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Notation

e Let a,b e Z we write (a,b) for ged{a, b}.
e We denote by (y with N a positive integer a primitive N-th root of one.
e The symbol L1 denotes the disjoint union.

e Let K be a number field, then we denote with K the maximal totally real subfield, namely,
the maximal subfield admitting only real embeddings. In addition we denote with Ok its

ring of integers and with O} the subset of invertible elements of Of.

e We denote by H the Poincaré upper half plane, namely:
H = {z € C such that Im(z) > 0}.

Moreover, we denote by H* the set H L1 P*(Q), where P'(Q) denotes the projective line over
Q.

e We denote by ((s) the Riemann zeta function whose associated series on Re(s) > 1 is

Zn>1 n-e.

e Let L/K be a finite extension of number fields and o € L. We denote by Norm% (a) the

norm of « in K/L.
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Introduction

Let K be an abelian extension of Q and let Gx be the Galois group of K/Q. We consider the
Dedekind zeta function associated to K:

Crels) = ), !

50, Normg (Z)*’

where Z runs over the ideals of Ok and s is a complex number. As it is explained in the book of
Daniel A. Marcus [Mar77], this function can be exploited in the computation of the class number
of K. The formula relating the Dedekind zeta function with some invariants of the number field
K is:

(s — 1) (s) = 2" - (2m)" - Regy 'hK7

wr - A/| Dk

where [K : Q] = ry 4+ 2ry with r; being the number of real embeddings and 7, of complex embed-

dings up to conjugation, Regj is the regulator of K, hy the class number, Dg the discriminant
and wg the number of roots of unity contained in K. The formula appears to be rather explicit,
nevertheless it might be cumbersome to compute. First of all, it is still obscure how to handle
with the Dedekind zeta function and, for example, the computation of the class number (which
is also essential for the computation of the unit group) is usually feasible only for number rings
of small degree. Fortunately, we have another way to compute the class number involving the so
called L-functions. Naively, an L-function is a generating series for arithmetic data ([Darll]) as

the following definition suggests:

Definition 0.0.1. Let y be a Dirichlet character, the associate L-function is:

defined where the series converges.

Remark. If x # 1 then L(s, x) converges for Re(s) > 0.
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To make a long story short, the Dedekind zeta function has also an expression as:

Cr(s) = Z I(ZL),

n

where Z(n) denotes the number of ideals in O having norm n. This expression is flexible enough

to be divided into two parts:
$ — hy - k
Z S ik C(s),

. . 2"t réreg(Ok)
where k£ is given by \/MISC—OK (see theorem 40 of [Mar77]), and ((s) represents the well known
Riemann zeta function. Since (x is holomorphic for s € C such that Re(s) > 1 — 1/[K : Q] (a
result of chapter 7 in [Mar77]) and ((s) has a simple pole at s = 1, we can isolate the class number

considering the following limit:

)
p=lm oy =

In other words, p/k = hx and, as we know the value of k, it is enough to determine the value of p

= hg - k.

in order to give an expression for hy. After some computations and complex analysis we discover

a new expression for the quotient of the two zeta functions, namely:
1 1\
CK(S):H<1__) (1_ ! ) TT L(s.x).
() on p* plvs |
X€GK
x#1

Here G denotes the set of all the Dirichlet characters defined over Gy while fp and r, are two

suitable integers. Theory about L-functions guarantees that for y # 1 the L-functions associated
to x are holomorphic on Re(s) > 0. We are therefore allowed to compute p just by evaluating the
L-functions in 1. Our life is made even easier since we can rewrite the L-function associated to a
non-primitive character in terms of primitive characters inducing it (roughly speaking, primitive
characters are the fundamental bricks to construct all the other characters). Our problem is finally
reduced to compute the value in one of an L-function associated to a primitive Dirichlet character.

Classical theory shows that the formula is given by the following expression:
L(1,x) = Z X (a)log(1 — ¢R), (1)

where g(x) = ZkN;f x(k)CE and it is called the Gauss sum attached to y. We started looking for
a concrete way to compute the class number and we ended up with a very interesting formula.
First of all, the previous formula states that a specific value of an L-function gives information

about arithmetic objects to which the L-function is attached. In fact, the L-function is attached



to a character y € G x and its evaluation at s = 1 is a key ingredient for determining the class
number of K. In addition to this, the formula above outlines a relation between two objects of
a rather different nature. In fact, for N compose, the terms 1 — (§ inside the logarithm are the
so-called cyclotomic (or circular) units of the number field Q((y). Thus, on one side we have an
analytic object, the L-function evaluated at a special point, on the other side the circular units,
with a more arithmetic flavour, appear in the form of their logarithm. One may wonder whether
or not the connection between L-functions and logarithm of cyclotomic units might be extended
to the p-adic world. In other words, we can ask ourselves if we can relate the p-adic L-function
with the circular units in the form of their p-adic logarithm. It turns out that the answer is
positive and we have little to change in our classical formula (1). The result, discovered in 1964,
is due to two mathematicians: the Japanese Tomio Kubota and the German Heinrick-Wolfgang
Leopoldt. It is explained in their article “Eine p-adische Theorie der Zetawerte. I. Finfiuhrung
der p-adischen Dirichletschen L-Funktionen”. As the title suggests, they introduced the concept
of p-adic L-function.

Classical results, in fact, guarantee that for £ > 2 the holomorphic Eisenstein series of weight &

attached to a character x has expression:

(k=1 X(n)
Epy (1) = N*a(X) ™ ~—1 Z —
(27”) (m,n)ENZXZ (mT + TL)
(m,n)#(0,0)
o0
= L1 =k, x) +2 ) oe14(n)q", (2)
n=1

where ¢ = €*™7, 041, (n) = 23, x(d)d*~" and Y denotes the complex conjugation of the character
Xx. Clearly, the L-function appears as the constant term of the g-expansion of the Eisenstein series.
It seems we are already stuck. We want to consider the value at 1 of the L-function and thus we
need k£ = 0 in the expression (2). Unfortunately, for & = 0 the second equality of the previous
formula doesn’t hold any longer. On the other side, as we will formalize later, the p-adic world
allows the p-adic Eisenstein series of weight 0 to have a g-expansion similar to (2). Therefore, in
a totally rigorous setting we can interpret a p-adic analogue of L(1, x) as the constant term of the
p-adic Eisenstein series of weight zero associated to the character x. Eisenstein series constitute
the trait d’union with the theory of p-adic modular forms. In the complex context, a weight zero
modular form respect to the group I';(/N) is a function on the modular curve X;(N) = 'y (N)\H*,
i.e. on a Riemann surface. Analogously, a p-adic Eisenstein series of weight zero is defined over
the ordinary locus, a particular subset of the modular curve X;(NN) over C, (which we denote by

X1(N)(C,)). We will see that the p-adic Eisenstein series of weight zero associated to a certain

vi



character y is in some sense holomorphic around the cusp o of X;(IN)(C,) (the right notion
is to say it is rigid analytic). On the same disc the previous Eisenstein series admits also an
interpretation as another p-adic modular form which is still rigid analytic around the cusp oo.
This new expression of the Eisenstein series involves the p-adic logarithm of the p-adic Siegel
units. In the classical context, the Siegel units are invertible modular forms whose values at the
cusp oo are, under certain conditions, cyclotomic units. All this characters will play a role in the

proof of the so called Leopoldt formula:

(I—xep )\ -
Ly(1,x) = —————= > X '(a)log, (1 - "),
six) =

which clearly has a non-trivial overlap with the classical formula (1).

In the first chapter we give the classical background, so we recap the notion of modular form and
modular curve and we present in detail the cyclotomic units. In the second chapter we give an
analytic definition of p-adic modular forms for the group SLy(Z) and we outline the most important
results. In addition, we give a definition of p-adic modular forms attached to a character x for
more general congruence subgroups. The third and last chapter concerns a modular proof of the
p-adic Leopoldt formula and we present there a result of Katz generalizing this discussion. Usually,
we introduce notations and definitions when they are needed. If the meaning of a symbol doesn’t
appear, refer to the section Notation just before this introduction.

I chose to present facts and arguments in the way I understood them trying to be clear and specific.
Moreover, I tried to introduce all the concepts which are not supposed to be the background of
any mathematician. Even though my references are wisely chosen and they present the material
in a rigorous and accurate setting, I might be superficial, sloppy or wrong. In that case, all the

mistakes are to be addressed to me.
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Preliminaries

1.1 Modular forms

The notion of modular form is a milestone in contemporary mathematics and it is extensively used
in arithmetic geometry and number theory. Endless is the number of books and notes about this
subject. One important classical text for finding exhaustive explanations about modular forms
is [DS05]. I report in this section the most common facts and my intention is essentially to fix
notation. Certainly, I am giving here an outline of the subject according to my taste. The mature
reader will pardon me when the point of view is too naive and primitive but I thought it would be

a better idea to present concepts in the way I understand and use them.

1.1.1 Complex tori and elliptic curves

Elliptic curves are one of the most studied objects in modern and contemporary mathematics.
They are a versatile object able to connect different fields of mathematics. Elliptic curves may
be defined over any field or even over rings but for treating complex modular forms the most

meaningful definition is that over the complex numbers.
Definition 1.1.1. An elliptic curve is a smooth projective curve of genus one over C.

Elliptic curves may be more concretely defined in terms of the projective Weierstrass equation:

Y Z +an XY Z +a3YZ? = X° + ayX?*Z + au X 2% + ag Z°, (1.1)



with a; € Q. We have also a third way to look at elliptic curves which will be predominant in this

text. First of all we need to introduce another object.

Definition 1.1.2. A torus over C is given by the quotient:
C/A,
where A is a full lattice in C, namely, is a subgroup of C of the shape:
A =wZDwZ, (1.2)
with 26 € C\R.

Notation. We denote by L the set of all the lattices of C and with [0] € C/A the equivalence class
of 0 e C.

Complex tori admit an interpretation as Riemann surfaces as it is clearly explained in [For99].
The interesting fact is that understanding holomorphic functions among complex tori sending
[0] to [0] reduces to understand properties and relations among lattices defining them. So, any
holomorphic map ¢ between two complex tori E; and E» of lattices respectively A; and As sending
the zero point [0;] € E; to the zero point [0;] € Ey is given by multiplication by a complex scalar

a € C* with the property that aA; € Ay. More explicitly,
(b . (C/Al _oz) C/AQ

sends the point [P] € F; to the point [« - P| € E5. Straightforwardly, it follows that two complex
tori are isomorphic if there exists a € C* such that aA; = A;. We can now group together complex
tori under the equivalence relation of being isomorphic. Equivalently, we can just divide L, the
set of all full lattices in C, in equivalence relation given by A; ~ Ay if there exists an a € C* such

that aA; = As. Thereby, we have the following bijection of sets:

1:1  (Isomorphism classes of
E/ ~ { complex tori

In addition to this, common theory about elliptic curves (like chapter VI: “Elliptic curves over C” in
[Sil86]) states a bijection between algebraic isomorphisms classes of elliptic curves and isomorphism

classes of complex tori as we described before. The bijection

{Isomorphism classes of | _1:1 {Isomorphism classes of
elliptic curves over C complex tori

is given in terms of the so called j-fucntion. From now on, speaking of elliptic curves and of complex

tori will be the same thing and therefore speaking of lattices and speaking of elliptic curves turns



out to be the same thing as well. In particular, we are now motivated to find a connection between
functions on lattices (in a sense which will be formalized later) and functions of elliptic curves.

Now we turn to another way to look at the set £. In the definition we described a lattice as the
Z-span of two R-linearly independent complex vectors. It is easy to see that different choices of w;
and wy may give birth to the same lattice. We want now to determine the relation linking bases

defining the same lattice. First of all, we begin by putting an order on the set of all the basis.

Definition 1.1.3. A basis of a lattice A is given by the couple (wy,ws) of (1.2). A basis is called

ordered if
Im (ﬂ) > 0.
W2
Notation. We denote by B the set of ordered basis of the lattices of C.
Clearly, if two basis, let’s say (w;,ws) and (w),ws,), generate the same lattice, we can find an

integral relation, like:

wll = awy + bwo,

w; = cwy + dws,

a b
where a, b, ¢, d € 7Z. It is not hard to prove that has determinant one, i.e. it belongs to the
c d

following group.

Definition 1.1.4. We call the special linear group of degree 2 over Z (SLy(Z)) the group of 2 x 2

invertible matrices with coefficients in Z, namely;

b
SLy(Z) = ¢ p such that a,b,c,d € Z and ad — bc = 1
c

We can summarize the previous fact just by describing the following action of SLy(Z) on the

a b
set B. Let v € SLy(Z), so v = , and let (wy,ws) € B, then:
c d

v (wi,we) = (awy + bws, cwy + dws). (1.3)

The right hand side of (1.3) is indeed an element of B since Im (%) > (0 and it describes
an ordered basis which spans the same lattice of (wy,ws). Actually, we have just found a way to
describe all the bases generating the same lattice: it is the set {y-(wy,w;) € B such that v € SLy(Z)}

and therefore clearly we have the following correspondence:

3



w2

The condition Im <°’1> > 0 of all the elements of B prompts us to consider another action on B.

In fact, we have a map

B—C

sending (wq,ws) to wy/we. A suitable inverse for this map is given by sending 7 € H to the couple
(1,1) € B. From the definition of ordered basis, w;/ws belongs to the upper part of C. It is
an obvious observation that (wy,ws) and (« - wy, - wy) are mapped to the same element by the
previous map. This means the previous map factors through the right action of C* on B given by

a - (wy,ws) = (- wy, - wy). We shall give a name to the image of the previous map.
Definition 1.1.5. We define the (Poincaré) upper half plane to be the set:

H = {z € C such that Im(z) > 0}.

Therefore the map
B/C* <51

is a bijection and the inverse is given by sending 7 € H to the couple (7,1) € B. So far we got two
actions on B, one left and the other a right action. It is easy to prove that these action commute

with each other and we have the following correspondences:
SLo(Z)\B =L and B/C* =H.

So, we can now describe the actions on these quotients. It is clear that C* acts also on £ by

multiplication of the lattice by the complex scalar. In addition, SLy(Z) has a left action on H. In

a b
fact, if we consider a matrix v = € SLy(Z), then the action of 7 on 7 € H is given by:
c d
ar +b
T = :
7 cT +d

Now it is clear that the following bijections hold:
£/C* EL SLy(Z)\B/C* EL SLy(Z)\H.

In the light of all this argument we may conjecture that giving a function on H with some properties
involving SLs(Z) is equivalent to give a function on £ taking care of the action of C*. In case
of a positive answer, we would have found a function defined over H giving complex values to

isomorphism classes of elliptic curves. The next section shows how this is indeed possible.



1.1.2 Modular forms for SLy(7Z)

We start out with giving a proper definition of what we mean for a function of lattices.

Definition 1.1.6. A function of lattices of weight k is a function
F:L—->C
such that for any A € C* we have that F(AA) = A"*F(A).

Before proceeding further we just remark that if 7 € H we can associate to it (7,1) € B. This
element gives birth to the lattice A, = 7Z @ Z.

Let F' be a function of lattices according to our Definition 1.1.6:
F:L—-C.
We can then associate to F' a function f on H:
f:H—-C
given by f(7) = F(A;) = F(7Z ® Z). We notice that this new function f satisfies the following

b

a
rule. For any matrix v = € SLy(Z) we have:

c d

f(?iz):F(Z:SZ@Z)=@W+@“WMT+MZ®@T+®m

= (et + d)*F(A,)
= (et +d)* (7).

As hoped, the converse also holds, namely, if we have a function on H satisfying the rule:

ar +b k
= 14
P - s o (14)
a b
for any v = € SLy(Z) then we can recover a function of lattices F' just by letting F'(w1Z @
c d
woZ) = wy* f (:’—; . On account of the property (1.4) F is well defined, in fact:

F(inZ @ wiZ) = F ((awy + bw2)Z @ (cwy + dws)Z) .

Thus F'is a function of lattices according to Definition 1.1.6. Having this mirror between functions

on lattices and functions on the upper half plane is rather a fundamental fact because we may now

5



look at functions of lattices from a complex point of view. When we were working with functions
on £ we didn’t have any well known topology on it (except the trivial topologies). Now we just
discovered we can consider functions of lattices as functions on H on which we can apply all the
means of complex analysis. Not surprisingly, the next step is to select only the functions on the
upper half plane we are comfortable working with, i.e. the holomorphic functions. Indeed, these

functions will be sufficient for developing the theory and discovering new results.

Remark. 1t is a common exercise to show that all the holomorphic automorphisms of H are given by

a b
SLy(R), namely, any automorphism of H is given by sending 7 € H to ‘C‘TTIS where € SLo(R).
c d

Notation. We denote by D* the unit punctured disc namely: D* = {s € C such that 0 < |s| < 1}.

There exists a map
¢:H— D"

™7 wwhich actually maps the upper half plane on the punctured disc in a holomorphic

sending 7 to e
way. This observation allows us to consider growth condition at infinity for the map in the upper
half plane in a sense which will be made clear soon. We have now enough motivation for what

follows. Let’s consider a holomorphic function
f:H—-C

such that f(y-7) = f (22£2) = (er+d)* f(7) for any v € SLy(Z). This implies that f(7+1) = f(7)

ct+d

and therefore we can define a map

ff:D*—>C
sending ¢(7) = [1] € D* to f(7).

Definition 1.1.7. We say that the f above is a modular function of weight k with respect to the
group SLo(Z) if f*, as defined above, is meromorphic on the all unit disc, namely if f* might be
extended meromorphically also in the center of the disc. If the extension is also holomorphic we
call f a modular form. If, in addition, the value of f* is zero at the center of the disc, we call f a

cusp form.

We conclude this section by underlying that modular forms show up as a natural object when
we want to work on spaces of elliptic curves. In fact, we can rely on the bijections between points on
the upper half plane and lattices. The formalization of this process will end up with the definition

of modular curve.



1.1.3 Congruence subgroups

In the study of modular forms, there are other groups playing an important role. All these groups
are subgroups of SLy(Z). They appear naturally in the study of the structure of the so-called
modular curve X(1) which is the quotient SLy(Z)\H. Even though we are about to construct
this object, we just advise that the details of this construction may be found in [DS05]. For
our purposes it is enough to know these subgroups exist and are meaningful. We start out with

introducing some subgroups of SLy(Z):

b
(i) To(N) = ¢ ; € I'(1) such that ¢ = 0 mod N 3,
c
b
(i) T'1(N) = ¢ ; € I'(1) such that a,b=1 and ¢ =0 mod N ;,
c

(iii) I'(N) = {a € SLy(Z) such that @ = 1 mod N}.

Definition 1.1.8. We define a congruence subgroup to be a subgroup of SLy(Z) which contains
['(N) for some N.

Remark. The subgroups (i), (ii), (iii) are level groups, moreover, notice that:

Our intention is to consider the quotient of H by any of these groups in order to get a wider
definition of modular curve. Then we would like to construct some functions suitable for these

smaller groups. We are not surprised that the definition of these functions will be just a wise

a b
reformulation of the concept of modular functions. Let f : H — C be a function, v = €
c d

SLy(Z) and 7 € H, then we define:

(/i) (1) = (er+d)F f(y - 7).

Definition 1.1.9. Let I' © SLy(Z) be a congruence subgroup and suppose that I'(NV) < T, then a

modular form of weight k£ > 0 for I" is a function f : H — C such that:
(1) f is holomorphic,

(2) fi.y = f, namely, f(y7) = (er + d)*f(r) for any y e T,



(3) for all o € SLy(Z) we have that:

(f)() = D asdh.

k=0

2mit/N

where gy =€ and a? € C for any n.

In the case af = 0 for any o € SLy(Z) we say that f is a cusp form.

Remark. The property (3) is called holomorphicity of f at the cusps.

The following definition will play an important role in the proof of the p-adic Leopoldt formula.
We can in fact attach to a modular form also a so called Dirichlet character whose definition is

the following.

Definition 1.1.10. A Dirichlet character of conductor N is a group homomorphism:
x:(Z/NzZ)* — C*.

Clearly, any character can be extended to a function over Z sending a € Z to x ([a]) (where
[a] denotes the class of a in Z/NZ) and by letting x ([0]) = 0. With an abuse of notation we will

denote with x also this extension.

Remark. (i) We say that the character x is even if y(—1) = 1, odd otherwise.

(ii) Let x and x be two Dirichlet characters of conductor N and M respectively such that N | M.
We say that x induces y if y(a) = x(a) for any a € Z coprime with M.

(iii) We say that a character is primitive if it is not induced by any other character.

Definition 1.1.11. Let x be a Dirichlet character. A modular form of weight k, group level I'y (V)

and nebentypus x is a holomorphic function f defined on H with values in C such that:

ct +d

fC”+b>=xMXW+dVﬂﬂ

b
for any 7€ H and v = “ ; e I'1(N).

1.1.4 Modular curves

So far we have spoken only about functions. In this section we want to turn our attention to the

construction of a curve which will be used to parametrize isomorphism classes of elliptic curves.

8



Naively, once we have a curve consisting in a quotient of H, then we have a way to treat general
properties of elliptic curves on account of the well known correspondence of between H and L. As
we will clarify later, modular curves are an example of moduli spaces. First of all, let P'(Q) be the
projective line over the field Q; we denote its elements by (« : 3). Let T’ be one of the congruence

subgroups defined in Section 1.1.3. We consider the action of T' over P!(Q) given by:

“ (@i 8) = (a8 cat dB),
c d

a b

where el

c d

Remark. Notice that the point at infinity (1 :0) is sent to (a : ¢).

Definition 1.1.12. We define a cusp to be an equivalence class of the quotient:
\PH(Q).

The whole set is called the set of the cusps with respect to I'.

Remark. The set of cusps is always finite since the action of SLy(Z) is transitive on P'(Q) and any

subgroup I' has, by definition, finite index in SLy(Z). In fact, it is enough to consider the sequence:
T(N) < SLy(N) 2245, SL,(Z/N7Z),

where the first map denotes the inclusion and the second map is given by reducing the coefficients
modulo N. I'(N) is the kernel of the second map therefore it is normal in SLy(Z) and since
SLy(Z/NZ) is a finite group the index of ['(IV) in SLy(Z) is finite as well. Finally, it is just enough
to notice that I'(N) < I' © SLy(Z).

Definition 1.1.13. Let H* = H 1 Py and T' as before, namely, one among I'(1) > I4(N) >
I'y(N) o I'(N). We call the modular curve associated to I' the following quotient:

T\H* = T\H L T\P}
We will call I'\H the open (or affine) part of the modular curve.

Remark. The introduction of the cusps is motivated by the fact that we will interpret the modular
curve as a Riemann surface. In order to get an interpretation as a compact Riemann surface we

need to add to I'\'H the set of cusps.



Remark. We use the following notations:
Xo(1) = D(O\KH® = Yo(1) b {0},  Xo(N) = To(N)\H" = Yo(N) u Co(N),

Xi(N) = [Ti(N)\H® = Y1 (N) 0 Cy(N),

where Y_(—) and C_(—) denote, respectively, the open part and the set of cusp of the modular
curve. In case of Xy(1), we find only one cusp which correspond to o0. Moreover, notice that we
have the natural projection:

Theorem 1.1.14. Any of the previous modular curves admits a structure of a compact Riemann

surface.
Proof. See Chapter 2: Modular curves as Riemann surfaces in [DS05]. O]

Remark. Xy(1) is isomorphic to P!(C) therefore it is a smooth projective curve of genus zero.

The open part of a modular curve classifies isomorphism classes of complex tori, namely, of el-
liptic curves. For a detailed approach we invite the reader to see in chapter VI: “Elliptic curves over
C” of [Sil86] proposition 3.6 part (b). As we said before, modular curves admit an interpretation

as moduli spaces which in a colloquial way might be defined as follows.

Definition 1.1.15. A moduli space is a geometric object, for example a topological space or a
curve (in our case a Riemann surface) which parametrizes a family of geometric objects (in our

case, elliptic curves).

As we have just seen, the open part of the affine curve admits an interpretation as an open
Riemann surface and the following proposition clarifies the exact correspondence with classes of

elliptic curves.

Proposition 1.1.16. We have the following bijections:

1:1 ( Isomorpism classes
Yo(1) < { b

of elliptic curves
Yo(N) —

1:1 (Iso classes of couples (E,C) where E is an elliptic curve
V() 45 {

1:1 {Iso classes of couples (E,P) where E is an elliptic curve}
)

and P € FE is a point of exact order N
and C < E is a cyclic subgroup of order N

We started by considering a quotient of the upper half plane and we got a curve which also
admits an interpretation as a Riemann surface. A natural question to pose is whether or not we

can extend these objects to different fields of definition. In other words, it would be nice to find
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a modular curve defined over different fields or rings able to parametrize isomorphism classes of
elliptic curves defined over different fields or rings. We will give an answer to this question in

Section 3.2. For now we just recall the results needed for developing the theory later.

Theorem 1.1.17. Any compact Riemann surface admits a structure of a smooth projective complex

algebraic variety over C of dimension one.
Proof. See in chapter VII: applications of Riemann-Roch of [Mir95] proposition 1.1. ]

Theorem 1.1.18. The modular curves Xo(N) and X1(N) admit a model over Q, i.e. they are

giwen by equations with coefficients in Q.
Proof. See Theorem 7.7.1 in [DS05]. O

On account of these facts, we realize we can now define the previous modular curves over
any fields extension of Q. In fact, we can look for solutions of the equations guaranteed by
Theorem 1.1.18 in any other fields extension of @, in particular we can consider solutions in C,,

the completion of the algebraic closure of QQ,. Anyway, this will concern us later in this text.

1.2 Circular units

In this section we introduce circular units, also called cyclotomic units. Our main reference is
[Was97]. Moreover, we looked also at [KL81] and [Lan90].

The determination of the group of units of a general algebraic number field is not easy. Nevertheless,
the cyclotomic fields admit a subgroup (the group of cyclotomic units) which has finite index in
the full group of unity. The index is strongly related to the class number and therefore with the
p-adic L-functions. In fact, this relation is essential to prove Leopoldt’s formula about the class

number as it is proved in [Was97].

1.2.1 Setting and definitions

We consider the number field Q¢, where (, denote a primitive p-th root of unity. Let { = (.
Thanks to Theorem A.3.3, we know that the ring of integers for this field is Z[(]. We consider its
group of units and we denote it by Z[(]*. In order to have a better understanding of this group

we state and prove the following lemma:

Lemma 1.2.1. Let r,s € Z and { as before and assume that (p,rs) = 1 then:

¢ -1
-1

€ Z[(]™.

11



Proof. Since r and s are invertible in p% we can find an integer ¢ such that » = st mod p so:

Z
Cr _ 1 CSt _ 1 s s
1= e =1+ + + e zZ[¢].
T _1 T
Analogously, we find that (gj) € Z|(] concluding that gj € Z|C]*. O

We now consider the number field Q., where N is a positive integer. Again, the ring of integers
is Z[(] and we want to characterize some particular elements of Z[(]*. We first notice that when
N = p", {;n» — 1 is not a unit (it suffices to compute its norm). On the other hand, a reasoning

similar to that of the previous lemma shows that for any NV gz:i with (ab, N) = 1 are units. We

notice we have also the following fact.

Proposition 1.2.2. If N has at least two distinct prime factors then

1 —(n € Z[C]™,

and moreover:

[] a-¢)=1

(j7N):1

Proof. We recall we have 2%V — 1 = Hj.vgol (x — C]{,), therefore, dividing by x — 1:
N-1 '
A AR TR S [ [CE G O]
j=1
We now evaluate at x = 1 getting N = va:_ll(l - C]J\,) Suppose now p* divides exactly N, namely,
p® | N but p**! y N. We assume p®k = N with k € Z. Thanks to the previous reasoning we can
write p* = fi;l(l —Gla) = f:;l(l — (). We can now quotient N by p? getting

N—1 4
E=]]0a-d).
j=1
kkj
With the same reasoning we now quotient the previous expression by another prime factor of N
dividing exactly N. Once we have done this process for all the primes dividing N we get:

1=[]0-¢.

J

where the j runs among the divisor of N which haven’t been considered in the process before. We
notice that (1 — () is still a factor in this product implying that 1 — (y € Z[({x]*. For the second

part of the proposition we consider the norm of 1 — (v which is:

Normg™™(1—¢y) = [[ 1—¢&) = +L
(,N)=1

12



Since complex conjugation is an element of Gal(Q({x)/Q), the norm of any element may be written

as aa@ and therefore it is positive. We deduce that [ [; vy, (1 —Cv) = 1. O

All the preceding units are called cyclotomic units. The name comes from the clear connection
they have with the cyclotomic fields.
We want now to give a more general definition of cyclotomic units. We consider the number field
Q(¢n). Since Q((n) = Q(¢n/2) when N = 2 mod 4 ({y = +(n/2), we can assume N to be a integer
different from 2 mod 4. We define Vi to be the multiplicative group generated by:

{£(n,1 — (% such that 1 <a < N —1}.
Let Ey be the group of units of Q({,). Then we can state:

Definition 1.2.3. We define the group of cyclotomic units to be:
CN = VN M EN.

Remark. When the context is clear enough we write C' instead of Chy.

1.2.2 Properties of the cyclotomic units group

We recall that if K is a number field we then denote by K the maximal totally real subfield of K.
In order to understand how the subgroup of cyclotomic units behaves in the full group of units of
Q(¢) we start out with understanding which are the generators of these cyclotomic units. Before

proceeding further we just remark that for any N all the elements of the shape:

with (a, N) = 1 can be written as a real unit times a root of one. In fact:

-G _ o = G

1— C - §N2 1 _1
N Cyv —Cn”
and clearly % is a real unit. This remark is used in the proof of the following lemma. Notice
gN_CN

that we now specialize in the case N = p™ with m a positive integer.

Lemma 1.2.4. 1. The cyclotomic units of Q((,m)* are generated by —1 and by the units:

e .
a pm 1_<—pm7

with 1 < a < %pm and (a,p) = 1.

13



2. The cyclotomic units of Q((,m) are generated by (ym and the cyclotomic units of Q({m)*.

Proof. We first start with understanding why the restrictions 1 < a < %pm and (a,p) = 1 are
reasonable. We know, thanks to Lemma A.3.2, that for any positive integer k < m the following

relation holds:

pF-1 .
. I
L—a = | |(A=-gn ).
3=0
Let b € Z be coprime with p, then:
k pk_l k
b b+jp™=
Lo =TT = ™),
3=0
Therefore we can reduce to look at 1 — (7. only when a is prime to p. Moreover we notice that
(1—-¢*) = —¢*(1 — ¢ ) and therefore we can reduce to consider only 1 < a < 1p™. Now we

proceed with proving part 2: we suppose that

E= G | J(1 = ¢

with ¢, € Z is a unit in Q({m ).
Since (1 —¢%) and (1 — ¢*) differ only by a unit (thanks to Lemma 1.2.1), all the factors generate

the same ideal and thus ), ¢, = 0. Eventually we can write:
1 - CanL ca
)
1:[ 1 — (pm
= ¢ Jé,

where e = d + ) cq,(a — 1)/2. This proves part 2. Notice moreover that if £ is real we have also

that (. is real since &, are real. This concludes the proof of 1. m

Remark. When N is not a power of a prime then not all the cyclotomic units are a product of

roots of one and
1—Cx
1—(n'
with (a, N) = 1. In fact, in light of Proposition 1.2.2 we notice that 1 — (i does not have this

shape.

We stick to the case N = p™ and our aim is to show that the group of cyclotomic units has
finite index in the full group of units. Before proceeding further we notice that the real units

multiplied by a root of one have index one or two in the full units group.
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Proposition 1.2.5. Let E be the full unit group of Q((y), then the subgroup generated by the

roots of unity and the real units of Q((y) have index one or two in E.
Proof. See Theorem 4.12 in [Was97]. O
On account of this fact, it suffices to work only with real units.

Theorem 1.2.6. Let Cy; and E7; be, respectively, the group of cyclotomic units and the full group

of units in Q(Cn)™, then Cjn < Q(Cym)™ has finite index in Ej. and moreover:
him = [Epm = Con],
where hym denotes the class number of Q.

Proof. We prove this statement with a wise use of the regulator. We denote with o, the element
of Gal(Q((ym)/Q) sending (ym to (%n. If (a,p) = 1 and 1 < a < 3p™ then {o,} generate G =
Gal(Q(¢m)*/Q). We notice we can write:

Oq (C’%(l - C))
:1-¢)

In order to be consistent with the notation of Lemma A.2.2, we define:

a

f(oa) = log

0 (¢H1=0)| = loglo. (1= O)1.

By computing the regulator we get:

Reg {£}, = [det (10 00(€0)]) ]

= |det <10g (0304 (C72(1 — )| — log |on(C2 (1 — C))!)

a,b#1

= |det (f(ov0~,) — f(Ub))a7b¢1) :
We now apply Lemma A.2.2:
[T X fledxtea)|=| [1 X x(e)loglt ¢ =[] 2 x(a)log|t—¢].
xEé’\{I[} 0q,€G XEé\{H} 0q.€G 1<a<%pm

Since [1 = (7 =] =1 —¢%)| = |1 — ¢, and since x(—a) = x(a) we can rewrite the previous

expression as follows:
1 &
[T5 > x(@oglt — ¢l
a=1
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Thank to Lemma A.3.2 we have for any 0 < k < m:

m

p

== ] =g
azbarr:lold pk
Therefore if the conductor of y is p*:
p"™ p* pk
D x(@)log[1 =G| = D x(b) log [1 — G| = *ﬁL(L@ = —7(X)L(1, %)
a b=1

In conclusion:

Reg{ga}a = 1_[ _T(X)L(LY) = h+R+,

x#1

where R* is the regulator of Q((,m)". By Lemma A.3.1 we conclude:

Reg{fa}
[E;m : Cptn] = T = h+,

as we wanted to show. O

In 1966 the Indian mathematician Kanakanahalli Ramarchandra determined in his article
[Ram66] the generating units for a general N and proved they are independent allowing us to

state:

Theorem 1.2.7. Let N # 2 mod 4 and let N = [[;_, p{" be its prime factorization. Let I run
through all subsets of {1,---,s} except {1,---,s} and let Ny = [[..;pi". For 1l < a < %N,

(a,N) =1, define:
aNy

1_
dg N
ga:Cnlll_ N; 0
I N

where, d, = (1 —a)>.; Ny.

2
Then the set {€,} forms a set of multiplicatively independent units for Q(Cy)*. If Cy denotes the

group generted by —1 and the &,’s, and E}; denotes the group of units of Q(Cy)™, then:

[Ef:Cyl=hn [ [](¢@") + 1= x(p)) #0,
X#lpi*fx
where h}; is the class number of Q((x)* and x runs through the montrivial even characters of
(32) "

Proof. See Theorem 8.3 in [Was97]. O

Remark. The proof is more technical than the proof of Theorem 1.2.6 but it follows the same line.
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In addition, [Was97] reports that Sinnott also showed that there exist a b € Z coprime with p
such that:
[EY O] = 2°h.

As an immediate consequence of Theorem 1.2.7 we have the following result:

Corollary 1.2.8. Let C’X, be the group generated by —1 and

1a ] (O 1
N CN with 1 <a< =N and (a,N)=1,
1—Cn 2
then:
[Ef Oyl =hG [T = x()).
Xx#1p|N
Proof. See Corollary 8.8 in [Was97]. O

We end this section by pointing out that if N is compose then the subgroup of cyclotomic units

might not have finite index.

1.3 Siegel units

In this section we introduce a particular modular function whose specialization at certain points
will produce units in the ring of integers of Q({x). We are particularly interested in the ¢g-expansion
of this modular function. We follow closely [KL81] and [Lan87] (which appears to be a summary
of [KL81]) omitting the most technical parts and aiming to present the g-expansion as soon as

possible. Moreover, as a remark, we point out that [KL81] relies on chapters 18 and 19 of [Lan87].

1.3.1 Siegel functions and Siegel units

For an complete exposition of this paragraph, see Chapter 18 and 19 of [Lan87]. We report in
a telegraphic way the essential steps for defining the Siegel functions. As before H denotes the
Poincaré upper half plane and let 7 € ‘H so that 7Z @ Z is a full lattice in C. Then for any z € C
we can write:

z=mT+ay with a;€eR for 7=1,2.

2miT

Moreover, we denote by ¢, the value e

Definition 1.3.1. We define the Dedekind eta function to be:

0

n(r) =g/ [ —a).

n=1
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Definition 1.3.2. We define the sigma Weierstrass function to be:
2
o(zr) =2z |] (1 _ 1 et () ) .
(a1,a2)€Z2\(0,0) QT+ a

Remark. We report as a fact that the sigma function admits a ¢,-expansion.

Definition 1.3.3. We define the zeta Weierstrass function to be:

’

o
C(Za T) - ;(27 T)'
Definition 1.3.4. We define a Klein form to be:

—n(z,7)z

J(z,7) =€ 2 o(z,7).
Remark. If a € R? denotes the couple (ay,as) where a;7 + ay = 2 then we write J,(7) for J(z, 7).
Definition 1.3.5. We define a Siegel function to be:
9(7) = Ju(T) A ()72,
where A(7) denotes the square of the Dedekind eta function.

Following [Lan87] this function admits ¢,-expansion:

a0
1p (a ) 2miag(aq)—1 na- n
Ga(7) = =gz e T (1= q) | [ = @) (1 - ¢/g2),
n=1

2 2miz/N

where By(z) = 2° —x + % denotes the second Bernoulli polynomial and ¢, = e . Moreover the

following theorem holds:

Theorem 1.3.6. Assume that a € Q? has a denominator dividing N, then the Siegel functions are

modular functions and they have no zeroes or poles on H.

Proof. See Theorem 2 of Chapter 19 in [Lan87|. It is a consequence of the formalism of the Klein

forms which we didn’t investigate. O]

Now, if we specialize this function for z = a with 1 < a < N — 1 we call these special Siegel

functions Siegel units. They have ¢,-expansion:

ga(7) = g2 (1= ¢ [ (1 = ¢ (1 — q¢ ).

n>0

Remark. Needless to say, in the case of Xy(1), these are cusps forms.

Remark. Let S be a Riemann surface, we denote by Og the ring of holomorphic functions. In light
of Theorem 1.3.6 we notice that the Siegel function g, belongs to Oy, (N)-

It is clear that Siegel units are units in the ring of holomorphic functions of H, i.e. they are in
O3, Moreover, they deserve the name “units” because when we evaluate these functions we get

units for certain rings as the following paragraph will show.
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1.3.2 Cyclotomic units revisited

Now we simply write ¢ for ¢, and we consider the quotient of Siegel units:

9o (1 —=C¢) [0 —¢"¢)(A —¢"C)

o (1= a0l —g¢®)(1 —qn¢70)

By evaluating the previous expression at ¢ = 0, namely at one of the cusps, we get 8:2:)) which on

account of Lemma 1.2.1 is a unit in Z[{]. By considering g,(0) we get 1 — (* which, in case of N
compose (Proposition 1.2.2), is still a unit in Z[(]. As defined in Section 1.2, those are cyclotomic
units. Notice that since the Siegel units are modular functions the previous fact means that their

evaluation at the cusp oo of X;(N) gives units in the ring of integer of the cyclotomic field Q((y).

Remark. Siegel units don’t just give birth to cyclotomic units but they are fundamental in the

definition of elliptic units as we will see in Section 3.6.1.
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Review of p-adic modular forms

2.1 Serre’s theory

We now introduce what needed from the theory of the French mathematician Jean-Pierre Serre
about p-adic modular forms. A full, crystalline and beautiful explanation can be found in his
article ([Ser72]). We also stole a lot of inspiration from the oral lectures of M. Bertolini about
“Modular Forms”. The main idea is to see p-adic modular forms as limits (in a suitable sense) of
classical modular forms with respect to the group SLy(Z). All these modular forms may be written
as power series in C[[¢]] with ¢ = €™ for 7 € H. Since we are working with p-adic valuation we
restrict our interest to modular forms admitting a representation in power series in Q[[¢]]. We
will be working only with modular forms for the group SLy(Z). An idea about how to extend the
concept of p-adic modular forms to different congruence subgroups will be given at the end of this

section.

Definition 2.1.1. We denote with M}, the Q-vector space of modular forms for the group SLs(Z)
of weigh k admitting power series in Q|[q]].

Notation. From now on p denotes a positive prime integer even when not specified.
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2.1.1 p-adic valuation of classical modular forms

As we said, we want to give a meaning to the notion of limit of classical modular forms, therefore
we need to find an appropriate definition of distance between classical modular forms. We quickly
recap the general meaning of p-adic valuation. Any rational number a € Q may be written as p™a’

with p not appearing in the prime factorization of neither the numerator nor the denominator of

/

a.
Definition 2.1.2. In the previous setting we define the order at p of « as:
vp(a) = n.
Definition 2.1.3. In the previous setting we define the valuation at p of « as:
laf, = pr.
FExample. Let oy = %, Qg = %, Qg = % and p = 3 then:
v3(ag) =0, wv3(ae) = -2, wv3(az) =2,

and therefore:
1

\041’3 =1, \Oé2|3 = 327 \043’3 = ?

Proposition 2.1.4. Let p € Z be a prime number, then |- |, is a norm on Q.

Remark. For the pleasure of the reader, we recall that a norm on Q (and more generally on any
field K) is a function
-] Q— Ry

satisfying:
1. |a] = 0 Va e Q and it is zero if and only if a = 0,
2. o B| = |a||p] Vo, f € Q,
3. |la+ B8] < |a|+ 8] Vo, 5 € Q.

Definition 2.1.5. In the case a norm on K satisfies the stronger condition |a + 8| < max{|«a/|, |B|}

Va, € K the norm is called non-Archimedean.

Remark. If we consider two numbers and we say that their p-adic distance is “small” | we are saying

that a “big” power of p is dividing their difference.
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We wish to work in Q with the p-adic norm, unfortunately Q is not complete with respect to
this norm. In fact, the sequence {a,}, with a,, = 1 +p+ -+ + p"~! + p" is Cauchy but it doesn’t

admit a limit in Q.
Definition 2.1.6. We denote by Q, the completion of Q with respect to | - |,.

It can be proven that Q, is not algebraically closed. One may think that analogously to the
Archimedean case, once we consider the algebraic closure of @, (which we denote by @p), then we
end up with a complete and algebraically closed field. Alas! The trap is just around the corner:
this won’t be the case since @p is not complete. Fortunately, this is not a infinite loop and we will
land to well known shores when we consider the completion of @p. The new born C, is complete
and algebraically closed. A full explanation of all this p-adic business is outside the purpose of this
text and we redirect the reader to the very instructive and constructive book of Koblitz ([Kob84]).
Now it is time to turn again our attention to modular forms. Let’s pick f € M. We recall that
by definition we can write:

0

f(r) = 2 anq"” an,€Q and where ¢ = ™. (2.1)

n=0

In order to define a distance we look at the coefficients of the series defined in (2.1) one by one
and consider their p-adic norm. Then, two power series will be close if the n-th coefficient of the

power series are p-adically close for any n.

Definition 2.1.7. We define the order of f with respect to p to be:

vp(f) = inf, {v,(a,)}.

Definition 2.1.8. We define the valuation at p of f to be:

[flp = p7D = sup, {|an,}.

Remark. If g € My, and g(7) = X, byg™ the fact that | f—g|, is "small” means that the coefficients

are p-adically close, namely, a "big” power of p divides f — g.

We would like to be sure that if f € M then v,(f) € Z. This is indeed guaranteed by a
result on the structure of the space of modular forms which we will not investigate. This result
claims that any modular form is a finite C-linear combination of two specific modular forms whose

g-expansions have coefficients in Z after the multiplication by a sufficiently big integer.
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2.1.2 p-adic modular forms

We start out with giving the following definition of p-adic modular form due to Serre.

Definition 2.1.9. A formal power series f = >, a,q" € Q,[[q]] is called a p-adic modular form
if there exist a sequence {f;}; of classical modular forms with f; € My, (k; € Z for i = 1,2,--+)

such that:
li£n|f - fi|p = 0.

Remark. We are requiring that the coefficients of f;’s tend uniformly to the coefficients of f.

Arguably, the previous is a problematic definition since we are left with the problem to associate
weights to the new-born p-adic modular forms. In fact, we don’t pose any condition on the behavior
of the weights of the classical modular forms involved in the limit and therefore they might behave
wildly. In the definition we just required the n-th coefficient of the classical sequence to tend p-
adically to a, for any n. Thus, first of all, we need to define a good space where the p-adic weights
can live and afterwards we need also to check whether or not Definition 2.1.9 is well posed. In fact,
two different sequences of classical modular forms may tend to the same p-adic modular form but
the limits of their weights may differ one from the other. Thanks to a theorem of Swinnerton-Dyer
about the structure of the algebra of modular forms mod p we can solve the problem of associating
a weight to a p-adic modular form. We just report the result and a property of classical modular

forms. For all the details, refer to [Ser72].

Theorem 2.1.10 (Swinnerton-Dyer). Assume p =5 then the following equality holds:

Instead, if p = 2,3 we have:

~

Mw - Z/\WJO,

where ]\700 = —|»k>0 Mk and M® = U ;@io ]\7[/19 and ]\7[71C is the F,-vector space of modular forms
mod (p—1)

modulo p (when this makes sense).
Proof. See the original article in [SD72]. O

Remark. In the previous proof it is essential to work with modular forms for the group SLy(Z) and
on account of this it is not straightforward how to extend this theory to more general congruence

subgroups.
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Theorem 2.1.11. Let m € Z=, and let f and g be two classical modular forms belonging to My

and M, respectively. Suppose f # 0 and assume that:

u(f = 9) = vp(f) +m,
then:
(i) k=1 mod (p—1)p™ ' ifp =3,
(i) k=1 mod 2™ 2 if p = 2.
Proof. See Théoreme 1 in [Ser72]. O

On account of these facts we are suggested that the right set where to consider weights won’t

be Z any longer but it is defined as follows.

Definition 2.1.12. Let p be a prime integer and let n be a positive non-zero integer if p # 2 or

n € Zso if p = 2, then we define:

z z z_ o
W, =  (=DpZ =Gz X pz i PpF#2

We denote by W the space of weights for p-adic modular forms. W is defined to be the projective
limit of W,,, namely:

7 .

Once we found the right place of definition of weights, we are given peace with the following

result.

Theorem 2.1.13. Let f be a non zero p-adic modular form and {f;}; a sequence of modular forms
with rational coefficients having f as limit. Let k; be the weight of f; for any i. Then, the sequence
{k;}i has a limit k in W which depends on f but not on the sequence { f;}; chosen.

Proof. See Théoreme 2 in [Ser72]. O
Definition 2.1.14. In the setting of the previous theorem we define k € W to be the weight of f.

Notation. We denote by M,gp ) the space of p-adic modular forms of weight k for the group SLy(Z).
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2.1.3 Properties of p-adic modular forms

We introduce here the necessary tools for handling with a good definition of p-adic Eisenstein
series which will be studied in the next paragraph. We start out with noticing some analogues of

the classical results about modular forms.

Theorem 2.1.15. Let f € M\P and f; € M” with k,1 € W. Assume moreover that:

(i) fx #0,
(it) vy(fr — fi) = vp(fi) + m for m e Zsy,
then the images of k and [ in W are the same.

Proof. First of all, we reduce ourselves to the case of classical modular forms and then exploit
Theorem 2.1.11. We notice that (i7) implies f; # 0. Then we consider two sequences of classical
modular forms {f*}; and {f'}; of weights respectively k; and l;, tending respectively to fi and f;.
For i big enough we have that:

vp(fr) = Up(fik) and  v,(f;) = Up(fil) and  v,(fx — fi) = 'Up(fli - fzi),

with fF and f! both non-zero. Then (7i) can be rephrased as:

w(ff = ) = vp(fir) +m,

and thanks to Theorem 2.1.11 we conclude k; and [; have the same image in W, and the result

follows. O

Corollary 2.1.16. Let f = Zfzo an,q" € M,ip) and assume that there exists a positive integer m

such that k is non zero in Wy,.1, then we have:
0p(a0) + m > inf, v (a).
Proof. See Corollaire 1 in [Ser72]. O

Remark. Suppose that k is not divisible by p — 1 then it is not zero in W; and m = 0. This implies
that:

vp(ao) = infyz1(vp(an)).

If moreover v,(a,) = 0 for any n > 1 we infer v,(ag) € Z,. In the nutshell, we derived an integral

property of the constant term from integral properties of all the other coefficients.
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The following corollary will play a central role in the definition of p-adic Eisenstein series.
Corollary 2.1.17. Let
o0
_ 2 P
=0
be a sequence of p-adic modular forms of weights k. Assume that:
(i) a) > a, e Q, uniformly inn > 1,
(i) K —k #0in W,
then the a(()i) admit a limit ag € Q,, and the series f = Zf:o anq" s a p-adic modular form of weight
k.

Proof. See Corollaire 2 in [Ser72]. O

2.1.4 Example of p-adic modular forms: p-adic Eisenstein series

We start out with recalling the classical definition of Eisenstein series and few facts connected to

it. Consider k € 27Z bigger than 4 and 7 € H.

Definition 2.1.18. We define the weight k Eisenstein series to be:

Br- Y —

ez 00) T )

We want to underline that £ = 2 is not admissible since the series in the previous definition
doesn’t converge. Moreover, we notice that if k is odd then the Eisenstein series would be zero.
The restriction to k € 2Z~, is now clear. Eisenstein series are the most easy example of modular
forms and at least in the classical context, the only one. In fact, common theory on modular forms
([DS05]) states that the space of all modular forms is spanned only by two Eisenstein series. More

explicitly, the space of modular forms coincides with:
C|E4, Es). (2.2)

In other words a modular form of any weight is a C-linear combination of powers and products of
the Eisenstein series E; and FEjg of weights, respectively, 4 and 6. From the computations below
we see that, up to a multiplicative factor, both E; and Eg admit a g-expansion in Z[[q]]. These
are the modular forms we addressed at the end of section 2.1.1. Classical theory also shows that

Ex(7) is a weight & modular form for the group SLs(Z) whose g-expansion is:

2
Ex(1) = 2((k) mi)* Zak 1(n)g"  where o1 ( de 1

din
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We underline the fact that the value of the previous Eisenstein series at 0 (i.e. at the cusp o of
the modular curve X(1)) is connected with the zeta function. The zeta function admits moreover

an expression in terms of the so called Bernoulli numbers:

where B}, denotes the k-th Bernoulli number defined as the k-coefficient of the Tailor expansion of

ﬁ, namely:

One can moreover show that these numbers are rational so it might seem a good idea to isolate

the rational part of the previous formula getting:

Ey(r) = % (—% + ;Uk_l(n)q"> :

The part in the parenthesis is a power series in ¢ with rational coefficients which we will denote by

The idea behind the definition of a p-adic Eisenstein series is to use Corollary 2.1.17 for an ap-
propriate sequence of classical Eisenstein series whose limit will genuinely give birth to a p-adic
modular form. The appropriate sequence is given by choosing wisely the weights, as the following

lemma suggests.

Lemma 2.1.19. Pose a,g’i)l(n) = Yran @1 and consider k € 2W and {k;}2, a sequence with

terms in 2N satisfying:
(i) ki =4 foranyi=1,--- o0,
(i1) k; — o0 in the archimedian metric on R,

(i1i) ki — k€ W p-adically,

then lim;_,o oy, —1(n) = Ué@l(n) uniformly inn > 1.

Proof. This lemma easily follows from the continuity of the p-adic exponential. It is possible to
find more details about this function in chapter IV: p-adic power series of [Kob84] looking at the
proposition at page 81. ]
. y 0

Remark. We can actually find such a sequence, for example: {kl =23"_, pl} .
i=1
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Theorem 2.1.20. The following expression:

o0
By
P — gy + ®) ()" wh — lim ——F
V=ag+ ). o (n)g"  where ag lim —22,

n=1
is a p-adic modular form for any sequence {k;}*, satisfying the hypothesis of Lemma 2.1.19.

Moreover, ag is independent of the choice of such a sequence.

Proof. We consider the Eisenstein series Gy, of weight k; as defined above. Using Lemma 2.1.19
and Corollary 2.1.17 we get that
G](Cp) = lim le

1—00
is a p-adic modular form of weight &, i.e. G,(Cp Je M lip ). One can check that it is independent from

the sequence chosen. O
Definition 2.1.21. G;f ) is called the p-adic Eisenstein series of weight k.

Remark. As we were previously pointing out, due to a convergence problem the classical Eisen-

stein series Es(7) is not a modular form. On the other hand, we see that by taking a sequence
) N ©

{ki = 222:0171}

for p > 3 the p-adic Eisenstein series Ggp ) is a p-adic modular form of weight
i=1
2.

2.2 p-adic modular forms for more general congruence sub-
groups

The p-adic theory of Serre relies heavily on the theorem of Swinnerton-Dyer about the structure
algebra of the space of modular forms modulo p whose proof counts on the fact that only modular
forms for the group SLy(Z) are considered. The American mathematician Nicholas Michael Katz
developed a geometric theory of p-adic modular forms which generalizes the theory of Serre and
enables us to construct p-adic modular forms a la Serre, namely as p-adic limits, for more general
congruence subgroups. We won’t investigate this theory and we just need the following definition.

It is a good definition in light of theorem 4.5.1 of [Kat72].

Definition 2.2.1. A p-adic modular form of weight k& and level group I';(N) with nebentypus Y,
a Dirichlet character of conductor N, is a p-adic limit of certain classical modular forms {fy,} of

weight k; converging p-adically to k, of level group I'1(/N) and nebentypus x.
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About the p-adic Leopoldt formula

The aim of this chapter is to give a modular proof of the p-adic Leopoldt formula. We will here

combine all the tools we introduced so far. First of all, we state properly the result we are after.

Theorem 3.0.1 (Leopoldt). Let x be a non trivial even primitive Dirichlet character of conductor

N, then:

Ly(Ly) = —% 3 X (a) logy (1 — .

Remark. 1t is also possible to prove this result in a more computational way. For details see

theorem 5.18 in [Was97].

Before starting let’s have a quick overview at the hypotheses of this theorem. We know that
we can rewrite a classical L-function associated to a non-primitive character as a product of L-
functions associated to primitive characters inducing it. Therefore, it makes sense to restrict our
interest to the case of primitive characters. Moreover, the character is assumed to be even because
the p-adic L-function associated to a odd character is always zero as it is clarified in the Appendix
Al
In this chapter we follow the approach of [BCD*14] and we also took some material from [Iwa72].
We are looking for a p-adic equivalent of the class number formula and we are about to work with
functions defined on C,. We then need a theory to handle with these new functions. First of all, in

the next paragraph we give some intuition about the right approach to cope with this new setting.
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3.1 Rigid geometry

The so called rigid geometry is a natural way to work in this new environment. For a complete
overview on this subject we redirect the reader to the formal and exhaustive book of Bosch: [Bos14].
We accept to work with as little rigid geometry as possible and we just try to motivate why it is
possible to treat rigid analytic functions as we would do with holomorphic complex functions. At
the beginning, one might be tempted to introduce the following notion of “C,-holomorphiticity”

considering on C, the topology induced by the p-adic metric.

Definition 3.1.1 (first attempt: locally rigid analytic functions). Let U be a subset of C,. We
say that the function f is rigid analytic in x € U if there is a open neighbourhood of = inside U

where f can be expressed as a power series, namely:

0

f(Q) = Z anqn7

n=1
where a,, are coefficients in C,. A function is rigid analytic on U if it is rigid analytic at all the

points of U.

This definition is inspired from the complex theory but, unfortunately, has to be revised because
of the different topological properties connected to a non-Archimedean distance. Firstly, we notice
that the analogous of this definition for the complex case works properly because C is connected.
Suppose we are considering a function defined on a connected area of C, and suppose we have an
expression in power series of f on each open set of our covering. The condition about connection
guarantees all the opens will overlap and therefore we can extend the power series on the whole
connected area. This is not the case for C, when we consider on it the topology induced by a
non-Archimedean distance. It will turn out that C, is totally disconnected, i.e. any subset of C,
consisting in more than one point is not connected. Since the topology of C, we are working with

is induced by the p-adic distance a basis for the open sets is given by the open balls:

B(z,r) = {s € C, such that |z — s|, < r}. (3.1)
Analogously, a basis of closed sets is given by the closed balls:

B(z,7) = {s € C, such that |z — s|, < 7}. (3.2)

Eventually, both these kinds of balls are open and close. This is a direct consequence of the non-
Archimedean nature of the p-adic norm. In fact, in a p-adic setting we need to take care of the

following different behaviour of the norm.
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Proposition 3.1.2. Let a,b be two numbers in C, such that |al, < |b|, then:
|a — bl, = max{[al,, [b],}.

This proposition implies that if we consider any triangle in C, then it is always isosceles.
Moreover, when we consider a ball in C,, any of its points might be taken as the center of it. As
we were saying, another important consequence for the topology is that B(z,r) and m are
both open and closed. In fact we easily see that B(z,r) = U, By, r) and if we consider an
accumulation point of B(x,r) then it belongs to B(z, 7). The most critical side effect of Proposition

3.1.2 is the following result.

Proposition 3.1.3. C, is totally disconnected, i.e. any subset with more than two points is not

connected.

Proof. Let A < C, be a set with more than two elements, and assume z,y € A and z # y. We
then define r = 1|z — y|, and we consider A; = A n B(z,r) and Ay = A\A;. Then 4; U A, = A

(namely, A is a disjoint union) and both A; and A, are open and closed. m

This proposition is rather astonishing. Just to give an idea we notice that we cannot now
define any longer a function from the connected interval [0,1] to C, wishing it is non constant
(the image, in fact, should be connected). In particular, a theory of integration in a classical sense
is not feasible any longer. This means we cannot directly p-adically rephrase a Cauchy theory
relating functions defined by differentiation and functions defined in terms of power series. The
problem related to Definition 3.1.1 is now clear: we consider the open disc B(0,1) and we extract

a partition in disjoint discs of B(0, 1) from the following union where r € (0,1) < R:

B(0,1)= |J B(zr)
z€B(0,1)
re(0,1)

We call the disc of the disjoint partition D;. Then we define on each D; a constant function getting
the value f; € C,. We take care that f; # f; if ¢ # j. Eventually we consider the function f on
B(0,1) such that f|, = f;. This function is locally rigid analytic according to Definition 3.1.1 but
its behavior is totally wild; in fact, it doesn’t admit an expression in power series on the whole
B(0,1). This unpredictable behavior is due to the fact that the open of the covering we considered

do not overlap. One way to avoid this issue is to consider the following definition.

Definition 3.1.4. A function f is said to be p-adic analytic on B(0,r) if it is represented by a

power series converging on B(0, 7).
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This definition is indeed a good p-adic equivalent of the complex one. The downside is that
we are working with only an open and therefore no much flexibility is allowed in this context.
Nevertheless, definition 3.1.4 will be sufficient for our purposes since it is enough to work just in
a neighbourhood of the cusp oo as we will see later. Therefore, in this text, being rigid analytic
means to be p-adic analytic.

Anyway, we think we have enough motivated the need of a different theory in the investigation
of spaces with non-Archimedean norm. As we were saying before the right setting to study these
objects is rigid geometry, a theory so wide and charming that even a quick overview of the main
concepts would require some pages. Again, we redirect the reader to [Bosl4], and, as we said, we
handle with rigid analytic functions as function admitting an expression in power series just in
some areas and such that they behave as holomorphic functions. The domain of definition of these
rigid analytic function won’t be C, with the topology induced by the p-adic norm as in our first
attempt but rigid spaces (whose invention is due to Tate) equipped with the so-called Grothendieck

topology.

3.2 The ordinary locus

The rigid analytic space we will be working with is the so called ordinary locus. 1t is a subset of the
modular curve X; (V) over C, as we defined it in Section 1.1.4. We denote this curve X;(N)(C,).
We didn’t clarify at that time if any type of correspondence of isomorphism classes of elliptic
curves is still reasonable in this p-adic context. The following theorem gives some lights about this
question at least for some N but, before stating it, we need to give a meaning to the concept of

an elliptic curve defined over any Q-algebra R.
Definition 3.2.1. An elliptic curve over R is a smooth projective curve of genus one over R.

In the case R is a field we can consider the Weierstrass equation (1.1) we gave in the first
chapter:
Y2Z 4+ a1 XYZ 4 a3sYZ? = X3 + axX?*Z + ay X 7% + ag 2>,

with coefficients in Q and we just consider its solutions in the chosen Q-algebra R.

Theorem 3.2.2. Let N =5, then the functor:

Q-Alg —> Set
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between Q-algebras and sets, sending R to the set given by isomorphism classes of elliptic curves
over R together with a point of exact order N, is a representable functor and it is represented by

the algebraic variety Y1(N)/Q.

This allow us to attach to any point of our affine curve Y;(N)(C,) an isomorphism class
of elliptic curves defined over C, and a point of exact order N. In addition, we notice that
Xi(N)(C,) = Xi(N)(Oc,) where O¢, = {s € C, such that |s|, < 1}. In fact, the curve is
projective and therefore we can multiply by a non-zero factor the coordinates of the points. Now

we consider the following reduction map:

Xi(N)(Cp) = X1(N)(Oc,) — Xi(N)(F,),

where X (N)(F,) has the obvious meaning. The map is given by reducing suitable coordinates of
points by the maximal ideal 9t = {s € C, such that |s|, < 1} of O¢,. Now any point of X;(N)(F,)
is associated to an elliptic curve over Fp which is just the reduction of an elliptic curve over C,. Now
we pull back the points corresponding to supersingular elliptic curves defined as those elliptic curve
with zero p"-torsion for all the n. The number of these points is finite since up to isomorphism the
number of supersingular elliptic curves is finite as showed in chapter V: elliptic curves over finite
fields of [Sil86], theorem 4.1. The preimage is made of residue discs (namely, discs of radius one)
since M is the residue disc. We baptize these discs D; with ¢ = 1,--- ,m where m is the number

of isomorphism classes of supersingular elliptic curves.

Definition 3.2.3 (ordinary locus). The ordinary locus A is the subset of X;(N)(C,) given by
erasing D; for all 4, more explicitly:

n

A= X, (N)(C,)\ U D;.

Remark. We state without proving that A is an example of an affinoid subspace of X;(N)(C,)

with a good reduction, i.e. it is a rigid space.

Therefore we will use the following unofficial definition of rigid analytic function.

Definition 3.2.4 (second attempt: rigid analytic function). A rigid analytic function is a func-
tion defined over a neighbourhood of the cusp oo of the ordinary locus A and there it admits a

representation as a g-expansion, namely, it can be represented in by:

o0
O
n=0
For some a, € C, and |g|, < 1.
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3.3 Eisenstein series associated to a Dirichlet character

In this section we elaborate a way to look at Eisenstein series defined together with a Dirichlet
character. We will see we can find a p-adic equivalent even in this case and eventually it turns
out that p-adic cousins of these functions are rigid analytic. First of all we recall the definition of

Dirichlet character we gave in Section 1.1.3 and we clear the setting up.

Definition 3.3.1. A Dirichlet character of conductor N is a group homomorphism:
x:(Z/Nz)" — C*.

Clearly, any character can be extended to a function over Z sending a € Z to x ([a]) (where
[a] denotes the class of a in Z/NZ) and by letting x ([0]) = 0. With an abuse of notation we will

denote with x also this extension.

Remark. (i) We say that the character x is even if y(—1) = 1, odd otherwise.

(ii) Let x and x be two Dirichlet characters of conductor N and M respectively such that N | M.
We say that x induces y if x(a) = x(a) for any a € Z coprime with M.

(iii) We say that a character is primitive if it is not induced by any other character.

Now we consider y : (Z/NZ)* — C* a primitive, non-trivial and even Dirichlet character of

conductor N. Then we can associate to it the following Eisenstein series.

Definition 3.3.2. We define the Eisenstein series attached to the Dirichlet character y to be the

following holomorphic Eisenstein series:

(k—1)! 3 x(n)

E,x(1) :== N*g7'(%) (i) (mr + )

(m,n)ENZXZ
(m,n)#(0,0)

where Y denotes the complex conjugation of the character y.

This Eisenstein series is a classical modular form of weight k, group level I'; (V) and nebentype
x according to our Definition 1.1.11. As it happens for the trivial character, if we define ¢ = ™",

common analytic theory states we can rewrite this Eisenstein series as the following g-expansion:
o0
Bra(q) = L(L =k, x) +2 ) ox_14(n)g",
n=1

where o1y (n) = 3, d*" and L(1—k,x) =37, X4

TL=1 nlf
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Remark. The constant term of the previous series inherits the rationality properties of the coef-

ficients oj_1,(n) which belong to Q, defined as the extension of QQ generated by the values of
X-
Remark. We will need the g-expansion only in a neighbourhood of oo therefore, throughout this

chapter we always assume |¢|, < 1.

Now we are after a good definition for the p-adic equivalent of these Eisenstein series. We saw
how to approach this issue for the special case when Y is the trivial character. Leaded by that, we

consider the following strict analogous of the trivial case.

Definition 3.3.3. For any prime p, possibly dividing N, we define the ordinary p-stabilisation:

E&(CJ) = By (q) — x(p)p" ' Ery(¢").

In this case we decided to directly define the p-adic analogue since the procedure in this case is
the same of what we described in Section 2.1.4, namely we can see it as the p-adic limit of classical
Eisenstein series Ej, , for an appropriate sequence of weight {k;}. Now we have a p-adic modular

form and we want to rewrite it in a working way.

Proposition 3.3.4. The ordinary p-stabilization has the following Fourier expansion:

e}
Ezgpi = Lp (L =k, x) +2 2 O-I(cp—)l,x(n)qn7

n=1
where L,(1 —k,x) = (1 —x(p)p")L(1 — k,x) and G,E:p_)l,x(n) = Zp*dmx(d)dk_l.

Proof. Here it suffices to write down the expressions for Ej ,(¢) and Ej,(¢?). The only part to

focus on is:

0 o0
D oecia)d" = D X0 o1 ()"
n=1

n=1

We look a the ¢™-th coefficient which can be:

1. 0_1,(m) if p doesn’t divide m

2. op1(m) — x(p)por_1,(m) if p divides m (let m = pm).

Writing down the second case explicitly we get that:

2od)d T = Y x(pd)pd )= Y x(@)d*

dim d|m' prd|m
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Therefore we conclude:

o0 o0 o0
D T ()g” = > X ok () = Y. o (n)g"
n=1 n=1

n=1

and the formula holds. O

Remark. According to our Definition 3.2.4 the ordinary p-stabilization is rigid analytic.

As we said, Definition 3.3.3 presents a family of functions which have still an interpretation of
p-adic modular forms of weight & and level Ny the prime to p part of N. Now, if we consider the
special case k = 0, thanks to the existence of the power series we can say they are rigid analytic
functions. In total analogue with the non p-adic case, this point of view allows us to interpret

L,(1,x) as the value at the cusp oo of the weight 0 Eisenstein series:

e
Eg(a) = Ly(1,x) +2 ) ( 2. X(d)d1> 7" (3.3)
n=1 \ptd|n
Our strategy now proceeds as follows: we have a rigid analytic function and in its ¢g-series expression
the constant term corresponds to the left hand side of the formula 3.0.1. We want to describe the
same function in a different way, namely, with a different g-expression and different constant term

which corresponds to the right hand side of formula in Theorem 3.0.1.

3.4 Another way to look at E(()];)((q)

We can find an independent expression for E((f’))( in term of Siegel units, described in Section 1.3.
We recall that the Siegel units admit g-expansion:
L n a n a n —a
gal@) = g7 (1= "¢ [ [ = "¢ = q"¢™), (3.4)
n>0

where ( denotes a N-th root of unity. We won’t go through the details and we just define the

p-adic analogue of the Siegel units to be:

9% = g,0(¢")ga(q) P

The expression (3.4) admits a representation in power series in g, therefore so do g,,(¢”) and g.(q).
Since ¢,(q) is never zero except at ¢ = 0 and since g,,(¢?) is also zero for ¢ = 0 with the same order
of g4(q)?, we state without proof that g((lp ) admits a g-expansion and therefore it is rigid analytic.
In the classical formula about the class number, Siegel units appear in the form of their logarithm.
On account of that, we try to understand if there is any hope that the p-adic logarithm of the

Siegel units keeps making sense.
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Proposition 3.4.1. The p-adic logarithm of ga , log, (g p)), admits the following q-expansion:

__ ap ad ad
o, 1ogp((i ¢ ) p2<2< +¢ >

1d|n

and therefore it is rigid analytic.

Proof. We begin with proving that the g-expansion holds. Writing down explicitly the expression

we obtain:

15 (1 — (po 1 — gPn(Pa) (1 — gPn(—Pe
log, ¢ = log, (q 21— ) s =g (1= ¢ )) ‘
q12(1 = ¢)P [ [no(1 = q"C)P(1 = q"¢ )P
Since n > 0 and by the additivity of the p-adic logarithm we can rewrite the previous expression

as follows:
1 (1 _Cpa 1 pn ~pa 1 — PP — p] — ") — pl _ns—a
0g, Z 0g, (1 — ¢""¢"") + log, (1 — ¢""¢ ") — plog, (1 — ¢"¢*) — plog, (1 — ¢"¢™™).

We recall that even though p-adic logarithm admits an extension to C, we can express it in power
series only on D(1 +s) := {1 +s€ C, : |s|, < 1}. Since we assumed that the p-adic norm of ¢ is
less than one we can write the summand in the following way:

i ( Z qpnmc-pam i qpnmC pam . Z qnmCam . Z qnmC am)
n=1

Now, we want to rewrite the previous expression in the shape:

o0

k
> o
k=1

It is convenient to consider two cases:

_r—ad

o If p / k then we have ay, zpzd‘kgadT

e Ifp | k, write k = pk/ then a;, = — me Sl S +pzd‘k CadJFdCad. We notice that if p | d

m

there exist unique m such that pm = d, so m = %. Thanks to the minus sign we get:
Cad + <—ad
ap =P Z Y
prdlk

Therefore, we conclude that we have:
i ( i qpnmeam i qpnmc pam T Z qnmcam + Z qnmC am)
n=1 =
© ad —ad
P, ( > %) 7",

n=1 \ptd|n

and the formula holds. O
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The previous proposition gave a meaning to the p-adic logarithm of Siegel units paving the way

to the definition of the following function:

N—
Z a)log, gt¥,

a=1

()._
hP =

N-1 a
where g(x) := 2.,—1 x(a)¢".
Playing in anticipation, we constructed a function inspired by the classical class number formula

result. Our first hope is that it is rigid analytic.

Proposition 3.4.2. h§§’) admits the following q-expansion:

hP) = (1 — _1 NE a)log, (1 — (%) +22 (Z d)d1> " (3.5)

n=1 fd|n

Proof. We start out with writing down hX and with substituting the expression for log,, ga @.

a5 555 )

We divide the computation in two pieces. The first is:

(2 x"(a)log,(1— ") = p 3 X~ (a) log, (1 — ca>> , (3.6)

and we want to prove it is equal to:

R=
(1_ _1 Z a)log,(1 —¢%).

Assume that p / N so that x(p) # 0 and (P is still a primitive N-th root of unity. Then we can

rewrite the expression (3.6) as follows:

Zﬁ (X(p) Z_ Xﬁl(ap) logp<1 - Cpa) -P 2_ Xﬁl(a) logp(l - <a>> )

and therefore, by putting pa = a (we can do this because p and N are coprime) and by gluing

together we get:

—< Z X" '(a)log, (1 — ¢%).

Now assume p | N so that x(p) = 0. We want to show that:

=

-1

X" (a)log, (1 - ¢™) = 0.

S]
Il
fu
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We expand the log, as a power series and we notice we can exchange the two summands since one

is finite, namely:

N-1 0 Capn 0 1 N-1
—2 X Ma) Y == ) = Y X )
a=1 n=1 n n=1 n a=1
Now we just want to prove that:
N-1
)¢ =0
a=1

This is indeed a general fact as Lemma A.2.1 shows.

For the second part, we analyze:

1 N-1 © Cad_|_<=—ad N
S ;(2 Sk )q.

pld|n

Again, since the first summand is finite we exchanges order of summation getting:
N-1 a a
> xYa e iy P
d

If (d, N) # 1 we can apply Lemma A.2.1 which implies:

N—
Z Cad

Therefore we can consider only cases when d is coprime with N getting:

o 1 N

3 (3 ety B et < )
a=1

n=1 \ptd|n g
Under the assumption (d, N) = 1 and thanks to the fact that y is even (so x ' (a)(™* = x 7' (—a)(™?)

we have

”MZ

N— N-1
Had)(¢* + ¢ Z a)(C*+ ¢ =2 x Ha)¢" =20(x7),
a=1

and finally we obtain:

SRS DISS S P INTIEN PR

a=1 n=1 n=1 \ptd|n

as we wanted to show. O

Remark. We just proved hgf ) admits a g-expansion around the cusp oo, therefore it is rigid analytic.

We finally have all the ingredients to face the last step and to give a modular proof of the
Leopoldt formula.
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3.5 The Leopoldt formula

In this section we prove the Leopoldt formula as it is stated in Theorem 3.0.1. We defined two
p-adic modular forms of weight 0, group level I'1(Ny) and nebentype x: EO and h . We proved
they are rigid analytic on the residue disc of the cusp oo, namely, they admit a g-expansion for
lq|, < 1. The g-expansion of (3.3) and (3.5) are rather similar: the only difference is in the constant

term. So, let’s denote g = EY

0.x h&p which is constant at the residue disc of the cusp o. As

both h§( and E are p-adic modular forms of nebentypus character x # 1 we infer that also their
difference g must have nebentype character x # 1. Since ¢ is constant this clearly implies that
g = 0 and therefore:

R =1

By equating the constant term of (3.3) and (3.5) we find:

Ly(1,x) = _A=xplr) Z X' (a)log,(1—¢*),

and Theorem 3.0.1 is proved.

3.6 Conclusion

As we pointed out this formula has a strict relationship with the classical one. The most
interesting phenomenon is the relation between the p-adic logarithm of certain units and the
L-functions. The question raising naturally is whether or not we can reach an even more general
level of generality and in which contest. The answer turns out to be positive and the next aspect
to investigate is an analogous of this formula due to Katz. This new path starts with a different
and more general definition of p-adic modular forms respect to the approach of Serre and it
induces also a different definition of p-adic L-function. We won’t introduce this new theory but
we have a quick overview of the result of Katz. We first need to introduce an analogous of the

cyclotomic units.

3.6.1 Elliptic units

It is easy to see that the ring of the endomorphisms of an elliptic curve can be either isomorphic
to Z or to an order in the ring of integers of a quadratic imaginary field. This fact suggests the

following definition.
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Definition 3.6.1. We say that an elliptic curve has complex multiplication when its
endomorphisms ring is isomorphic to an order in the ring of integers of an imaginary quadratic
field. Moreover, we say that an elliptic curve £ has complex multiplication by O with O an order

in the ring of integers of an imaginary quadratic field if End(F) = O.

Ezxample. Let’s consider the elliptic curves:
C/(Z®iZ) and C/(Z&®~—-37),

then the endomorphism group of the first elliptic curve is Z[i] which corresponds to the ring of
integers of Q(7) while it is easy to check that the endomorphisms ring of the second elliptic curve
is Z. Therefore, the first is an elliptic curve with complex multiplication by Z[i] while the second

is an elliptic curve without complex multiplication.

It is also clear that having complex multiplication is invariant under isomorphism of elliptic
curves. Even more: the endomorphism ring is the same. In fact, two elliptic curves of lattices
respectively A; and Ay are isomorphic if there exists a a € C* such that aA; = Ay. Suppose Oy
and O, are the corresponding homomorphism rings and let 3 € Oy, then

BAy = faly = afA; € al; = A, therefore, § € Oy. We infer that O; < O,. An analogous
reasoning shows that Oy < O; implying that O; = O.

Modular curves have another type of special points besides the cusps: the CM-points. Those
points correspond under the maps defined in the Introduction to elliptic curves having complex
multiplication (from which the name CM comes). The surprising fact is that by computing
special modular functions (in our case we will consider modular units) at these points we get
units (elliptic units) for the ray class field of K as we will soon see. These units play the same

role of the circular units for cyclotomic fields.

Definition 3.6.2. We define the Eisenstein series attached to a character x of conductor N to

be:

i (B = 1) X(n)
Eu(r) = N ' (0= D, -
(2 ) (m,n)eENZXZ (mT - n)
(m,n)#(0,0)

where 7 € H the Poincaré upper half plane. Notice that in the sum we are not taking the zero

element.

Moreover, we define g = 7.
We then assume:

e K has class number one.
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o U} = £1.
o Ay := D, the discriminant of the field K, is odd and negative.

e There exists an integral ideal n € Ok such that:
Ok 7
n NZ'

In addition we baptize:

b+vD

® Th'!= 9N

o n:=ZN + 2D

Suppose we have a Dirichlet character, we can then define from an even character y a character
of finite order x, over the ideals of K (which are all principal since its class number is one) out of
the rule:

Xn(@) := x(a mod n),

where o € K and notice that (o« mod n) € %. Moreover, we notice that, thanks to the shape of

n, we infer:

b+ /D
OK=Z+Z+;h.

Definition 3.6.3. We define a CM-point to be:

b++D
Ty 1= .
2N

Remark. We notice that the element 7, in H corresponds to the isomorphism class of the elliptic

curve £ =C/Z ® bvD7  The endomorphism ring of E' is not Z since, for instance,

2N
INVD e End(FE), and therefore, according to our Definition 3.6.1, it is an elliptic curve with
complex multiplication. We also infer that any element of the class [(C/ 7 ® %BZ] has complex
multiplication.

In order to get some confidence with these new objects we are working with we prove the

following result.

Proposition 3.6.4. The following equality holds:

Bulm) = N (0 o L, 0, 0),

where L(K, Xn, k1, k2) := Y] xa(a)a™Fa="z.
07’505601(
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Proof. In order to get the formula we need to prove that:

ok — x(n)
Z Xa(@) Z (mm, +n)k

0#ae0k (m,n)ENZXZ
(m,n)#(0,0)

We notice that mr, + n € Ok Y(m,n) € NZ x Z and m, + n mod n = n mod n, so:

x(n) Z Xn(mT, +n) Z
2 = Xn(oz)Ck )
k
(m,n)eNZXTZ (mty +n) (m,n)eNZXTZ (mty +n)* 0£ae0K
(m,n)#(0,0) (m,n)#(0,0)

where the last equality is due to the fact that, by definition we have:

b++D
5

Ok =7Z+7

We now proceed to the definition of elliptic units.

Definition 3.6.5. We define the elliptic units to be the evaluation of the Siegel functions g, at
the CM points, namely:

Ugn = ga(Tu)

Remark. The name unit in the previous definition is not meaningless in fact the elliptic units lie

in O (n) where K, denotes the ray class field of K.

3.6.2 Katz formula

We have already seen the Katz p-adic L-function in the context of Section 3.6.1, precisely in

Proposition 3.6.4. It is:
L(K7 Xn, kla k?) = Z Xn(Oé)Oé_klOé_kQ.

aEOK
a#0

The fundamental article where this theory is shaped is due to Katz ([Kat72]). We just state the
result which relates the values of the p-adic L-function with the p-adic logarithm of elliptic units.

The setting of the theorem is outlined in Section 3.6.1.

Theorem 3.6.6 (Katz). Let x be a non-trivial even primitive Dirichlet character of conductor N
and let K be a quadratic imaginary field equipped with an ideal n satisfying Ox/m = Z/NZ. Let
Xn be the ideal character of K associated to the pair (X,n) then

1—
Ly(K, xn,0) = ! g Z X' (a) log, (tapm)-

The important fact is that the techniques requlred in the proof of this theorem are analogous and

a generalization of the techniques used in the proof of the Leopoldt formula.

43



A

Some results

A.1 About the p-adic L-function

Here we refer to the definition of analyticity in C, as stated in Definition 3.1.4. Our way to
define the p-adic L- function is to interpolate the classical L-function at the values it assumes on

the integers. The following result realizes this idea of p-adic L-function.

Theorem A.1.1. Let x be a primitive Dirichlet character of conductor f > 1 then there exists a
p-adic analytic function Ly(x,s) on B(R) = {s € C, such that |s|, < R} with R > 1 except for a
simple pole at s = 1 with residue 1 — % when the character is trivial, satisfying:

nfl) Bn,xw‘" )

Ly(x,n) = —=(1 —xw™"(p)p "

Here the B, ,.,» denotes the generalized Bernoulli numbers and the character yw™" is defined as

the primitive character associated to:

Z X
— C*,
lem(conductor of y, conductor of w=")Z
sending a to y(a)w "(a) (here w denotes the Teichmiiller character). We want to show that in
case x is an odd character the p-adic L-function as defined above is equally zero. One can
compute that the generalized Bernoulli numbers are zero for x odd therefore L, is zero on Z and,
since Z is dense in Z, we infer by continuity that L, is zero Z, as well. From our definition of

analyticity, the power series representing L, must be equally zero in B(1) and therefore on the all

B(R).

44



A.2 Characters theory

Lemma A.2.1. Define 7(b, x) := S0 " x(a)¢® with x a Dirichlet primitive character of
conductor N and ¢ a N-th root of unity. If (b, N) # 1 and x is primitive, then (b, x) = 0.

Proof. First of all we claim that if y is primitive than for any N’ | N there exists a ¢ € Z such
that ¢ =1 mod N', (¢, N) = 1 and x(c) # 1. In fact, if we consider the sequence {c,} with

¢n =1+ nN' then ¢, = 1 mod N'. Moreover, we notice that there exists a ¢; which is coprime
with N, for instance we can consider ¢4 with d := (b, N). Now, suppose that for any ¢ such that
c=1mod N and (¢, N) = 1 we have x(c) = 1, this implies that x is induced by a character
modulo N’ against the assumption that y is primitive. In fact, if we consider a,b € Z such that
a=bmod N but a # bmod N then we can infer that y(ab~!) = 1 since ab~' = 1 mod N'. Thus
x(a) = x(b). So x is induced by that character X of conductor N* defined as x'(a) := x(a). As

this is against the hypothesis that y is primitive, we conclude that there exists a ¢ € Z satisfying:

e c=1mod N

Now we notice that if ¢ € C, is a primitive N-th root of one, N = dN "and b = db’ (where

d = (b,N)), then ¢’ is a primitive N'-th root of one. In fact, clearly it is a N'-th root of one and
it is primitive because if ¢** = 1 with s < N’ then N | bs so s = N and we conclude s = N'.
Under the assumption that ¢ = 1 mod N then (% = ((”’“N = (" with k € Z.

So:

N-1 N 1
7(b,x) = x"'(0) ), x(ac)(™ = x~ X(ac)¢*® = xH(e)(b. x)
a=1 a=1
Implying 7(b, x) = 0 since x*(c) # 1. O

Lemma A.2.2. Let G be a finite abelian group and f a function from G to any field of

characteristic zero, then the following holds:

det(f(o77") — f(0))orr1 = H 2 flo

xeG\{1} 7€C

Proof. See Lemma 5.26 part (b) in [Was97]. O
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A.3 Algebraic number theory

Lemma A.3.1. We consider a field K. Let A be a subgroup generated by {e1, - , €} with ¢;
independent elements of the units group of K and by the roots of unity in K. Let B be a subgroup
generated by {m,--- ,ns} with n; independent and in the group of unity of K. Suppose A < B has

finite index then: (1)
Reg({€i;_4

B:Al= ————==.

B A1 = Begling}ioy)

Proof. We choose {o}};_; a complete set of endomorphism of K into C distinct and pairwise not

conjugate. Then by definition we have:

Reg({ei}ioi) = [det(ny log ok (€:)])7 pzi |

We notice that we can write:

S
€ = (H n;i’j) - (root of unity) .
j=1

Therefore:

nlog o (e)| = > nyai jlog |ow(n;),

j=1
and:
(i log [on(€)]); ey = (aig); =y (n:1og |ow(ni)])] 4y -
So we conclude:
Reg{ei}i
Reg{nj}§:1

From the theory of elementary divisor we know we can find two integral matrices M, N such that

= |det(ai;); j_i!-

M(a; ;)N = diag(dy, - - - ,ds) such that their determinant is £1. These matrices correspond to the
change basis of A and B so there exist basis {x1, -, x5} for A and {y;,--- ,ys} for B such that
z; = d;y;. Thus B/A =~ @, Z/d;Z and B : A| = || [, d;| proving the lemma. O

Lemma A.3.2. Let m, k be positive integers such that k < m and p an odd prime, then following

formula holds:

pF-1 -
1— o = H(lfx(’;ﬁmi ).
7=0
Proof. We have the following expressions:
pF-1 pF-1
. , .
P —1 = H (- C}jjk) = H C;k(xgpk] —1)
7=0 =0



So:

k . som—k
1—2F = H(l—(j)km)z (1-gn ).
j=0 3=0
m
Remark. We just notice that for p a prime integer and £ < m two positive integers this lemma
implies:
ke pk—l . —k pm .
L= =1-¢h = []Ja—-¢gi™ ) = (1= ¢m)-
j=0 j=1
j=b mod p*
In this section we relied on [Was97] and [Stel7].
Theorem A.3.3. Z[(y] is the ring of integers of Q(Cn).
Proof. See Theorem 2.6 in [Was97]. O

Definition A.3.4. Let K be a number field which has degree r + 2s over Q with r real and 2s
complex embeddings into C. We consider a set {5;}/*; of distinct, pairwise non-conjugate
embeddings of K into C. We define the regulator of the set {€1,-- , €15 1} where ¢; € K* are

elements of norm +1 as follows:

Reg(er, -~ erret) = |(mi log(o(e))] 127

Where n; = 1 if 0, is a real embedding and n; = 2 otherwise. If {e1, - ,€,45_1} is a set of
fundamental unit for the ring of integer of K, then its regulator is called the regulator of K. In

case the ring of integers has finite unit group we pose the regulator of K to be 1.
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