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Introduction

Let C/Q be a hyperelliptic curve, given affinely by a model

y2 = f(x)v

with f(z) € Q[z] monic, squarefree and of odd degree. We consider the Jacobian variety J/Q
attached to C. Since J is an Abelian variety, the Mordell-Weil Theorem shows that its Q-rational
points J(Q) form a finitely generated Abelian group. Therefore, we have a decomposition

J(Q) = 72k /(@ g tors(J(Q)),

where tors(J(Q)) is a finite group containing elements in J(Q) of finite order, and rank J(Q) is the
rank of J/Q. In this thesis, we are interested in bounding rank J(Q) in terms of the invariants of
C.

To this end, we define the Selmer group Sel® (Q,J) of J over Q, and find a more practical
description of it. As the inequality (see Theorem 2.3.1)

rank J(Q) < dim Sel®(Q, J) — dim J(Q)[2]

suggests, we study rank J(Q) by means of the Selmer group Sel® (Q, J). Here, the dimensions are
taken over Fy and J(Q)[2] denotes the 2-torsion subgroup of J(Q). Moreover, we will see that the
computation of dim J(Q)[2] depends only on the shape of the factorisation of f(z) in Q[z] and is
therefore "easy to compute".

Our main approach to studying Sel(2)(Q, J) is to use Stoll’s Implementation of 2-descent. Fol-
lowing [23], we firstly give a more concrete description of the 2-Selmer group, referring to [16] for
general and complete proofs. In [16], Edward F. Schaefer replaces the cohomology groups appear-
ing in the original definition of the Selmer group by the kernels of certain norm maps of the algebra
L = Q[T]/(f(T)) defined by f(z), making Sel® (Q, J) more tangible to work on. See Theorem
3.2.3 for the precise statement.

We will see that this concrete description of the 2-Selmer group can further be simplified so as
to yield an upper bound on dim Sel(z)(Q, J) as follows:

dim Sel®(Q, J) < Mmoo — 1 4 dim C1(L)[2] + dim ker(G — CI(L)/2 CI(L)),

where G is a group defined by finitely many local conditions at finite places of Q and my is the
number of irreducible factors of f(z) in R[z]. The main step in deriving that bound is to find a
suitable finite subgroup Sel € L*/(L*)? containing Sel® (Q, J), whose dimension can be studied
relatively easily. The details can be found in Chapter 3.

In the next chapter, we will concentrate on a more current consideration. Following [4], we
will introduce a subgroup Sel® (Q, J) C Sel C L*/(L*)? with Sel C Sel and obtain the following
bound:

dim Sel®(Q, J) < dim po + dim C1* (L)[2] + dim(G N V), *)

where po C OF/(0F)? and G N Vs C I(L)/I(L)? are defined by certain local conditions at
infinity, I(L) is the group of fractional ideals of L and CIT(L) is the narrow class group of L.
Furthermore, we will study the dimension of the totally positive units OZ”L more carefully and
will be able to make the bound (*) stronger for some families of hyperelliptic curves.



For example, when L is a cyclic number field of odd prime degree p, the order of 2 in (Z/pZ*)
is even and O = (OF)?, we will see that the bound (*) improves to the one

dim Sel®®(Q, J) < g + dim C1(L)[2] 4 dim ker(G — CI(L)/2 CI(L)) (*¥)

where g = (p — 1)/2 is the genus of C. See Theorem 4.5.2 for details.

In the last chapter, we will present an infinite family FE,, of elliptic curves for which we are able
to use the bound (**) and estimate dimker(G — CI(L,)/2 Cl(L,)). This will yield the following
optimal bound on rank F,, (Q):

rank E,,(Q) < 3 + dim C1(L,,)[2].

I would like to sincerely thank my advisor, Richard Griffon, for he has
constantly supported me in all of my academic pursuits
during the period he has been advising.



Chapter 1

Preliminaries

This chapter is intended to contain preliminary definitions and results we will need in the next
sections for our main exposition. Some proofs are omitted due to their being long or technical, but
we then provide references for them. Every title has a rich literature on its own, so one probably
cannot expect to get a full account of them through this chapter.

1.1 Hyperelliptic curves

We give a definition of hyperelliptic curves in this section. Let k be a field of characteristic
0 and let f(z) € k[z] be a monic, squarefree polynomial of odd degree d = 2g + 1 with g > 1 (so
d

that d > 3). Write f = Z a;x? € k[z] and consider
=0

ho(ﬂ?,ZJ) = y2 - f(fE) € k[iﬂ,y]

The polynomial f(x) being squarefree, we have that hq(z,y) is irreducible in k[, y] and hence, the
ideal (hg) C k[x,y] is prime. Let Cy C A? be the affine set corresponding to the ideal (hg) € k[z, y].
One can see that Cj is smooth because f(x) is squarefree. Therefore, we conclude that Cy C A?
is a smooth affine algebraic variety of dimension 1, defined over k. Let Cy C P? be the projective
closure of Cy. Then one can check that there is a unique point at infinity on Cy; namely, [0 : 1 : 0],
which is Q-rational. One can also check that the point [0 : 1 : 0] is singular if d > 3.

Consider the projective algebraic set C C P972, whose ideal is generated by the following 2¢
homogeneous polynomials of degree 2:

Q1 = 7% — 2oT2
Q2 = 73 — 1123

— 2
Qg =5 =Ty 1Tg11
Qg+1 = ToTg4+1 — T1Tyg
Qg+2 =T1Tg41 — T2Xyg
QZg—l = Tg—2Tg41 — Lg—-1Tg
g9 g9

— 2 § 2 :
H = —CL'g+2 + Aj.ToT; + Ajyg+1-Lgly.

3=0 3=0
Let ¢ : A2 — P9%2 be the map given by
(r,y) = [Liw a2 o9t oy
We claim that ¢ is an isomorphism of algebraic varieties between Cy and the dehomogenisation
C N{zg =1}. Indeed, an induction argument shows that for all [z : 1 : --- : £442] € C, one has
vy =, o)
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forall j =1,...,g9+ 1. By definition, C' N {z¢ = 1} is defined by dehomogenisations of the above
equations Q1,...Qg, Qg+1,...Q29—1, H with respect to the 0" variable zg; i.e., by the following
polynomials:

Qi =7 — 2

Q5 = Q2
Q/g = Qg
Qgi1 = Tgi1 — T1Zg
/
Qg+2 = Qg2

Qg1 = Q21
g

g
’_ 2 _ 2
H' = —ayp+ ) 005+ ) jege1yty =~y o + f(21).
j=0 j=0

Moreover, for all j =1,...,9+1, (*) reads z; = le for the points on the "dehomogenised curve"
CN{xzo = 1}. Tt follows that all points on CN{xo = 1} are of the form [1: 2y : 2% : -~ : 29T 2440,
meaning ¢~ (C N {zg = 1}) C Cy. Moreover, the inverse of ¢ is given by

¢ enqwo=y (L af oo 29t xy o] v (21, 2442) € Co,

for [1: @y :a? - aft i 2gi0] € CN{zo = 1}. Hence ¢|c, and ¢ on(z=1} are mutually
inverse, and moreover, they are both given by polynomial functions. Thus, it follows that ¢ is an
isomorphism of algebraic varieties, as claimed.

Notice that CN{xo = 0} consists of a unique point P,y = [0: ---:0:1: 0], the point at infinity,
and this point is k-rational. A straightforward computation shows that the rank of the Jacobian
matrix of C' at the point P, is g — 1; that s, C is smooth at P.,,. Since Cj is smooth and we have
established an isomorphism Cy =2 C'N {zo = 1} above, we conclude that C = Cy U {Ps} C P92 is
a smooth projective variety of dimension 1, defined over k, containing Cjy as a dense open subset.

d
Definition 1.1.1. Let k be a field of characteristic 0 and let f = Zajxj € k[z] be a monic,
=0
squarefree polynomial of odd degree d = 2g +1 > 3. Let C be the jsmooth projective variety of
dimension 1 constructed above. We then call C/k the hyperelliptic curve associated to f.

In what follows, we show that if C/k is the hyperelliptic curve over a field &k of characteristic
0, associated to f with f monic, squarefree and of odd degree d = 2g + 1 > 3, then the genus of
the curve C'is g.

To this end, let Cy be as above and consider the morphism 7y : Cy — AL, (z,3y) — 2, defined
over k. There exists a unique finite morphism

7:C — P!,
extending o via P, + [1 : 0]. Let p € P! be a point such that p # [1 : 0]; i.e., p € Al. Then,
whenever f(p) # 0 (which holds for almost all p € P'), the fibre f~!(p) consists of two points
(p,£+/f(p)) where v/f(p) € k. This implies that the degree of the morphism = is 2 (see [21,
Proposition 2.6]). On the other hand, whenever p € P! is such that f(p) = 0, the fibre 7=1(p)

consists of a single point and the ramification index e, is 2. Note also that 771[1 : 0] = Py and
7 ramifies at the point p = [1 : 0], meaning that e, = 2. Hence, the set of ramification points is

Q={pek: f(p)=0}U{1:0]}.
Now, let g denote the genus of the hyperelliptic curve C, then the Riemann-Hurwitz formula
(see [21, Chapter II, Theorem 5.9]) reads

290 —2=2(2gs1 —2)+ > _(ep—1)
peEQ

— 2(2gp — 2) + deg()(2 = 1) + (2 1).

Since the genus gp: of P! is 0 and deg(f) = 29 + 1, we get that gc = g, as claimed.
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1.2 Jacobians of hyperelliptic curves

Let k be a field of characteristic 0 and let C : y?> = f(x) be a a hyperelliptic curve over k with
f monic, squarefree and of odd degree 2g+ 1. Let Py be the point at infinity of C'. In this section,
we want to sketch the construction of the Jacobian variety J(C) attached to the curve C.

Let Div(C) be the group of divisors on C (over the algebraic closure k) and let Pic(C) be
the quotient of Div(C) by the principal divisors div(f) where f € k(C)*. Then there is a group
homomorphism

deg : Pic(C) — Z, {ZniPZ} — Zni,
where [D] € Pic(C) denotes the linear equivalence class of a divisor D € Div(C'). We define
Definition 1.2.1. The Jacobian variety of C is given by
J(C) = ker(deg : Pic(C) — Z).
The kernel ker(deg) is sometimes denoted by Pic’(C) and called the class group of C.

Note that we have to "justify" this definition; that is, we must endow the Abelian group J(C)
with the structure of an algebraic variety. This is explicitly done in [10] by D. Mumford over an
algebraically closed field. In the following, we present a sketch of this construction, closely following
[10]. For two divisors D1, Do € Div(C'), we write D1 = Dy to mean [D;] = [Ds] in Pic(C).

o Let C9 = C X --- x C be the product of g copies of C. Then CY is an algebraic variety of
dimension g. Let S, be the symmetric group on g letters. There is an action of S, on CY by
permutation of the factors. We can therefore form the quotient Symm? C' = C9/S, of C? by
the action of S,. It can be shown that Symm? C is also an algebraic variety of dimension g.

Now if [D] is any element of J(C'), then one can show that there are points Pi, ..., Py such

g
that D = Z P, — g.P (see [10, p. 3.29]). This yields a surjection
i=1

9 9
I:Symm?C — J(C), Y Pi+> Y P, —g.Px.
i=1 i=1

g—1

Define © as the subset of J(C') of divisor classes of the form ZR- — (g — 1).00. One can
i=1

explicitly define a subvariety Z C Symm? C' of dimension g such that the restriction

Ily:2Z = JO)\©

is a bijection. Hence one can transfer the structure of algebraic variety from Z to J(C) \ ©.

e The aim in this step is to cover J(C) by affine pieces which are in bijection with to Z which
we know is an algebraic variety of dimension g from the previous step. The following type
of elements of J(C') is particularly important:

Definition 1.2.2. Let Q = {P, = (a,0) € C(k) : f(a) =0} U{Ps}. Let T C N be a subset
of even cardinality. We define

er = [Z P— T|Poo} c J(O).

PeT

The following lemma summarises some important properties of er. We will make a heavy
use of this lemma in the next section while computing the dimension of the 2-torsion of the
Jacobian.
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Lemma 1.2.3. Let T,T1,T5 C Q be some subsets of even cardinality (so that the symmetric
difference Ty ATy = (T1 UT3) \ (Th N'T2) also has even cardinality). Then

(Z) 2€T = 0,
(”) er, + €T, = €T ATy,
(iii) er, = eq, if and only if Ty =Ty or Ty = Q\ T.

Thus, the set of the er’s forms a group isomorphic to (Z/27)%9.
Proof. See [10, Lemma 2.4]. O

We achieve our aim by the following lemma:

Lemma 1.2.4. We have

U (J(©)\©) +er] = J(C),

T

where T varies over the subsets T C Q of even cardinality and er is defined as above.
Proof. See [10, Lemma 2.5]. O

We know from the previous step that Z and J(C)\ © are in bijection. Since (J(C)\ ©)+er
is a translation of J(C')\ © by an element er using the group structure of J(C'), we have an
isomorphism (J(C)\ ©) + er = J(C) \ ©. Hence, Z and (J(C) \ ©) + er are in bijection,
which allows us to define the structure of an algebraic variety on (J(C)\ ©) + er. Thus, we
have covered J(C') with the "affine pieces" isomorphic Z, as desired.

Take one copy of Z for each T' C 2. To finalise the construction of J(C'), one has to show in
this last step that these copies can be glued together to give J(C) as a variety according to
their identification as subsets of the Jacobian. This amounts to checking the compatibility
of algebraic variety structure on the intersection ((J(C)\ ©) +er) N ((J(C)\ ©) + ¢/) with
T,T" € Q arbitrary subsets of even cardinality. For the proofs, we refer to |10, Lemma 2.6]
and [10, Proposition 2.7].

Since there exists a surjection C9 — J(C) and C'is complete, it follows that J(C) is a complete

variety. Moreover, J(C) is an Abelian variety. By an Abelian variety, we mean the following:

Definition 1.2.5. An Abelian variety is a complete variety A with an Abelian group law such that
the addition A x A — A and inverse A — A are morphisms.

Indeed, we just observed that J(C') is a complete variety and by definition, it has an Abelian

group structure. To show that the addition and inverse are morphisms, one relies on [10, Lemma

2.9].
Therefore, we conclude that given a hyperelliptic curve C over k, there exists an Abelian variety

J(C)/k naturally attached to C of dimension the genus g of C; namely, the Jacobian J(C). One
can actually show that J(C) is indeed defined over k (see [9] for more details).
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1.3 2-torsion of the Jacobian

Let k/Q be a field extension and C : y* = f(z) be a hyperelliptic curve over k with f(z) € k[z]
monic, squarefree and of odd degree. Let

f:flunfmk

be the factorisation of f over k into monic, irreducible factors fi, ..., fm,. Let Gx = Gal(k/k) be
the absolute Galois group of k. Then the action of G, on the points P € C(k) linearly extends
to an action on J(C)[2], the 2-torsion subgroup of J[2]. One can then consider the Gj-invariant
points J(C)[2]%* := J(k)[2] of J(C)[2] under the action of Gj. One of our aims in this section is
to prove the following theorem:

Theorem 1.3.1. In the above set-up, to every factor f; of f in k[x], we associate an element
D, € J(k)[2] such that the D;’s for i =1,...,my, generate J(k)[2] and satisfy

ZDi =0.
i=1
Moreover, we have dim J(k)[2] = my — 1; i.e., J(k)[2] = (Z/2Z)™1.

Since J(C)/k is an Abelian variety of dimension g over a field k of characteristic 0, it is known
(see [9]) as a general fact that

J(C)[2] = (Z./27.)%.

Note that this fact is a special instance of Theorem 1.3.1 when f factorises completely in k[z] and
in particular, this happens in k[z]. By Lemma 1.2.3, we know that {er}rcq, where T' C Q varies
over the subsets of even cardinality, form a subgroup of J(C) isomorphic to (Z/27)?9. Therefore,
we conclude that the same collection {er}rcq is the whole J(C)[2].

Now, let Qp = {P, = (o,0) € C(k) : f(o) = 0}. For any « € k such that f(a) = 0, we define

€h = €{P,,00} = [Pa 4 00 — 200] = [Py — 00].
We have the following lemma:

Lemma 1.3.2. Let e/, where f(a) =0 be defined as above. We have

(i) The classes {€,} j(a)=0 generate J(C)[2] as a group,

!
«?

where « varies over the roots of f(x), is given by

3 e =0 *)

f(a)=0

(11) The only relation between the e

Proof. (i) Note that if P,,, P, € Qo are distinct, then the part (ii) of Lemma 1.2.3 gives that
€n, +€n, = €(p, P,,}- Thisimplies that if T'= {Py,,,..., Pa,, } C Qo, where k < g, is a subset of
even cardinality, then

— ! /
er =€q, Tt €q,, -

Likewise, if T C Q is a subset of even cardinality of the form T = {P,,,..., Pa,,_,, P}, Where
k < g, then

— o /
€T = €q, +'~'+6a2k71.

Since {er}rco with T' C ) varying over subsets of even cardinality generates J(C')[2], it thus
follows that {e],} r(a)=0 also generate .J(C)[2], proving part (i).

(ii) Note that we can write

Z e/a =er, + e,
f(a)=0
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where T1 = {P1,..., Py} and Ty = {Pg41,00}. Since Th = Q\ Th, part (ii) and (iii) of Lemma
1.2.3 gives the relation (*). On the other hand, the "if" part of part (iii) of Lemma 1.2.3 also
implies that this is the only relation between el ’s. Indeed, this follows because as J(k)[2] is in
particular a (Z/27Z)-vector space, any relation between {e,} is given by > . , e/, = 0 with A C Q.

e}

Thus, the proof is complete. O

Recall that we put Gy = Gal(k/k). Clearly there is an action of G on Qg given by o.(c,0) =
(0(a),0) for 0 € Gy and a € k a root of f(x). This yields an action of Gy on {e],}fa)—0 via
0.y = €,(,)- Denote by O; the orbit of an element e, € {e,}f(a)=0 so that

{eat =0 = |_| Oi,
i=1

where r is the number of orbits. For all i = 1,...,r, we define

D; = Z e;.

el €0;
Note that part (i) of Lemma 1.2.3 implies that
2Di =23 0 co, €a = et co, 260 =0,

which means that D; € J(k)[2]. Moreover, since {e[,}(a)=o0 generates .J(C)[2], it follows that
{D;}i=1,..r generates J(k)[2] as a group.
Therefore, the following lemma, concludes the proof of Theorem 1.3.1:

Lemma 1.3.3. In the above set-up, we have
(i) r = my = the number of irreducible factors of f in k[x],

(i) J(k)[2] = (2,/22)™ .

Proof. (i) Note that by definition, the number r of orbits of the action of Gy on {el,}f(a)=o is
the same as the number of orbits of the action of Gy on . But this number is clearly my.
Indeed, write f = f1... f;m, in k[z] with f/s monic and irreducible for ¢ = 1,...,mg. If  is a
root of f(z), then there is a unique i € {1,...,my} such that f;(«) = 0. Moreover since each f; is
irreducible, the orbit G.« contains all the roots of the irreducible factor f;. Thus the result follows.

(ii) The previous part now implies that J(k)[2] is generated by the elements {D;}i=1, .. m,-
Moreover, part (ii) of Lemma 1.3.2 implies that the only relation between the D; for i =1,...,my
is given by

ngi:a
=1

As J(k)[2] C J(C)[2] =2 (Z/2Z)?9, it thus follows that J(k)[2] is a (Z/2Z)-module of rank my — 1,
finishing the proof. O

We now present some results about the dimensions of the Fa-vector spaces J(R)/2J(R) and
J(Q,)/2J(Q,), where Q,, denotes the p-adic field for a prime number p.

Theorem 1.3.4. Let p be a prime and consider the p-adic extension Q, of Q. Let

1 ifp=2
d, = .
0 otherwise

Let g be the genus of C; i.e., g = (deg(f) — 1)/2, and let m, denote the number of irreducible
factors of f(x) in Qpy[z]. Then we have

dim J(Qp)/2J(Qp) = dim J(Qp)[2] + dpg = myp — 1 + dppg.
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Proof. See [8], where the author proves the fact that J(Q,) contains a subgroup of finite index
isomorphic to g copies of the ring of integers in Q,. This leads to the desired conclusion via [16,
prop. 2.4]. O

Theorem 1.3.5. Let mo, denote the number of irreducible factors of f(x) in Rlz] and g be the
genus of C. Then we have

dim J(R)/2J(R) = mo — 1 — g.
Proof. See [18, Proposition 5.4]. O

1.4 Galois cohomology

We review the basics of cohomology theory of groups, avoiding technicalities and tedious
constructions, and aiming at the results and constructions we will need in the subsequent sections.
Our main reference for this section is [13].

Definition 1.4.1. Let G be a group. Then an Abelian group A is a (continuous) G-module if there
exists a (continuous) composition p : G x A — A, (0,a) — oa, which satisfies, for all a,b € A,
0,01,02 € G, and the unit 1 € G, the following conditions:

(i) o(a +b) = oa + ob,

(ZZ) 01(0’2&) = (0'102)(1,

(iii) la = a.
Example 1.4.2. Let K be a field of characteristic 0. Let G = Gal(K/K) be the absolute Galois
group of K. For a smooth curve C of genus g > 1 over K, let J denote its Jacobian variety J(C).
Then we know that J is an Abelian variety over K. Moreover J(K) is a G-module. An instance
of this example when K = Q will subsequently be of our particular interest.

Let G be a group. For a G-module A, consider the Abelian group A% of G-invariant elements of
A. This association defines a functor F from the category of G-modules to the category of Abelian
groups.

Theorem 1.4.3. The functor F from the above discussion is a left-exact covariant functor. Hence
one can construct right derived functors

Hi(G,e),i=1,2,...,

of F, from the category of G-modules to the category of Abelian groups. They are characterised by
the property that, given a short exact sequece

0-A—B—-C—=0

of G-modules, there exists an associated long exact sequence, called long exact cohomolgy sequence,
0— A¢ - B¢ - ¢ % HY(G, A) —» H'Y(G, B) — HY(G,C) — HX(G, A) — ...,
where the map 0 is a connecting morphism.

Proof. See [5, p. 204, Theorem 1.1A]. O

Definition 1.4.4. For an i > 1, the Abelian group H'(G, A) is called a cohomology group. In
case where G = Gal(L/K) is a Galois group (of a field extension K C L), the cohomolgy group
HY(G, A) is called a Galois cohomology group. When G = Gal(K/K) is the absolute Galois group
of a field K, we often abreviate H' (G, A) to H' (K, A).

For a subgroup H of G, there are canonical morphisms H*(G,A) — H'(H,A) for i =1,2,...,
called restriction maps. Since we will be frequently using the restriction map on the first cohomol-
ogy groups, we want to give a description of H!(G, A) and see how this restriction map is induced.
We will also define the inflation map under the assumption that H is a normal subgroup of G. We
will finally present a fundamental exact sequence relating these two maps.

Following [13], we define the group Z'(G, A) of I-cocyles as the maps x : G — A with the
property that, for all 0,7 € G,
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x(o1) = ox(1) + x(0).
The subgroup B(G, A) C Z1(G, A) of 1-coboundaries are the maps = : G — A of the form
z(o)=0ca—a
for a fixed a € A, where o € G. It can be shown that

) ZYG, A
o = ZCA

Remark 1.4.5. Observe that when the action of G on A is trivial, one gets
HY(G, A) = Hom(G, A),
where Hom(G, A) is the group of homomorphisms from G to A.

Let H C G be a subgroup. If z: G — A € Z1(G, A) is a 1-cocycle, then its restriction x|y to
H is clearly a 1-cocyle in Z'(H, A). Therefore, we get a map

res: HY(G,A) — H'(H, A),

sending the class of a 1-cocycle to the class of its restriction to H.

Now, assume that H is a normal subgroup of G' and consider the quotient G/H. Let A¥ be
the group of H-invariant elements of A. Then G/H acts on A via cH.a = o(a) for cH € G/H
and a € A" . Indeed, for any 7 € H,

7(o(a)) = o(r(a)) = o(a).

So o(a) € A and A has a G/H-module structure. Moreover, if z : G/H — A" € Z1(G/H, AH)
is a 1-cocylcle, then it induces a 1-cocycle in Z1(G, A) via the composition

G— G/HS AP — A
Hence we have obtained a map
inf : HY(G/H, A") - HY(G, A),

called inflation.
We have an inflation-restriction exact sequence:

Theorem 1.4.6. Let A be a G-module and let H be a normal subgroup of G. Then the sequence
0— HYG/H, AH) 25 HY(G, A) 2 HY(H, A).
15 exact.

Proof. See [13, p. 34, Theorem 4.6]. O

Example 1.4.7. In line with Ezample 1.4.2 above, we want to write the inflation-restriction exact
sequence explicitely when G = Gal(K/K) and A = J(K). To this end, let L/K be a Galois
extension and let H = Gal(K/L). Then H is a normal subgroup of G. Hence, we have an
isomorphism G/H = Gal(L/K). Also, since the action of H is continuous on J(K), we have
J(K)H = J(L). Therefore, the exzact sequence reads

0 — HY(Gal(L/K), J(L)) 25 HY(G, J(K)) = HY (Gal(K /L), J(K)).



Chapter 2

Bounding the rank in terms of the
Selmer group

In this chapter, we will define the 2-Selmer group Sel(z)(Q, J), properly introduce the notion
of rank, and put a bound on the rank in terms of Sel® (Q, J). For this chapter and the rest of the
thesis, we restrict attention to the hyperelliptic curves over Q.

2.1 The 2-Selmer and Shafarevich-Tate groups

Let C be a hyperelliptic curve over Q. Let J be the Jacobian of C. Let K be an extension of
Q and let K denote the algebraic closure of K. Let G = Gal(K/K) be the absolute Galois group
of K. Consider the K-rational points J(K) of J. We give a first definition of the 2-Selmer group
Sel(z)((@7 J) of J over Q in terms of Galois cohomology groups. We closely follow the write up [15]
of B. Poonen.

Since multiplication by 2 map [2] is surjective on the K-rational points J(K) of J, we have a
short exact sequence

0 J(K)2 = JE) 2 (&) =0,

where J(K)[2] is the group of 2-torsion points of J(K). Recall from Example 1.4.2 that there is an
action of G on J(K), which turns it into a continuous G-module. By definition, we can define this
action by defining it on a divisor. Indeed, if 0 € G and D = ).~ np(P) € Div(C) is a divisor
on C, then we define the action as follows:

o(D) = 0‘( Z np(P)) = Z npo(P).
peC pPeC

Tt is easy to see that if D is of degree 0, then so is (D). Moreover, if D is a 2-torsion, then
20(D) = 0(2D) = 0(0) = 0. This implies that G also induces an action on the 2-torsion subgroup

J(K)[2) of J(K).
Associated to the above short exact sequence, by Theorem 1.4.3 we have a long exact cohomolgy
sequence
0= J(K)[2] = J(K) 2 J(K) > H\(G, J(K)[2]) — HY(G, J(K)) 25 HY(G, J(K)) = -,

where the map [2],. is functorially induced from the multiplication by 2 map. Thus, simplifying
the notation, we obtain the following short exact sequence:

0— J(K)/2J(K) S HY(K, J[2]) — HY(K, J)[2] = 0, (%)

where

§: J(K)/2J(K) — HY(K, J[2)

15



16 CHAPTER 2. BOUNDING THE RANK IN TERMS OF THE SELMER GROUP

is called the coboundary morphism.

Let v be a place of Q. Then v is either a finite place or is infinity. In the first case, v is a prime
number p and Q, = Q,, the p-adic (local) field; and in the second, Q, = R, the real numbers. For
a discussion of this, see [12, §1].

For any place v of Q, let G, = Gal(Q,/Q,) be the absolute Galois group of Q,. We have an
injection (see [24, Section 1])

G, — G, O’|—>0'|@,

giving J(Q) a natural G,-module structure and yielding a restriction map on Galois cohomology
groups as follows:

res, : HY(G,J(Q)) — HY(G,, J(Q)).
Therefore, writing the exact sequence (*) with K = Q and K = Q, for all places v, the

construction of the res, maps defined above yields the following commutative diagram with exact
rows:

0 — J(Q)/2J(Q) ——— HY(Q,J[2]) ——— HYQ,J)]2] —— 0

| | \, v RS

0— HJ(@U>/2J<@U) — HH1 (Qy,J[2]) — HHl(@v, N2l — 0

where the products are over all the places v of Q.

Definition 2.1.1. The 2-Selmer group Sel(2)(Q, J) of J over Q is defined as
Sel?(Q, J) = ker(¢) = ker (Hl(@ J[2]) - HHl Q.. )[2))
—ﬂker J[2]) = H'(Qy, J)[2]).

The Shafarevich-Tate group TI(Q, J) of J over Q is defined as
Q) = ker (@) = J] (@)
— ﬂker (H'(Q,J) =% HY(Q,, J)),

where Res is the product [], res, of restriction maps over all the places v.

Remark 2.1.2. The Shafarevich-Tate group II(Q,J) has a useful interpretation with regard to
the Hasse’s (Local-Global) Principle. Also it is not known in general if the Shafarevich-Tate group
1(Q, J) is finite although it is conjectured to be so. See [6, §C.4] for a detailed discussion.

2.2 The rank of a Jacobian

In this section, we will properly define rank J(Q). We obtain the following commutative
diagram with exact rows from the diagram (**) above:

0 — J(Q)/2J(Q) —— HY(Q,J[2]) ——— HYQ,J)[2] —— 0

| [ lw

0 0 [TH (Qy,7)[2] =% [TH"(Qy, J)[2] — 0
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to obtain the short exact sequence
0 — J(Q)/2J(Q) = Sel?(Q, J) — T(Q, J)[2] =0, (**%)

where III(Q, J)[2] is the 2-torsion of the Shafarevich-Tate group III(Q, J).

In what follows, we give a sketch of the proof to the important fact that the 2-Selmer group
S>el(2)((@7 J) is finite group. For a detailed and general proof, we refer to [6, p. 282, Proposition
C.4.2].

Definition 2.2.1. Let J be the Jacobian of a hyperelliptic curve C/Q. Let v be a place of Q and
let I, C G = Gal(Q/Q) be an inertia for v. Consider the 2-torsion subgroup J[2] of J(Q). We say
that a cohomology class ¢ € H*(Q, J[2]) is unramified at v if the restriction map

res : HY(Q, J[2]) — H(I,, J[2])

is trivial on ¢. For a finite set S of places of Q, we denote by HL(Q, J[2]) the subgroup of
HY(Q, J[2]) consisting of cohomology classes that are unramified at all places not in S.

Theorem 2.2.2. Let C : y?> = f(z) be a hyperelliptic curve with f(z) € Q[z] squarefree, and let J
be its Jacobian. Then the 2-Selmer group Sel® (Q,J) is a finite group of exponent 2.

Proof. Let S be the set
S = {o0,2} U{p | p? divides disc(f)}.

It can be shown that S contains the primes of bad reduction of J together with co and 2 (see
the statement of [6, C.4.2]). Then the strategy is to prove that the subgroup H(Q,J[2]) of
H'(Q, J[2]) containing cohomology classes which are unramified outside S is finite, and then to
see that Sel®®(Q, J) is contained in HL(Q, .J[2]).

Since J[2] is the kernel of the isogeny J(Q) LNy (Q), it is known to be finite. Hence we have

a continuous action of G on the finite set J[2]. This implies that G contains an open subgroup
that acts trivially on J[2]. Since the open subgroups of G are of the form Gal(K/Q) where K is
a finite extension of Q, we conclude that there exists a finite extension K/Q such that Gal(X, Q)
acts trivially on J[2].

Let Gk be the absolute Galois group of K. An instance of Example 1.4.7 yields an exact
sequence

0— HY(G/Gx, J[215%) 25 HY(Q, J)2]) 25 HY Gk, J[2)).

Since res(HL(Q, J[2])) C res(HL(Gk, J[2])), this shows that proving HE(Gk, J[2]) is finite would
imply Hé(@, J[2]) is finite. Hence, we can replace Q by K in the previous paragraph and assume
that G acts trivially on J[2]. By Remark 1.4.5, this implies that

HY(Q, J[2)) = Hom(G, J[2]).

Note that by definition, any element of J[2] is killed by 2. This implies that the elements of
Hom(G, J[2]) correspond to finite Abelian extensions of Q whose Galois group has exponent 2
by means of Kummer Theory (see [13]). Hence, the elements of H(Q, J[2]) correspond to finite
Abelian extensions of QQ of exponent 2 that are unramified outside of S. But it is known that there
are only finitely many maximal Abelian extensions of exponent 2 that are unramified outside S,
see [6, p. 265, Corollary C.1.8]. Thus, it follows that H1(Q, J[2]) is a finite set.

Now, let ¢ € Sel® (Q,J) and let v be a place not in S. Then v is a prime p # 2, at which J
has good reduction J. Furthermore, the reduction map

J(Q)2] — J(Fp)

is injective; see [6, p. 263, Theorem C.1.4]. One can show that this implies that ¢ is unramified at
v and hence, ¢ € HL(Q, J).
Finally, it follows by definition of Sel® (Q, J) that it is a group of exponent 2. O
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Having the exact sequence (***), this important theorem has two immediate finiteness conse-
quences. The first one is that the 2-torsion II1(Q, J)[2] of the Shafarevich-Tate group is finite (cf.
Remark 2.1.2). And the second one is

Corollary 2.2.3 (Weak Mordell-Weil). The group J(Q)/2J(Q) is a finite group.

The Weak Mordell-Weil Theorem together with the theory of Néron-Tate heights (see [6, B.4])
implies the Mordell-Weil Theorem:

Theorem 2.2.4 (Mordell-Weil). J(Q) is a finitely generated Abelian group and we have a decom-
position

J(Q) = 2D 6 tors(J(Q),

where tors(J(Q)) is a finite group containing elements in J(Q) of finite order, and rank J(Q) is
called the rank of J/Q.

Proof. See [3, §5, pp. 158-161]. O

Remark 2.2.5. The proof of Mordell-Weil nevertheless does not give a recipe to compute the rank.
So it still remains a mysterious invariant of the Jacobian.

2.3 Bound on the rank

Going back to the exact sequence (***), it is now clear that the members of the sequence all have
a structure of an Fo-vector space. Therefore,

dimg, J(Q)/2J(Q) + dimg, I11(Q, J)[2] = dimg, Sel'® (Q, J).
Moreover, if = rank J(Q), then Mordell-Weil implies that
J(Q)/2J(Q) = (Z/2Z)" @ tors(J (Q))/2 tors(J(Q)).
On the other hand,
tors(J(Q))/2 tors(J(Q)) = J(Q)[2].
Therefore,
dimp, J(Q)/2J(Q) = rank J(Q) + dimg, J(Q)[2].
Thus, we have proved

Theorem 2.3.1. Let C'/Q be a hyperelliptic curve and let J/Q denote its Jacobian. Dropping the
subscripts Fo from the notation, we obtain

rank J(Q) < dim Sel®(Q, J) — dim J(Q)[2].



Chapter 3

Stoll’s implementation of 2-Descent

In this chapter, our aim is to find a practical description of the 2-Selmer group, which allows
us to have an upper bound on dim Sel(z)(Q, J). Our main reference throughout this chapter is M.
Stoll’s article, [23].

3.1 Notation

We fix some notation and give definitions that will be used throughout the thesis. We want
to restrict attention to the hyperelliptic curves C/Q, given by y? = f(z) such that f(z) € Z[z] is
monic, squarefree and of odd degree. However, we remark that M. Stoll also treats the case where
f(z) is of even degree. See [23, §5]. Observe that since f(x) is of odd degree, C' has a unique point
at infinity that is Q-rational. We denote this point by oco.

For any field extension K of Q, we consider the algebra Ly = K[T]/(f(T)) defined by f(z) and
write it as a product of finite field extensions of K as follows:

Ly =Lk X X Lgmg,

where mg is the number of irreducible factors of f(z) in K[z] and each Lk ,,, corresponds to an
irreducible factor of f(z) in K[z] via the Chinese Remainder Theorem. The notions like the ring
of integers, the group of fractional ideals and the class group are available for the algebra Lg;
namely, we define

OLK = OLK,I XX OLK,mK’
I(LK) = I(LKJ) X oo X I(LK,mK)a
Cl(LK) = CI(LKJ) X+ X Cl(LKﬂnK).

Moreover, for an element & = (a1, ..., am, ) € Lk, we define the norm Ng(a) of a by

mig

Nic(e) = JT N (@),

where, for each i = 1,...,mg, NIL{K”' : Li,; — K is the usual field norm.
Finally, we remark that all the dimensions in this thesis are taken over the finite field Fs.
3.2 A more concrete description of the 2-Selmer group

The following group will replace the rather abstract cohomology group H*(Q, J[2]):
Definition 3.2.1. We put
Hic = ker(Ny : L /(Lj)? — K*/(K*)2),

where the map N is induced by the norm map we have defined above.

19
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At this point, we want to make some simplifications on the notation. When K = Q, we will
omit the field from subscripts, and if K = Q, for a place v of Q, we will just use the subscript v.
With this convention, when we write L, for example, we actually mean Ly = Q[T]/(f(T)). Or,
instead of the somewhat cumbersome notation Hg, = ker(Ng, : Lg /(Lg )* — Q,/(Q,*)?), we
will be writing H, = ker(N, : LX/(LX)* - Q,*/(Q,*)?). This convention is to apply to any
object in this thesis that has a field as subscript.

Let Divg_ denote the degree 0 divisors on C' with support disjoint from the support of the
principal divisor div(y). Note that the support of div(y) contains the points with coordinates
(,0), where « is a root of f(z), and the point at infinity. Then for any extension K of Q, we have
a homomorphism

Fi :Div} (C)(K) = L, > npPr— [[(=(P)-0)"",
P P

where 6 is the image of T under the reduction K[T| — K[T]/(f(T)). More precisely, 6 is an
m-tuple (01,...,0,,) with each 6; being a root of the i*? irreducible factor of f(x). Hence the
map Fk is given by

Fi:Y npPrs (H(x(P) —00),....[Jx(P) - 9mK)).
P P P

Theorem 3.2.2. The map Fi above induces a homomorphism
5K : J(K) — HK,
with kernel 2J(K). The induced injective map J(K)/2J(K) — Hg will be denoted by dx as well.

Proof. The proof essentially relies on two lemmas. The first one shows that the function F is a
well-defined map which maps to L* /(L*)2. This part makes use of Weil’s Reciprocity and is not
very technical. And the second one shows that any point in J(K) can be represented by a divisor
from DivY (C)(K). For details, see [16, Proposition 3.3] or [17, Lemma 2.1 and Lemma 2.2]. E.
Schaefer’s treatment in [16] is much more general, though. O

The following theorem finally establishes the important isomorphism H = H(Q, J[2]).
Theorem 3.2.3. For all extensions K of Q, there exists a natural isomorphism
Hi = HYK, J[2)).
Moreover, dx from Theorem 3.2.2 above composed with this isomorphism is the coboundary mor-
phism
§:J(K)/2J(K)— HYK, J[2])
from §2.1.

Proof. Let K be an extension of Q. We want to relate the two seemingly different groups Hg and
H'(K, J[2]). To this end, assume that deg(f) = d and remember that we assume d to be odd. Let
{a1,...,aq4} be roots of f(x)in K. Then Theorem 1.3.1 implies that the classes of the divisors

Dy = (a1,0) —00,...,Dg = (ag,0) — o0
generate J[2]. Define L to be the algebra K[T]/(f(T)) and L to be the algebra K[T]|/(f(T)). So

we have
d

L K[T)/)(T—a1)x - x K[T|/(T —an) 2K .
Let po(L) denote the 27¢ roots of unity in L. Clearly, u2(L) = {+1}%. Let
ezt J[2] x J[2] — {£1}
denote the Weil pairing on J[2]. We define a map

w: J[2] = pa(L)



3.2. A MORE CONCRETE DESCRIPTION OF THE 2-SELMER GROUP 21

via
D — (ea(D, Dy),...,ea(D, Dy))
for all D € J[2] = Pic’(C)[2]. Then, by functoriality of Galois cohomology, w induces a map
w* s HY(K, J[2)) = HY(K, pa(L)).
On the other hand, we have an isomorphism
ko HY(K, pa(L)) — L /(L*)*.

Indeed, since L is a finitely generated K-algebra, a generalised version of Hilbert’s 90 implies that

Hl(K,fX) =0 (see [19, p. 152]). Therefore, k is a Kummer isomorphism which is obtained from
the long exact cohomology sequence associated to the following short exact sequence:

— =X 2 —=x
0— po(L) L — L —0.
Now, we want to prove that the composition
kow: HY K, J[2]) = L*/(L*)?

maps to Hy and gives rise to a group isomorphism between H'(K,.J[2]) and its image H.
To this end, we first want to see that the sequence

0— J[2] % us(L) X, p2(K) — 1, (*)

is exact, where IV denotes the norm map. The map w is injective by non-degeneracy of the Weil
pairing and the norm map N is clearly surjective. Note, moreover, that

dimp, J[2] = d — 1, dimp, po(L) = d, and dimp, ua(K) =1,

where the first equality follows from Theorem 1.3.1. Hence, to prove the exactness at the middle,
it is enough to show that N ow = 1. So let D € J[2]: by Theorem 1.3.1 and the additivity of the
Weil pairing, we get

w(D) = (ea(D, D1),...,ea(D, Dy))

d—1

(62(D7 Dy).....ea(D,Dgr),e2(D, = Di))
i=1

d—1

(e2(D.D1), .. ea(D, Dac), T e2(D, D).
i=1

Therefore,

d—1
2
N(w(D)) = ([ e2(p. D))" =1,
i=1
and the sequence (*) is exact. Hence Theorem 1.4.3 yields a long exact cohomology sequence:
e (L) s (K — HY(K, J[2)) 5 HY(K, pa(D) 5 HY(K, pa(K)) — ..

where H'(K, uz(L)) R HY(K, p2(K)) is induced functorially by po(L) =5 pg(K). But we have
the following Kummer isomorphisms:

HY(K, uy(L)) = L* /(L¥)? and H' (K, uy () = K* /(K*)*.

Moreover, (—1,...,—1) € ps(L) is mapped to —1 as d is odd. So the norm map N is surjective
and hence H'(K, J[2]) = ker(N*), as desired. Therefore, we have proved the first assertion of the
theorem.

For the second assertion, one can prove that the maps Fx and k o w o ¢ coincide as injections
from J(K)/2J(K) to L*/(L*)?, where § is the coboundary morphism. Since by Theorem 3.2.2,
Fk induces dk, this can be shown to imply the desired result. For details and general case, refer
to [16, Theorem 2.3] or [17, Theorem 1.2]. O
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Suppose for simplicity that L is a number field; i.e. f(z) is irreducible over Q. Suppose « € L
with Né(a) = 1. Then, if the minimal polynomial of o over @Q has degree d and constant term ag4,
we have Nj (o) = (—=1)%aq = 1. Now, write

L, = QU[T}/(f(T)) = Lv,l X X Lv,mva

where, as usual, m, is the number of irreducible factors of f(z) in Q,[z] and L, ;/Q, are finite
field extensions for i = 1,...,m,. We then have a natural inclusion map

L—>L,, a—(q... ),

which is induced by the inclusion Q < Q,. Assume that the minimal polynomial of a € L, ; over
Q, has constant term C; € Q, for all i =1,...,m, so that Né:’i(a) = (—1)[L“»i:QU]CZ-. Then
No(a,...,a) = [[ NG (@) = [[(-D)E2I0; = (~1)%aq = 1.
i=1 i=1
Therefore, we have obtained a map of groups

H =ker(N : L* /(L*)? = Q*/(Q*)?) = Hy = ker(N, : L /(Ly)? = Q; /(Q})?).

This reasoning carries over to the case where L is an algebra; i.e., to the case where f(x) is only
assumed to be squarefree. We conclude that for any place v of Q, the inclusion Q — Q, induces
a map

res, : H — H,.

Remember that we have seen in Theorem 3.2.2 that there are induced maps 4, : J(Q,) — H,.
We obtain

Theorem 3.2.4. The 2-Selmer group of J over Q can be identified to
Sel*(Q, J) = {€ € H | res, (&) € 6,(J(Qy)) for all places v},

where res, : H — H,, is the restriction map defined above.

Proof. By Theorem 3.2.3 we can form the following commutative diagram with exact rows:

0 —— J(Q)/2J(Q) H HY(Q, )2 —— 0

| =, |

0 —— [[7(Qu)/27(Qy) 2% [T H, —— [[ H(Qu, J)[2] —— 0

where the products are taken over all the places v. Assume & € ker(¢) = Sel*(Q,.J). By commu-
tativity of the right square, this is equivalent to requiring that

Hresy(f) € ker (HH“ — HHI(QU,J)[Q]).

By exactness of the second row, this is the same as requiring that

[T reso(€) € [T 7(Qu)/27(Qu).

Since 2J(Q,) is in the kernel of §,, this holds if and only if

res, (€) € §,(J(Qy)),

for all places v, as needed. O
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3.3 A finite description of the 2-Selmer group

Although the new description of the 2-Selmer group we gave in Theorem 3.2.4 seems fairly
less abstract than the original definition, it still takes us to check infinitely many conditions to
determine if an element £ € H belongs to Sel(Q, J), simply because there are infinitely many places
v of Q. In this section, however, we will be able to reduce the set of places to consider to a finite
set S. It is not a coincidence that S will turn out to be the same S that appeared in the statement
of Theorem 2.2.2.

Write L = Q[T|/(f(T)) = L1 X - -+ X Ly, where L;/Q are number fields for i = 1,...,m. Recall
that we have defined the group of fractional ideals of L as follows:

(L) =1(Ly) X -+ X I(Ly,),

where I(L;) is the usual group of ideals of L; for each i =1,...,m.

Let v be a finite place of Q; i.e., v = p is a prime, and let I,(L) denote the subgroup of I(L)
consisting of ideals with support above p. In other words, I,,(L) is the subgroup of I(L) generated
by ideals of the form

Pp X e X P X X Py

where, for each ¢ = 1,...,m, p; is a prime ideal of L; above p. Therefore, a typical element of
I,(L) can be written as

g1 9m
ni MNom,i
(le,i S )
i=1 =1

where, for each j =1,...,m, p;; is a prime ideal of L; above p for all ¢ =1,...,¢g; and n;; € Z.
For any prime p, the norm of an element of I,,(L) is given by

g1 Im m gm
N(Iwiv o ADw) = T w0
=1 =1 j=li=1

This motivates the following definition:
Definition 3.3.1. Let L be as above and p be a prime. We define
I, = ker(N : L(L)/1,(L)? = L,(Q)/,(Q)?).
Observe that for any prime p, we have an isomorphism (see [22, Theorem 2.14])
I,(L) = I(L,).

To see this, suppose for simplicity that L is a number field. Let p be a prime number and assume
P1,..., P are primes of L over p. Then we have

I(Ly) = I(L ®q Qp) = I(Lp,) x -+ x I(Ly,).

Therefore, this isomorphism assigns to an ideal J € I,(L) the n-tuple (J,,,...,7J,,) of localisations
of J at the various prime ideals of L above p. One then generalises this reasoning to an algebra L.

Definition 3.3.2. For any prime p, denote by
val, : H, — I,
the map induced by L) — I(Ly) that sends o € L to the ideal (o) € I(L,) it generates.

Via the identification I,,(L) = I(L,), it is clear that the map val is well-defined. The following
is the last definition of this section:

Definition 3.3.3. LetL = Q[T]/(f(T)) be as above.

(i) For a finite set S of places of Q, we put
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Is(t)y= ] @) <y

peS\{oc}

that is, Is(L) is the group generated by ideals in I(L) with support above S\ {oco}.
(ii) We define

val : H — I(L)/I(L).

The map val is induced by the map associating to an element o € H the principal ideal (o) € I(L)
1t generates.

In the following lemma, we present some useful dimension results for various spaces we have
defined so far.

Lemma 3.3.4. Let p be a prime and consider the p-adic field Q,. Let d, be as in Theorem 1.5.4.
We have

(i) dim H, = 2dim J(Q,)/2J(Qp) = 2(m, — 1 + d,9),

(ii) dim I, = m,, — 1.

Proof. (i) If M is a p-adic local field; that s, if it is a finite extension of Q, for a prime p, then we
know that (see [20, Chapter II, Corollary to Theorem 3.3])

dim M* /(M*)? =2+ d,[M : Q,],

where [M : Q] is the degree of the extension M/Q,. Recall that d, = 0if p # 2 and d, = 1 if
p = 2. Since L, is the product of m,-many p-adic local fields, we obtain

dim L /(L})? = 2m,, + deg(f)d,,.

Moreover, as deg(f) = 2g + 1 is odd by assumption, the norm map N, : LX/(LX)* = Q) /(Q))?
is surjective. Thus,

dim H, = dim L /(L)* — dim Q) /(Q))* = 2m,, + (29 + 1)dp — 2 — d), = 2(my, — 1 + d,g),
as required. Finally, this is equal to 2dim J(Q,)/2J(Q,) by Theorem 1.3.4.

(ii) Remember we noted that
Ip(L) = I(Lp) = I(Ly, ) x -+ x I(Ly,),

where p;’s are the prime ideals of L lying above p. But the number of such primes is precisely m,,.
Therefore

dim I,(L)/1,(L)? = dim I(L,)/I(L,)? = m,.

On the other hand, the norm map N : I,,(L)/I,(L)* — I,(Q)/I,(Q)? is clearly surjective. There-
fore,

dim I, = dimIp(L)/Ip(L)2 — dimlp((@)/lp((@)2 =my — 1,
as needed. O

Let p be a prime. Recall that we have defined the maps 6, : J(Q,)/2J(Q,) — H, (see §3.2)
and val, : H, — I,. Therefore, one can form the sequence

valy,

0 = J(Qy)/27(Qy) 2 H, 2 T, € I,(L)/T,(L)?

and study if it is exact or not. The following technical lemma, the proof of which is omitted due
to its being so, will immediately imply that this sequence is actually exact for almost all primes p.

Lemma 3.3.5. Suppose that p is an odd prime such that p*> does not divide disc(f). Then the
composition

valy 0p : J(Qp)/2J(Qp) = I
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1s the trivial map.
Proof. See [23, Lemma 4.5]. O

Corollary 3.3.6. If p is an odd prime such that p* does not divide the discriminant disc(f) of f,
then the sequence

val

0= J(Q,)/2J(Q,) 2 H, X7 1, 50
18 exact.

Proof. We know that the map 9, is injective and val, is surjective. We also know from the previous
lemma that val, §, = 0.
Moreover, since p is odd, Lemma 3.3.4 together with Theorem 1.3.4 implies

dim H, = 2(m, — 1) = dim J(Q,)/2J(Q,) + dim I,,.
This proves the exactness at H, and concludes the proof. O

The above corollary will be crucial in simplifying the description of the 2-Selmer group to a
finite set S. Before we state this simplification as a theorem, we want to study a commutative
diagram which will be helpful in proving it.

Suppose that L is a number field. Note that there exists an isomorphism

10) = [T, ITe = (I9™)

)
p
plp

where the product runs over all primes p. This isomorphims induces an isomorphism

I(L)/I(L)* = T [ 1p(L)/ 1 (L)%,

Moreover, via the natural identification
(Hp”") < TITe™,
plp b P plp

we will not distinguish between the elements of I(L)/I(L)* and [], I,(L)/I,(L)*. Therefore, we
can form the following commutative diagram:

0 —— J(Q)/2J(Q) —2— H —— I(L)/I(L)?

I T A *

»Op [T, valp
0 —— [1J(Qp)/27(Qy) 114,
p p

where the products are over all the primes p. The commutativity of the left square is clear by the
isomorphisms H = H'(Q, J[2]) and H, = H'(Q,, J[2]) we obtained in Theorem 3.2.3. And the
commutativity of the right square follows from the isomorphism we have defined above and the
identification I,(L) = I(L,). Note that whenever the products are taken over odd primes p such
that p? does not divide disc(f), the sequence at the bottom is exact by Corollary 3.3.6.

We have also proved

Lemma 3.3.7. We have
val = H val, res,,
P
where p runs over all the primes.

We finally obtain the following practical description of the 2-Selmer group:

Theorem 3.3.8. Let S = {00,2} U {p | p? divides disc(f)}. Then
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Sel®(Q, J) = {€ € H | val(€) € Is(L)/Is(L)? and res,(€) € 6,(J(Qy)) for all v e S}.
Proof. Recall that from Theorem 3.2.4, we have
Sel*(Q, J) = {¢ € H | res,(€) € 6,(J(Q,)) for all places v}.

Call the set given in the theorem A. We must show that A = Sel®(Q, J).
First, assume that £ € Sel(z)((@, J). This means that

res,(§) € 0, (J(Qy))

for all places v. This implies in particular that res,(£) € 6,(J(Q,)) for all v € S. So, to show
that £ € A, we only need to see that val(¢) € Is(L)/Is(L)?. By Lemma 3.3.7, this is equivalent to
showing that

H val, res,(€) € I(L)/I(L)?

has support above S; i.e. that if p ¢ S, then val, res, = 0. But we know that whenever p ¢ S, the
sequence at the bottom of the diagram (*) is exact. Hence, since res, (§) € d,(J(Q,)) for all places
v, we get val,res,(§) =0if p ¢ S. Thus, £ € A and Sel(Q)(Q7 J) C A.

Conversely, assume that £ € A. Then to show that £ € Sel® (Q, J), we only need to show that
whenever p ¢ S,

resy(§) € 0,(J(Qp)).

That £ € A implies that val(§) € Is(L)/Is(L)?, which implies that val, res,() =0asp ¢ S. Hence

by Corollary 3.3.6, it follows that res,(§) € 0,(J(Qp)). Thus, & € Sel®(Q, J) and A C Sel®(Q, J).
O

3.4 A first bound on the dimension of the 2-Selmer group

Based on the new description of the 2-Selmer group we gave in Theorem 3.3.8, we derive a
first bound on dim Sel(Q, J), hence on rank J(Q). We continue to consider L as before. Moreover,
throughout this section,

S = {o0,2} U{p | p? divides disc(f)},
as above.

Definition 3.4.1. For any prime p € S, we put J, = 6,(J(Qy)) € Hy, G, = val,(Jp) C I, and
define

G= ][] G»CI)/I(L)>
peS\{o0}

Notice that when p ¢ S, we have val, 6,(J(Q,)) =0 by Lemma 3.3.5.
We approzimate Sel™® (Q,J) by
Sel = {& € L* /(LX)? | val(¢) € G} D Sel®(Q, J).
Lemma 3.4.2. We have
Sel(Q, J) C Sel.

Moreover, Sel is a finite group of exponent 2 and hence, has a structure of a finite-dimensional
Fy-vector space.
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Proof. Let ¢ € Sel'®(Q,.J). Then in particular, res,(¢) € 6,(J(Q,)) for all p € S\ {o0}. So
val, res, (€) € val, 0,(J(Qp)) for all p € S\ {oo}. Since val,res,(§) = 0 for all p ¢ S, this means
that val(§) € G, as needed.

Moreover, since it is the image of a group under a homomorphism, G, is a group for each
p € S\ {oo}. Also, since G, C I,,, it is a finite group by Lemma 3.3.4. Hence, since G is a finite

product of G,’s, it is a finite group. But we have Sel = valfl(G) and val is a group homomorphism.

Thus, Sel is a finite group. Finally observe that Sel C H, which implies that Sel is of exponent 2
as H is. 0

In the proof of the following important lemma, we show that the containment above is a proper
one:

Lemma 3.4.3. We have

dim Sel®(Q, J) < dim Sel — 1.
Proof. Consider the norm map

N DX /(LX) - Q* /(@)

By Theorem 3.4.2 above, Sel(Q)((@7 J) C Sel and by definition, we have Sel® (Q,J) C ker(N).
Therefore, - -
Sel®(Q, J) C Sel Nker(N) C Sel. (*)

It is clear that —1 € Sel as val(—1) € G. On the other hand, we have N(—1) = (—1)d&(/) = —1
as deg(f) is odd. This means that —1 ¢ ker(/N). Hence we have found an element, namely —1, in

Sel which is not in the intersection Sel Nker(N). Thus, the second containment in (*) is indeed
proper. Since Sel is finite over Fy by the above lemma, this implies that

dim Sel®(Q, J) < dim (Sel Nker(N)) < dim Sel,
yielding in particular
dim Sel®(Q, J) < dim Sel — 1,
as needed. O

We derive an upper bound on dim Sel? (Q, J) by finding the dimension of the larger group Sel.
To this end, consider the subgroup

Wo = ker(val : L*/(L*)? — I(L)/I(L)?) C L*/(L*)2,
where the val map is induced by the maps
L, = I(L;), ar— (a)

on each "component" L; of the algebra L. Since 1 € G, it is obvious that W, C Sel. Moreover,
with the following lemma, the dimension of W} turns out to be easy to compute.

Lemma 3.4.4. There is an exact sequence
0— O} /(0))? = Wy — CI(L)[2] — 0.

Proof. Apply the Snake Lemma to the diagram

IR 2 Ix LX/(LX)z 0
J{ J{ lva]
0 — I(L) —— I(L) I(L)/I(L)? — 0

to get an exact sequence

0% 5 0% 5 Wy — CI(L) = CI(L),
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from which we extract the desired short exact sequence. O
Therefore, we get
dim Wy = dim O} /(O )? 4+ dim C1(L)[2].
Secondly, we let
W =Gnval(L*/(L*)?) C I(L)/I(L)3.
We have

Lemma 3.4.5. In the above set-up, we have
(i) dim Sel = dim W + dim W,

(i) W = ker(G — C1(L)/2 CI(L)).
Proof. (i) Consider the following group homomorphism
Sel & W = G Nval(L*/(L*)?), & val().

The map ¢ is surjective by definition of Sel and by surjectivity of val onto val(L* /(L*)?). We
claim that Wy = ker(y). Notice first that the inclusion ker(p) C Wy is clear.

To show that Wy C ker(p), suppose £ € Wy. This means that val(§) = 0. Looking at its image
under the right-most vertical map in the commutative diagram (*) from the previous section, we
see that at each p € S\ {oo}, val(¢) maps to 0 in I,(L)/I,(L)?. This means, by commutativity of
the diagram (*), that val,res,(§) = 0 for all p € S\ {oo}. But obviously for each p € S\ {00},
1€6,(J(Qp)) as 6,(J(Qp)) is a group. Thus, val(§{) € G. This implies that £ € ker(¢) and hence
Wy C ker(ep).

Therefore, it follows that

dim Sel = dim ker(p) + dimim(p) = dim Wy + dim W,

as needed.

(ii) First we claim that W C ker(G — CI(L)/2CI(L)). So let val(§) € W be arbitrary
where £ € Sel. Since val(§) is the class of the principal (§) ideal generated by &, we see that
val(§) € ker(G — CI(L)/2Cl(L)), as claimed.

Conversely, if J € ker(G — CI(L)/2CI(L)), then T is the square of a principal ideal, hence is

a itself principal ideal, say, (¢). Then ¢ € Sel with val(¢) = J and hence J € G Nval(L*/(L*)?).
Thus, ker(G — CI(L)/2CI(L)) C W. O

The following number-theoretical lemma is the last result we prove in this section before the
main theorem.

Lemma 3.4.6. We have dim O} /(OF)? = m.

Proof. Let L =2 L1 x --- x L, as before. Let r be the sum of the numbers of real embeddings of
all the number fields L; in L and s the sum of the numbers of pairs of complex embeddings of L;
in L. We begin by observing that ms, = r + s. To see this, factorise f into its irreducible factors
in R[z]:

f(x) :f1~-~f7'fr+1"'fmoo:

where f; are of degree 1 for ¢ = 1,...,r and are of degree 2 for i = r + 1,...,ms. Hence,
deg f =7+ 2(me — r). Since deg(f) = r + 2s, this gives that mo, —r = s.
Note that Dirichlet’s Unit Theorem (see [12, Chapter 1, §7]) is applicable to the algebra L as

o sﬁogi.

i=1
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Thus, we obtain
05 /(0[)? = OF[2] x (Z/22)"*7,
where r + s — 1 is called the rank of OF. Since O [2] = po(L) = {£1}, we obtain
dim OF /(0F)? = dim OF [2] + rank OF
=1l+r+s-1
=7r+s,

from which the result follows. O
The following is the main theorem of this section:

Theorem 3.4.7 (Stoll). One has

dim Sel*(Q, J) < moe — 1 4 dim CI(L)[2] + dim ker(G' — CI(L)/2 CI(L)).
Proof. By Lemma 3.4.4 and Lemma 3.4.6, we get

dim Wy = dim O} /(Of)? 4+ dim C1(L)[2] = me + dim C1(L)[2].

Hence, using Lemma 3.4.3 and Lemma 3.4.5, we get

dim Sel®(Q, J) < dim Sel — 1

= dim Wy + dim W — 1
= Moo — 1+ dim CI(L)[2] + dim ker(G — CI(L)/2 CI(L)),

as desired. O

Corollary 3.4.8. Let C : y?> = f(x) be a hyperelliptic curve with f(x) € Q[x] monic, squarefree
and of odd degree. One has the following bound on rank J(Q):

rank J(Q) < me — m + dim C1(L)[2] + dimker(G — CI(L)/2 C1(L)),
where m is the number of irreducible factors of f(x) in Qx].

Proof. This directly follows from Theorem 2.3.1 and Theorem 3.4.7. O
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Chapter 4

A refined estimation

We describe the idea in the article [4] of Harris B. Daniels, Alvaro Lozano-Robledo and Erik
Wallace. They obtain stronger bounds on dim Sel® (Q, J) for certain special classes of hyperelliptic
curves.

4.1 Adding a condition at infinity

Similarly to the previous chapter, we approximate Sel® (Q, J) by alarger subgroup of L* /(L*)?,
whose dimension is easier to estimate.

Recall that we have defined for all p € S\ {o0}, J, = 6,(J(Q,)). For the place at infinity, we
define in a similar way:

Joo = doo (J(R)).
Recall also the maps
ress : H — Hy, and val: H — I(L)/I(L)?

we have defined in the previous chapter. Finally, for S = {c0,2} U {p | p? divides disc(f)}, recall
that we have defined G, = val,(J,) and put

G= ][] G,cIL)/I(L)>
pES\{oo}
With the notations as above, we now put
Sel = {¢ € L* /(L¥)? | val(€) € G, resso(€) € Jo ).
Clearly, one has
Sel = Sel Nresz! (Js0).

Being the intersection of the finite subgroup Sel of exponent 2 with the subgroup res !(Js) of
L*/(L*)?2, the above equality shows that Sel is itself a finite group of exponent 2 and hence has
the structure of a finite-dimensional Fo-vector space. Moreover, we have

Lemma 4.1.1. One has the following containments:
Sel®(Q, J) C Sel C Sel.

Proof. As we noted above, Sel = Sel N resy! (J). So the second containment is clear. Also,
having already proved in Lemma 3.4.2 that Sel(2)((@7 J) C égl, to prove the first containment, it is
enough to prove that res(€) € Joo whenever ¢ € Sel®(Q, J). But this obviously follows from the
definiton of Sel'® (Q, J) in Theorem 3.2.4. O

Since Sel consists of elements in Sel satisfying an extra condition at infinity, we can rightfully
expect the upper bound on dim 8131(2)((@7 J) obtained by approximating by dim Sel to be more
precise.

31
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4.2 Restriction map at infinity

In this section, we will look more closely at the map res,, and see that it actually agrees with
the signature map sgntr.

We restrict ourselves to the case where f(x) has n > 3 real roots and is of degree n. In this
case, the algebra L defined by f(x) is said to be totally real. So if we write

L=Lix- XLy,
then L; is a totally real number field for each ¢ = 1,...,m. We define
:L—>R,i=1,...,n,

an embeddings of the algebra L, via

Ti(a) = mi(ar, ag, ..., o) = (),

where (a1,...,am) € L, and 7; : Lj — R is an embedding of the real number field L; with o; € Lj;.
Note that given a = (a1,...,a,,) € L, for each i = 1,...,n, there exists a unique a;; € L; such
that 7; is an embedding of L;. So the map is well-defined. In particular, for each i = 1,...,m,
there are [L; : Q]-many real embeddings of L; among all the embeddings 71, ..., 7, so that

> [Li: Q] = deg(f) =n,

i=1
the number of all embeddings 7,...,7, of the algebra L. Finally, we can, and do, order the
embeddings 7, ..., 7, in accordance with the ordering of the number fields Lq,..., Ly,.

Since f has all real roots and is of degree n, we have
Lo =R[T]/(f(T)) =R"
as R-algebras. Also,
R /(RX)? = {£1}.
Hence, by definition,
vesas ¢ H = ker(N : L /(L¥)? = Q* /(Q%)?) = Hao = ker(Na : (R")7/((R")¥)2 — {1}),
where N, is induced by the norm map

(ai,...,an)HHaiERx.
i

Suppose o = (a1, ..., Q) € H, then N(a) =[], 7:(a)) = 1. We notice that

resoo (@) = (1(@), -+, Ta(a)),
so that

Noo(resao (@) = [ (@) = 1,
as required. We extend the domain of ress, to L*/(L*)? and still call the resulting map res...
That is, we have defined

rese 1 LX/(LX)? = {£1}",  ar— (11(a),...,m(a)).
Consider now the signature homomorphism
sgntr : L* — {£1}",

given by
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We obtain

Proposition 4.2.1. It follows that res.. agrees with sgntr in the sense that for any o € L* /(L*)?,
if & € L™ denotes its lift to L™, then

reseo (@) = sgntr(&).

Proof. Let o € L*/(L*)? be arbitrary. Note first that if @ and & are two different lifts of a to
L*, then sgntr(a) = sgntr(&). So, if ¢ € {1,...,n} is arbitrary, then we want to show that

( 7i(d) ) = 7;(e) mod (R*)2,

|7i(a)]

But 7;(c) mod (R*)? € {£1}. Hence this is obvious by a sign analysis. O

Now, let OZ’JF C OF be the subgroup of totally positive units of Q. These are by definition
the elements o € Of such that 7;(«) > 0 for all ¢ = 1,...,n. From Proposition 4.2.1, it follows
that

ker ( resoo lox j(0xy2 ) =077 /(05)2.
Definition 4.2.2. We put
po = dim (O /(07)2),
and
joo = dim (rese (OF /(0F)?) N o).
In particular, if every totally positive unit of L is a square in L, then we have ps = 0.
Proposition 4.2.3. We have
dim (OF /(07)? Nresz! (o)) = oo + Poo-
Proof. Considering the surjective group homomorphism
resee o o2 * OF /(OF)? ress) (Joo) = resac(OF /(0F)2) N I,
it clearly follows from above that
dim (OF /(07)? Nres ' (Jx)) = dim (ress (OF /(OF)?) N Jso) + dimker (resoo lox j(0x)2 )
= dim (ress (OF /(0])?) N Jso) + dim (O F/(0f)?)
= Joo T Poo-
O

Remark 4.2.4. In [}], the above proposition and construction is only done for number fields.
Hence, we have generalised this to algebras. This will allow us to generalise the refinement of the
bound on the rank they obtained in [{, Proposition 2.25] to algebras as well. See Theorem 4.5.1.

4.3 A new bound on the dimension of the 2- Selmer group
As a piece of notation, we begin by putting L;_ = res3!(Js) to have
Sel = {¢ € L;_ | val(¢) € G}.

As in §3.4, we will define certain subspaces Wy C L and W C I(L)/I(L)? and compute the

dimension of Sel with the help of these subspaces.
Indeed, we put

Wy = ker(val : Ly_ — I(L)/I(L)?) C Lyj_.
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and
W =Gnval(L,_)C I(L)/I(L)>.

Observe that the subspaces VI//\O and W are analogues of the ones we have defined in §3.4. Observe
also that

dim(Wo) = dim(Wy N L_) < dim(Wp),
and
dim(W) = dim(W nval(Ly_)) < dim(W).
The following two lemmas should therefore look familiar:
Lemma 4.3.1. Let the subspaces VI//\O and W be defined as above. We have
dim Sel = dimV/V\o + dim W.
Proof. Consider the group homomorphism
Sel & GAval(Ly_), €+ val(€).

We claim that Wy = ker(p). First observe that @ is surjective by construction. Moreover, the
containment ker(p) C Wy is a triviality.

Conversely, if £ € V[//\o, to show that £ € ker(®), we only need to show val(¢) € G. But we have
already showed this in Lemma 3.4.5. Thus, we conclude that ker(p) = Wp. O

Before we state the next lemma, we need to introduce some notation. Let
U= (0;/(0/)))NL,, and CYL,,_)=I(L)/P(L,.),

where P(L;_ ) is the group of principal fractional ideals 2 = (a)) with a generator « € L such that
TeSeo () € Joo. Moreover, we put

Cl(L; )2 ={] € Cl(L;_)|A* = () for some o € Ly_}.
Note that then we have an exact sequence
0— OF Nres}(Joo) = L* Nresy ! (Joo) — I(L) — CI(Ly,) — 0.

We obtain

Lemma 4.3.2. There exists a short exact sequence
0— U — Wy — Cl(Ly_)[2] = 0.
In particular,
dim Wy = dim U + dim CI(L;_)[2].

Proof. Similarly to Lemma 3.4.4, one applies the Snake Lemma to the diagram

L* Nres ! (Jwo) N £ Nresy!(Joo) —— Ly, ———— 0

| | I

0—— I(L) - I(L) I(L)/I(L)? —— 0

to get an exact sequence

2 o~ 2
OF Nres}(Joo) = OF Nres} (Joo) = Wo — CI(Ly_ ) — CUL..),
which induces a short exact sequence

0= OF Nresz (Joo)/(OF Nreszt (Joo))2 = Wo — CI(Ly_)[2] — 0.
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Therefore, it remains to see that
OF Nresy (Jo)/(OF Nresy ! (Jx))? 2 OF /(OF)? Nres ! (Joo).
To this end, consider the map
OF Nres}(Jo) = OF J(OF)? Nres ! (Jno), u — T

Note that if u € O Nresy!(Jx), then we have u € OF and res(!(u) € Ju. So the map is
well-defined and is also clearly surjective. Moreover, it is also clear that the kernel of the map is
(OF Nresz ! (J))?.

Therefore, we obtain the desired isomorphism and hence the exact sequence in the theorem.
The claim on dimensions is immediate from the exact sequence. O

Let P(L) C I(L) be the subgroup of principal ideals of L, PT(L) C P(L) be the subgroup of
P(L) consisting of principal ideals generated by totally positive elements and P(L;_) be as above.
We then have

Lemma 4.3.3. One has PY(L) C P(L;_) C P(L). In particular,
CI(L)[2] € CU(L,..)[2] € CIT(L)[2],
where C1+(L) denotes the narrow class group of L.

Proof. Note that the second containment follows from the definition. So we only prove the first
containment that PT(L) C P(L;_).

To this end, assume that o € L* is a totally positive element. Let @ be its class in L* /(L*)2.
We then have reso (@) = (1,...,1). This implies that

@ € ker(ress) C res ! (Joo)-

Thus, res(@) € J and the principal ideal («) generated by the totally positive element o € L* is
in P(L;_). Thus, PT(L) C P(L;_).

Finally, the containments Pt (L) C P(L;_) C P(L) clearly imply the desired containments of
2-torsion subgroups of the class groups. O

The following theorem is in some sense the analogue of Theorem 3.4.7 from the previous chapter.
Theorem 4.3.4. We have

dim Sel®(Q, J) < dim (OF /(OF)? Nres} (Joo)) + dim CIT(L)[2] + dim G Nval(L),

Proof. The results we have obtained in this section clearly imply
dim Sel®(Q, J) < dim Sel
= dim Wy + dim W
= dim U + dim CI(L,_)[2] + dim W
= dim (O} /(0F)?* Nres ) (Joo)) + dim CL(L . )[2] + dim G Nval(L,,)
< dim(OF /(0F)* Nrest (Joo)) + dim CIT(L)[2] + dim G Nval(Ly).
O

Remark 4.3.5. The bound in the above theorem is not immediately comparable with Stoll’s bound
(Theorem 3.4.7). However, we observe, for example, that

dim(OF /(OF)? Nresz (Jx)) < Mmoo — 1.

To see this, it is enough to find an element in OF /(OF)? which does not belong to the intersection
OF J(OF)? Nres ! (Joo). But reseo(—1) does the job. Indeed, since Jo is contained in the kernel
of the norm map Noo : L% /(L)% — R*/(R*)?, we have Noo(j) = 1 for any j € Js. However,

N(resoo(—1)) = N(-1) = -1,
as deg(f) is odd. Thus, rese(—1) ¢ reso(Joo) and the result follows.
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4.4 Totally positive units

In this section, we study totally positive units in number fields as a preliminary to the next
section, where we will obtain some refinements of the bound we obtained in Theorem 4.3.4. In
particular, we will be able to get the term C17(L) in the bound under control.

Lemma 4.4.1. Let L be a totally real number field of odd degree n > 3. Define
p = dimg, CI(L)/2 CI(L), p* = dimg, C17(L)/2CIT (L), and ps = dimg, (O} /(OF)?).
Then there exists an exact sequence
0 — {£1}"/res (OF /(OF)?) — CI* (L) — CI(L) — 0.
In particular, p™ < poe + p-

Proof. Recall that P(L) denotes the group of principal ideals in L and P* (L) the group of principal
ideals generated by totally positive elements. We then have the isomorphisms:

CIL) = I(L)/P(L) = (I(L)/P*(L))/(P(L)/P*(L)) = CI" (L)/(P(L)/ P* (L)),

yielding the following exact sequence relating the narrow and usual class groups:
0— P(L)/PT(L) — CIT(L) — CI(L) — 0. (*)

Also, the map a — («) that sends « € L* to the principal ideal («) it generates yields the exact
sequence

1—-0f - L*— P(L)—0.

Let L>" C L* be the subgroup of totally positive elements. By definition, P*(L) is the image of
L** in P(L). This gives an isomorphism

P(L)/PT(L) = L*/OFL*™.
So the exact sequence (*) can be wrtitten as
0— L*/O;L*" — CI* (L) — CI(L) — 0. (**)
Now, consider the surjective homomorphism
{£1}" = L*JOFL*T,
mapping an n-tuple (&;);=1,...» € {£1}" to the class of an element o € L* that satisfies
sgntr(a) = (€)i=1,....n-

Note that if a,, 8 € L™ such that sgntr(a) = sgntr(f5), then since sgntr is a group homomorphism,
we have

sgntr(aB1) = sgntr(a) sgntr(B) " = 1

so that af~1 € O L**. Hence the map is well-defined. Moreover, the kernel of this homomor-
phism is res,, (Of /(OF)?). Hence we get an isomorphism

{£1}"/reso (OF /(OF)?) = L*JOFL*T

and the exact sequence (**) can be written as

0 — {£1}"/reso (OF /(OF)?) — CIT(L) — CI(L) — 0, (%)

as needed.
Finally, to see that p™ < ps + p, first observe that

dim{=£1}"/ res (O} /(OF)?) = n — dimress (OF /(OF)?).

Considering now the surjective homomorphism
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resos lox /(032 OF J(0F)? = resa (OF /(OF)?),

since dim (OF /(0F)?) = nand pe = dim (0" /(Of))? is the dimension of ker ( resoo |OZ /(O;)z),
it follows that

dim{£1}"/ 1050 (OF /(OF)?) =1 = (1 poc) = poc-
Thus, p* < poo + p by exactness of the sequence (***). Proof is complete. O

The proof of the following theorem is technical. So we only give a reference for it. The corollary
following it will prove important in subsequent sections.

Theorem 4.4.2. Let L/Q be a finite Abelian extension with Galois group of odd exponent n, and
suppose that —1 is congruent to a power of 2 modulo n. Then, in the notation of the above theorem,
we have p = p™.

Proof. See [14]. O

Corollary 4.4.3. Let L be a cyclic number field of odd prime degree p, and suppose that the order
of 2 in (Z/pZ)* is even. Then, p = p*. In particular, dim C1(L)[2] = dim C1* (L)[2].

Proof. By assumption Gal(L/Q) = Z/nZ for n > 2. Suppose that the order of 2 in (Z/nZ)* is
even. This is equivalent to —1 being congruent to a power of 2 modulo n. Thus result follows from
the previous theorem. O

We finally state the following proposition with its proof omitted. We restrict to the case where
L is a cyclic number field of odd prime p > 3 degree and we let Of"l denote the units of norm 1.

Proposition 4.4.4. Let L be as above. Suppose that the polynomial
op(z) = (2" = 1)/(z — 1)

1s irreducible over Fy. Then, either pso = 0, or poo = p — 1, in which case every unit in 02’1 18
totally positive.

Proof. See [4, Proposition 2.22]. O

4.5 Improvement of the rank bound

Remember that an algebra L = Q[z]/(f(z)) defined by f(z) € Q[z] is totally real if and only
if f(x) has deg(f)-many real roots. Recall also that in §4.2, we have introduced the following
notations:

poo = dim (O /(0F)?) and joo = dim(ress (OF /(OF)?) N J).
With notations as above, we obtain

Theorem 4.5.1. Let n be an odd number and let C : y> = f(x) be a hyperelliptic curve with f(x)
of degree n (and hence of genus g = (n — 1)/2) such that L, the algebra defined by f(x), is totally
real of degree n. Then we have

dim Sel®(Q, J) < joo + poo + dim C1T(L)[2] + dim G Nval(L_ ).
Moreover,
(i) Poo + joo <m—1.
(ii) joo < g
(iii) One has

dim Sel®(Q, J) < jso + 2000 + dim CI(L)[2] 4 dim G N val(L_).
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(iv) If GNval(Ly_ ) is trivial, then
dim Sel®(Q, J) < oo + poo + dim CIT (L)[2] < joo + 2poe + dim CI(L)[2].
Proof. We have shown in Proposition 4.2.3 that
dim (OF /(OF)? Nres ! (Joo)) = Joo + Poc-
Therefore, the first bound is basically the same as the one we obtained in Theorem 4.3.4. We prove
the rest one by one:
(i) Since
(O /(07)? Nres () € OF/(OF)?,
Lemma 3.4.6 implies that
poc + Joo < dim OF /(OF)? = moe = n,
where the last equality follows from the asumption that L is totally real. Moreover, reso(—1) ¢ Joo
as shown before in Remark 4.3.5. Hence, the result follows.
(ii) Recall that we have defined Joo = 000 (J(R)/2J(R)) and we know that d is injective by
Theorem 3.2.2. This yields by Theorem 1.3.5 that
dim(Js) = dim J(R)/2J(R) = me — 1 — g.
Hence the containment res (O} /(Of)?) N Jo € Joo implies

-1 -1
joogdim(Joo):mooflfg:nflfn2 :n2 =g,

as desired.
(iii) By Lemma 4.4.1, we have dim C1*(L)[2] < pao + dim C1(L)[2]. Thus the result follows.

(iv) Clear from the previous part.
O

In the following, we finally obtain a neat bound on dim Sel®(Q, J) under the assumption that
L is a cyclic number field.

Theorem 4.5.2. Suppose that L is a cyclic number field of odd degree n > 3, such that the order
of 2 in (Z/nZ)* is even. Then we have

dim Sel*(Q, J) < joo + poo + dim CI(L)[2] 4 dim ker(G — CI(L)/2 CI(L)).
Hence, if poo =0, then
dim Sel*(Q, J) < g + dim CI(L)[2] + dim ker(G' — CI(L)/2 CI(L)).
Proof. Clear from Corollary 4.4.3 and Theorem 4.5.1. O

Corollary 4.5.3. Let C : y> = f(x) be a hyperelliptic curve such that the algebra L defined by
f(x) is a cyclic number field of odd degree n > 3. Then we have the following bound on rank J(Q):

rank J(Q) < joo + poo + dim C1(L)[2] + dim ker(G — C1(L)/2 CI(L)).

Proof. Clear from Theorem 4.5.2 above. Note in particular that L being a number field means
that f(x) is irreducible over Q so that dim J(Q)[2] = 0 by Theorem 1.3.1. So the above bound
cannot, be made any better using Theorem 2.3.1. O



Chapter 5

Some hyperelliptic Jacobians

We aim to compute the rank bounds of some families of hyperelliptic curves explicitely. We
shall make use of the improvements on the bounds we obtained in the previous chapter. We will
also obtain a lower bound for the rank of certain hyperelliptic Jacobians whenever the curve has
sufficiently many rational points. We will finally include a very short discussion about the bounds
on the 2-torsion of class groups and obtain some rank bounds involving discriminants.

5.1 A family of elliptic curves

Let n > 1 be an integer such that D = 3n? + 3n + 1 is squareefree. We consider the following
family of elliptic curves:

E,:y? = fo(z) =23+ (9n + 6)z2 + (9n + 3)z — 1,

which is due to F. Thaine, see [25]. In this section, we will prove that rank F,,(Q) can be bounded
only in terms of dim C1(L,)[2] by using Theorem 4.5.2. We remark that by a result of T. Nagel,
see [11], there are infinitely many n > 1 such that D = 3n? + 3n + 1 is squarefree; i.e., the above
family F,, is infinite.

Since E, is an elliptic curve, it can be identified with its Jacobian J. We have disc(f,(z)) =
(27D)?. Also, f,(z) is irreducible over Q for any n. So the algebra L,, defined by f,(z) is a cubic
field. Since disc(f,,(z)) > 0, we conclude that L,, is a cyclic cubic field. Moreover, the order of 2
in (Z/3Z)* is 2, which is even. Hence, we can use the bound in Theorem 4.5.2.

Lemma 5.1.1. In the above set-up, we have po, = 0.

Proof. Note that f,(x) has two negative roots and one positive root and roots are all units.
Therefore, for any root « of f,(x), we must have N(«) = 1. However, « is not totally positive.
Hence, we have found an element in (9;’1 which is not totally positive. Moreover the polynomial

ba@) = (@~ 1)/ (w—1) =a” +2+1
is clearly irreducible in Fy. Thus, the result follows by Proposition 4.4.4. O

With the following lemma, we find the images G, = val,(J,) C I, to be trivial for almost all
places v € S = {00,2} U {v | v? divides disc(f,,)}. More precisely, we have

Lemma 5.1.2. In the above set-up, for any p € S\ {00, 3}, fn(x) is irreducible over Q.
Proof. Let p = 2. Then, reducing the polynomial f,(x) in Fy[z], we have

fo(@) 24+zrz+1 n=0 mod?2
w(x) = .
24+2241 n=1 mod?2

In both cases, we see that f,(x) is irreducible over Fy, hence it is irreducible over Q.
Now, let p > 3 be a prime such that p? divides disc(f,(z)); that is, p divides D. We compute
that

39
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fo(z—(3n+2)) =2% 9Dz +9D(2n + 1).
Moreover, we have
4D —3(2n+1)2 =1,

which implies ged(D, 2n+1) = 1. Since D is squarefree by assumption, we see that f,(z—(3n+2))
is irreducible over Z, by Eisenstein criterion applied with prime p. Hence, it follows that f,(z) is
irreducible over Qp, as claimed. O

We obtain the following theorem on rank E,,(Q):
Theorem 5.1.3. Let E,, n > 1, be the family of elliptic curves defined above. We have
rank E,(Q) < 3 4 dim Cl(L,,)[2].

Proof. Fix an n > 1 and consider
Go= ]I Gur<S I Insr
peS\{oo} pES\{oo}
By Lemma 3.3.4,
dim I, , = myp — 1,

where m,, ,, is the number of irreducible factors of f,,(z) in Q,. From Lemma 5.1.2, it follows that
when p > 3, dim I, , = 1—1 = 0 and hence, G, , is trivial. On the other hand, when p = 3, we
have

fo(@)=23—1=(x—1)3 mod 3,
which implies that dim I, 3 = 3 — 1 = 2. Therefore,
dim ker(G,, = Cl(L,)/2Cl(L,,) < dim G,, = 2.
Moreover, since f,(x) is irreducible over Q and E,, identifies with its Jacobian, we have
dim E,(Q)[2] =1 —1 =0,

by Theorem 1.3.1. Note finally that the genus g of E,(Q) is 1. Therefore, Theorem 2.3.1 and
Theorem 4.5.2 imply

rank E,(Q) < dim Sel*(Q, J) — dim E,, (Q)[2]
= g4 dim CI(L,,)[2] + dimker(G,, — Cl(L,)/2 Cl(L,)) — dim E,, (Q)[2]
< 3+ dim CI(L,)[2],

as claimed. O

Remark 5.1.4. Since f,(x) has all real roots, it follows that mo, = 3. Therefore, if we used the
bound in Theorem 3.4.7 for the above family of elliptic curves, we would obtain the bound

rank F,(Q) < 4+ dim CI(L,)[2],

which is weaker than the bound we found in the above theorem. The family E, : y*> = f,(z) is
therefore an explicit exzample illustrating how Stoll’s bound in Theorem 3.4.7 can be made stronger
with the "refined estimation”.

Remark 5.1.5. We finally remark that the bound we found above is optimal, meaning that there
are curves E, from this family satisfying that rank FE,,(Q) = 3 + dim Cl(L,,)[2]. Below picture
created using Sage shows the optimal cases for varying n in the horizontal axis. Note that by as-
sumption, we must only consider n > 1 such that D = 3n? + 3n + 1 is squarefree. Indeed, it turns
out that among such n € [1,100], when n = 4,40, 58,67, 76, the bound is optimal.
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5.2 Joshi-Tzermias family of hyperelliptic curves

Let p > 5 be a prime. In this section, we will consider the following family of hyperelliptic
curves:

p—1

C:y*=f(x)= H(m —a;) + p*d?,

=0

where d > 1 is an integer and a; are distinct modulo p. This family is special in the sense that it
has many rational points. This will allow us to have a bound on its Jacobian rank from below.

Following theorem is key to this section. We state its contrapositive as a corollary to emphasise
that it yields a lower bound on the rank of a Jacobian.

Theorem 5.2.1 (Coleman’s Effective Chabauty). Let C'/Q be a smooth projective curve of genus
g > 2 and let J be the Jacobian associated with C. Let r denote the rank of the Jacobian J.
Suppose that v < g — 1. Then, for any prime p > 2g + 1 for which C has good reduction, which is
to be denoted by C, we have

#C(Q) < #C(F,) +2g — 2.
Proof. See [2]. O
Corollary 5.2.2. Let C/Q be a smooth projective curve of genus g > 2 and let J be the Jacobian
associated with C. Let r denote the rank of the Jacobian J. Suppose that, for any prime p > 2g+1

for which C has good reduction, which is to be denoted by C, we have #C(Fp) + 29 — 2 < #C(Q).
Then we have the following lower bound on the rank r:

g—1<r.
Lemma 5.2.3. Let
p—1
C:y?=f(x)= H(J; —a;) +p*d®
i=0

be a curve from the Joshi-Tzermias family and let J/Q denote its Jacobian. Let g = (p — 1)/2 be
its genus. Then

(i) rank J(Q) = g,
(ii) If f(x) is irreducible over Q, then rank J(Q) > 2g.

Proof. (i) Since for all i =0,...,p — 1, a;’s are distinct modulo p, the reduction C of C modulo P
is given by

C:y?>=2aP —u,
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which can be easily checked to be non-singular. Note that every affine F,-rational point of C is of
the form (a,0), where a € F),. Adding the point at infinity, we get

#C(Fp) =p+1=29+2.

On the other hand, the points P; = (a;, £pd) is in C(Q) for all i = 0,...,p — 1. Again, with the
point at infinity counted, we have

#C(Q)>2p+1=4g+3.
But then we get
49+3>29+2+42g—2=4g.
Thus, result follows by Corollary 5.2.2.

(ii) See [7, Theorem 1.1]. O

We have
Lemma 5.2.4. For a fixed prime p > 5 and an integer d > 1, write
p—1
fao(@) = (z = a0) [ [ (& — ai) + p*d?,
i=1
with a; oll distinct modulo p. Then, if ag is large enough, then fq,(x) has p distinct real roots.
Proof. Fix j > 1. We have
1 1 1 1
fau(aj:l:§) = (aj —aoﬂ:g)(ﬂ:g) H(aj —ai:I:§) _|_p2d2.
i#£]
If we choose ag so large that
’(w —a :t1>H(a-fa-:t1)‘ > 2p2d?
g 0 2 o g i 2 )
i#]

then we see that f,,(a; + 1/2) and fo,(a; — 1/2) have distinct signs for j = 1,...,p — 1. This
implies that f,,(x) has p distinct real roots by the Intermediate Value Theorem. O

Therefore, fixing a prime p > 5 and an integer d > 1, we have obtained an infinite family of
Joshi-Tzermias hyperelliptic curves f(x) € Q[z] such that f(x) is of degree p and has p distinct real
roots so that the algebra L defined by f(z) is totally real. Therefore, Theorem 4.5.1 is applicable.
Thus, we obtain

Theorem 5.2.5. Let C : y?> = f(z) be a hyperelliptic curve from the family described above so that

it has genus g = (p—1)/2. Let joo, poo and Ly be as defined before (see §4.1 and §4.2). Then we
obtain

g < rank J(Q) < joo + poo + dim CIT(L)[2] + dim G Nval(L,_).
Moreover, the results of Theorem 4.5.1 hold true in this case.

Proof. Trivial from Lemma 5.2.3. O
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5.3 Obtaining bounds that involve the discriminants

Let C : y?> = f(x) be a hyperelliptic curve with f(x) € Q[r] monic, squarefree and of odd
degree such that f(z) defines the algebra L. We will see that rank J(Q) can be bounded only in
terms of disc(f) as f(x) € Q[z] runs through monic and squarefree polynomials of fixed odd degree
n.

When L is a number field, an improvement of the Brauer-Siegel Theorem on the size of C1(L)[2]
has been made in the article [1]. Namely, if L is a number field of degree n, then one has

CI(L)[2]] = Oc(ldisc(L)['/2~°F),
for some ¢,, > 0. Since disc(L) < disc(f), this implies that
dim CUL)[2] e (1/2 — 6, + ) log(disc(f). *)

Recall that when L = Ly X --- X L, is an algebra with L;’s number fields for i = 1, ..., m, we have
defined C1(L) = CI(Ly) % - - - x CI(L,y,) so that dim C1(L)[2] = dim C1(Ly)[2] + - - - 4+ dim C1(L,,)[2].
This implies that (*) holds when L is an algebra as well.

On the other hand, we can put a "trivial" bound on dimker(G — CI(L)/2 CI(L)) in terms of
disc(f) without having to assume L to be a number field. Indeed,

dimker(G — CI(L)/2C1(L)) <dimG = Y dimG,
pES\{oc}
< ) dimJ,
peS\{oc}
< (IS[=1)(n 1),
where we have used the definition of G and the fact dim I, = m,—1 < n—1 (see Lemma 3.3.4). By

definition, S contains co, 2 and odd primes p such that p? divides disc(f). But p?|disc(f) implies
p < /|disc(f)|. We note that the Prime Number Theorem implies

. . . |disc(f)|
: prime disc =7 disc —_—
o prime | p < V(T = ol < ¥

Since n — 1 is considered as a constant, we obtain

disc(f) .
log v/disc(f)

dimker(G — CI(L)/2CI(L)) <n

We have the following proposition:

Proposition 5.3.1. Let n > 1 be an odd integer, and let C : y*> = f(x) be a hyperelliptic curve
with f(x) € Qlx] monic, squarefree and of degree n. Then we have

V]
log /[dise(f)]

Proof. Corollary 3.4.8 and the results we have obtained above above yield

rank J(Q) <

rank J(Q) < meo —m + dim CI(L)[2] + dim ker(G — CI(L)/2 C1(L))

Lne 14+ (1/2 =8, + €) log(disc(f)) + m\(}l%
<y, log(disc(f)) + @ << @

logm : log\/CW(fy

as desired. 0
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