in Hérmander, [5].)

Thus we have

_ 1. pt _
g =N 2ul|o < | [§Z+ ﬁ(O,w,Das) a5(0,z, Dy) f N+1/2UH0 + [ Rollo
2

< Tflas f " 2ullo + | Rollo,

where Ry is a lower order term including aq f~V11/2 with some first order pseudodifferential oper-
ator aq.

We are going to study the term
a3 N2l = —[Re{(a5)2(0, 2, D) N 2, NI 4|, (72)
where |F}| < C’6Hf_N+1/2uH§/2 and (a5)?(0,z, D,) means Op ((a5)?). We have the inequality
(a3)® < t(a3)°f ! +ajaof > < 2 (ad)? T+ 2tf Paga0f P+ f PG, (7.3)

where ag(z, ) = % We can apply the sharp Garding inequality and we estimate

_Re<(a§)2ffN+l/2u7 ffN+1/2u> o ’Fl‘ > —t2 Re<(ag)2ffN71/2u7 ffN71/2u>
—2t Re{agay f N3 u, £ Pu) — AF| fN TPl — il f N 3
> —t?[|a5 £~V 2u||§ — 2t Re(agal f~ N 2u, NI 20y — A3 N Pul3

4
Yol fNH 3, = YT
j=1
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Here we have used the fact that

?Re((a5)? f~ N1 2u, fNTV20) = 2las NV 20§ + By,
where || < A4t2|\f_N_1/2u||§/2. Since t2f~2 < 9, we included the term Fb in the above sum
taking Y5 > Y]. Notice that Y7, Y depend only on the symbol a5(0, z, §).

It is convenient to transform the term I'y. For this purpose we use the inequality
(€313 S g 4 (] IR LRIV 4 el f NS 4 (g2 2N

< 51t2<€>4f—2N—1 + D51t2f_2N_1 + 2t<£>2f—2N—3 + f—2N—5‘
Thus

15Nl < 812 F N Y 2l 2]l NS 2l LN 2l 4 Dy 2N

< 6107 |ag f N 2ulg 4+ 2t f N T RulE 11TV Pul§ + D 2 N

We take 6; > 0 small enough so that §;C?Y3 < 6 and we couple the term with the factor t? with that
also involving #2 in I';. Next we fix §; and for small ¢ we have Dle'thHf_N_l/QuH% < | fN 2.
Notice that we can choose § > 0 as small as we wish. We sum this term with I'5. Consequently,
we get

4
S > (L +0)2asf VY 2ulR — 26(Cay + Vo) I f TV 203
j=1

— (A3 +2Ya) || f NP 25 (7.4)
Here we have used that
Re(as /~N=2u, fN"92u) < G|~V 2ul

and the constant Cy, depends on a5(0, z,§), while A3 = [[ao(z, Dz) || L2()— 221

Summarizing we obtain the following

Lemma 7.1. Let 0 < tg <t <T and let Dfu(to,x) =0,x €V, k=0,1,2. For every fixred small
number § > 0 there exist constants Cq,, Ya, A3 such that modulo lower order term YRy we have

Yllagf N Pulf < (14 d)te M Jag N T Pulf 4 2e 2N (Cay + Vo) [ £V}
+ (A +2Y2)0 | SN )R (7.5)
We turn to the analysis of the term
Knii2 = g 2/3e=2M9 Re(f*QNflagu, au)

— 6_2/36_2)\t2 Re(ag(f_N_1/2u),ozs(f_N_l/Qu» + Re(alf_N_1/2u7f_N_1/2a5u>

+ Re{ag /N2, y N1 2)]

for some first order operators ai, 1. First, notice that for the principal symbol of o we have
af = g2a§ with a second order non-negative symbol af and that the operator af(x, D,) is self-
adjoint. We replace o by EQag in the above equality and we obtain a small factor £1/3. In fact
for the two terms on the right hand side we have factor £¥/3, while for the last one we have g!/3

related to the commutator [, f~V~1/2]. For the term Re(agasf~ ™ ~1/2u, f~N=124) we can apply
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the sharp Garding inequality since the principal symbol of aja$ is non-negative. The other terms
in K12 involve third order operators and we get

K12 2 *C€1/36_2M||f_N_1/2UH§/2-
An application of Lemma 6.1 yields
(37N <€ FN R 4 () AN < e (€)oY 4 ()72 )
since (£)~2/3f~1 < ¢. Thus
K1 2 —Cr e (1] f =N 20§ 4 || =220 ).
On the other hand,
NN 2ulF < Coem M lal £ T 2u§ + Coe M| ul}
and we deduce
K12 > =Cre'Pe M tllag N2l + ¢ f N7 2§ + (17N 2]
Combining this with (7.5), we deduce for small ¢ the estimate

Yllas N 2ud < (14 0)pll(tal + e/ 3af) FV T 2]
+26_2>\t(ca2+}/Q+Cg€l/3)||f_N_3/2U”%
+(A3 + 2Y2)9l| £V 2 3. (7.6)

7.2. Estimate of the sum Y.°_ B,. We have
& 1
Z = 2Imep(fNbiu, N (" + g(tag + e 2Baf)u)

1
= 2Ty (f~Vb5u, £V (u" + (a5 + e a%)u)
1
—2Im ¢ (f Vb5u, 5 (a5 + e~ 2308 u)
=71+ Zs.
Taking into account (7.6), we obtain
1 1
21| < Tl ||ag f =N+ 2ulg + EH?#Hf_N_l/?(U" + 5 (tas + et )u)|If + | R
< (1+ )nIy | (a5 +e~2a%) f =71 2ul|f + 20Ine ™Y (Ca, + Y2 + Cse™?)|| 772 2ul}
1 1
+ (A3 + 22T || £~V 2§ + HHdJHf*N*l/Q(U" + 5 (tag + e o Yu)|I + | Bl

with 7 > 0 which will be chosen below. Here and below we note by R;,j = 0,1,2,... lower order
terms which include first order operators. The analysis of these terms will be considered in the
next subsection.
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On the other hand, for Zs, we get
122] < Sl tm( b, N (a5 + /0% )u)
< SulbE S 2l (125 + £ N 2l + Ry
< ST la5 /1 2ulo] (a5 + = 25a%) ;N 2l + | R,
According to (7.6), we have

1 - - —_ —
SHwllasf V4 2ulol|(tas + 7 Pa%) F N ulg

1
< ST | VI+ 0]l (ta5 +&™2/%a) =N 2ullg 4 /2(Coy + Vo) VAL 20y
/A3 + 2% |V 2ul o (ks + e a) FN T 2ug
< ST (VI 4200 ) (105 + = 2%0%) FN " 2ulld 4 1187 (Coy + Yoo 27N 2

+6712(AF + 2Y2) /3110 | £ NP 2

with some constant Y3 and 61 > 0 such that v/1+ 9 + 201 = 1 4 . To absorb the leading terms in
the sum Zi:l B, the inequalities

H - 1 II<
<G (Gma+oms

must be satisfied to compensate for the terms

N 1 N
9"

1 —N— 1 € — £ € - E) F—IV—
ST St e Paullf and (54 m) (L4 O (tas + &7 ) NPl

1
3
In order to optimize the choice of 1, we take n = ‘ﬁ . Then for N > 13H and small § we satisfy
the above inequalities. For example, for the first one we have

3 13
S Sy @< BVIN- 13540 < 13v/10,
V10 — 9
while the second one we get
v 1 1
%(1 +6) < % & 3(VI0+1)(1+6) < 13 < 3v10 + O(4) < 10.

Now we fix § and so the constants A, Y2, Y3 are fixed. To absorb —248; ' (A3 +2Y2) || f =N =5/23,
we exploit the corresponding term in (6.17) and arrange things so that

2 4 N N(@2N+1

§5fl(A§ + 2Y5)II < 301 1(A2 + 2Y2)—3 < <81+)

that is %5;1(14% +2Y5) < 2N +1. Since N = %H + Ny, we can do this choosing Ny large. In the
same way, we arrange the inequality
(2N +1)Cs
27
and we absorb the term —34; Y(Cy, + Y3)ITe=2M || f~N=3/2y||? by the corresponding term in (6.17).

4
féfl(C@ +Y5) <
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7.3. Analysis of R;,j = 0,1,2. We will prove that we can absorb the terms R; choosing A large
enough.

The term Ry has the form 2¢Im{ay f~Nu, f~N (v + $(ta§ + e72/3a%)u)) with a first order
pseudodifferential operator a;. We have

6—2)\15 N
R1>_IUJ 12 Hf (u +

1 D

g(ta5 + e e u)[f - —Le | fVullf
il

—2Xt

Z —2N t2

_ 1 1, . Dy _ _
(157" + g 0wl + gl Veagull) — ~re I Vull

The term involving || £~ (u” + %5*2/ 3afu)||3 is absorbed by the corresponding term in Q; choosing
> 0 small, the term —32ul|f~Vta§u||2 is added to the term Q; which will be estimated below.
Finally, the last term is absorbed by 23 Xe=2M|| f~N~1y|| in (6.17) taking X large. For Ry we use
the inequality

—2Xt

e
R2 Z _63 t2

1f N (ta5 + e )ull§ — 657" Dae M| fNul}

6—2)\75

+2
Taking 03 small, we add the first term on the right hand side to the term Q1 which we will estimate
below. Also the term with e=4/3|| f~Vafu||2 can be absorbed by Q; choosing 83 small. The third
term on the right is handled as above. The term Ry is easy to be treated since we have f~N+1/2y
instead of f~Nu and we may repeat the argument applied for Ry. Notice that we choose \ large
depending on the norms of first order operators but we keep the dependence of N on II.

> —20 [/ VagulF + 3| N afull] - o5 Dae | SN ul},

7.4. Analysis of t52/3A§\2,)+1/2(u). The term 2Nt52/3A§\2[)+1/2

estimated following our previous arguments but we can take advantage of the factor te2/3. Consider
a typical term:

(u) is a sum of terms. They can be

Ly = 2Ne?Bte M Re(f~ N 1a5u, u”).
We have modulo lower order terms

[Lal < NP6 (|| f N2 | 4 42Co ||/~ 20)3).

We absorb this term involving «” by (6.17) taking e small and using the term N@b%”f‘N_lﬂu”H%
with small . For the other term we take ¢ small to arrange ¢C,, < 1 and we apply Proposition
6.1 to reduce the analysis to an estimate of t2C||a5f~N~'/2u||2 where we have a factor t* and the
term can be handled by term in (6.17) involving t||a5f~N=/2u/|2.

Next consider the term
Lz = 2Ne?3tRe(f =2 " tagu/, o).
Modulo lower order terms we have
|Ls| < Nte?/3C, || f N1 |13

and this can be absorbed by the corresponding terms in (6.17) taking ¢ and ¢ small.
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7.5. Analysis of Q1,%5. In Q1 we have only one negative term. We use the inequality

6_2/\tuf_Na§qu :6—2)\t<f N+1/2aau f- N-— 1/2a u>
< 9llagf VT 2ullg + e tllagf TN 2 ullf + R,

For the first term on the right hand side we apply Lemma 7.1 and we obtain a leading term
Dst||a5f~N~1/2¢||2 which can be absorbed taking Ny large. The other terms can be treated as
above exploiting the corresponding terms in (6.17). Passing to the term %3, we get

2 o5 _onty e _
(3] < S| N (a5) o] £ NOéEUHO

1 _
< Lo (et N fagyul + -0 Marul).

Here the factor £2/3 comes from the derivative with respect to t of as (52/ 3t,ex,¢). For small € we
may absorb the term involving afu using Qj, while for the other term we write 9;(a2) = ypaz with
a zero order operator 79 and absorb this term with the corresponding term in A& (u) taking A
large.

7.6. Analysis of 251/34Nte_2”<f N=1peu, o) and #j,j = 7,8. It is clear that we have

AN _
1/3 5 te 2)\t|<f 2N — 1b3u u>|

34N
<el/? 5 te D4 o5 N 2 ulofl|Dal £V T2 o + | Ra
< 61/3]\[672)\75 |:t2D3<||a§:ffN71/2uH(2) + HffN71/2u”%) + ngfol/Qu/H% + ‘R4‘

We may absorb the term e~2t2Ds|la5f~ "V ~1/2u||2 on the right hand side by the corresponding
terms in (6.17) choosing ¢ and ¢ small so that /3N D3t < 1. The term with ¢2|| f=V~1/2u2 is also
easily absorbed. Finally, the term || f~N~1/24/||} is absorbed by 1%\76_2’\t<a§f_N_1/2u’, fN=2)
in (6.17) applying Proposition 6.1 and taking € small. The rest R, involves a second order op-
erator o in the place of bs. We apply the same argument and we are going to absorb a term

e 242Dy N || f~N=1/24)|? choosing ¢ small or by using the term O(N?)e=2X|| f~N=3/24|1? in (6.17).

The term %y = —2'/3te=2 M Im (f 2N (0,b5)u, w') can be treated as above. Here we do not have
a coefficient N to deal with and, moreover, we have the operator f~2V instead of f~N~=1/2. We get

(5] < M2 2Dy (|l f N ully + 11~V ull) + 157N 1] + [Rs).

We may absorb all terms taking A sufficiently large, e small by using the positive terms in AEy (u).
Passing to the term %7, consider first

£ 3 T =2V b5, )| < 23 Dse Y [lag SN Ul 5N + TR,

where Rg includes second order operator coming from the commutator with b3. For the term
e~ M |ag f~N=1/2y)|2 we apply Lemma 7.1 and we reduce the analysis to an estimate of /3 Dt?(1+
§)e= 2| f=N=1/2y) )2 plus lower order terms. Next we absorb the leading term taking '/3Dy and t
small and using (6.17), where we have positive terms multiplied by Ny. The analysis of the other
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terms follows the same argument as above. To deal with second summand in %7, we use the fact
that b5(t, z, Dy) is self-adjoint. Then

2T (F 2050 ') = =[5Vl 1Vl = (N BN

o f NN 4 N e N | = =i o N N (N e
with some second order operators ys,y3. The analysis of the terms of the right hand side is easy
taking the parameter A large in AEn (u).

7.7. Analysis of #;,j =9,10. For the term %y we have
2
|%o| = 581/3t2€_2>\t‘ Im(f_Nygagu, f_Na§u>| < 061/36_2’\tt2\|f_Na§u||(2)

and the right hand term is easy to be absorbed by the positive terms in AEn(u) taking A large.
Next we obtain

2 2
Ko = §t€_1/36_2>\t Im(f 2V b5u, afu) = gta_l/?’e_z)‘t [Im(bgf_Nu, of fNu)

+ Im(q/gf*Nu, off*Nu> + Im(f*N S, 'ylf*Nu)]

with operators v, of order k = 1,2 coming from the commutators of b3 and af with f~. Since the
symbol of has coefficient €2, for the last two terms on the right we obtain a factor €2/% and terms
Ce?3t|| f~Nu||3 which can be estimated by Ce?/3t||a5f~Nul|2 and lower order terms. The leading
contribution is absorbed by AEx(u) with large A. To treat the term with b5 and o, we exploit the
fact that these operators are self-adjoint and we reduce the analysis to an estimation of

te™ 3205, @ f N u, N ).

From the commutator [b5, a°] we obtain a factor € and a forth order operator. Thus we are going
to estimate Cte?/3e=2 || f~Nuy||3 and we proceed as above.

7.8. Analysis of #;,j = 4,5,6. We have

R — —ée*w (2Re(f 2N, (az)eu) — Re(f N0/, (az)uu) ).
The term involving v’ is easy to be treated by using AEy(u). For the term with u” we write
2e M Re(f V", fN(ag)u) = 262 M Re(f N, (ag) f N u) + Ry
Next
26| Re f N, (aa)ef~Nad] < a3+ Cre 0 .
We may absorb both terms on the right hand side taking A large in AEy (u) and using Proposition

6.1 to estimate t||f~Nul|3 by Cit||as5f VN ul|3 plus lower order terms. The lower order term Ry is
easy to be treated by a similar argument.

Passing to the analysis of %5, notice that a typical term is e=2/3¢ Re(B1 f~Nu/, f~Nu"). Here
the first order operator (; comes from the operator e~ 2/39 Re(Byf~Nu/, f~Nu"). and we get a
power of € from the commutator f2V[f~2V af] (see (5.10)). Thus we must estimate

6_2)‘t

t2

el/3 (Cé‘*le*”‘tﬂf*NU’H% +5 ||f’Nu”||3), 5> 0.
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For the term involving ||f~Nu"||2 we take § small and use the corresponding positive term in
R\ + K, while for the term including || f~Vu'||? we exploit AEy (u) with large .
For e=2/3¢ Re(y1 f~Nu/, f~Nu") we repeat the same argument since first order operator v comes
from [f 2V, af]f*V. The analysis of 3¢ Re(f~2NVa5u/, ") is easer since we do not have a factor
1. Finally, the analysis of %, follows the same argument as above and all terms in %, can be
absorbed by AEy (u).

Thus we finished the analysis of all terms in 2]1‘11 R + Zz?::l B,.

7.9. Analysis of lower order terms. The analysis of lower order term in (6.17) is easy since

they are generated by lower order terms including only derivatives D?, Dgzj, Dy, Dy, etc. For

this purpose we may use a part of AEy(u) for example %EN(U> and take into account the estimate
(6.5), where we have a term

1 .
I + S (tag + et )u)l3
which will appear with a big coefficient % For example, we have

1
20 (N gy 0" + 5 (15 + &0 )

— - 1 5 —-2/3 €
<IN+l W S (tes + e %))

and we have a control with big parameter O(\) of both terms in the right hand side of %E N (w).
The analysis of other terms is completely similar and we leave the details to the reader. The terms

with second derivatives Dgi@j cannot be treated by this argument and for this purpose we have

examined Zi:l B, by a more sophisticated technical tools. This completes the estimate of the
errors terms.

As a consequence,(6.17) can be rewritten as a true energy estimate as

- - N N N N
T N Pul® zat<ffw(u>+27w|f NS+ Sl g

N

+270362”HfN1uH§) + MK En (u)
R [N 4 YRR )N )]
N [N+ NN 2 Nl
NN 20 4 e N 2

FANK{ 1S L2l Yl (77)

where K;, j = 1,...,4, are suitable positive constants independent of A and N.
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7.10. Estimates of the terms on the boundary s = 7. Assume that 0 < s < T < 1 and
u = Dyu = D?u =0 when t = s. We take T sufﬁciently small and we integrate in (7.6) from ¢ to T

with respect to s. As a result we obtain integrals ft ...)ds and for s = T the following boundary
terms
N N _N—
(T, ) + o (VDN (T, )R+ (TN 2T, )3
+Cye BT N (T, ). (7.8)

Recall that the argument of the previous section yields
En(u(T,.) > Ex(u) + TeXP AR (w(T, ) + 2¢ 2T BT Im(F Nosu(T, ), £ Nu/(T, ). (7.9)

It is clear that (T'/3 4+ (€)72/3)™N < ¢y(T/3 + (£)72/3)"N=1 with ¢, > 0 independent on & and T.
Hence we have a control on the norms ||(f~Nu)(T,.)|1, |(f~Nu/)(T,.)||o, etc. On the other hand,
in Ey(u(T,.)) we have a positive term T'||a5(f~Nu)(T,.)||3. Thus we can repeat the argument of
subsection 7.6 to absorb the term involving bs. Since we do not have a big coefficient N in (7.9), it
suffices to take ¢ and 7" small. For the term Te%/ 3A53) (u(T,.)) we are going to repeat the analysis
of subsection 7.4. Taking e and T small and exploiting the term T'||a5(f~Nu(T,.)||2 in Ex(u(T,.),
we absorb this term.

Finally, the contribution of the boundary terms is bounded from below by a positive constant
and we may neglect them.

8. A PRIORI ESTIMATE

For the function f~! we apply the inequalities

2y1/3 2\1/3
L+ e,

-1
d LA+ 4+1 7 144 -

1
> T 0<t<T<I1.

Therefore from (7.6) and the analysis in the Section 7 we deduce for A > Ao the estimate
2

T
A [ et (7 st Fjofu(s. )y +Z||au ey )ds
t

k=0
T
SCO/ —2As—2N log(1+% Hpu( )H%zN/g)dS, (8.1)
t

where ||.||() is the H(,,) norm in R" for fixed m.

Of course, we have a negative power of s only in front of the norm |ju”(s,.)||3 and we may
estimate from below this term without a power of s. On the other hand, the norm |u(s, )Hé)
appears with a coefficient s.

Remark 8.1. It is not useful to use the estimate f~1 < % to bound the term || f~NtY2Pu|? in
(7.6). If we did then, in (8.1), we would have the integral

T 1 2
/t e ssgiNHPU(Sa-)H(o)dS

and as t — 0 this would produce no uniform estimates with respect to t > 0.
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To estimate the high order derivatives with respect to z, consider the operator (1 + |Dm\2)%p =
Ay, p > 0 and write

ApPu = D3(Ayu) — t(ag + Ay, ag]A;1>Dt(Apu) + (b2 +[A,, bQ]Agl) (Apu)

+t(a1 + [Ap, a1] A, ) DE(Apu) + ...

Moreover, we observe that the “perturbations” [Ap,ag]Ajt, [Ay,bo]AJt, [Ay, a1]A T have order
lower than the terms ag, by and aq, respectively. Then v = Aju satisfies an equation of the type
studied above and, moreover, (D?v)(t, z) = (Dv)(t,x) = v(t,x) = 0. Going back to the differential
operator P, we get the following

Theorem 8.1. Assume that (D?u)(t,x) = (Dyu)(t,x) = u(t,x) = 0 and let 0 < t < s < T with
a small T > 0. Then for every p € R there exist A, and a constant C, so that for A\ > A,, N =
1—231'[ + No and u € C$*(R") we have the estimate

2

T 1
A / eV (57 1k (s, )Py ey + D 1005, ) [y ) s
k=0 k=0

T
<G, [ PN Pus, i pds. (82
t

Next we discuss the estimates for functions u(t, r) satisfying the boundary conditions D?u (T, x)
= Dwu(T,z) = u(T,x) = 0 for T > 0. To do this, we proceed along the same lines as above. We
use the function ¢(t) = te?* and we take the scalar product of f2V(t, D,)Pu with the operator
Lu = ¢(t)(D} — L(tasu+ e~2/3afu)). Thus we consider

1
21m{p(t) 2 (t, Da)Pu, (DF — 3 (ta5u + &/ u)).

Notice that we have changed —\ to A, f~2V to f? and we have a + sign in front of the scalar
product. We then handle the terms in the same way as we did in Sections 5-8. For example,

5Tm %@(t) 2N 9B, 02u) = —2 Re(p(t) 2N 0, 02u)

= 0, (@ 12NRull?) + 2N p(®)l N OFul” + ¢ (1) £V ORul
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Thus we obtain an analog of (6.17) in the form

. N . N )
TP > o Sl + YR + e Rl

N _
g Cate Pl
4N
+2XE (u) + 61/37562”? Im(f2N ~bzu, u')
1
+Nyp [%HfN—l/Qu//Hg + 272 Re(fN_l/Q(tag + 6_2/3016)2/, fN—1/2u/>

4 1 1
FS IR 4 (0 + et ) [+ 1PN A ka0t ]

N ON -5 o N
+ 5 S IR + el P2+ S N R
913 9 3
2N +1 _ 2C5 _N_—
P L N5 4 2N
2N +1)C C
+( _g ) 362)\t||fN73/2u”% + ?362/\t”fN71/2ul”%]
10 3
+97 + Z%’]* + Z B}, + lower order terms, (8.3)
j=3 v=1

where O, %;‘, B} are obtained from the corresponding terms Qp, #; changing N by —N and
Ex(w) = @[ VI + (1= 0) Re( £ (ta5 + == ), u/)
+0|| N (tagu + e =22 )ul|2 + 02 Re (2N ", (ta§ + 872/3a5)u>}

+e B3P T (2N bu, ). (8.4)

We repeat the argument of the previous sections and we integrate with respect to s from ¢
to T, assuming 0 < ¢ < T < 1. Thus we obtain an a priori estimate involving the “weights”
PNk 1<k <5/2.

On the other hand,
AN <@t+1)2M, 0<t<T <1,
t _
FA = (L PN+ 7)Y

Consequently, for A > A9 > 0, we deduce

2

T 1
/\/t AN log(1+3) (Z s> 10 uls, ‘)"%2—k—2N/3) + Z 10Fu(s, ')||%1—k—2N/3))d8
k=0 k=0

T
< Co/t 2o 2N 1og(143) 2| 1Dy (5, .)||%0)ds. (8.5)

Finally, we may make a shift in the Sobolev indices for this estimate and consider ||.||(,) norms.
Thus we eventually obtain the following
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Theorem 8.2. Assume that (D?u)(T,z) = (Dyu)(T,z) = u(T,x) =0 and let 0 < t < s < T with
a small T > 0. Then for every p € R there exist A, and a constant C, so that for X > Ap,, N =
BT+ Ny and u € C§°(R™) we have the estimate

T 2 1
A\ / 62)\5+2N10g(1+§)<z S HOFu(s, Mo pypy T D I0Fuls, .)H%lf,ﬁp))ds
t k=0 k=0

T
<Gy [ PV P, )y . (3.6)
t

For the local uniqueness result it is more convenient to have estimates for the operator P*, the
adjoint to P. We have

P = D,‘?u — (tag + a)Dy + t2bg + by + ias + tag + lower order terms,

where ay is a second order operator with respect to . The subprincipal symbol of P* for p = (0, z,§)
has the form

%C@(O,.ﬁ,f) + 52(0,37,5) = 172(07'%75)

Thus the number IT* corresponding to P* coincides with II and Theorems 8.1 and 8.2 hold for the
operator P* changing, if it is necessary, A, and C),.

Applying Theorems 8.1 for P and Theorem 8.2 for P*, we can establish an existence and
uniqueness results for the Cauchy problem in G = {(¢t,z) : 0 <t < T,z € U} with sufficiently
small T'. To fix the notations, we say that f € Hégcs)(G) if f € Hyys)(G) for all ¢ € Cso (R

and g € H, o (R"1) if

lgli2, ) = 2m)~(+D) / (L4 7201+ €P)°|3(r €) Prde < .

Since P is strictly hyperbolic for 0 < t < T', we may repeat with minor modifications the proof of
Theorem 23.4.5 in [5] to obtain the following

Theorem 8.3. Let P be a differential operators with C* coefficients in G = [0,T] x Uy, satisfying

the hypothesis (Hy) — (Ha) and let Vyy C Uy,. For T sufficiently small and for f € Hégcs)(G) having
support in G one can find an unique u € Hégcs+272N/3)(G) with support in G so that Pu = f in

(0,T) X Vy,.
We leave the details to the reader.

In conclusion the conjecture for strongly hyperbolic operators with triple characteristics is true
for operators satisfying (Hy) — (Ha).

9. APPENDIX

In this appendix we discuss the existence of a factorization

((r = B(t,2,€))* = D(t,2,))(r — (L, 2,€)) (9.1)
of the principal symbol p3(t, z, 7,£) having the form (2.1). We suppose that in (9.1) the symbols
~ and (8 are smooth functions homogeneous of order 1 in &, while D is smooth and homogeneous
of order 2 in & It is clear that the root 7 must be real-valued. We suppose that (9.1) holds
in a conic neighborhood of a point (0, zg,&y) or for fixed §, # 0 and (¢,x) in a neighborhood of
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(0, zg). For the counterexamples we will discuss the non existence of a factorization for fixed . The
problem is to see if there exist a smooth real root y(t, z,£) of ps = 0 in a neighborhood of (0, zg, &p).

Consider the symbol
b3 = T3 - (ta2(t7 x, 5) + OZ(..’E, 5))7— + th?)(tv x, E) (92)
with as(t, ,&) > clé|?, a(z,€) > 0 and «(0,&) = 0, 4(taz + a)® > 27t4b% for t > 0.

Proposition 9.1. Assume that b3(0,0,&) # 0. Then if ps(t,z,7,&) is factorizable for (t,z) in a
neighborhood of (0,0), there ezists a neighborhood U C R™ of 0 such that a(x,&y) =0, Va € U.

Proof. Assume that there exists a real-valued function (¢, z,&) which is a solution of
ps(t,z,7v,&) = 0. Assume that there exists a sequence z,, — 0 such that a(z,,&) # 0. For
t = 0 we obtain the equation v3 — ay = 0 and there are two possibilities.

(i) v(0,x,&) = 0. Then v = tp(t, z,&) with a continuous p(t,x,&y) and we get for ¢ > 0 the
equality
!
tps—p—;p—l-bgz().
If lim 4y —(0,0) P(t, 7, 60) # 0, choosing t = |a(zm, £0)|? and letting m — 0, we obtain a contradic-
tion. If lim ) _(0,0) p(t, 7,80) = 0, we take t = |a(z,,&o)| and passing to the limit m — oo, we
obtain a contradiction with the fact that b3(0,0,&p) # 0.

(ii) Let v(0,x, &) = /a(x, &), provided y/a smooth. Then we have v = \/a(z, &) +tp(t, x, &o).

In this case we obtain for t > 0 the equality

Ja

(6% (6%
2?p+3\/&p2+tp3—p—T+b3:O.

We choose t = |a(zm, )| and passing to the limit m — oo we obtain a contradiction.

It is interesting that we have an inverse result.
Proposition 9.2. The symbol (9.2) with a(x,&) = 0 is factorizable in a neighborhood of (0, zq, &p).

Proof. Clearly, the discriminant A = 4t3a3 — 27¢4b2 is positive for small ¢ > 0. The three roots
of the equation p3(t,z, T,&) = 0 with respect to 7 have the form (see for instance, [15])
oy = —%(ukC n Z“C?) k=1,2,3. (9.3)
where u;, are the three roots of the equation u® = 1 and C has the form

o (27t2b3 + \/ﬂy/s'
2

Our goal is to show that we have a real C*° smooth root (¢, x, ) of ps = 0 defined for [¢t| < e and
(z,€) in a conic neighborhood of (zg, ).

In our case C' becomes

4 1/3
C=2"13 (27t2b3 + 27\/ —2777:3@3 + t4bg)
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1/3 b2 1/3
= 273320 + /=P 1ty ) " = 2733 (i(at)2(1 = )12 %)
[0

1/3
where o = 4T“2. Thus

b2 \1/2 b 1/3
_ o5—1/3 1/2(; 3 3 41/2

C =27 133(at)V (z(l—a3t> +a3/2t/> .
To obtain a real root y(t,x,§) , we take ur = 1 in (9.3) and one deduces

3tay  C? + 3tas

C =
T c
Now since i%/3 = (=1)1/3 = -1, we get
b3 ib 2/3
2 _ ~1/3 3 \1/2 3 ,1/2

4-1/36ib 4=1/36ib
_ -1/3 3,1/2 _ 43/2 3 1/2
—t[—9a4 / + 30y + — 75— tY/ +O(t)} =%/ [7(11/2 + oY )}.

Dividing by C, we get
_1C* +3tay t[4‘1/321/32b3 N
3 C 3«
Consequently, the real root (¢, x, &) is derivable at t = 0 and 0yy|i—0 = Z—z. Let v = tp. Therefore
tp3 —agp + b3 = 0.
Next, consider the function F(p,t,az,b3) = tp® — azp + bs. Since
OF
p
by the implicit function theorem we conclude that for small ¢ the function p(t, as, bs) is smooth.
This implies that the function 7(¢,z, &) is smooth and we have a factorization

O(tl/Q)} —t [b—?’ + (’)(tl/2)].

a2

o = a2 #0,

p3 = ((T - a(t7$7‘5))2 - b(t’ $a€))(7— - W(ta .T,f))

with a = —7 and b = tas — 3a2.
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