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Abstract

This thesis presents the theory of modular forms in positive characteristic p.

Under certain hypotheses, there are modular curves parametrizing elliptic
curves with additional level structures of arithmetic interest. Katz defined
modular forms as global sections of a family of line bundles over these modular
curves.

Moreover, the modular curves have a special kind of points called the cusps.
The germs of a modular form at the cusps correspond to power series in one
variable called the g—expansions of the modular form. The g—expansions often
hold a lot of information about the modular form.

In particular, over an algebraically closed field of characteristic p, the algebra
of modular forms has a very simple description in terms of a modular form
known as the Hasse invariant. Specifically, modular forms are determined up
to powers of the Hasse invariant by their g—expansions. In addition, there is a
differential operator acting on the algebra of modular forms which helps us to

understand this structure.

Keywords: modular forms, congruences for modular forms, elliptic curves,

modular curves
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Preface

This thesis explains the main results describing the algebra of modular forms
modulo a prime number p. Specifically, the objective of the thesis is to develop all
the necessary theory in order to understand Katz’s article [9] in detail (including
the claims without proof in its introduction).

Modular forms are defined classically as analytic functions in the complex
upper half-plane which transform in a certain way under the action of a group
of matrices. Therefore, modular forms satisfy many symmetries which endow
them with a very rich structure. In particular, modular forms have Fourier series
expansions called g—expansions.

The Fourier coefficients of certain modular forms carry a large amount of
arithmetic information. For instance, modular forms occur as generating func-
tions of numbers of representations of integers by positive definite quadratic
forms, special values of L—functions or invariants in algebraic number theory
such as class numbers. Not to mention the deep connections of modular forms
with elliptic curves and Galois representations. In other words, modular forms
(and their generalizations) are virtually ubiquitous in number theory. This justi-
fies why one might be interested in understanding well the theory of modular
forms.

One can study classical modular forms just focusing on their g—expansions,
which are power series. In this context, there is a very simple notion of modular
forms modulo p, namely, the power series obtained by reducing the coefficients
of g—expansions modulo p whenever this is possible (i.e., when all the coefficients
are rational numbers with no powers of p in the denominators). This notion was
developed by Serre and Swinnerton-Dyer.

In this way, one obtains a subalgebra of IF,[g] which can be described ex-
plicitly in terms of a particular modular form, the Eisenstein series of weight
p — 1 (this is true for p > 5; for p = 2 or p = 3 the result changes a bit), as
explained in Swinnerton-Dyer’s article [21] and in Serre’s article [17]. Indeed,
the g—expansion of the Eisenstein series of weight p — 1 reduces to 1 modulo p
and this determines completely the relations between the g—expansions modulo
p of classical modular forms (see theorem 1.41). In addition, divisibility by the
Eisenstein series of weight p — 1 induces a filtration and there is a derivation

acting on g—expansions as qdiq which behaves well with respect to this filtration

vii
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(see corollary 1.37 and proposition 1.44).

The initial definition of classical modular forms may lead to the impression
that these objects are analytic in nature and so better understood by means of
complex analysis and differential geometry. Nevertheless, there is an alternative
interpretation in terms of moduli spaces (whence the name modular forms)
which allows us to study modular forms using the tools of modern algebraic

geometry.

More precisely, modular forms can be regarded as rules which assign values
to elliptic curves with certain level structures and there exist modular schemes
whose points parametrize elliptic curves with such structures (i.e., they represent
the corresponding moduli problems). One can then view modular forms as

global sections of certain line bundles on a modular scheme.

These modular schemes and the line bundles giving modular forms turn
out to be defined over very general rings. In this way, we can define modular
forms over rings other than C and use techniques from algebraic geometry to
study them. This was the approach taken by Katz in his article [8], where he also
introduced his notion of p-adic modular forms. Later generalizations are also

based on the ideas of Katz.

Using Katz’s definition of modular forms, the notion of modular forms mod-
ulo p becomes simply that of modular forms defined over a field of characteristic
p. Following Katz's article [9], we focus especially on the case of an algebraically
closed field K of characteristic p. The results of Serre and Swinnerton-Dyer in
the classical case hold in this context after some slight modifications.

More concretely, there is a modular form called the Hasse invariant which
plays the same role as the Eisenstein series of weight p — 1 in the classical case.
Indeed, the g—expansions of the Hasse invariant over K are equal to 1 and this
determines completely the relations between the g—expansions of modular forms
defined over K (see theorem 4.8). Again, divisibility by the Hasse invariant
induces a filtration and there is a derivation acting on g—expansions as qd% which
behaves well with respect to this filtration (see theorem 4.12).

This thesis can be divided in two parts. The first part, corresponding to
the first chapter, explains the simplest case of classical modular forms defined
analytically with the goal of illustrating the results which one can expect in
more general situations. The proofs in this part use quite simple techniques of
analysis in one complex variable and manipulations of power series. In turn, the

second part, corresponding to the other three chapters, develops Katz’s theory
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of modular forms and, in this context, exhibits results analogous to those of the
tirst part. However, Katz’s theory relies on much more involved concepts of
algebraic geometry which are mostly summarized without proofs.

Chapter 1 introduces classical modular forms (for SL,(Z)) and describes the
main examples, with an emphasis on their g—expansions, and the structure of the
algebra of such modular forms. There is also a brief introduction to the theory
of Hecke operators. After that, the structure of the algebra of modular forms
modulo p is studied in detail.

Chapter 2 defines Katz’s modular forms. At the beginning of the chapter, we
give a quite naive definition of modular forms as rules assigning a scalar value
to each triple consisting of an elliptic curve together with a global differential
and a level structure. The g—expansions of a modular form are defined using
this interpretation by means of the Tate curve. After that, there is a summary of
results (without proofs) about the representability of moduli problems which
allow us to redefine modular forms as global sections of certain line bundles on
modular schemes (in fact, curves). Using this last interpretation, we prove the
g—expansion principle, which roughly states that a modular form is uniquely
determined by its g—expansions.

Chapter 3 serves as a preparation for chapter 4. That is to say, chapter 3
presents some geometric tools which could be defined more generally but are
later used only in special cases in order to study Katz’s modular forms over a
tield of characteristic p. In particular, we recall the definition of the Frobenius
morphisms, some facts about de Rham cohomology and the constructions of the
Gauss—Manin connection and the Kodaira-Spencer morphism.

Finally, chapter 4 introduces the Hasse invariant and uses it to describe the
structure of the algebra of modular forms over an algebraically closed field of
characteristic p. The results presented in chapter 4 are analogous to those of the
last section of chapter 1.

Each chapter contains a little summary and some references at the beginning.
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Chapter 1

The classical theory

This chapter introduces the classical theory of modular forms of level 1 in order
to illustrate in the simplest case the kind of objects and results which are studied
later.

Modular forms are a class of holomorphic functions with some symmetry
properties which allow us to express them in terms of certain power series called
g—expansions. One can study these power series directly, but then it is convenient
to find additional structure on the space of modular forms. One way to do so
is by means of Hecke operators, which have particularly simple expressions in
terms of the aforementioned g—expansions. Alternatively, one can focus on those
power series with integer coefficients and reduce them modulo a prime number.

The presentation in the first two sections is based mainly on chapter VII of
Serre’s book [16] and on some parts of chapter III of Koblitz’s book [15]. Also,
the first two chapters of Stein’s book [20] treat the same topics but from a more
computational point of view. The last section of this chapter follows closely
section 3 of Swinnerton-Dyer’s article [21] and section 1 of Serre’s article [17].

1.1 Modular forms

To begin with, we present some definitions and results in the simplest case.
Unless otherwise stated, all results appearing in this section and the next are
proved in sections VIL2 to VIL5 of Serre’s book [16].

Consider the complex upper half-plane H = {z € C : Im(z) > 0 }, which is
then extended by adding the cusps IP}Q = QU { o0 }. The group SLy(Z) acts on
both H and 11’01;2 via the formula

(2 5)-==28

with the usual conventions that

Y _ o and aoo+b_
0 co—+d

a
o
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In fact, one checks that the action on IP(}2 is transitive. Modular forms are a class
of analytic functions which are almost invariant under this action.

Definition 1.1. Let k € Z. A weakly modular form for SLy(Z) of weight k is a
meromorphic function f: H — C with the property that

az+b
cz+d

f(z) = (cz—l—d)_kf< > for all z € H and all (a Z) € SLy(Z).

(s

Remarks.
(1) There are no non-zero weakly modular forms for SL,(Z) of odd weight

because
f@=£((50 %) 2) = 0.

(2) One can check that SL,(Z) is generated by the two matrices
_ (0 -1 _ (11
S_(l O) and T—(O 1),
so the condition in the definition is equivalent to

F(3) =2 and fl41)=f(z) forallzeH.

(3) Since f(z+1) = f(z), f admits a Fourier series expansion of the form

f(Z) — Z aneZm'nz
nez
which is absolutely convergent on IH minus the poles of f. The map
z — q = e?™* defines an analytic isomorphism from (T)\H to the open
unit disk with the origin removed and this isomorphism can be extended
to send oo to the origin. We say that f is holomorphic (resp. is meromorphic
or vanishes) at oo if a, = 0 for all n < 0 (resp. n < ng for some ny € Z or
n < 0). That is, f is holomorphic at oo if its Fourier series expansion is
holomorphic at g = 0. In this case we write f(c0) = aj.

Definition 1.2. Let k € Z. A modular form for SLy(Z) of weight k is a function
f: H — C satisfying the following conditions:
(i) f is holomorphic on H;
. B _ko(9z+D a b
(i) f(z) = (cz+4d) f(cz n d> forall z € H and all (c d) € SLy(Z), and

(iii) f is holomorphic at oo in the sense that it has a Fourier series expansion of




1.1. Modular forms

the form -
f(z) =Y auq", whereq=¢""*,
n=0

which is absolutely convergent for each z € H, called the g—expansion of f.
If, in addition, f vanishes at o (i.e., a9 = 0), we say that f is a cusp form. We
refer to a function which satisfies (i), (ii) and (iii) with “holomorphic” replaced

by “meromorphic” as a meromorphic modular form for SLy(Z) of weight k.

Remarks.

(1) AsSLy(Z) acts transitively on the set of cusps, condition (ii) implies that f
has a power series expansion at each cusp with the same order of vanishing
as the g—expansion at oo.

(2) This definition can be generalized to certain subgroups I' of SL,(Z). One
must only take into account that there might be several equivalence classes
of cusps and require holomorphicity at all of them.

(3) The set My (SLy(Z)) of modular forms for SL,(Z) of weight k is a C—vector
space and the subset S;(SLy(Z)) consisting of cusp forms is a subspace
of codimension < 1 because it is the kernel of the linear map f — f(c0).
Furthermore,

M(SL2(Z)) = P Mk(SL2(Z))
kez

is a graded C—-algebra with the usual multiplication.

Often in number theory one can attach a power series to arithmetic objects.
When this happens to be the g—expansion of a modular form, we can use the
additional structure of the spaces of modular forms to obtain relations between
the coefficients forming the series, which might lead to interesting arithmetic
results.

In the first two sections of this chapter we study the structure of the algebra
of modular forms, while in the last one we focus on the g—expansions reduced
modulo a prime number p (Whenever this makes sense). But, before that, we

show the first examples of modular forms and compute their g—expansions.

Example 1.3. Let k > 1 be an integer. We define the Eisenstein series of weight 2k

as
1

(mz + n)%

Gu(z) = Y

mmneZ

for z € H. (The symbol }' means that the summation runs over all values for

which the corresponding addends make sense; in this case, over all pairs (m, n)
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distinct from (0,0).) This series converges to a modular form for SLy(Z) of
weight 2k.

Indeed, since the exponents of the denominators are at least 4, one can prove
that the series converges absolutely and uniformly on compact subsets of H,
thus defining a holomorphic function on H. Also, we can compute

Gou(z+1) = Y (mztm+n) = Y (mz+n) =Gul2),

mneZ mnezZ
ou( )= T () - w2
mnez mnez

It remains to see that Gy is holomorphic at infinity. To this aim, we need
to prove that Gy has a limit for Im(z) — oo. But, by the good convergence
properties of Gy, we can make the passage to the limit term by term:

1 1 =1
lim Gy (z) = Z/ lim ———— = ) ﬁ:2zﬂ:2§(2k),

z—ico mnez o (mz + n) neZ\ {0} 1

where { denotes the Riemann zeta function.

We can even compute the g—expansions of the Eisenstein series explicitly.

Proposition 1.4. For every integer k > 1, the qg—expansion of the Eisenstein series Gy
is
(27ti)?
Gox(2) ZZC(Zk)+2 2k —1)! Z(Tzk 1 ",

where

n)=d

d|n
is the sum of j—th powers of positive divisors of n and q = g2z,

Proof. We start with the well-known formula

1 &/ 1 1 cos(7z) . 2rmi
- = = 710 — = 2 ,
Z+Z:1(z+n+z—n> nsin(nz) T q =7 ﬂqu

which can be obtained taking the logarithmic derivative of the expression of
sin(7rz) as an infinite product. By successive differentiations, we obtain the

formula

o1 1

nez (Z+”)j a (] - 1)!

—271i)/ Y. r=1g
r=1
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for j > 2. After replacing z with mz, this becomes

Z 1 - 1 '(—27'ci)j i rj_1qmr_

=y (mz+n)l (-1 =

Finally, we use this to expand

1 > 1
Go(z) = Y 5 = 20(2K) +2 —
2 m,nZGZ (mz + n)2k m; neZZ (mz + n)2
2(—2mi)%k &2 _
— 27(2k) +ﬁ § 5 kg
m=1r=1
2(2mi)%*k &
= 27(2k) + oo_1(n)-q"
(2k) + 2k — 1),”2,1 2k-1(n) - g
as required. O
Example 1.5. It is well-known that
_ (=) By (2m)*
§(2k) = 2(2k)! ’

where B; are the Bernoulli numbers defined by the equality (in Q[T])

T
el —1

=0 ")

(See proposition 7 of chapter VII of Serre’s book [16] for a proof of this identity.)
The Bernoulli numbers are all rational and, moreover, there are some well-known
congruence relations between them which we use later.

For each k > 1, we define the normalized Eisenstein series

1 4k X
Ex(z) = WGZk(z) =1- By ook—1(n)q" .
n=1

These normalized Eisenstein series have g—expansions with rational coefficients

with very particular denominators. The first few Ey; are:

Ey (z) =14 240 2 o3(n)g",

n=1

E¢(z) = 1 — 504 i os(n)q",

n=1
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Eg(z) =1+4480 )  o7(n)q".
n=1
We can use E4 and Eg, whose g—expansions have constant term 1, to construct the

first example of cusp form. More precisely, we define the modular discriminant

1

A(2) = J75(Ea(2)° — Es(2)?),

which is a cusp form for SL(Z) of weight 12. We have normalized A so that the
first non-zero coefficient of its g—expansion is 1, but often in the literature the
modular discriminant is defined to be (277)1?A instead of A.

Let us check that the coefficients of the g—expansion of A are all integers.
Observe that 1728 = 26 33,240 = 2.3 -5 and 540 = 23 - 3% - 7. Looking at the
powers of 2 and of 3, it is easy to see that

[ee] 3 oo
Ey(z)® = (1—1—24-3-52(73(71)11”) =1+2%.32-5) o3(n)g" mod 2°-3°

n=1 n=1

and

o0 2 [e9)
Ee(z)? = (1 —-2.32.7) (75(n)q”) =1-2%.32.7 Y 05(n)q" mod 2°-3°

n=1 n=1

(also, we have only modified mod 1728 the coefficients of 4" for n > 2, so the
coefficients of 1 and g are exactly these ones). One checks that d°> = d°> mod 12
for every d € Z, and summing over the positive divisors of n € IN we see that
24.32.5.03(n) +2*-3%2.7.05(n) = 0 mod 2° - 33. This completes the proof.

Example 1.6. We can define E; in a similar way:

1 / 1 3 1

B =5y L L Gz gny M 2 mezz\{o} L Gz
In this case, however, the series is not absolutely convergent and so we must
take into account the order of summation. In particular, the previous proof that
Go (_71) = zszzk(z) does not carry over to the case k = 1 because we need to
reverse the order of summation over m and n. Therefore, E, is not a (classical)
modular form for SL,(Z). Still, it has similar properties which will be useful
later (in fact, it is a p—adic modular form of weight 2; see section 2.1 of Serre’s
article [18]).
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The same computation as in proposition 1.4 shows that

3 1 i
_ P _12 mr
2 )3 (mz + n)2 r;”q

nez

whence

Ex( —1—24221’(1

m=1r=

Since |g| < 1, this last double sum is absolutely convergent and we can collect
powers of g to get the expression

Ex(z)=1—-24 i:lal(n)q”

Let us see more precisely how E, fails to be a modular form for SLy(Z) of
weight 2. The next result is proposition 7 of chapter 3 of Koblitz’s book [15].

Proposition 1.7. The normalized Eisenstein series of weight 2 satisfies the relation

-1 12
) I
z E2< z ) Ea(2) + 2miz”
Proof. Set
1 1 1

am,n(z): (mZ—I—i’l)(mZ"'n_l) - mz+n—1_mZ+Tl

and consider

B@=1+% ¥ LI

mez\ {0} neZ

(mz (mz +n)2 n) — amn(z)] -

On the one hand, the series ¥_,,c 7 4.1 () telescopes to 0 and so E(z) = E;(z).
On the other hand, the double series with general term

1 1 -1

(mz+n)2  (mz+n)(mz+n—1) (mz+n)2(mz+n—1)

is absolutely convergent, which implies that we can change the order of the
summation in E,(z). That is,

BE-BO-1+5 L ¥ |amrm -t

neZ meZ\{0}
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= 2_2E2<_71> — % Yo Y aua(z).

T We€Z meZ) {0}

It remains to compute this last double sum.

As in the proof of proposition 1.4, we find that

1 1 47-[2 . 27mirn/z 1
- —_ - re -
mezz\{o} (mz 4+ n) 22 m;Z (m + ) n? z2 r; n2

and the sum over n of this last expression is absolutely convergent. Thus, the
outer sumin Y-, cz }uez\ (0} @m,n(2) must also be absolutely convergent (because
the sum defining E;(z) is). Therefore, we can compute

N

Y. ) amu(z)=lim ) Y. amu(z)

neZ meZ\ {0} N2 ="N+1mez) {0}
N

= lim ) Y. amn(z).
N=e ez {0} n=—N+1
Using again the formulae introduced in the proof of proposition 1.4,

N

1 1
Z Z amrn(z) = Z -
meZ\{0} n=—N+1 meZ\{O}<mZ_N mZ+N>
2 & 1 1
a En;1<_TN—m+ _TN—I—m)
—nN
= E[NC?S( ZN) _}_i} .
z| sin(=2¥) N

2 . cos(ZZN)  op e~ 27iN/z 4 27Ti
— lim N = — Ilimi——— = ——,
Z N—oo sin(_g ) Z N—ooo e 27miN/z _1q z
whence , 6 , 1
J— Z J—
i = ) () 2
2(z) =z 2\z + iz z 2z 27Tz L

After having introduced the main examples of modular forms, we describe
explicitly the structure of the C—vector spaces My(SLy(Z)). Recall that, by the
remarks after definition 1.2, we already know that M (SL,(Z)) = 0 when k is
odd and that S (SL;(Z)) has codimension 1 in My (SL(Z)) when k is even and
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> 4 (as the Eisenstein series are not cusp forms). In fact, we can even give an
explicit basis of each My (SLy(Z)), k € Z.

Theorem 1.8 (valence formula). Let k be an integer and let f be a meromorphic
modular form for SLy(Z) of weight k, not identically zero. Then,

orde (f) —i—%ordi(f) —i—%ordp(f) + ;* ordp(f) = oK

where Y} means a summation over the points of SLy(Z)\H distinct from the classes of
iandp = e%.

Proof. This formula can be proved integrating the logarithmic derivative of f
along a contour which contains in its interior essentially one representative of
each orbit of SL,(Z)\H and using the residue theorem. For a detailed proof, see
theorem 3 of chapter VII of Serre’s book [16]. H

Corollary 1.9. A(z) does not vanish in H and has a simple zero at ico.

Proof. Since A is a cusp form of weight 12, ordp(A) > 0 for all P € H\ SL,(Z)
and orde(A) > 1. By theorem 1.8, these numbers add up to 1: this is only
possible if all the inequalities are equalities. O

Proposition 1.10. Multiplication by A defines an isomorphism of My_1,(SLa2(Z))
onto Sx(SLp(Z)) for every k € Z.

Proof. Clearly, if f € My_15(SL2(2Z)), then fA € Sg(SLy(Z)). For the converse,
let f € S;(SLy(Z)). We set g = %, which is a meromorphic modular form of
weight k — 12. By the previous result, ordp(g) = ordp(f) > 0 for every P € H
and orde(g) = orde(f) —1 > 0. In conclusion, § € My_1,(SLa2(2)).

This proves that multiplication by A gives a bijection between My._15(SL2(Z))
and Sx(SL(Z)), and it is obviously a linear map. O

Proposition 1.11. Let k be an integer.
(1) Mi(SLo(Z)) =0ifk <0, k is odd or k = 2.
(2) My(SLy(Z)) = C (that is, the only modular forms for SLy(Z) of weight 0 are
the constants).
(3) My(SLy(Z)) has dimension 1 and Gy, is a basis if k = 4,6,8,10 or 14.
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Proof. Recall that, if f is a non-zero modular form of weight k, then

orde (f) + %ordi(f) + %ordp(f) + Y Tordy(f) = %
P

Since f is holomorphic, this means that % > 0. Moreover, k must be even
because the least common denominator of the left-hand side is 6 and k # 2

because % cannot be written in the form a + % + 5 witha,b,c > 0.

If k <10, then k — 12 < 0 and S¢(SL2(Z)) = { 0 } by proposition 1.10. Hence,
dim(My(SLa(Z))) < 1. But we already know that 1, G4, Gg, Gs, G1¢ are non-zero
modular forms for SL,(Z) of weights 0,4, 6,8, 10, respectively; this concludes
the proof. O

Corollary 1.12. For any integer k,

0 ifk <0,kisoddork =2,
dim (M (SLy(2))) = {%J ikaO,kisevenandézl mod 6,
{%J +1 ikaO,kisevenandg;?él mod 6.

Proof. The result follows by induction on k (the inductive step is performed by
increasing k to k + 12 using proposition 1.10). O

Corollary 1.13. The g—expansion of A can be expressed as the infinite product

Az)=q]](1- g")*,  whereq = e*"% .
n=1
Proof. Define
F(z) =q]J(1—¢"*.
n=1

It suffices to prove that F € S15(SLy(Z)), as dim S12(SLy(Z)) = 1 and the
coefficient of 4 in both the g—expansions of F and A is 1. Thus, we only need to
prove that

F(;) = z12F(z).

Observe that the logarithmic differential of F is

‘%F: 1-24) qun]%": [1—24201(;1)(4” %":Ez(z)-znidz.

n=1m=1 n=1
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Using proposition 1.7, we can compute
dF (<)

—1
F(%)

Hence, the functions F(=}) and z!2F(z) have the same logarithmic differential,

=1\ dz d dF d
= 27'(1E2( . >22 = 27iEy(z )dz+12_z = F((zz)) _|_12_Z

which implies that F(=}) = Az12F(z for some constant A € C*. Evaluating at
z =i, we see that 0 # F(i) = AF(i ),whenceA—l. O

Theorem 1.14. Let k be a non-negative integer. The vector space My (SLy(Z)) admits
as a basis the family of monomials E} Eg with a and B non-negative integers such that
4o + 6B = k. As a consequence, M(SLy(Z)) = C|E4, E¢).

Proof. Ifkis odd, My(SLy(Z)) = 0 and the equation 4« + 6 = k has no solutions,
so we may assume that k is even.

First, we show that these monomials generate M (SL,(Z)) by induction on
k. This is clear for k < 6, so suppose that k > 8. Choose a pair («g, Bo) of
non-negative integers such that 4« 4 6By = k (this is possible for k > 4). The
modular form g = E“OEﬁ °, of weight k, is not a cusp form. Let f € My (SL(Z)).
Now f — f ) ()8 is a cusp form and, in particular, is of the form Ah for some
h € M_ 12(SL2( )). We can apply the induction hypothesis to / and obtain thus
fasa linear combination of the desired monomials. (Recall that, by definition,
A = 1755 (Ef — E§).)

Now we check that these monomials are linearly independent. Suppose, for
the sake of contradiction, that there exists a non-trivial linear combination

Y AupE{EL =0.
4n+6B=k

Up to multiplying this linear relation by suitable powers of E4 and of Es, we may
assume that k is a multiple of 12. Dividing by Elg/ 6, we obtain that

Z )\,X,/; <§_§)(x/3 _

4a+6B=k

(where 3 is an integer because 4« = k — 6 is a multiple of 3). That is, the
meromorphic function E3/EZ satisfies a non-trivial algebraic equation over C
and, therefore, must be constant. This gives the desired contradiction because

the g—expansion of E3/E2 is not constant. O
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There is a more convenient basis for our purpose of reducing g—expansions
modulo prime numbers. The next result is based on lemma 2.20 of Stein’s book
[20], which he attributes to V. Miller. (Unfortunately, the author of this work was
unable to find the thesis of V. Miller where this result first appeared and so there
is no proper citation.) Actually we only describe a basis in echelon form, whereas
Miller’s basis is in diagonal form (obtained after applying gaussian elimination in
the obvious way).

Theorem 1.15. Let k be an even integer > 4 and let d = dim S;(SLy(Z)). Choose
two integers w, B > 0 such that 4o + 6 < 14 and 4a + 6 = k mod 12. Define
8= AfEffEé(d_]Hﬁforj =0,1,...,d. Every f € M(SLy(Z)) whose g-expansion

lies in Z[q] can be expressed uniquely as a Z-linear combination of go, 81, - - -, S4-

Proof. By corollary 1.12, we see that

L 5| -1 ifk=2 mod 12,
%] ifk £2 mod 12.

This, together with the conditions for 4a 4- 63, shows that k = 124 + 4a + 6. We
deduce that every g; has weight k.

On the other hand, the g—expansions of E4, Eg and A lie in Z[g] and their
first non-zero coefficient is 1, whence the g—expansion of g; lies in Z[q] too
and its first coefficients are a;(g;) = 0 for i < jand a;(g;) = 1. In particular,
the g forj = 0,1,...,d are linearly independent over C and so form a basis
of My(SLy(Z)). Furthermore, if f = AgQo + A1g1 + - - - + A4g4, then the first
coefficients of the g—expansion of f are given by

a;(f) = Aj+Aj_qaj(gj—1) + - -+ Aaj(g1) + Aoaj(go)

forj=0,1,...,d. We conclude that the g—expansion of f lies in Z[q] if and only
if Ag, A1, ..., Ay € Z (for example, using gaussian elimination on the triangular
system of linear equations). O

1.2 Hecke operators

Hecke operators play a fundamental role in the theory of modular forms. They
are a family of averaging operators acting on the space of modular forms with

particularly simple formulae for the action on g—expansions. Moreover, they are
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multiplicative and satisfy certain recurrence relations. One can then show that
the coefficients of the g—expansions of Hecke eigenforms (i.e., eigenvectors of the
Hecke operators) satisfy similar relations.

Hecke operators are defined by means of the modular interpretation of mod-
ular forms. That is, we think of SL;(Z)\H as a moduli space parametrizing
complex elliptic curves with a nowhere vanishing differential 1-form. This inter-
pretation is very important because it leads to Katz’s generalization of the notion
of modular forms.

A lattice in C is a subgroup of the form A = A(wy, wy) = Zw1 & Zwy, where
w1 and w; are complex numbers which are linearly independent over R. We
shall always assume (up to interchanging w; and wy) that Im(%) > 0. Let £
denote the set of lattices in C. One checks easily that A(wy, wy) = A(w], wh) if
and only if W} = awy 4 bw; and w) = cw + dw; for some (45) € SLy(Z).

Given a lattice A, we can form the one-dimensional complex torus C/A with
a holomorphic differential w = dz (where z is the coordinate on C). Consider the
function

1
p(zA) ==+ )
leAV{0}

1 1
(z—12 2
and the constants

1 1
$(A) =60 ) ;7 and g(A) =140 Y -
leA\{0} 1eA\{0}

We have an analytic isomorphism from C/A to the complex elliptic curve
E: Y?Z = 4X3 — 9p(A)XZ% — g3(A) Z3

given by the map

(p(zA) 1 p'(z;A) 1 1) ifz €A,
(0:1:0) ifze A,

z+ A —

under which w corresponds to d7x. Conversely, given an elliptic curve E over C
together with a nowhere vanishing holomorphic differential w, we can construct
a lattice

A(E,w) = {Aw .y € Hi(E, Z) }

These two constructions are inverse to each other and so give a correspondence



14

THE CLASSICAL THEORY

between lattices A and pairs (E, w) consisting of an elliptic curve with a nowhere
vanishing holomorphic differential (see section 1.6 of Koblitz’s book [15] for more
details).

One can show that two elliptic curves C/A and C/A’ are isomorphic if and
only if A = AA’ for some A € C*. Therefore, we consider the (left) action of C*
on £ by homotheties and a lattice A(w1, w») is equivalent to A(7,1) in C*\ L,
where 7 = Z—; € H. Thus, we write A(t) = A(t,1) for all T € H. We see that
A(7) and A(7’) coincide in C*\ £ if and only if there exists (? ) € SL,(Z) such
that T/ = Zzig Hence, there is a bijective correspondence between the elements
of SL,(Z)\H and the isomorphism classes of elliptic curves. SL,(Z)\H is said

to be a moduli space of elliptic curves over C.

Throughout the remainder of this section, let k be a fixed integer.

Definition 1.16. The modular function associated with f € My(SLy(Z)) is the
function F: £ — C defined by

F(A(wrw2)) =wp (1)

Remarks.
(1) The function F is well-defined. Indeed, for every A(w1, wy) € L and every
(20) e SLy(2),

awq + bw2>
cwy + dwoy

= wz_k<cw1 +d> _kf(a% i b)

Wy cZ—i%—d

F(A(aw1 + bws, cwy +dwn)) = (cwy + dwz)_kf<

= F(A(wl,wz)) .

(2) The function F is homogeneous of degree —k: F(AA) = A"KF(A) for all
A€ LandallA € C*.
(3) We can recover f from F because f(z) = F(A(z)).

We use this interpretation of modular forms to define Hecke operators. To
this aim, we first define operators on lattices, which then induce operators on
functions on lattices. Write Z(£) for the free abelian group generated by the
elements of L.

Definition 1.17. Let n € IN. The Hecke operator T,,: Z*) — Z(£) is the unique

Z-linear operator which maps each lattice A to the sum of all of its sublattices of
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index n:

[A:A]=n

Similarly, the homothety operator R,;: 7£) — 7L is the Z-linear operator
defined by R, [A] = [nA].

Proposition 1.18. The Hecke operators and the homothety operators satisfy the follow-
ing identities:

(1) RyoRy =Ry 0Ry =Ry forallm,n € IN;

(2) RyyoTy =Ty oRy forallm,n € IN;

B) TmoTy =TyoTy = Ty forall m,n € N such that (m,n) =1, and

(4) TproTp =Tpui1 + p Ty oRy, for all primes p and all n € IN.

Proof. The first two identities are trivial.

To prove the third identity, fix a lattice A. For every sublattice A” of A of
index mn, there exists a unique sublattice A’ of A containing A” and such that
[A:A]=mnand [A": A"] = m. Indeed, A/A" is an abelian group of order mn
which decomposes uniquely as the direct sum of a group of order m and a group
of order n (because (m, n) = 1). Therefore, Ty [A] = (T, 0 Tyy)[A].

Finally, we prove the last identity with a similar argument. Let A be a lattice.
We observe that (Tyn 0 Tp)[A], Tpui1[A] and (Tu1 0 Ry)[A] are all formal sums
of sublattices of A of index p"*!. One such sublattice A” occurs exactly a times
in the first sum, exactly once in the second sum and exactly b times in the third
sum, so we have to prove that a = 1 + pb. To do so, we distinguish two cases.

If A” is not contained in pA, it is clear that b = 0. On the other hand, a is the
number of sublattices A’ of A containing A” with [A : A’] = p. Such a lattice A’
contains pA, and its image in A/pA is of order p and contains the image of A",
which must also be of order p. Thus, there is exactly one possible A’ with these
properties, which means that a = 1.

If A” is contained in pA, we get that b = 1. But every sublattice A’ of A of
index p contains pA and so A” too. Therefore, a coincides with the number of
sublattices of A of index p (or, equivalently, with the number of subgroups of

A/pA =~ (Z/pZ)? of index p), and this number is % =p+1L O

Corollary 1.19. The Z-algebra generated by the T, and Ry, for all primes p contains

all the T,,, n € IN, and is commutative.
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Definition 1.20. There is an action of Hecke operators and homothety operators
on the set of functions F: £ — C which are homogeneous of degree —k: for all
n € IN, we define T;, F and R, F to be the functions given by

T, F(A) = F(T,A) = Y F(A)
[A:A']=n

and R, F(A) = F(R,[A]) = n FF(A).

Proposition 1.21. Let F: £ — C be a homogeneous function of degree —k.
(1) Ty Ty F = Ty F forall m,n € IN such that (m,n) = 1.
(2) TpTp F =Tpunt F+ pl=k T yn-1 F for all primes p and all n € IN.

Proof. It is immediate from proposition 1.18. O

Definition 1.22. Let f € My(SLy(Z)) and let F: £ — C be the associated modu-
lar function (as in definition 1.16). For every n € IN, we define T, f: H — C to

be the function associated with n*~1 T, F:
T, f(z) = " 1T, F(A(z,1)).

Remarks.
(1) The factor #n¥~1 is introduced so that some formulae have integer coeffi-
cients.
(2) One can check that T, f € M(SLy(Z)), as T, f(z) is defined as a linear
combination of values of f. This will become apparent once we give explicit

formulae for the action of T,,.

Proposition 1.23. Let f € My(SLy(Z)).
(1) Ty Ty f = Toun f for all m,n € N such that (m,n) = 1.
2) TpTpn f =Ty f + pk=1 T,u f for all primes p and all n € IN.

Proof. It is immediate from the definition of T, f and proposition 1.21 (taking
into account the additional factor). O

It is often convenient to understand the action of Hecke operators in terms
of the definitions given in the previous section. The following results provide
simpler descriptions of these functions and even precise formulae to compute

them.
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Lemma 1.24. Let A be a 2 x 2 matrix with entries in Z and det(A) = n > 0. There
exists U € SLy(Z) such that UA = (8Y%) withad = n,a > 1and 0 < b < d.
Moreover, the integers a, b and d are uniquely determined.

Proof. It is possible to put A into upper triangular form by using elementary
operations of the following types: adding a multiple of one row to another and
swapping two rows. Since these operations are invertible, they correspond to left
multiplication by a matrix in SL,(Z). Now we can assume, up to multiplication
by (' %) € SLy(Z), that the diagonal entries are positive. Finally, adding a
suitable multiple of the second row to the first one, we obtain a matrix of the
form UA = (45) with the required properties.

For the uniqueness, observe that a is the greatest common divisor of the
elements in the first column of A (the operations performed to obtain an upper
triangular form coincide with Euclid’s algorithm). Now, d = Z and b is obviously

uniquely determined modulo d. O

Proposition 1.25. Let n € IN and let M(n) be the set of 2 x 2 matrices with entries
in Z and determinant n. Let X(n) be the subset of M(n) consisting of matrices of the
form (&%) witha > 1and 0 < b < d. If A = A(w, wy), then the map

(8 Z) — A(awq + bw,, dws)

is a bijection between X(n) and the set of sublattices of A of index n.

Proof. If (&Y) € X(n), then A(aw; + bw,, dw,) has index n in A because ad = n.

Conversely, if A’ is a sublattice of A of index n, then every basis of A’ must
be of the form (w}, w}) = (aw1 + bws, cwy 4 dw,) for some (24) € M(n). By
lemma 1.24, (7)) is SLy(Z)—equivalent to exactly one element of X (n). O

Corollary 1.26. Let n € N and let f € My(SLy(Z)). Then,

T () = Y d ()

a,b,d

where the sum is over the triples of integers a, b and d such that a > 1, ad = n and
0<b<d.

Theorem 1.27. Let f € My(SLy(Z)) with g—expansion
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Foreveryn € N, Ty, f € My(SLy(Z)) and its g—expansion is

Tu f(z) = Z cn(m)q™,

where

cu(m) =Y ak*1c<%)
)

a| (n,m

(the last sum is over the positive divisors of (n,m)) for all m € IN. In particular, if
f € Sk(SLy(Z)), then T, f € Sk(SLo(Z)) too.

Proof. Let F be the modular function associated with f. For each ( Z ) € SLy(Z),

wf () = TR0 )

=" T, F((cz+d) 'A(az+b,cz +d))
= (cz+d)n*" 1T, F(A(z,1)) = (cz+d)* T, f(2).

Moreover, by corollary 1.26, we see that T, f is holomorphic on IH because f is.
It remains to prove that T}, f is holomorphic at co, which we do by computing its
g—expansion explicitly.

We can write
© . az+b
T, f(z)=n"1Y Y Y a*y cim)er .
a>1ad=n 0<b<d m=0

2mtibm/d ;

But, for fixed a and d, the sum } o, ;e is 0 unless d | m, in which case it

is d. Thus, setting m’ = 1,

T, f(Z) _ nk—l Z d—k+1c(mld)627rium/z )

a,d,m’
In the previous expression, we can collect powers of 2™ and write t = am’ to

obtain that ;
1 /1
()= Y dle(5-)
zz|(n,t)

(the sum is over the positive divisors of (1, t)). O

We could have defined Hecke operators by means of the formula in the-

orem 1.27, which is enough if one is interested only in formal manipulations of
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power series. However, it is not at all clear that, when one applies this formula
to the g—expansion of a modular form, the resulting power series is again the
g—expansion of a modular form. That is why the more abstract point of view
presented here is more convenient.

Corollary 1.28. Consider f € My(SLy(Z)) non-constant and with g-expansion
flz) =} cuq™.
m=0

If f is an eigenvector of all the T, (i.e., an eigenform), say T, f = A, f with A, € C
foreachn € N, then ¢y # 0and ¢, = Aycq for all m € IN.

Proof. The coefficient of g in the g—expansion of T, f is c¢;;, by theorem 1.27. But,
since T, f = A, f, this number is also A,c1. Finally, if c; were zero, then cy,
would be zero for all m € IN, thus contradicting the assumption that f is not a
constant. O

Corollary 1.29. Let f € My(SLy(Z)) with g—expansion

F0)= X cnd™

If f is an eigenform with c; = 1, then
(1) cmen = cmn forall m,n € N with (m,n) = 1and
(2) cpepr = cpun + pk’lcpn_lfor all primes p and all n € IN.

Proof. These relations follow immediately from corollary 1.28 and proposi-
tion 1.23. L]

Example 1.30. As the spaces My(SLy(Z)), Mg(SL2(Z)) and S12(SL(Z)) have
dimension 1, we deduce that E4, Eg and A are eigenforms. In fact, one can prove
that all Eisenstein series are eigenforms.

1.3 Modular forms modulo p

The exposition in this section follows closely section 3 of Swinnerton-Dyer’s
article [21]. The same results are also presented in section 1 of Serre’s article [17].
To begin with, we fix some notation. Throughout this section, let p be a

fixed prime number. Write v, for the p—adic valuation on Q and consider its
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valuation ring Z ;) (this is the ring of rational numbers with denominators prime
to p). We can 1dent1fy modular forms with their g—expansions and regard each
My (SLo(Z)), k € Z, as a subspace of the ring of formal power series C[gq]. We
consider those modular forms whose g—expansions have coefficients in Z,: set

M} (SLy(Z)) = {f € Mi(SLa(Z)) : f = Z anq" € Zy)[ql }
for each k € Z and

MP(SLy(Z)) = @D M} (SLy(Z)) .
kez

But elements of Z(p) can be reduced mod p; that is, the residue field of Z(p) is
IFp,. Thus, given

f=Y aq" €Zlal,
n=0
we can form

f=Y aq" €Fylql,
n=0

where a, denotes the image of a, in IF,,. This leads us to the definition of modular

forms mod p.

Definition 1.31. For each k € Z, let

M{(8L2(2)) = { f € Fylq] : f € M (SL2(Z)) }.
The FF,—algebra of modular forms modulo p for SLy(Z) is

MP(SLa(Z)) = Y M!(SLa(Z).
kezZ

Our objective is to determine the structure of the algebra M (SLy(Z)). Write

P=E,=1-24) o1(n)q",

n=1

Q=Ey=1+240)_ o3(n)q",

n=1

R=Es=1-504) o05(n)q"
n=1
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(See examples 1.5 and 1.6 for the formulae.)

By theorem 1.15, every f € M} (SLy(Z)) can be expressed uniquely as an
isobaric polynomial of weight k in Q, R and A (which have weights 4, 6 and 12,
respectively) with coefficients in Z,,). Therefore, MF(SL2(Z)) = Z,,[Q, R, A]
(both regarded as subrings of Z,[4]) and it only remains to find the algebraic
relations satisfied by Q, R and A in IF, [q]. But, from the explicit formulae above,
two cases are trivial.

Theorem 1.32. If p =2o0r p = 3, then P = Q = R = 1 and MP(SLy(Z)) = F,[A]
is the algebra of polynomials in one variable A with coefficients in IF, (i.e., it is isomorphic
to IF, [ X]).

From now on, we assume that p > 5. In this case, p { 1728 and, from the
equation 1728A = Q% — R?, we deduce that M?(SLy(Z)) = Z,)[Q, R]. Also, Q
and R satisfy no non-trivial algebraic relations over C, as we saw in the proof of

theorem 1.14. Thus, we have surjective ring homomorphisms

MP(SLy(Z)) = Z ) [X, Y] = Fy[X, Y] = M (SLy(Z))
O(X,Y) — ®(X,Y) — ®(Q,R)

given by reduction mod p and we want to determine the kernel of the last arrow.
But, before doing so, we need to introduce some additional structure on the
algebra of modular forms.

Consider the operator

d
acting on C[q]:
9(2 anq”) =Y nauq".
n=0 n=1

Theorem 1.33 (Ramanujan). Let k € Z.
(1) Forevery f € My(SLp(Z)), (120 — kP)f € My »(SLa(2)).
(2) We have identities

_ L 1o
0P = 5 (P7—Q), 0Q = 3 (PQ—R),
OR = %(PR—QZ), OA = PA.
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Proof. Observe that, in terms of z,

_ 14
C 2midz’

Take f € My(SLy(Z)) and set F = (126 — kP) f. It is clear that F is holomorphic

(also at the cusps) and that F(z + 1) = F(z), so it only remains to prove that
F (_71) = zF2F(z). Differentiating the equation f (_71) = zFf(z), we get that

F(Z) =k (0 + 242 (2)

Using these formulae and proposition 1.7, we obtain that

-1 12 1 1 -1
F(?) 27ti ( z )_kP< z >f<7)
_ 12 2 k2 k+2
= o211 () — kMIP(2) f(2) = 22E ().
This concludes the proof of (1).
Similarly, set G = 120P — P2, which is holomorphic (also at the cusps) and
satisfies that G(z + 1) = G(z) because P has these properties. We differentiate

Zm

the equation P (%1) = z2P(z) + 4% (see proposition 1.7) to obtain that

—1 1222
P’(7> = z4P'(2) +22°P(z) + P

and then compute

6(2) = 2p () - () = Batpie) - 2P = 2G(2).

z 2711 z z 277

Therefore, G € My(SLy(Z)). But this space has dimension 1 and G(c0) = —1,
so G = —Q. Finally, by (1), we obtain that G; = (120 —4P)Q € M(SLy(2)),
G = (126 — 6P)R € Ms(SLo(Z)) and Gs = (120 — 12P)A € M14(SLo(Z)). As
these spaces have dimension 1 and Gy (c0) = —4, Gy(c0) = —6 and G3(c0) = 0,
we conclude that G; = —4R, G, = —6Q? and G5 = 0. O

Definition 1.34. We define 0 to be the derivation on M(SL;(Z)) acting on each
graded component M (SLy(Z)), k € Z, by 120 — kP.

Remarks.
(1) The first part of theorem 1.33 shows that d is well-defined and one checks

easily that d is a derivation.



1.3. Modular forms modulo p

23

(2) By the second part of theorem 1.33,9Q = —4R and dR = —6Q?. Hence, 9
acts on MP(SL2(Z)) = Z,[Q, R], which is isomorphic to the polynomial
ring Z,)[X,Y] via X — Q and Y — R. Thus, we obtain an induced
derivation d on Z,,)[X, Y] defined by X = —4Y and dY = —6X2. The
same equations define a derivation on IF,[X, Y] which we call 9 as well.

(3) If f € MI(SLy(Z)), we write df fordf mod p, which lies in ]\7I,’f+2
Thatis, of = (120 — kP)f in IF,[q].

Theorem 1.35. Let k € IN.
1) Ifp—1 ‘ 2k, then pBy € Zp) and pByx = —1 mod p (Clausen—von Staudt
congruence). In particular, v,(By) = —1.
(2) If p— 11 2k, then By /(2k) € Z ) and its residue class mod p depends only
on 2k mod p — 1. That is,

%E%{k// mod p if2k=2k"#0 mod p—1

(Kummer’s congruence).

Proof. See theorems 4 and 5 of section 5.8 of Borevich and Shafarevich’s book
[1]. O

Corollary 1.36.
(1) Ep—1 € M (SLo(Z)) and @,_1 =1
2) Epi1 € M§+1(SL2(Z)) and E, 1 = P.

Proof. Recall that

2k &
Ex(z) =1— ZB_zk ook-1(n)q" .
n=1

Since v, (2gp—__11) =1, we get (1). On the other hand,

B+1 BZ —1

Now (2) follows from this congruence and the fact that, by Fermat'’s little theorem,
oi(n) = oj(n) mod pifi=jmod p — 1. O

Corollary 1.37. The algebra MP(SL,(Z)) is stable under 6.

(SLa(Z)).
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Proof. If f € M} (SLy(Z)), we can write
120f = kPf +0f = kEp1f + E,_10f

and observe that Ep+1f and Ep_laf belong to ]\7Ilf+p+1(SL2(Z)). O

Definition 1.38. We define A,B € Z,)[X,Y] to be the unique polynomials
satisfying that A(Q,R) = E, 1 and B(Q,R) = E, ;1.

These are all the elements required to determine the structure of M (SLy(Z)).

We are now in a position to prove the main theorem.

Lemma 1.39. 0A = Band 0B = —X0A.
Proof. Since A(Q,R) = Ep_l = 1, we see that #A(Q, R) = 0 and so
9A(Q,R) = PA(Q,R) = b= Eyur = BO,R).

That is to say, the modular form 0A(Q, R) — B(QLR) Ees in pMZle (SLy(Z)) or,
equivalently, 0A — B € pZ,[X, Y]. Therefore, )A = B.

Similarly,
9B(Q,R) = (120 — P)P = —-Q = —QA(Q,R),

where the second inequality follows from theorem 1.33. Thus, the modular form
9B(Q, R) + QA(Q, R) lies in pM? 5(SLa(Z)) and s0 9B + XA € pZ,)[X, Y]. In
conclusion, 0B = —XA. O

Lemma 1.40. The polynomial A has no repeated factors in F,[X, Y] and is prime to B.

Proof. Recall that A is an isobaric polynomial of weight p — 1, where X and Y
have weights 4 and 6, respectively. Thus, the factors appearing in its decomposi-
tion must be of the form X°® — ¢Y2 with ¢ € F; ,XorY.

Suppose, for the sake of contradiction, that the polynomial A is exactly
divisible by (X® — ¢Y2)" for some ¢ € F, and some n > 1. Since A(Q,R) = 1
and Q° — R? € qFF,[q], we see that ¢ # 1. Then, 3(X® — cY?) = 12(c — 1)X?Y
is prime to X3 — cY2 and so (X® — cY?)"~! divides A = B exactly. In the same
way, we see that (X3 — cY?)"~2 divides 0B = —XA exactly, contradicting the
hypothesis.
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Analogously, if A is exactly divisible by X" (resp. Y") for some n > 1, we
deduce that —X A is exactly divisible by X"~ (resp. Y"~?) using that 9X = —4Y
is prime to X (resp. dY = —6X? is prime to Y), which is a contradiction.

We have seen that the factors of A have multiplicity # = 1 and that they
appear with multiplicity n — 1 = 0in dA = B (i.e., they do not divide B). O
Theorem 1.41. The algebra MP(SLy(Z)) of modular forms mod p is naturally iso-

morphic to Fp[X, Y]/ (A — 1) and has a natural grading with values in Z/(p — 1)Z.

Proof. We have a surjective ring homomorphism

F,[X, Y] = MP(SLy(Z))
$(X,Y) — ¢(Q,R)

and we have to prove that its kernel a is generated by A — 1. Since A(Q, R) = 1,
it is clear that (A — 1) C a and we only need to prove that the inclusion is in fact
an equality.

Observe that M (SLy(Z)) is a subring of IF,[¢] and, in particular, an integral
domain, which implies that a is a prime ideal. However, a is not maximal: if it
were, MP(SLy(Z)) would be finite by Hilbert’s nullstellensatz, but theorem 1.15
gives arbitrarily many IF,-linearly independent elements if we take large enough
weights. Now, since the ring IF,[X, Y] has dimension 2, it suffices to prove that
(g — 1) is a prime ideal or, equivalently, that A — 1is an irreducible polynomial.

Suppose, for the sake of contradiction, that A — 1 is not irreducible and let ¢ be
one of its irreducible factors. Consider a decomposition ¢ = ¢, +¢,_1+ - - - + ¢y,
where ¢y is an isobaric polynomial of weight k (X and Y have weights 4 and
6, respectively) and ¢, # 0. In particular, n < p — 1 because ¢ | A — 1. Take
a primitive (p — 1)-th root of unity ¢ in F,. Considering the weights, we see
that A(Z*X,7°Y) = A(X,Y) but ¢,,(3*X,2°Y) = {"¢pn(X,Y) # ¢n(X,Y). Thus,
¢(X,Y) and ¢(Z*X, {°Y) are two distinct factors of A(X,Y) — 1. Therefore, we
can write

AX,Y) = 1= (X, V)(E*X, IV )p(X,Y)

for some polynomial ¢ = ¢y, + ¢,—1 + - - - + ¥o. Looking at the terms of highest
weight in this equation, we find that

AX,Y) = gu(X,Y)Pu(T* X, CV)Pu (X, Y) = Tu(X, Y (X, Y)

and this contradicts lemma 1.40.
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Finally, since A has weight p — 1, the grading on M*(SL,(Z)) induces a
grading

WEL@) - @ | LsL@)),

w€Z/(p—1)Z “kea

Example 1.42. We list the first few cases.
(1) fp=5E, 1 = Qand A(X,Y) = X, so M*(SL,(Z)) = Fs[Y].
) Ifp=7,E,_1=Rand A(X,Y) =Y, so M"(SLy(Z)) = F7[X].
(3) Ifp=11,E, 1 = QRand A(X,Y) = XY, so M''(SLy(Z)) = Fy1 [X, X 1].

As we have seen, the weights of the modular forms induce a grading on

MP(SL,(Z)). Even more, we can use weights to define a filtration.

Definition 1.43. Leta € Z/(p — 1)Z and consider a non-zero element

feY M[(SLy(Z)).

kea

By multiplying each summand by suitable powers of A(Q, R), we can assume
that f € M,’f (SLy(Z)) for some k € «. We say that f is of exact filtration k if
fe M!(SLy(Z)) but f ¢ M!,(SLy(Z)) for any k' < k; in this case, we write
w(f) = k. We make the convention that w(0) = —co.

Proposition 1.44. Letk € Z and let f € ME(SLZ(Z)) such that f # 0. Consider the
unique polynomial ® € Z,\[X, Y] satisfying that (Q, R) = f.
1) w(f) < kif and only if A divides ®.

(2) w(0f) < w(f)+ p+ 1, with equality if and only if w(f) # 0 mod p.

Proof. (1) is immediate from theorem 1.41. For (2), assume that w(f) = k and, as

we saw in corollary 1.37, we can write

126f = A(Q,R)of +kB(Q R)f
and A(Q, R)3f + kB(Q,R)f € M}, ,,(SL2(Z)). Hence, w(6f) < k+p+1.In
addition, using (1) and that A and B are relatively prime (by lemma 1.40), we
find that A divides A0® + kB® if and only if k = 0in IF,,. Again by (1), we have

just proved that w(6f) = k + p + 1 if and only if k = 0 mod p. O

We finish with an interesting result which can be proved only with the tools

from section 1.1.



1.3. Modular forms modulo p

27

Proposition 1.45. Let k € INU {0 }. Two elements f; and fo of Ml (SLy(2)) are
equal if and only if the coefficients of q" in f1 and f are equal for every n < %

Proof. The condition is obviously necessary. Suppose that it holds. By the-
orem 1.15, we have a basis go, g1, - - ., g4 of M} (SLo(Z)) with d < £&. Moreover,
in the proof of the theorem, we saw that the first coefficients of their g—expansions
are a;(g;) = 0 fori < jand a;(g;) = 1. Thus, the coefficients expressing fl — fz
in terms of the basis go, g1, . . ., §4 can be computed solving a triangular linear
system of equations given by the coefficients of 4" for n < d, which are all 0.
Therefore, ]71 - fz =0. O






Chapter 2

Katz’s theory of modular forms

In this chapter we present Katz’s theory of modular forms. The approach of
Katz is much more geometric than the one taken in chapter 1 and allows us
to generalize the notion of modular forms to all kinds of base rings and work
algebraically. In fact, this geometric context is also useful to define p-adic
modular forms and other generalizations which we do not treat in this work.

Katz’s modular forms are rules which assign values to elliptic curves with
certain additional structures. One can then define g—expansions as the values
assigned to a particular elliptic curve defined over the ring of power series on g,
the Tate curve. As in the classical case, a modular form is uniquely determined
by its g—expansions (although the proof in this case is more difficult). On the
other hand, modular forms must satisfty some extra conditions which allow us
to interpret them as twisted functions on elliptic curves: more precisely, they cor-
respond to global sections of certain line bundles over elliptic curves. (A similar
interpretation for classical modular forms is already hinted at in section 1.2.) It
turns out that (in many cases) there is a universal elliptic curve from which all
the other elliptic curves can be obtained and then modular forms correspond to
global sections of some line bundle over the universal elliptic curve.

This chapter reproduces the main concepts explained in the first chapter of
Katz’s paper [8] and gives pointers to the proofs involving general elliptic curves
and moduli spaces in Katz and Mazur’s book [12], as explaining all that theory

would take us too much afar from our objective of studying modular forms.

2.1 Definitions

We have seen in section 1.2 that (classical) modular forms (of level 1) can be
interpreted as certain functions associating a complex number with each pair
(E, w), where E is an elliptic curve over C and w is a nowhere vanishing holo-
morphic differential on E. The key fact is that the space SL,(Z)\H parametrizes
isomorphism classes of elliptic curves over C. Katz vastly generalized this idea

to define modular forms over arbitrary base schemes. Moreover, the geometric

29
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viewpoint of Katz allows for further generalizations and constructions, some
of which are presented in his article [8]. Here we only reproduce some basic

definitions from section 1 of op. cit.

Definition 2.1. An elliptic curve over a scheme S is a proper smooth morphism
of schemes 7r: E — S whose geometric fibres are connected curves of genus 1

together with a section e: S — E. We write wg,5 = 71*(0}3/5).

Remarks.

(1) The geometric fibres of 7: E — S are elliptic curves over algebraically
closed fields in the usual sense.

(2) Asis the case with elliptic curves defined over algebraically closed fields,
the S—scheme E admits a unique structure of abelian group scheme for
which e is the identity section. See theorems 2.1.2 and 2.5.1 of Katz and
Mazur’s book [12] for the details.

(3) The invertible sheaf Q}s /s 1s tibrewise of degree 0 and Serre—Grothendieck
duality defines a canonical trace map Tr: R'7t, (Qf /) — Os which is an
isomorphism compatible with arbitrary base change. Therefore, wp /s is an
invertible sheaf whose formation is compatible with arbitrary base change
and is dual to R'7t,(€F). In particular, we can find a basis w for wg g
locally on S.

Fix N € IN. Later we define modular forms for the group

I(N) = { (C Z) € SLy(Z) : (”Cl Z) - ((1) ?) mod N}.

One can check that I'(N)\H parametrizes isomorphism classes of pairs (E, «),
where E is an elliptic curve over C and « = (a1, ) is a basis of the N—torsion
subgroup E[N] of E with the property that e, (a1, a2) = e2™/N for the Weil pair-
ing e,: E[N] x E[N] — un. Recall that E[N] is the kernel of the homomorphism
[N]: E — E given by multiplication by N and that (over any algebraically closed
field in which N is invertible) E[N] is a free (Z/NZ)-module of rank 2.

More generally, given an elliptic curve E over an arbitrary scheme S, we
can still consider the homomorphism [N]: E — E given by multiplication by
N and its kernel E[N]. In general, E[N] is a finite flat abelian group scheme of
order N2 over S. Moreover, E[N] is étale over S if and only if N is invertible in
HO(S, Us) or, equivalently, Sisa Z [%] —scheme. In that case, there exists a finite
étale covering S’ of S such that E¢/[N] is isomorphic to (Z/NZ)g X (Z/NZ)s
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over S’, where (Z/NZ)g is the constant cyclic group scheme of order N over
S’. (See theorem 2.3.1 of Katz and Mazur’s book [12] for a proof of these claims
about the structure of E[N].)

Definition 2.2. Let N € IN. A level I'(N)-structure on an elliptic curve E over
a scheme S is an isomorphism ay: E[N] — (Z/NZ)s xg (Z/NZ)s of group

schemes over S.

Definition 2.3. Let N € IN and k € Z. A modular form for I'(N) of weight k
is a rule f which assigns to each triple (E/R,w, ay), consisting of an elliptic
curve E over a ring R together with a basis w of H(Spec(R), w ) and a level
I'(N)-structure a; on E, an element f(E/R, w, an) € R satisfying the following
conditions:
(i) f(E/R,w,ay) depends only on the R-isomorphism class of the triple
(E/R,w,aN);
(i) f(Er/R',wr,anr) = §(f(E/R,w,an)) for every ring homomorphism
¢: R — R’ (i.e., f commutes with base change), and
(iii) f(E/R,Aw,an) = A*f(E/R,w,ay) for all A € R* (ie., f is homogen-
eous of degree —k in the second variable).

Remarks.

(1) Observe that condition (iii) implies that f(E/R, w, an)w®* is a global sec-
tion of g?}‘R independent of the choice of w. Thus, we can define a modular
form for I'(N) of weight k alternatively as a rule f which assigns to each
pair (E/S, ay), consisting of an elliptic curve E over a scheme S and a level
I'(N)-structure a on E, an element f(E/S, ay) € HO(S,Q?}‘S) satisfying
the following conditions:

(i) f(E/S,an) depends only on the S—isomorphism class of the pair
(E/S,an), and

(i) f(Es/S,g*(an)) = §°(f(E/S,an)) for every morphism g: S’ — S
of schemes (i.e., f commutes with base change).

(2) If N = 1, we omit the level structure because it is trivial.

(3) If M | N, every level I'(N)-structure induces a level I'(M)-structure in the
obvious way. Hence, we can view modular forms for I'(M) as modular
forms for T'(N).

(4) If we consider only base rings R (or base schemes S) defined over a fixed

ring Ry and only base changes by Rp—morphisms, we obtain the notion of a
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modular form for I'(N) of weight k defined over Ry; we define F(Ry; T(N), k)

to be the Ry—module of such modular forms.

The previous definition of modular forms is analogous to the classical one

except that we have not required any condition at co yet.

2.2 The Tate curve and g—expansions

In this section we introduce Tate’s curve via computations over the complex
numbers, following section A1.2 of Katz’s article [8]. This curve is then used to
define the g—expansions of a modular form.

Fix T € H and write g; = ¢?™7. As in the beginning of section 1.2, we have
an elliptic curve E; over C corresponding to C/A(t), where A(1) = ZT© Z,
defined by the affine equation

(27i)*
12

Er: 77 = 4%° — 60G4(T)¥ — 140G (1) = 4%° —

(see example 1.5). The discriminant of E; is

i) i)°
(B ) (G Em) = em s

and it has a nowhere vanishing holomorphic differential %’? corresponding to dz.
Using the g—expansions of E4 and Eg, we obtain an equation in C[[q.] for E-.
We regard g as a formal variable and consider the elliptic curve

4 00 N6 00
E: 7> = 43° — @mi) <1 +240 ) 03(n)q")97— (27ri) (1 —504 ) 05(n)q”)
12 = 216 =l

(see example 1.5) defined over C((¢)) with discriminant
(2m)2q [T (1—9")*
n=1

(see corollary 1.13). Observe that the discriminant is invertible in C((g)) but not
in C[q], even if the equation of E is defined over C[g].

On the other hand, there is an analytic isomorphism

C/A(T) — Cx/q%
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z s b= e?T2

(where gZ is the subgroup of C* generated by g;). We can express X = ©(z; A(T))
and ¥ = ¢'(z; A(7)) in terms of g, and t.

Proposition 2.4. We have the following identities:

| a1 e g

aap?ErO) = La T L g
qgrt(1+qzt) 1+q¥t>

¥ EAT GZZ I

Proof. See lemma 6.1 and theorem 6.2 of chapter I of Silverman’s book [19]. [

It is convenient to make a change of variables to remove the powers of 27i

and the denominators in the formulae above. More precisely, we set

f—x-i—l and ;AV—Z + x
Qriy2” ~ T 12 Qmip? =

and, substituting in the equation of the elliptic curve above and clearing common

factors, we obtain the equation
E;: yz +xy = X3+ ay(qc)x + ag(q+)

with

olae) = gt = -5(2 ) = L s

 1-3Ey(1)—2E¢(t) 5 E()—l 7 Ee(t) —1
%6(77) = 41728 : __ﬁ( 424:0 >_ﬁ< 6—504 )
_ i —5(73(71)12— 705(71)&7,;.

(See example 1.5 for the formulae for E4 and Eg.) Observe that the coefficients
of g%, n € N, in the previous equation are integers because d> = d° mod 12 for
every d € Z. The discriminant of E: is

—a6(qc) + a4(q7)* + 72a4(qc)a6(9<) — 64a4(qc)> — 432a6(9)> = - - - = A(7)

and it has a nowhere vanishing holomorphic differential w = Moreover,

dx
2y+x-
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we can write in terms of g, and ¢

2 nez n=1 T
1 1 (q7t)? o qr
- - ix= + :
Y 2(27‘(1)3y 2 neZZ (1—q72t)? ,1;1 (1—q2)?
w = dx :(Zni)dfx:2nidz:ﬂ.
2y +x y t

Regarding g as a formal variable, we obtain the Tate curve.

Definition 2.5. The Tate curve is the elliptic curve over Z((¢q)) given by the affine

equation
Tate(q): y* = ° + a4(q)x + a6(q),

where

> d —50’3 n)— 70’5 n

wg) = Y, —Bos(m)g” and aglq) = Y, 22T g

n=1 n=1

together with its canonical differential
o dx
can — Zy + % .

Remark. The equation defining Tate(q) has coefficients in Z[q]. However, the

discriminant of Tate(q) is

(ee]

Alg)=q] ] —qg"*,

n=1

which is invertible in Z((g)) but not in Z[g]. In addition, its j—invariant is
, 1 1
j(q) =+ 744+ 196884 + - € - Z[q].

We use the Tate curve to define the g—expansions of modular forms, following
Katz. But first let us briefly explain the relation between the Tate curve and the
g—expansion of a modular form in the sense of section 1.1.

Let R be the subring of C((g)) consisting of Laurent series of functions which
are holomorphicon {g € C : 0 < |g| < 1}. The equation defining Tate(q)
defines also an elliptic curve over R, which abusing notation we call again



2.2. The Tate curve and g-expansions

35

Tate(q). Take f € My (SLy(Z)). The g—expansion of f is an element f € R which,
in Katz’s definition of modular forms, corresponds to f(Tate(q), Wean). Moreover,

the morphism of C-algebras g — g = ¢?™7 : R — C yields a cartesian diagram

Er —— Tate(q)

! !

Spec(C) —— Spec(R)

and in this situation the condition that f commutes with base change is just that
f(tr) = f(Er,w) = j?(qf) (cf. definition 1.16), which is the equation defining
the g—expansion in the classical case. On the other hand, the natural inclusion

R — C((g)) yields another cartesian square

Tate(q) ©z((q) C((q)) —— Tate(q)

Spec(C((q))) —— Spec(R)

which allows us to view f as a formal series in C((g)).
Let N € IN. We have to take into consideration some level I'(N)-structures.
Consider a primitive N-th root of unity . We observe that, via the isomorphism
+ & C* /g%, the subgroup E;[N] corresponds to {gé\,q]%/N :0<i,j<N-1}.
Replacing t with { é\,qu/ N in the previous formulae for x and y, we see that this
point has coordinates in Z[q2/N] ®z Z[Zx]. On the other hand, Tate(g)[N] is
étale over the base ring if N is invertible in it, in which case we can think of the
group scheme Tate(q)[N] (of order N?) in terms of its points. All in all, the level
I'(N)-structures on Tate(q) are defined over Z((¢'/N)) ®z Z[Cn, %]. (Abusing

notation, we write Tate(q) for any base change of the Tate curve.)

Definition 2.6. Let N € IN and k € Z. Let f be a modular form for I'(N)
of weight k defined over a ring Ry which contains N~! and a primitive N-th
root of unity {n. For each level I'(N)-structure ay on the curve Tate(q) over
Z((g"/N)) @z R, the g—expansion of f at ayy is the Laurent series

fan(q) = f(Tate(q)/(Z(q"N)) @z Ro), wean, an) € Z((4"'N)) @z Ro.

Definition 2.7. Let N € N and k € Z. Consider aring R in which N is not nilpo-
tent and let {y be a primitive N-th root of unity. We say that f € F(Ry;T'(N), k) is
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holomorphic at oo (resp. is a cusp form) if its image in F(Ro [N, %] ;T(N), k) has all
its g-expansions in Z[¢'/N] ®z Ro[{n, 5] (tesp. in g/ NZ[q'/N] @7z Ro[IN, 5 ])-
We write M(Ro;T(N), k) (resp. S(Ro; T (N), k)) for the Rp—module of modular
forms for I'(N) of weight k defined over Ry which are holomorphic at co (resp.
cusp forms for I'(N) of weight k defined over Ry).

2.3 The modular curves

In the previous section, we have encountered an elliptic curve parametrizing
all the elliptic curves over C. We want to generalize this in order to redefine
modular forms in a more geometric way. To do this, one needs to solve some
moduli problems.

In this section we briefly introduce these moduli problems and state the main
representability results without proof. The properties we use later are stated
in sections 1.4 and 1.5 of Katz’s article [8]. The general theory in a much more

comprehensive way (and the proofs) can be found in Katz and Mazur’s book
[12].

Definition 2.8. Let R be a ring. We define Ell /Ry to be the category
(i) whose objects are elliptic curves E/S, where S is an Rgp-scheme, and
(ii) whose morphisms from E’/S’ to E/S are cartesian squares

E Y, E

-
I
i
§——S§
of Ry—morphisms (i.e., the induced morphism (¢, 7'): E' — E x5S is an

isomorphism).

Definition 2.9. Let Ry be a ring. A moduli problem for elliptic curves over Ry is
a functor P: (Ell /Ry)°P? — Set. Given E/S € Ob(Ell /Ry), the elements of
P(E/S) are called level P—structures.

We say that P is representable if there exists E/9(P) € Ob(El /Ry) such
that P = Homgy /g, (-, E/9M(P)). We say that P is relatively representable if,
for every E/S € Ob(Ell /Ry), the functor Pg,s: (Sch /S)°P — Set given by
Pe,s(T) = P(Er/T), where Er = E X T, is represented by an S—scheme Pg/s.
(We use the same notation for the scheme and the functor it represents.)
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Lemma 2.10. Let Ry be a ring and let P: (Ell /Ro)°P — Set be a moduli problem.
If P is represented by IE/9M(P), then the Ro—scheme I(P) represents the functor
P: (Sch /Rg)°P — Set given by

P(S) ={[(E/S,a)] : E/S € Ob(Ell /Ry) and « € P(E/S)},

where [(E/ S, w)] is the S—isomorphism class of the pair (E/S, ).
Proof. Given an Rp-morphism f: S — 9t(P), we can form the fibre product

E=E xXgp) S —— E

I«

s—>9;n(7>

and we obtain E/S € Ob(EIl /Rp) defined up to S—isomorphism. Moreover,
(¢, f) € Homgy g, (E/S,E/IM(P)) yields a € P(E/S), by hypothesis. O

Remark. In particular, setting S = M(P) and f = idgp(p) in the previous proof,
we obtain a universal pair (IE/9M(P), duniv)-

Throughout the rest of this section, let N € IN. Let R be a ring in which
N is not nilpotent. Our objective is to study the representability of the moduli
problem I'(N)g,: (Ell /Rg)°P — Set given by

I'(N)g,(E/S) = { an level T(N)-structure on E/S }

(here, we refer to level I'(N)-structures in the sense of definition 2.2). We write
I['(N)=T(N)z.

Theorem 2.11 (relative representability). Let E/S be an elliptic curve. The functor
I'(N)g s is represented by a finite S—scheme. If, in addition, S isa Z [%}—scheme, then
I'(N)g /s is represented by a finite étale S—scheme.

Proof. See proposition 1.6.5 and theorems 3.6.0 and 3.7.1 of Katz and Mazur’s
book [12]. O

Definition 2.12. Let Ry be a ring and let P be a property of morphisms of
schemes. We say that a moduli problem P: (Ell /R()°P — Set has property P if it
is relatively representable and, for every E/S € Ob(Ell /Ry), the morphism of
schemes Pr,s — S has property P.



38

KATZ’S THEORY OF MODULAR FORMS

Corollary 2.13. The moduli problem I'(N)z(1 /Ny is finite and étale.

Definition 2.14. Let Ry be a ring. A moduli problem P: (Ell /Ry)°P — Set is
called rigid if, for every E/S € Ob(Ell /Ry) and every a« € P(E/S), the pair
(E/S, a) has no non-trivial automorphisms (i.e., the group Aut(E/S) acts freely
on P(E/S)).

Theorem 2.15 (rigidity). Let S be a connected scheme and let E/S € Ob(Ell /Z).
Let ¢: E — E be an automorphism of E over S. If N > 3 and ¢ restricts to the identity
on E[N], then ¢ = idE.

Proof. See corollary 2.7.2 of Katz and Mazur’s book [12]. ]

Theorem 2.16. Let Ry be a ring and let P: (Ell /R()°P — Set be a moduli problem
which is relatively representable and affine. The moduli problem P is representable if and
only if it is rigid. In that case, the Ro—scheme 9% (P) representing P (see lemma 2.10) is

affine.
Proof. See theorem 4.7.0 of Katz and Mazur’s book [12]. ]

Theorem 2.17. Let Ry be a ring and let P: (Ell /Ry)°P — Set be a moduli problem.
If P is relatively representable, rigid, affine and étale, then it is representable by some
E/M(P) € Ob(Ell /Ro) and M(P) is a smooth affine curve over Ry.

Proof. See corollary 4.7.1 of Katz and Mazur’s book [12]. O

Corollary 2.18. If N > 3, the moduli problem I'(N )z /n is representable by some
E/9M(T(N)) € Ob(Ell /Z[]) and M(T(N)) is a smooth affine curve over Z [ ].
Furthermore, over a Z [%} —algebra Ry, the moduli problem I'(N) g, is representable by
ER,/9M(T(N))g,, where -g, is obtained from - by the base change Z[%] — Ry.

Definition 2.19. For N > 3, consider the universal pair (IE/9(T'(N)), &univ) for
the moduli problem I'(N) 1,5 (see the remark after lemma 2.10). We write
Y(N) for the smooth affine curve 9M(I'(N)) over Z 4] and call it the modular
curve (without cusps) for I'(N). We call E/Y(N) the universal elliptic curve for
['(N) and ayniy its universal level T'(N)—structure.

Suppose for the rest of this section that N > 3. Since modular forms com-
mute with base change and every elliptic curve with a level I'(N)-structure
can be obtained as a pull-back of the universal elliptic curve, we see that every
f € F(Z[%];T(N),k) for some k € Z is uniquely determined by its value
f(E/Y(N),auniv) € H(Y(N), ggl/‘y( N)). Thus we obtain an alternative defini-
tion of modular forms which can be generalized in the following way.
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Definition 2.20. Let Kbea Z[]-moduleand letk € Z. A modular form for T(N)
of weight k with coefficients in K is an element of H(Y(N), ggljy( N) z1/N] K)
(cf. definition 2.3). We also write F(K;T(N), k) = HO(Y(N),Q%]/‘YW) ®z(1/N] K)
and

F(K;T(N)) = € F(K;T(N), k).
kKez
Remark. Let f € F(K;T'(N), k). Consider an elliptic curve E/S with a level

I'(N)-structure ay. There is a cartesian diagram

Er—>IE
[
S —— Y(N)

such that (E/S,ay) = ¢*(E/Y(N), ayniv) and g is unique with this property.
We define f(E/S,an) = ¢*(f) € HO(S,Q?}‘S ®z(1/n) K)- This agrees with
definition 2.3 when K is a ring. In particular, we can define the g—expansions of f
in the same way as in definition 2.6.

In definition 2.20, we use exactly the same notation as in definition 2.3 because
the two notions of modular form agree when both make sense (i.e., when N > 3
and K is a ring). In this case, we can use the two definitions interchangeably and
this sometimes gives us greater insight. For this reason, we would like to find a
similar alternative definition for modular forms which are holomorphic at co. To
this aim, we need to extend the sheaf wg /vy ().

There is a morphism of Z [ ]-schemes j: Y(N) — Alz[l /N
as follows. Consider a Z [4;|-algebra R and take P € Y(N)(R). By lemma 2.10,
P corresponds to some isomorphism class [(E/R, ay)], where E/R is an elliptic

defined on points

curve and ay is a level I'( N)-structure. Then, j(P) € A?ZD /N] (R) is given by the
j-invariant of E/R (i.e., the morphism of Z[£]-algebras Z[%][j] — R which

maps j to the j-invariant of E/ R, where j denotes the variable defining ‘Alz[l / N]).

The morphism j is finite and flat.

Moreover, the affine j-line Alz[ can be canonically embedded in the

1/N]
projective j-line IPlZ[l /N] = Proj (Z[4]1j]). After composition, we obtain a
morphism Y(N) — P%[l/N].

Definition 2.21. The modular curve (with cusps) X(N) over Z [%] is the normal-

ization of ll"lz[ in Y(N).

1/N]
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We obtain a commutative diagram

Y(N) ——— X(N) +—— C(N)

l b |

AlZ[l/N] - ]P.lzu/N] A /Alzu/N]
Spec(Z[y])

where the affine line A,lz[l sy in the last column is Spec (Z[%][7Y) and C(N) is
the closed subscheme X(N) \ Y(N) of X(N).

Definition 2.22. The Z[]-scheme C(N) = X(N) \ Y(N) is called the scheme
of cusps.

Theorem 2.23. The modular scheme X (N) is a proper smooth curve over Z [ 3] and its
closed subscheme C(N) is finite étale over Z. [%] . Moreover, locally in a neighbourhood
of the cusps, the invertible sheaf Q%{( N)/Z[1/N] (log.(C (N))) of differential 1-forms with

at worst simple poles along the cusps has a basis [?T.
Proof. See theorem 8.6.8 and corollary 10.9.2 of Katz and Mazur’s book [12]. [

The modular curve X(N) can be defined in an alternative way. There is a
notion of generalized elliptic curves and one can define a moduli problem for
generalized elliptic curves analogous to I'(N). It turns out that such a moduli
problem is representable over Z [%} by a universal generalized elliptic curve
over a base scheme which coincides with X(N). This is the approach taken
in Deligne and Rapoport’s article [5], even though that article makes use of
algebraic spaces, stacks and other mathematical tools the author of this work is
not familiar with.

Let Ry bea Z [%J —algebra. Let S be an Rp—scheme and consider an elliptic
curve E/S with a level T'(N)-structure ay. Observe that the Z/NZ-module
Z/NZ x Z/NZ has a canonical basis ((1,0), (0,1)) and so the isomorphism
an: E[N] — (Z/NZ)s x5 (Z/NZ)s induces locally on S a canonical basis
(P, Q) of E[N]. Moreover, we have the Weil pairing

eN: E[N] Xg E[N] — UN,S
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(see section 2.8 of Katz and Mazur’s book [12]) and en (P, Q) is a primitive N—th

root of unity (see theorem 5.6.3 of op. cit.) which we call the determinant of ay;.

This definition can also be extended to generalized elliptic curves.

Now assume that Ry contains a primitive N-th root of unity {y (e.g., if
Ro = Z[3,{n]). We have a moduli problem I'(N)g, ¢, : (Ell /Rg)°P — Set
given by

T'(N)Ryzn(E/S) = { an level T(N)-structure of determinant { on E/S }

(see paragraph 9.4.3.1 of Katz and Mazur’s book [12]). This moduli problem
is representable by Eg, 7, /Y(N)g,,¢y, Where Y(N)g, 7, is a closed subscheme
of Y(N)g, (the locus of points corresponding to the level I'(N)-structures of
determinant () and Eg ¢, is the pull-back of Eg, by the closed immersion
Y(N)gy,cy < Y(N)R, (see proposition 9.1.7 of op. cit.). In particular, we write
Y(N)zy = Y(N)zj/Negloy @a0d Egy = Ezp/nzy0y- Analogously, one can
define a closed subscheme X(N),, of X(N)z(1/n,,] using generalized elliptic

curves.

Theorem 2.24. The curve Y (N)¢,, (resp. X(N)¢, ) is an affine (resp. proper) smooth
geometrically connected curve over Z[+;, {n|.

Proof. See corollary 10.9.2 of Katz and Mazur’s book [12]. O

From now on, set Ry = Z[4, {n]. Theorem 2.24 implies that Y (N)g, (resp.

X(N)g,) is a disjoint union of ¢(N) = |(Z/NZ)*| geometrically connected
components, one for each primitive N-th root of unity. Thus, over Ry, the
scheme of cusps C(N)g, becomes a disjoint union of points: it is a divisor on
a curve given by the equation j~! = 0. Write (j]\\l) for the formal completion
of X(N) along the cusps (i.e., along the divisor defining the cusps). We have a
cartesian diagram

o — -~

C(N)g, — X(N)g, +—— Y(N)g, ¢—— C(N)g, ;1
Spec(Ro[j']) < Proj(Ro[j]) += Spec(Rolj]) += Spec(Ro((j 1))

where C/(Z\\l) Ry,j-1 18 the open subscheme of C/(I\\T) R, Where j~lis invertible (as
the morphism Spec(Ro((j~1))) — Proj(Ro[j]) factors through Spec(Ro[j1]))-
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o~ o~

Lemma 2.25. The scheme C(N)p is the normalization of Ro i~ in C(N)gy,j1-
Proof. See lemma 8.11.2 of Katz and Mazur’s book [12]. ]

There is a unique Ro—-algebra isomorhism Rg[[j '] — Ro[g] which is continu-
ous for the adic topologies and which maps j~! to the inverse of the j-invariant
of the Tate curve (see the remark after definition 2.5). That is,

il q(1—744g+ ).

This extends to an isomorphism Ro((j~!)) — Ro((¢)). Via these isomorphisms,

we can view C(N)g as a scheme over Rg[g] and C(N) Ro,j-1 @s a scheme over

Ro((g)). Using this, one can prove the following result.

Theorem 2.26. There is a canonical bijection between the cusps over Ry (i.e., the points
of C(N)R,) and the isomorphism classes of level I'(N)—structures on Tate(q) over
Z((q"N)) ®z Rq.

Proof. In fact, there is a much more precise way to describe the cusps in terms of
the Tate curve; see proposition 8.11.7 of Katz and Mazur’s book [12]. O

This suggests that the g—expansions of modular forms should be somehow

related to the cusps.

Theorem 2.27. There is an invertible sheaf of modules w on X (N) whose restriction
to Y(N) is wy/y(ny and whose sections over the formal completion Ro([q] at each cusp
(after base change to Ro) correspond to the Ro[[q"/N]~multiples of wean on Tate(q) (via
the correspondence between cusps and the Tate curve implied in theorem 2.26).

Proof. See section 10.13 (especially proposition 10.13.4) of Katz and Mazur’s
book [12]. H

Alternatively, w can be constructed in the same way as wg,y(y) but using
generalized elliptic curves. In that case, one can prove that the cusps correspond
to Tate(q) over Z[q'/N] (recall that the Tate curve is not an elliptic curve if g is
not invertible, but in this case it is at least a generalized elliptic curve).

Let f € HO(Y(N),Q%’;HN) ®z(1/N] Ro) = F(Ro; T (N), k) for some k € Z. Via
the correspondence between cusps and I'(N)-level structures on Tate(q) over
Z((g"N)) ®z Rg, we see that the g—expansions of f are holomorphic (i.e., contain
no negative powers of g) if and only if f extends to H(X(N), w®* ®z(1/N] Ro)-
This leads us to the following generalization of the definition of modular forms

holomorphic at co.
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Definition 2.28. Let K be a Z [ ]-module and let k € Z. A modular form for
I'(N) of weight k with coefficients in K and holomorphic at o is an element of
HY(X(N), @ @71 /51 K) (cf. definition 2.20 and definition 2.7). We also write
M(K;T(N), k) = HU(X(N), 0™ @y K) and

M(K;T(N)) = @5 M(K;T(N);K').
Kez

Remark. Let f € M(K;T'(N),k). At each cusp, f has a g—expansion given by
f(Tate(q)/ (Z(q*N)) ®z Z[%,IN]), wean, an ), for some level I'(N)-structure
ay associated with the cusp, which lies in Z[¢"/N] ©z Z [, In] ®zp /5 K (by
theorems 2.26 and 2.27).

24 The g—-expansion principle

In this section we prove a very important result called the g—expansion prin-
ciple, which asserts that every modular form is uniquely determined by its

g—expansions. The proof of this result is section 1.6 of Katz's article [8].

Theorem 2.29. Let N,k € Z with N > 3. Let (N denote a primitive N—th root
of unity and let K be a Z [ |-module. Consider f € M(K;T(N),k). If each con-
nected component of X(N)z1/n,¢) has at least one cusp at which the corresponding
g—expansion of f vanishes identically, then f = 0.

Proof. Observe that w is a locally free O (y)-module and that X(N) is flat over
Z[%]. Thus, for every short exact sequence

0—-F —F—>F'—0
of Z [%J —-modules, we obtain a short exact sequence
0= W @z /N F = @™ @z1,8 F = @™ @zp1,5 F' = 0
of Ox(nyy—modules and, after taking sheaf cohomology, an exact sequence
0 — M(F;T(N),k) — M(F;T(N);k) — M(F",T(N),k).

We can regard K as a Z [ ]-submodule of the dual ring D(K) = Z[1] & K,
where the multiplication is given by (a, x)(b,y) = (ab, ay + bx), and we get an
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inclusion M(K;T'(N), k) — M(D(K);T(N), k). Hence, it suffices to prove the
theorem when K is a ring over Z [%} . Next, we can express K as the inductive
limit of its finitely generated Z[4;|-subalgebras, which are noetherian. But
the formation of the cohomology of quasi-coherent sheaves of modules on a
noetherian scheme commutes with inductive limits, so we can assume that K is
a noetherian ring.

If p is a prime ideal in K, the canonical morphism K — K, is flat and, by
flat base change on cohomology, M (K; T (N), k) = M(K;T(N), k) ®k Ky. In fact,
by studying the localizations of K at all its prime ideals, it suffices to prove the
theorem when K is a noetherian local ring. In this case, the completion of K with
respect to its maximal ideal m gives a faithfully flat morphism K — Ky, and so we
can replace K with Ky,. That is, we assume that (K, m) is a complete noetherian
local ring. In particular, K = @(K /m"), where we take the projective limit
of the artinian local rings K/m" for n € IN with the canonical projections. By
the theorem on formal functions, it suffices to prove the theorem when K is an
artinian local ring over Z [ ].

We regard f as a global section of the sheaf on X (N )y obtained from w®* by
base change. The hypothesis of the theorem is that the germs of the section f
at one cusp in each geometrically connected component of X(N)kgz[1/n,¢,] are
0. This means that we can find open neighbourhoods of these cusps on which
f vanishes. But the union of such open neighbourhoods gives an open subset
U of X(N)g which meets all the irreducible components (because a smooth
geometrically connected curve is geometrically integral). In particular, U is
dense in X(N)k.

Suppose, for the sake of contradiction, that f # 0. Then, the support of f is a
non-empty closed subset Z of X(N)x with Z N U = @. In particular, Z contains
no irreducible components (hence no maximal points) of X(N)g. Let z be a
maximal point of Z and consider the local ring A = Ox (), . with its maximal

ideal m = m,. There is a canonical morphism
Spec(A) = Spec(Ox(n),z) — X(N)xk

which is a homeomorphism of Spec(A) onto the set of points of X(N)g which
are generalizations of z. We deduce that { m } C Spec(A) because some maximal
point of X(N)x must be a generalization of z distinct from z. On the other hand,
the sheaf w® is an invertible Oxny—module, so the stalk of its base change to

K at z is (non-canonically) isomorphic to A. Fix one such isomorphism and
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let 2 denote the image of f, in A. Since z is a maximal point of the support of
f, the support of a must be { m }. This means that a # 0 in A but, for every
p € Spec(A) \ { m }, the image of a in the localization A, is 0. Now take b € m.
Observe that Spec(Ay) is a proper open subset of Spec(A) and so the image of
a in Ay must be 0. That is to say, b"a = 0 for some n € IN and, in particular, b
is a zero divisor. But this holds for all the elements of m, which implies that A
has depth 0. Moreover, X(N)g is smooth over an artinian local ring K and so
it is Cohen-Macaulay. Therefore, A has dimension 0 (equal to the depth), thus
contradicting the fact that { m } C Spec(A). O

Corollary 2.30 (the g—expansion principle). Let N,k € Z with N > 3. Let (N
denote a primitive N—th root of unity and let K be a Z [%] —module with a submodule
L. Consider f € M(K;T(N), k). If each connected component of X(N)z(1/N,¢, has at
least one cusp at which all the coefficients of the corresponding g—expansion of f lie in
L ®z1/N] Z[35,Cn], then f € M(L;T(N), k).

Proof. Since w is a locally free O (n)—module and X(N) is flat over Z [%] , we

obtain a short exact sequence
0= w™ ®zp/n L = @ @zp/n K = @ @gzp1/8 K/L — 0
of Ox(ny—modules. Taking sheaf cohomology yields an exact sequence
0— M(L,T(N), k) - M(K;T'(N),k) — M(K/L,T(N),k).

The image of f in M(K/L;T(N), k) satisfies the hypothesis of theorem 2.29 and
so0 is 0. Therefore, f lies in the image of M(L;T'(N), k) — M(K;T(N), k). O

Corollary 2.31. Theorem 2.29 and corollary 2.30 hold also for modular forms which
are not holomorphic at co (that is, replacing M(K;T(N), k) with F(K;T'(N), k) and
M(L;T(N), k) with F(L,T'(N), k)).

Proof. Consider the modular discriminant A € M(K;T'(N),12). Observe that
A is defined first as a cusp form over C, but its g—expansion has integer coeffi-
cients (see example 1.5) and so we can regard it as a cusp form over Z [%} by
corollary 2.30 and then consider its image in M(K;T'(N), 12) by base change.
Moreover, A is invertible in F(K;T'(N)) because the discriminant of an elliptic

curve must be invertible.
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Let f € F(K;I'(N), k) and choose r > 0 such that fA" is holomorphic at
co. The g—expansion of f at a cusp is 0 if and only if the g—expansion of fA" at
the same cusp is also 0. Thus, if each connected component of X(N)z1/n ¢,
has one cusp at which the corresponding g—expansion of f is 0, we can apply
theorem 2.29 to deduce that fA” = 0 and so that f = 0.

Now the proof of corollary 2.30 works exactly in the same way if we replace



Chapter 3

Some geometric tools

This chapter presents some geometric tools which we use in the next chapter.
To begin with, we describe the absolute and relative Frobenius morphisms for
schemes in positive characteristic and, focusing on elliptic curves, the duality
between the Frobenius and the Verschiebung morphisms. Next, we recall the
definition of (algebraic) de Rham cohomology and a couple of important fil-
trations on it, again focusing on the case of elliptic curves. Then, we recall
the constructions of the Gauss—-Manin connection and of the Kodaira-Spencer
isomorphism. Finally, we exhibit some computations on the Tate curve using
complex analytic tools.

The concepts introduced in this chapter can be defined in quite general
situations, but we only use them for elliptic curves and so we simplify some
things. Furthermore, we use some deep theorems which we only state without
proof (but giving appropriate references to the proofs).

The first three sections of this chapter explain most of the concepts sum-
marized in Kedlaya’s notes [14] but with more detailed explanations in some
parts. More precise references are given later. The computations at the end are

essentially an extended version of sections A1.3 and A1l.4 of Katz’s article [8].

3.1 The Frobenius morphisms

Throughout this section, let p be a prime number and let S be an [F,—scheme.
That is, for every open subset U of S and every sectiona € I'(U, 0s), pa = 0. In
what follows, we define the Frobenius morphisms following section 12.1 of Katz
and Mazur’s book [12].

Definition 3.1. The absolute Frobenius endomorphism of S is the morphism of
schemes (over IFy) Frobs: S — S which is the identity on the underlying topolo-
gical spaces and such that Frobﬁs : Os — Us is given, for every open subset U of
S, by the map a — af on T'(U, Os).

47
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Remark. The map

Frob%: T(U, 65) — T(U, Os)

ar— af

is a morphism of rings because pI'(U, Os) = 0.

If S is affine, say S = Spec(R) for some IF—algebra R, then Frobg corresponds
to the morphism of rings

av—s af

(which is also called the Frobenius endomorphism of R).
Now consider a morphism of IF,—schemes 77: X — S. It is clear that the
diagram

Frob
_X> X

in

is commutative. Observe, however, that Froby is not an S—-morphism in general.

>

=l
n <——

Frobg
—

Thus, if we want to regard X as an S—scheme, we need to give a different
definition of the Frobenius morphism. Let 77(?): X(P) — S be the pull-back of
m: X — Sunder Frobs: S — S. There is a unique S—-morphism Fx,5: X — X(P)
which makes the diagram

commutative.

Definition 3.2. The S—morphism Fx,g: X — X(P) constructed above is called
the relative Frobenius morphism of X over S. (When there is no possible confusion,
we write F = Fx/s.)
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The construction of the Frobenius morphisms can be iterated. That is to say,
for each n € IN, we can consider Frob¢ = Frobg o SO Frobg: S — S and also
F' = Fyn1y,50 0 Fxiy g0 Fxys: X = X (") (where X(P") is obtained from
X by pull-back under Frobg). These iterated Frobenius morphisms have mostly
the same properties as Frobs and Fx,s and are useful if one works over IF,» for
n € N.

Let us describe the situation locally. Suppose that S = Spec(R) and that
X = Spec(B). The morphism 7: X — S endows B with the structure of an
R-algebra, by means of which we can identify B with R[X; :i € I]/(f;:j € ]),
where X; for i € [ is a family of indeterminates and f; for j € | is a family of
polynomials in these indeterminates. For every polynomial f € R[X; : i € I],
which is of the form

f= Y aXx’,

veN()

we write

f(P) — Z al XV

veN()

(i.e., f() is the polynomial obtained from f by raising its coefficients, but not
the variables, to the p—th power). By construction, X(?) = Spec(B(P)), where
B(P) = B ®pg R. Here, we regard R as an R-algebra by means of Frobg (not the
identity). Thatis, 2, X" ®1 = X" ® al in B(P). Therefore, we can identify B(P)
with R[X; : i € I]/(f].(p) :j €])and U)ﬁ{/si B — B is induced by f - f(¥).
Since Fr0b§(: B — Bis given by f — f?, we conclude that F?: BP) — Bis
induced by the morphism of R-algebras R[X; : i € I] — R[X; : i € I] defined
by X; +— X!'. Using the local description of the Frobenius morphisms, one can
easily see that Fx,5 0 0x,s = Froby,). On the other hand, by definition, we have
that ox /s o Fx/s = Froby.

We give an alternative interpretation of the ring B(P) following section V.2 of
the preliminary version of van der Geer and Moonen’s book [7]. This alternative
interpretation is useful later when we define a dual of F.

Define T?(B) = B ®g ¥} @ B and consider the subalgebra S”(B) of T?(B)
consisting of the symmetric tensors (i.e., those which are invariant under the
action of the symmetric group &, by permutations). Let S: TP(B) — SP(B) be
the morphism of R—-modules given by

Sy @ ®@bp) = Y by) @~ @by(p) -

ceS,
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Observe that, for every s € S(B) and every t € TP(B), S(st) = sS(t). Therefore,
J = S(T?(B)) is an ideal of S”(B). We obtain a well-defined map

¢B/R: B(P) — SP(B)/]
boa—alb® ). @b) mod J

which, in fact, is a morphism of R-algebras (recall that, in B(P) = B®g R, we
view R as an R-module through the Frobenius endomorphism).

Lemma 3.3. If B is flat over R, then ¢p,r: B\P) — SP(B)/] is an isomorphism of

rings.

Proof. Since ¢p /R is a ring homomorphism, it suffices to prove that it is bijective.
In fact, we prove that it is an isomorphism of R-modules.

First, suppose that B is a free R-module with a basis (¢;);c;. The tensors
e, ®...®e;, for (i1, ..., ip) € IP form a basis of T?(B). For each (i1, ..., ip) € I?,
take its stabilizer H C &, and define

Sil,...,ip = Z ei0<1) K- & eitr(p) .
TEH\G,

The symmetric tensors obtained in this way span S”(B). Now observe that
S(e;®---®e;) =p!s; ;=0foreveryi € Iand S(e;, @ - -- ®e,~p) = us;
some u € R* if (iy,...,ip) # (i1,...,i1). Therefore, the tensors ¢; ® - - - ® ¢; for

for

i € I form abasis of SP(B)/] and it is clear from this that ¢g /g is an isomorphism
in this case.

In the general case, B is a filtered direct limit of free modules (of finite rank)
by Lazard’s theorem. But the functor hgi is exact and commutes with tensor

products, so the result follows from the previous case. O

We now focus on the case of an elliptic curve E over S. Let us recall some
basic definitions and results on elliptic curves which can be found in Katz and
Mazur’s book [12].

Definition 3.4. Let E and E’ be two elliptic curves over a scheme S. A ho-
momorphism f: E — E’ of group schemes over S is called an isogeny if it is
surjective, finite and locally free. In this case, Ker( f) is a finite locally free group
scheme over S of locally constant rank and, if this rank is constant equal to d, we
say that f has degree d.
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Definition 3.5. Let f: E — E’ be an isogeny of degree d between two elliptic
curves E and E’ over a scheme S. We say that an isogeny f': E' — E of degree
d is dual to f if f' o f = [d] (here, [d]: E — E is the homomorphism given by
multiplication by d).

Remark. If f'o f = [d], then fo f'of = fol[d] = [d]ofandso fo f = [d].
Indeed, since f is an isogeny, it is faithfully flat and, in particular, an epimorphism
of schemes.

Theorem 3.6. Let f: E — E’ be an isogeny of degree d between two elliptic curves E
and E' over a scheme S. There exists an isogeny f': E' — E which is dual to f.

Proof. See theorem 2.6.1 of Katz and Mazur’s book [12]. O

Lemma 3.7. Let S be an IFy—scheme and let E be an elliptic curve over S. The relative

Frobenius morphism F: E — EP) is an isogeny of degree p.

Proof. Using that elliptic curves have dimension 1 over the base, it is clear from
its local expression that F is surjective, finite and locally free of rank p. O

Definition 3.8. Let E be an elliptic curve over an [Fy—scheme S. Consider the
relative Frobenius morphism Fg,s: E — E(®). Its dual isogeny Vg s: E (") - E
is called the Verschiebung morphism of E over S. (When there is no possible

confusion, we write V = Vg/g.)

In fact, the construction of the Verschiebung morphism works more generally.
Next, we give an alternative more direct construction following section V.2 of
the preliminary version of van der Geer and Moonen'’s book [7].

From now on, suppose that X is a commutative group scheme which is
flat over S (e.g., if X/S is an elliptic curve). Write m: X xg X — X for the
morphism corresponding to the group law and A: X — X x g X for the diagonal
morphism. Write also m?: X xg (P) x5 X — X for the p—fold group law and
AP: X — X x5 P) x5 X for the p—fold diagonal. We work locally: consider affine
open subsets U = Spec(B) of X and W = Spec(R) of S such that 7(U) C W. We
have seen that U(P) = Spec(B(?)) can be identified with Spec(S”(B)/]) through
¢g,r- Then, the ring homomorphism F#: B(P) — B factors through ¢3z; that
is to say, we can express F! = Ffo gp,g with F?: S”(B)/] — B defined by
F{(by® - ®by mod J) = by...b,. Since the group scheme is commutative,
the morphism (m?)*: B — T?(B) factors through S?(B); let ()¢ : B — SP(B)
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be the induced morphism. Now, we define V#: B — B() to be the unique

morphism which makes the diagram

(mP)F

N

B ", sn(B) — TP(B

)
Vi l l(Ap)ﬁ
B % sp(gy; —F B

ot
commutative. This construction can be performed on affine open coverings of X
and S and, after gluing together the resulting morphisms, we obtain a morphism
V="Vx;s: X (P) — X of S—schemes. The next result shows that this morphism
must coincide with the Verschiebung morphism as defined in definition 3.8 when

X is an elliptic curve (that is why we have used the same notation).

Corollary 3.9. The composition V o F is the homomorphism [p]: X — X given by
multiplication by p.

Proof. We can check it locally using the same notation as in the construction
above. But we have seen that F? o VI = (AP)f o (mP)? (see the commutative
diagram defining V*). The result follows from this because [p] = mP o AP.  [J

3.2 De Rham cohomology

We begin this section by briefly recalling the definition of algebraic de Rham
cohomology. We mostly follow section 1 of Kedlaya’s notes [14] and the summary
in sections 1.1 and 1.2 of Wedhorn’s notes [22].

Let A and B be two abelian categories and suppose that A has enough
injectives (e.g., the category of abelian sheaves on a scheme). Let T: A — Bbe a
left-exact functor. We say that M € Ob(.A) is T-acyclic if R'T (M) = 0 for every
i > 0, where RT is the i-th right derived functor of T.

Now consider a complex C* of objects in A such that Ck = 0 for every k < 0.
Choose a T-acyclic resolution C* — I* (i.e., a quasi-isomorphism to I* with I¥
T-acyclic for each k > 0 and I* = 0 for each k < 0). Then, the right hyper-derived
functors R'T are given by RIT(C®) = H'(T(I*)). (The result is independent of
the choice of I°.)
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Definition 3.10. Let 77: X — S be a morphism of schemes and consider the
relative de Rham complex

For each n > 0, the n—th (relative) de Rham cohomology of X over S is defined to be
Hir(X/S) = R"m.(Q% /s)-

Now fix a morphism of schemes 7r: X — S. In order to compute the de Rham
cohomology of X over S, we can choose a Cartan—Eilenberg resolution Z°** of
0% /5- Thus, we get a double complex

T T T

0— % — g — 921 ...
T T T

0— 290 — 910 — 920 ...
T T T

0— Ox — Oy g — 0%, — -

in which the columns are injective resolutions. We can then form the associated
total complex ¢*, with

cgk: @ ga,b’
a+b=k

which is an injective resolution of (% /s- In particular, for each n € Z,
dr(X/S) = R'm.(€°%) = H(71.(€*)) = A7 (m.:(€7))
We have (at least) two natural filtrations ;Fil and jFil on 4’*, namely

Fil'e* =@ 2% and (Fil 6" =PI,

a>i b>j

which induce filtrations
(Fil' HiR (X/S) = Im (R"7t. ({Fil' 6°) — R"7t.(€°) = HIx(X/S))
and

pFiV HiR (X/S) = Im (R" 7, (yFilV €°) — R, (6°) = HiR(X/S))
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on the de Rham cohomology of X over S. These filtrations give rise to two
spectral sequences ;E and E abutting to the de Rham cohomology. They are
sometimes called the first and second spectral sequences of hypercohomology. Some

of their terms are:

IEg'b =Gt . (¢711) = i (2°), HES'b = 1Gr* 1. (67) = . (2°7),

b b .
1By = Rb”*<9§</s)r nEy” = (D)),

,b ° b °
1By = %Q(Rb”*(QX/s))r nES" =R, (A7 %)),
B = GrHAEP (X/S), nE% = 1Gr HR (X /).

(Here, /7% denotes the k—th cohomology sheaf of a complex.) We usually write

1B =RV (O 5) = HYE(X/S),
nEZ’b = Rﬁﬂ*(%pb( 3(/5)) = HﬁEb(X/S)-

Definition 3.11. We call (Fil the Hodge filtration and | E the Hodge—de Rham spectral
sequence for X /S. We call jFil the conjugate filtration and E the conjugate spectral
sequence for X/S.

Next, we focus in the case we are most interested in. The main results are
stated without proof. This second part is based on sections 2.1 to 2.3 of Katz’s
article [10], also summarized in sections 1.4 to 1.6 of Wedhorn’s notes [22].

Throughout the rest of this section, let p be a fixed prime number. Let S
be an [F,—scheme and let 7: X — S be an S—-scheme. Consider the absolute
Frobenius endomorphism Frobg: S — S and let X(P) be the pull-back of X under
Frobs. Let F: X — X(P) be the relative Frobenius morphism of X/S. We have a

commutative diagram

Froby

>
’
’
/
/
/T

xr 2 4 x

-
P)l ln
S S

N
el

Frob S
_

(see section 3.1). We want to use the additional structure in order to interpret the

terms of ;{E; in an alternative way.
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Theorem 3.12. There is a unique isomorphism of O, —modules
—-1. Ok k °
Ck : Qx(p)/s — A (F*(QX/S))

for every k > 0 satisfying the following conditions on sections over open subsets U of
x(p).
(i) Cy (1) =1;
(ii) ijrlk,(w Aw') = C Hw) ACL (') for every w € T(U, Q?((P)/s) and every
w' eT(U, Q’;;@)/S), and
(iii) C; ' (do*(x)) = [xP~'dx] forall x € T(F~1(U), QY o) (where [ -] denotes the

cohomology class).
Proof. See theorem 7.2 of Katz’s article [11]. ]

Definition 3.13. For every k > 0, the k—th Cartier isomorphism for X/S is the
isomorphism of Oy(,—modules Cy: #*(F.(Q% /5)) — ng((ﬁ) /¢ given by the-
orem 3.12.

Now suppose that X is smooth and proper over S. As F is a homeomorphism
and 7w = (P) o F,

RU, (#7(0 ) = R (B (A7(0 ) 2 R (7 (F. (O 5))) -
In addition, the Cartier isomorphism induces an isomorphism

R (A (RO 6)) 2R (O, )

and so we usually rewrite the conjugate spectral sequence as

b b b
By =R (L, ) = HIRN(X/S).

. . . " b ~ Ab . . .
Also, the canonical isomorphism o™ (Q} /5) = 0% /s induces an isomorphism

R (Q?ap)/s) =~ Rz (*(Q%/5))

and, if R, (Ql}’(/s

base change theorem yields an isomorphism

) is flat over Os (e.g., if it is a locally free &s—module), the flat

R (00 5)) = Frob3 (R7. (0 /5))
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Theorem 3.14. Suppose that X is smooth and proper over S, as above. If the sheaves
R47t, (Qé’( /) are locally free Os—modules of finite rank for all a,b € Z and the Hodge-
de Rham spectral sequence

1EY? =R, (O ) = HYE(X/S)
degenerates at (E;, then the conjugate sequence
nE5" = Frob§ (R, (O /5)) = HY'(X/S)
degenerates at ;E».

Proof. See proposition 2.3.2 of Katz’s article [10]. O

Theorem 3.15. If X is an elliptic curve over S, then the Hodge—de Rham spectral
sequence
b
EYP =R0m, (Q% g) = HAEI(X/S)

degenerates at {E;.
Proof. See theorem 4.1.3 and corollary 4.1.5 of Deligne and Illusie’s article [4].[]

Finally, consider an elliptic curve 77: E — S (where S is still an IFy—scheme).
In this case, the Hodge filtration gives a short exact sequence

0 — (Fil' Hiz (E/S) — (Fil® Hig (E/S) — G Hiz (E/S) — 0.

But, since E/S is an elliptic curve, (Fil>? Hiz (E/S) = 0. Using theorem 3.15 to
express (G Hix (E/S) and {Gr! Hiz (E/S) in terms of {E1, the previous short
exact sequence becomes

0 — R, (Qf ) — HiR(E/S) — Rl (6F) — 0

and we call it again the Hodge filtration for E/S. Similarly, the conjugate filtration
together with theorem 3.14 yields a short exact sequence

0 = R (6y,) — HiR(EP)/S) — Rongp)(a}sw/s) =0

which we call again the conjugate filtration for E/S. These short exact sequences
are functorial for S—-morphisms E — E’ and their formation commutes with base

change by IF,—morphisms T — S.
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We have presented these results in characteristic p because it is what we
need later in chapter 4. In characteristic 0 there is no Cartier isomorphism and
so we cannot express the conjugate spectral sequence as above. However, the
Hodge-de Rham sequence always degenerates at {E in characteristic 0. We put it
more precisely in the following result.

Theorem 3.16. Let S be a Q—scheme and let 7t: X — S be a proper smooth morphism
of schemes. The sheaves RVt (Q% /) are locally free Os—modules of finite rank for all
a,b € Z and the Hodge—de Rham spectral sequence

ESP =RV, (Q% ,5) = HYLU(X/S)

degenerates at (E.

Proof. See theorem 5.5 of Deligne’s article [3]. O

3.3 The Gauss—Manin connection

This section explains the construction of the Gauss—-Manin connection on de

Rham cohomology following sections 1 to 3 of Katz and Oda’s article [13].

Throughout this section, let S — T be a smooth morphism of schemes.

Definition 3.17. Let & be a quasi-coherent &s—module. A connection on & is a
homomorphism V: & — & ®g, Qi 7 of abelian sheaves on S such that, for
every open subset U of S and every f € I'(U, 0s) and e € T(U, &),

V(fe) = fV(e) +e@ds,r(f)

(here, dg,7: Os — Qg s7 is the universal derivation of 5/T). For each derivation
D € Yeey.(Os, Os), we write V(D) : & — & for the composition

&5 60s0L, 28 e0, 052 8,

where D is the unique element of Herre g (Qé/T, 0s) such that D = D o dg) 7.

Remarks.
(1) On sections f € T(U, Os) and e € T'(U, &) for some open subset U of S, we
have that

V(D)(fe) = D(f)e+ V(D)(e) @ds,1(f)
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by definition.

(2) For each k € N, V induces a connection V: &% — &% @4 QL /7 by the
Leibniz rule on sections. That is, for an open subset U of S and sections
er,...,ex €T(U, &),

v(€1®"'®€k):V(51)®€2®"'®€k+"'+€1®€2®"'®V(€k)-

This in turn induces a connection on Symk 8.

Now consider a smooth T-morphism 77: X — S. By smoothness, we get a
short exact sequence of x—modules

0 — *(Q8,7) = Q%7 = Q%5 — 0.

We can construct the associated Koszul filtration Fil on the de Rham complex
Q% /1. given by Fil' 0% p = Im(7*(Qf 1) @y Q;{/IT — Q% 7). As the sheaves
Yy, (resp. Qdg ) for i > 0 are locally free &x—modules (resp. &s—modules) by
smoothness, we see that Gr' Q- = 7*(Qf 1) ®gy Q-

Applying the functor R, from the category of complexes of &x—-modules
to the category of &s—modules (whose right derived functors are Rir, fori > 0),
this filtration induces a spectral sequence E abutting to the de Rham cohomology

of X over T with terms
b * °o— °
Eil = 1Ra+b7'f*(7'f ( ‘é/T) R oy Qx/g) = Rbﬂ*(n*(ﬂg/T) Doy X/S) :

But we observe that ()5 1 is a locally free &s—module and that the differential in
the complex 7w (Q) 1) ®gy Q% /s is 7~1(0s)-linear. Therefore,

* . ~ b . b
R°70. (10 (Q 1) @0y Qx/5) = Q)7 ®g R'(Q /) = Q7 @0 Hip(X/S)
and, using this isomorphism, we write

Ea,b — 04 ® Hb (X/S) — Htl—i-b(X/T)
1 S/T ¥ 0s T 1dR dR :

Let us focus on the terms of E;. For each b > 0, we have a complex EI’b of
the form

0,b dl,b

d
0 — HgR(X/S) — Qé/T Qg HgR(X/S) — Q%/T Do chiR(X/S) —



3.3. The Gauss—-Manin connection

59

which we write Og 1 ® HY:(X/S). For every b > 0, one checks that the
differential d(l)’b : HiR(X/S) — ) /7 0 HY(X/S) is induced by a morphism
%”b(();qs) — %b(n*(ﬁé/T) ®oy % /g) defined on sections as follows. Take
a section [w] of J#P(Q% /s) represented by w in b /s and choose a lift w of
w to Q% /- Computing the connecting morphism of cohomology, we see that
dx,7(@) is a section of Fil' O} = Im (7% (O} 1) @, O% ;7 = OFY). We get
a section [dy /()] of 7 (7 (Q}Q/T) ®oy (V1) after projecting to the quotient
Gr! Qé’;;lT The image of [w] is then [dx 7 (¢)]. From this construction, we deduce
that d(l)’b is a connection on HgR(X /S). That is, for every open subset U of S and

every f € T(U, 0s) and 7 € T(U, Hx(X/S)),

(1) = ds/r(f) @+ fdi ().
Definition 3.18. The Gauss—Manin connection on H, (X/S) is the differential
V= d(l)’" : Hijr(X/S) — Qé/T ®g, Hijr(X/S) appearing in the first page of the
spectral sequence

Et? = 0%)7 ©0  Hip(X/S) = HE'(X/T)

described above.

Since E is the spectral sequence of a filtered object, the differentials
b, rpab +1,b
dy”: E]” — Ej

can be computed as the connecting homomorphisms of the functors R?7t, on the
short exact sequence

0 — Gr**' Q% p — Fil" Q% ¢/ Fil""? Q% ;7 — Gr* Q% ;7 — 0.

In the case we are most interested in, this exact sequence is quite simple. Suppose
that T = Spec(K) for some field K, that S is a smooth curve over K and that
n: E = X — Sis an elliptic curve. Then, Q%/K = 0 and so Fil? Q]'S/K = 0. Hence,

for a = 0, we have a short exact sequence
1 o—1 ° °

of complexes of Or-modules. Applying the functor RV7t,, we obtain a connecting
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homomorphism

52 Rln*(QE/S) — IRZT[’"(7-1-*(()%/1() ®ﬁE 01.57;)
I 1

V: Hg(E/S) —— Q%/K ®o5 Har(E/S)

which is precisely the Gauss-Manin connection on Hig (E/S).
Now assume that K has positive characteristic p. By theorem 3.15, the Hodge

filtration yields a short exact sequence

0 — mu(E/S) — Hig(E/S) = Rl (0F) — 0.

Set wg,s = 7.(E/S). There is a canonical isomorphism R'7, (0F) = g?]l

given by Serre-Grothendieck duality, so we rewrite the Hodge filtration as
0= wr/s = Han(E/S) = @i = 0.

Using this, we define a morphism x: wg,g — g%’/_sl ® e, Qé /K of Os—modules
given by the composition

v _
wpys — Hyg(E/S) = HiR(E/S) ®g, QL — Q?/sl ®os Q¢

(where V is the Gauss—Manin connection).

Definition 3.19. In the above situation, x: wg,s — g?/_sl ® e, Qé /K induces a
morphism of s-modules KS: g?/zs — Qé /s Which is called the Kodaira—Spencer

morphism for E/S.

Theorem 3.20. Let N > 3 such that p { N (i.e., N is invertible in K). Let Ex /Y (N)
be the universal elliptic curve for T(N) over K (see definition 2.19). The Kodaira—

Spencer morphism KS: w P Q%/(N)K sxfor Ex/ Y (N)g is an isomorphism of

®2
Ex/Y(N)
Oy () —modules.

Proof. See lemma 7 of Diamond and Taylor’s article [6]. O

3.4 Computations for the Tate curve

In the previous sections of this chapter we have introduced several geometric

tools abstractly. In this section we apply the previous theory to the case of the
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Tate curve and exhibit some explicit computations working mostly over the
complex numbers (like in the introduction of the Tate curve in section 2.2). We
follow sections A1.3 and A1.4 of Katz’s article [8].

Unless otherwise stated, we use the same notation as in section 2.2. Let
R be the subring of C((q)) consisting of Laurent series of functions which are
holomorphicon {q € C : 0 < |g| < 1}. We regard R as a C-algebra via the
inclusion of constants. The Tate curve Tate(q) is defined over R by the affine
equation

Tate(q): Y? = X° + a4(q) X + as(q)

given in definition 2.5. (Here, unlike in section 2.2, we use capital letters for
the affine coordinates X and Y because later we want to use x and y for the
coordinates of the complex plane.) Our objective is to compute the Gauss—-Manin
connection V: Hig(Tate(q)/R) — Hig(Tate(q)/R) ®r Q}{/C.

For each T € H, we have an elliptic curve E; over C which corresponds to the
compact Riemann surface C/A(7), where A(T) = Z1 & Z. It can be obtained
from Tate(q) by pull-back under the map g — g = €?™7 : R — C; that is, we

have a cartesian diagram

E; — Tate(q)

! I

Spec(C) —— Spec(R)

where the lower arrow corresponds to the morphism R — C of C-algebras
defined by g +— gr. These morphisms are all the C—points of Spec(R) over
Spec(C), so we can study many properties of Tate(q) /R by studying E./C for
every T € H (i.e., by studying every fibre). In addition, we can use the complex
analytic structure of each E;/C (i.e., of C/A(T)).

From now on, let T denote a coordinate on H and set a; = Re(7) and
by = Im(7), so that T = a; + ib. It is also convenient to interpret R as the
ring of holomorphic functions H — C (using the change of variables g = ¢

Consider a fundamental parallelogram P; for A(T) centred at the origin. Let

5 to the vertex # and let 7, + be
1-t

71,~ be the line segment from the vertex

the line segment from the vertex # to the vertex ~5+, as shown in figure 3.1.

The singular homology classes of these two paths (which we write again y; -

and v, ;) form a Z-basis of Hi(E¢, Z) (Where we identify E; with C/A(7)).

Furthermore, Hy (E{,C) = H{(E+,Z) ®z C.

27(1'1').
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=147 1+t
2 2
Y1t

—1-1 Y2,7 1-7T
2 2

Figure 3.1: A basis of H;(C/A(7),Z).

There is a perfect pairing

(" ) Hl(ET/C) XH}:}R(ET/C) — C

([7],6) ——— /76

which allows us to identify H;(E;, C) with the dual of H}(E;/C). Thus, we
write (7,75 ,) for the basis of H.g (E/C) dual to (71, 72,)- Let z denote a
coordinate on C/A(7) and set x = Re(z) and y = Im(z), so that z = x + iy. One
checks easily that, in coordinates,

1 a
.= b—Tdy and 7y, = dx—idy.

That is, the forms defined by these formulae satisfy that (-y; -, ’)/]-V,T) = Jjj.
On the other hand, there is another perfect pairing
(+,-): HR(E£/C) x Hig(E;/C) —— C

(91,92) _— /p AWAY )

which allows us to identify Hig (E;/C) with its own dual. Putting these two
dualities together, we obtain a basis (¢1,¢, ¢2,r) of Hix(E-/C) satisfying that
(@i z,0) = (7i,0) forall @ € Hix(E-/C),i € {1,2}. Using that

/Pde/\dy:bT

(this is the area of Pr), one checks easily that, in coordinates,

a 1
@1 = dx — idy and ¢y = 5 dy.

T
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That is, the forms defined by these formulae satisfy that (¢; -, 'y]-v,,(> = d;j. Also,
(P10, 91,0) = 0= (P20, 92,7) and (@2,¢, P1,1) = 1 = (P11, P2,7)-

In this way, by letting T vary, we obtain a basis (¢1, ¢2) of Hi(Tate(q)/R).
It is quite easy to compute the Gauss—Manin connection in terms of this basis.
Indeed, as we have seen at the end of section 3.3, the Gauss—-Manin connection is
the connecting homomorphism obtained from the short exact sequence

o—1
0= Q%0 /& O Qrse = Qe /e~ Pate(q)/r = 0

and the functor R°7,, where 7r: Tate(q) — Spec(R) is the structure morphism.
Hence, there is an exact sequence

H)g(Tate(q)/C) — Hlig(Tate(q)/R) ~> Hip(Tate(q)/R) ®r Qk ¢

But, since ¢ and ¢; are defined in terms of complex (singular) homology, they
are in the image of H (Tate(g) /C). Therefore, V(1) = 0 = V(¢2).

We want to express the Gauss—Manin connection in terms of the more con-
ventional basis (w, 1) of Hig (Tate(q)/R) given by the cohomology classes of %X
and XdX respectively Again, we work analytically on fibres given by 7 € H.
We have wr = %X = dzand 5 = £8X = ©(z; A(7)) dz. Define, fori € {1,2},
Wi = ('yilf,wr) = (¢ 1, wr) and 1711T = (Vi Yr) = (@ir, 1r). We can express
Wr = W P11 — W1,rP2,r and §r = 12, r @1 1 — §1 P2, OF, in matrix form,

<WT> _ <w2,‘r _wl,r) <(P1,T>
T~ Mx —Mx)\P27)"
Furthermore, a straight-forward computation shows that

Wi = dz=71 and wy,= dz=1.
T, 2,7

Lemma 3.21. The period 1 1 is —%ZEz(T).

Sketch of the proof. We consider the Weierstrass zeta function

1
{(z AT :—+ y (—+ +3).
leA(T
which satisfies that {'(z; A(T)) = —p(z; A(T)). It turns out that the series for

C(z; A(7)) is absolutely convergent and so the order of summation is irrelevant.
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The elements of A(T) are of the form mT + n for m,n € Z. With this notation,
we consider the sum first over n and then over m. Now we can decompose the

previous series as

= ), fu(z) +8(2) +h(z),
meZ
where
(z) = +i( )
fm z+mt  Z\z4+mt+n z4+mrt—n ’
1
g(Z): Z/ 7:01
leA(T)
2
/ Z 7T
R OR AT

By definition, p(z + I; A(7)) = p(z; A(T)) for every I € A(7). This shows
that the function {(z + I; A(T)) — {(z; A(T)) is constant (its derivative is 0) for

every I € A(7). In particular,
-1—-7
o= [ olEAE)dz = {(—5 AR
Y2,
1

-e(Zonie) -6 () =% ()

o(1550)

(because {(z; A(T)) is odd).
It remains to prove that

£l -0

meZ

But, using the formula at the beginning of proposition 1.4, we can write

ezmzq¢ +1

cos(m(z +mt))
T eZm’quTn -1

fn(z) = nsin(n(z +mt))

Therefore,

meZ 2 m=1
_ - 1_677‘? 1_qu _
nZ(lJrq? 1+q;’")_ ’
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as required. O

Lemma 3.22. The periods w1 -, wa ¢, 11, and 12, satisfy the Legendre relation
M,cWo,r — N2,0W1,r = 27TL.

Sketch of the proof. We integrate {(z; A(T)) along the boundary of the funda-
mental parallelogram P;. On the one hand, in Py, {(z; A(7)) has only a simple

pole with residue 1 at the origin. Hence, by the residue theorem,
/ C(z A1) dz = 27i.
oP;

On the other hand, we know that p(z; A(7)) is periodic of period A(T). Thus,
since1, T € A(T), weobserve that p(z+ 1, A(7)) = p(z, A(T)) = p(z+ T; A(T))
and, by integrating these relations, we deduce that

(=4 5 AD) L5 A0) = 1T AM) - (TS A@)

= | —p(zA(T)dz = -1
M,r

and, similarly,

(2 +LA(T)) — {(zA(T)) = L o AD) dz = o

Therefore, the integrals of {(z; A(T)) along opposite sides of the parallelogram

Pr almost cancel out and we get that

/BPT (2 A(T))dz = /7

Equating the two expressions for the integral, we obtain the desired relation. [

—M2,rdz — / —M1,rdz = —1,cw1 1+ N1,cW2,r -

1,7 Y2t

The Legendre relation computes precisely the determinant of the matrix

expressing (wr, 1) in terms of (¢ ¢, ¢2,¢). Inverting that matrix, we obtain that

2mi(§37) = (e ays) (57)-

Again, letting T vary, we can regard w; r and #;  as functions of T and we get in
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this way w;, 7; € R, i € {1,2}, such that

2if) = (=) (7)-

Next we want to apply the Gauss—Manin connection to the previous relation.
Before that, we notice that O, /¢ = Rdt (because the derivative of a holomorphic
function is again holomorphic). Since the derivation d; = % is dual to d7, it
suffices to study V; = V(d;): Hiz(Tate(q)/R) — Hig(Tate(q)/R). Indeed,
for a section i of Hiy (Tate(q) /R), we observe that V(y) = V() ® dt.

Allin all, applying V¢ to the relation between (¢1, ¢2) and (w, 17), we obtain

that
0\ _ (9ci1 —0rw1 )\ (w 1 —wi) ([ Ve(w)
(0> N <8T172 —Brwz) (’7) * (772 —w2> V() )
Again by the Legendre relation, we can invert the last matrix and express
Vi(w) _ 1 twy —wy) (91 —0rwr) (w
(VT(U)) - 27ri<’72 —’71> Oty —O0rwy <’7>

and, plugging in the values of w1, wy and 7, and using the Legendre relation,

we conclude that

2

1 " E(7) 1
Ve(w)) _ _ L 3 , a wY
(Vr(’?)) 271 %4152(7)2 N 27;31E£(T) %ZEz(T) (’7)

Now consider the canonical differential w¢s, on the Tate curve. Recall that,

on fibres, wWean,r = 2midz and w; = dz. Therefore, Wean = 27iw. Set Hean = 2%1"7'

which is then dual to wean. Consider also the derivation q% = %%. We can

1) (5) = o (T)

and then express it in terms of (Wean, §can)- In this way, we have proved the

compute V(q%) as

following result.

Theorem 3.23. The Gauss—Manin connection of Tate(q)/R/C is defined by

1
d B —EP 1
V() () = Ll L ()
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(where P is the g—expansion of the Eisenstein series Ey; as in section 1.3).

Corollary 3.24. In the above situation, the image of w2 under the Kodaira—Spencer
morphism KS: Q%Zte(q) R Ok /c s the differential ‘Z—q. In particular, the map KS is
an isomorphism of R—modules.

Proof. The Hodge filtration
0— WTate(g)/R H(l:lR(Tate(Q)/R) — R n*(ﬁTate(q)) —0

allows us to project 7jcan to an element 7jcan of R17z, (Omate(q)) Which is the Serre-
Grothendieck dual of wean. Thus, the projection of

v (q%) (wean) = 5 Wean + Tean

is also #jcan. Since the differential % is the dual of the derivation q%, we see that

; . -1 1 ;
the image of Wean under «: Wrye(g)/r — g%te(q)/R QR Qg /¢ 18

~ d
K(wcan) = Ncan & 7‘7 ’

whence the corollary follows. O

Remark. Since the canonical differential wcan for the Tate curve is always defined
(regardless of the base ring) and the Kodaira-Spencer morphism commutes with
base change, the corollary is true for the Tate curve over any base ring, even if
we have used the complex analytic structure over C for the computations.






Chapter 4

Modular forms in characteristic p

Throughout this chapter, let p be a fixed prime number. This chapter explains
the structure of the algebra of Katz’s modular forms over an algebraically closed
tield of characteristic p analogously to the exposition of the classical case in
section 1.3. In the context of Katz’s modular forms, it is not enough to study
g—expansions as power series. Instead, most proofs require a geometric approach
using the theory introduced in chapters 2 and 3.

In characteristic p, one can define the Hasse invariant, a modular form which
describes the action of the Frobenius morphism on the de Rham cohomology
of elliptic curves. The Hasse invariant plays a fundamental role in the study
of the algebra of modular forms because it is essentially the only modular form
with g—expansions equal to 1. That is, we can compare modular forms with their
g—expansions by means of the Hasse invariant. Moreover, the Hasse invariant
induces a filtration on the algebra of modular forms and it is used to define a
certain derivation which respects the filtration. The properties of this derivation
help us to understand the filtration.

This chapter explains the theory mentioned in Katz’s paper [9]. The main
result of op. cit. is also the main topic of the last section. Before that, the first
section presents the several characterizations of the Hasse invariant appearing in
section 12.4 of Katz and Mazur’s book [12] (some of which are also in section 2.0
of Katz's article [8]) and the second section explains the main result of section 2.7
of Cais’s notes [2].

4.1 The Hasse invariant

We introduce the Hasse invariant, regarded as a modular form, following section
12.4 of Katz and Mazur’s book [12]. Unless otherwise stated, all results appearing
in this section are proved in op. cit.

Consider a pair (E/R,w), where R is an F,—algebra, E is an elliptic curve
over R and w is a basis of H(Spec(R), wg,z) = H(E, Q};/R). By Serre duality,

the R-module H!(E, ¢%) is dual to HO(E, Q%/R). Let 7 be the basis of H' (E, 0)

69
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dual to w. Let Frobg: E — E be the absolute Frobenius endomorphism (given by
the p—th power endomorphism of ). We get an induced IF,~linear morphism
Frob}: H'(E, 0F) — HY(E, 0f) and so

Frobr(n) = A(E/R,w)y  forsome A(E/R,w) € R.

Recall that the absolute Frobenius endomorphism fits in a commutative diagram

E Frob E

X

’
/
’
’
/M
=

|

E(P 7 L E

.
S FrObS S

(where S = Spec(R)), so we can also write F*((P)) = A(E/R,w)y.
Moreover, if we replace w with Aw for some A € R*, we obtain A~y instead
of 7 and then

Frobj (A1) = A7F Frob} () = APA(E/R,w)y = AY"PA(E/R,w) (A7 1y),

whence A(E/R,Aw) = A'"PA(E/R,w). In this way, we have constructed an
element A € F(F,;I'(1),p —1).

Definition 4.1. The Hasse invariant is the modular form A € F(F,;I'(1),p — 1)
which satisfies that Frobx (1) = A(E/R, w)y for each triple (E/R, w, 1) as above.

Remark. We can regard the Hasse invariant as a modular form for I'(N) for any

N € N and with coefficients in any IF,—algebra.
Theorem 4.2. The g—expansion of the Hasse invariant is equal to 1 (in IF,((q))).

Proof. Let R be an [Fy—algebra and consider an elliptic curve E over R. By Serre
duality, the R—-module H'(E, &) is dual to H(E, Q}E / r) which, in turn, is dual
to the restricted Lie algebra (of characteristic p) of left invariant R—derivations
of E (regarded as an R-module). Thus, we identify the elements of H!(E, )
with left invariant derivations. The action of Frobj on H!(E, 0f) corresponds to
taking the p-th iterate of a left invariant derivation.

Consider the Tate curve Tate(q) over IF,((g)) together with its canonical dif-

ferential wean. There is a local parameter X on the completion of Tate(q) along
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its identity section in terms of which wean is 1 i X Let D be the left invariant
derivation dual to wWean, so that D(X) = 1+ X. Therefore, D(1+ X) = 1+ X. We
deduce that DP(1+4 X) = 1+ X and so DP(X) = 1+ X = D(X), which implies
that D = D. By the observations in the previous paragraph, we conclude that
A(Tate(q)/F,(9)), Wean) = 1. O

The proof of theorem 4.2 hints at an alternative definition of the Hasse invari-
ant in terms of derivations. Let E be an elliptic curve over S = Spec(R) for an
IF,—algebra R with a basis w of HY(E, o) /r)- Consider the relative Frobenius
morphism F: E — E(?) and the Verschiebung morphism V: E(P) — E. Also,
write m: E Xxg E — E for the group law morphism of the elliptic curve and
e: S — E for its identity section. We work locally as in section 3.1 to describe
F and V. Let U = Spec(B) be an affine open subset of E. Let d be the basis
of Dergr (B, R) dual to the differential w‘u. The left invariant R—derivation D
corresponding to d is the composition

idg ®d

B—)B@RB B®rR=B

(here, we view R as an R-module through the identity) and we can then recover
d = e* o D. We want to express the map D ++ D? = Do oD (correspond-
ing to the action of Froby used to define the Hasse invariant) in terms of the
Verschiebung morphism.

In what follows, the notation -(?) denotes the pull-back of - under Frobg. The
tangent map tg(V): Derg(B(?),R) — Derg(B, R) maps d?) € Derg(BP), R) to

the composition

)

BV, g AV, R

We claim that the left invariant derivation tg(V)(D(?)) (corresponding to the

derivation tg(V)(d(P))) is precisely DP. Indeed, we have a commutative diagram

d i ® id fyp
B Baog B EE p oL Tr(B) I o Tr(p) M2
I o ]
B g SP(B) L2 By sp(B)
. ¢ T ]\ id (p)y#
BﬂB@RB idg @V B®RB(p) idg @D(P) B®RB() idp ®(e'?)) B

K_/A

idp @d(P)
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where we used the same notation as in the local description of V in section 3.1

and the downmost vertical arrows are given by the map

B(P) — s7(B)
boa— alb® P ob)

which induces the isomorphism ¢g /g B(P) — SP(B)/] (see lemma 3.3). But the
first row of the diagram is D and the last row is tg(V)(D(P)), which proves the
claim. We conclude that tg(V)(DP)) = A(U/R, w| 1) D-

Repeating the previous construction on an affine open covering of E, we
obtain that tg(V)(D()) = A (E/R,w)D for the left invariant derivation D dual
to w and its pull-back D(P) under Frobs.

We can compute the Hasse invariant in yet another way. Take, as above, an
elliptic curve E over an IF,—algebra R with a basis w of HY(E, Q}s / z)- The Cartier

isomorphism Cy: 71 (F,.(Q} /R)) = Q}E(M / induces an R-linear map

R

H(E, O /) = H(EW), E(Qf ) —— H(EW, 21 (F.(OF)))

T _— ZHlCl
C

= 110 1
H (E(P)’QE(p)/R)

called the Cartier operator. Locally, F* corresponds to taking p—th powers of the
generators of O over R, whereas C corresponds to taking p—th roots. Thus, we
see that C is obtained from F* by Serre duality. Since F* maps 7(") (whose dual
is w(P)) to A(E/R,w)y (whose dual is A(E/R,w) 'w), we conclude that

C(w) = A(E/R,w)w'?).

The next result is lemma 3.6.1 of Katz’s article [8].

Lemma 4.3. Let R be an IF,—algebra and let E be an elliptic curve over R with a basis
w of wg g. If X is a parameter for the formal group of E/ R for which

w = (2 anX”> ax

n>0

with ag = 1, then

A1 = A(E/R,w)P" =D/~ for every n € N.
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Proof. On the one hand, we know that C(w) = A(E/R,w)w?). On the other

hand, we can compute locally

Clan X" dX) 0 ifpfn+1,
a _=
! 2y (XP) N/ gxP) i p [ n41,

using the properties defining C; (see theorem 3.12). Therefore,

A(E/R,w) Y aly(XPymdx®) = C(w) = ¥ apy) 1 (XP)"dxP)

m=>0 m>0

and, for m = p" — 1, we find that
Qi1 _q = A(E/R, w)aﬁhl i
The lemma follows from this equality by induction on #n (as a9 = 1). O

Having seen several interpretations of the Hasse invariant, we prove a fun-
damental result which we use later to determine the structure of the algebra of
modular forms over an algebraically closed field of characteristic p. It is theorem
12.4.3 of Katz and Mazur’s book [12].

Theorem 4.4 (Igusa). Let K be a perfect field of characteristic p and let (R, m) be an
artinian local K—algebra with residue field K. Let E be an elliptic curve over R and
consider the Verschiebung morphism Vg, g: EWP) — E. Iftg(V) = 0, then there exist a

supersingular elliptic curve Eqy over K and an R—isomorphism Ey @ R = E.

Proof. We use the formal groups of the elliptic curves E and E(*). Let X be a
parameter for the formal group of E such that, for each (p — 1)-th root of unity
{ € Z},[7)(X) = X and let X(P) be the induced parameter for the formal group
of E(P). Using these parameters, we can express

Ver(X) = Y an(XP))"

n>1

with a7 = tg(V) = 0. On the other hand, since Vg, g is a homomorphism of
group schemes, Vi /g ([C](X)) = [¢](VE/r(X)) for every (p — 1)-th root of unity
{ € Z;. Thatis to say, Vg,r({X) = {Vg/r(X) or, comparing coefficients of
the power series expansions, a,(" = a,( for all n € IN. But, if { is a primitive
(p — 1)~th root of unity in Z,  — {" is invertible in Z, for all n € IN such that
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n #1 mod p — 1. We conclude that a, = 0 unlessn =1 mod p — 1. Allin all,

Ver(X) =) ﬂm(p,l)H(X(p))m(P—l)ﬂ = gy (XY 4

m>1

From this last equation and using that Fz/z(X(P)) = X?, we see that

[pl(X) = (Ve/ro Feyr)(X) = ) am(p—1)+1me(P_1)+p = ”poz +o

m>1
Reducing coefficients modulo m, we observe that the formal group of the elliptic
curve E = E ®g K over K has height > 2, so E must be supersingular and
the height is 2. That is, a, ¢ m. Thus, Vg/r(X) = (XP)YPu(X(P)) for some
u € R[X(P)]*. In particular, in terms of the formal group, Ker(Vg ) is defined
by the equation (X(?))? = 0. But this equation defines Ker(Fg() ,z) as well. In

this way, we obtain a commutative diagram

E() / Ker(Vg/r) = EP)/ Ker(Fy )

VE/Rllz Z“lFE(”)/R

and the last row must be the isomorphism given by taking p?>~th powers on R.
Iterating this construction, we obtain a sequence of isomorphisms

As (R, m) is an artinian local ring, there exists some #n > 0 such that mP" = 0.
Thus, for every a € R and every b € m, (a + b)P" = a7 + bP"" = a#™. This
shows that the morphism 7" R - R given by a a?™ factors through the
residue field K or, equivalently, that the diagram

2n
—

) pZn

—

N &— =
N — D

is commutative. Therefore, taking pull-backs of E, we obtain R-isomorphisms

E = E(P") = ((E@r K)P")) @k R and we can take Eg = (E @ K)P") = £,

n __(p2n _
Note that, as K is a perfect field, 2" K — Kisan isomorphism and so EV ~E
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(and we have seen that E/K is supersingular). O

Corollary 4.5. Let K be an algebraically closed field of characteristic p and let N € IN
such that N > 3 and p 1 N. The Hasse invariant A € M(K;T(N), p — 1) has only
simple zeros (cf. lemma 1.40).

Proof. Since the g—expansions of A are all equal to 1, the zeros of A must be
points of Y(N)k (regarded as a subscheme of X(N)g). Write Y = Y(N)g and
E = [Ek for the universal elliptic curve over Y.

Let y be a closed point of Y at which A has a zero. Since Y is a smooth curve
over the algebraically closed field K, the local ring Oy, is a discrete valuation
ring with residue field K and also a K-algebra. Set S = Spec(&y,,). We have a

cartesian diagram

W < ™
1
<

(where g is the canonical morphism). We want to see that ¢*(A) € H’(S, g%@/p s 1)
has a simple zero at the closed point of S.

Let m, be the maximal ideal of Jy,. Take a basis w of H(S, wp,s) and
consider the Hasse invariant A(E/S,w) € m, C Oy,. We have to prove that
A(E/S,w) ¢ mﬁ. Suppose, for the sake of contradiction, that the Hasse invariant
has a zero of order > 2 at the closed point of S. Consider R = Oy, / mﬁ and set
ErR = E Doy, R. We see that A(ERr/R, w) = 0. But, by definition, R is an artinian
local K—algebra with residue field K, so we are in the situation of theorem 4.4
and we can express Eg = Ey ®k R for a supersingular elliptic curve Ey/K. In
fact, we can take Eg = ER QR K =E Doy, K.

We get two different morphisms Spec(R) — Y defining Eg by pull-back from
[E: the morphisms induced by the canonical projection 0y, —* R and by the
composition Oy, —» R — K < R. By the universal property of IE/Y, these two
morphisms are associated with two level I'(N)-structures a1 and a, on Eg. Let
@: R — R denote the composition of the canonical projection R — K and the
canonical inclusion K < R. This morphism induces a cartesian diagram

~

(Er, a2) r;> (Er,&1)
| |

Spec(R) Specly) Spec(R)
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and, as a matter of fact, we can define inductively «,,; to be the pull-back of
ay for each n € IN. The isomorphism Eg — Eg in the top row of the previous
diagram must permute the level I'(N)-structures of Eg, so at some point we
obtain a repetition. That is to say, a;, = a1 for some n > 1. This contradicts the
universal property of IE/Y because the corresponding morphisms Spec(R) — Y
are different (observe that ¢ o ¢ = ¢). O

4.2 The structure theorem

This section describes the structure of the algebra of modular forms in positive
characteristic in terms of their g—expansions and using the Hasse invariant. The
main result is analogous to theorem 1.41 in the classical setting. The exposition
in this section is based on section 2.7 of Cais’s notes [2].

First of all, we establish some notation for the rest of this chapter. Fix N € IN
such that N > 3 and p { N. Let K be an algebraically closed field of characteristic
p. The moduli problem I'(N)g giving elliptic curves E over K-algebras with
level I'(N)-structures ay is represented by

(IEK/ D‘K,univ)

|

Y(N)xk

where the modular curve Y (N)g is a smooth affine curve over K (see defini-
tion 2.19). Adding the cusps, we obtain the modular curve X(N)k (see defini-
tion 2.21), which is a proper smooth curve over K (see theorem 2.23). To simplify
the notation, from here on we write Y = Y(N)g, X = X(N)g and E = Eg.

For each primitive N-th root of unity {y € K, the modular curve Y (resp. X)
has a connected component Yz, (resp. X, ) formed of the points corresponding
to elliptic curves with level I' (N )-structures of determinant { (see theorem 2.24).
Observe that an element f € F(YZ;N,Q%I/‘Y) (resp. f € I'(X;,, w®")) for some
k € Z, which is the restriction of a modular form for I'(N) of weight k to one
connected component of the modular curve, is uniquely determined by any
one of its g—expansions at that component and its weight k by corollaries 2.30
and 2.31.

Consider the Hasse invariant A € M(K;T'(N), p — 1). Recall that all of its
g—expansions are 1. Thus, if we multiply any element of F(K;I'(N)) by A, its
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g—expansions remain unchanged. The main theorem of this section shows that
this is essentially the only relation between the g—expansions of the elements of
the algebra of modular forms for I'(N) with coefficients in K.

The proof of the following result is based on the formulae explained in section
A1.5 of Katz’s article [8].

Proposition 4.6. The line bundle w on the curve X is ample.

Proof. Each cusp corresponds to a triple (Tate(q)/K((g*/N)), Wean, &n), where
the level T'(N)-structure ay is defined up to automorphism of Tate(g) /K((g"/N))
(see theorem 2.26). Also, the formal completion of X along the cusp corresponds
to the formal group of Tate(q). Thus, since the Kodaira-Spencer isomorphism for
the Tate curve maps w2 to the logarithmic differential ‘Z—q (by corollary 3.24), the
Kodaira-Spencer isomorphism KS: g%y — O} sk extends to an isomorphism
w®? — O /x(log(C)) over X, where C is the closed subscheme of cusps of X.
Next, we study each connected component of X separately. That is, take a
primitive N-th root of unity {x € K, so that X, is a proper smooth connected

curve over the algebraically closed field K. We have that

deg(w™|y, ) = deg(O), /x(108(Cry))) =28 =2+ Cg,l,

where ¢ is the genus of X; and |C;, | denotes the number of cusps in the
connected component Xz, . In order to prove that w| X, is ample, it suffices to
show that the previous degree is positive.

Consider the morphism j: X;,, — PPk given on points by the j-invariant. A
closed point of P} other than co corresponds to an elliptic curve E/K defined
up to isomorphism and the closed points of X;, lying over it correspond to
the level I'(N)-structures of determinant {5 on E modulo the automorphisms
of E/K. Thus, the fibre over this point of P} has |SLy(Z/NZ)|/|Aut(E/K)]
points. In particular, if j(E) ¢ {0,1728,c0 }, then Aut(E/K) = { [1], [-1] }. We
w. On the other hand, the cusps
correspond to Tate(g)/K((g'/")) and the formal completion of X along each

deduce that j is a covering of degree

cusp is isomorphic to K[g'/N], while the formal completion of P} along oo is
isomorphic to K[[g] (via the map j~! + g(1 — 744q + - - - )). Hence, each cusp
has ramification index N over co. We conclude that

Co| = |ISLy(Z/NZ)|
‘N N
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and we observe that this quantity is greater than 2 (for N > 3). Since ¢ > 0, this

concludes the proof. O

Lemma 4.7. Let T be a proper normal connected locally noetherian scheme over a base
ring R and let £ be an ample line bundle on T. Consider the graded ring

B = PH T, £*")

n>0

and choose f € HY(T, £%¥) for some k € N such that k € R*. If f has at least one
simple zero, then f — 1 generates a prime ideal in B.

Proof. Since .Z is ample, we have an isomorphism

T == Proj (€ ")

n>0

and the open immersion Ty < T is an affine morphism (here, T is the open
subscheme of points at which f is invertible). Also, T is integral: it is irreducible
because it is connected and locally noetherian and it is reduced because it is
normal.

The natural morphism of graded R-algebras

Bf — B = @ TI(Tf, L")
nez
is an isomorphism. It is clear that the closed subscheme V(f — 1) of Spec(B) lies
in Spec(By), so we consider the closed subscheme Z of Spec(B) corresponding
to V(f — 1) through the previous isomorphism.
Take an affine open subset U = Spec(C) of T such that | ;7 18 trivial. Since

Tr — T is affine, we see that U N Ty = Uy = Spec(C). Choose a generator t of
I'(U,%),so that &| 4 = tOu. Inparticular, I'(Uy, &) = tC and we identify

P ruy, 2 =Clt,t71].

nesz

With this identification, the restriction of f to Uy is of the form ut® for some
u € C*. Hence, f — 1is given by ut* — 1. Ask € R*, we deduce that Z is étale
over Uy. Using this argument on an affine open covering, we get that Z is étale

over Ty and so over T too. Therefore, Z is normal (because T is).
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Furthermore, we claim that Z is connected. As Tf is irreducible, any two
open subschemes of Ty have non-trivial intersection. Therefore, it suffices to
prove it over Uy = Spec(C) irreducible. That is to say, we have to prove that
Spec(C[t, t=1]/ (utk — 1)) = Spec(C[z]/(zF — u)) (where z = t~1) is connected.
As Spec(Clz]/(z" — u)) is étale over Spec(C), each of its connected components
has at least one point in the generic fibre. Hence, we only need to prove that
the generic fibre is connected, so we consider the fraction field F of the normal
domain C. Next, we want to show that z* — u is an irreducible polynomial over
F (which implies the claim).

Consider the closed subscheme V(f) of T (i.e., the zeros of f). By Krull’s
principal ideal theorem, each irreducible component of V(f) has codimension 1
in T. We deduce that the local rings at the maximal points of V(f) are discrete
valuation rings because T is normal. By hypothesis, f has a simple zero. We
choose a maximal point x of V(f) where f has a simple zero, so that the image
of f in Ot is a uniformizer. But we can also regard F as the fraction field of 07,
and we deduce that the element u € F must be a uniformizer of 07 . Eisenstein’s
criterion shows that the polynomial z¥ — u is irreducible over F, as desired.

In conclusion, the closed subscheme V(f — 1) of Spec(B) is normal and
connected and so the ideal (f — 1)B is prime. O

Theorem 4.8. Let u be the set of primitive N—th roots of unity in K. For each {N € u,
choose a level T(N)—structure a({n) of determinant {y on Tate(q)/K((qg"/N)). The
kernel of the K—-algebra homomorphism

M(KT(N)) — T K[g"™]
INEM

f= (fa(@N) (Q))gNey

(taking one q—expansion of each determinant) is the ideal generated by A — 1, where
A € M(K;T(N), p —1) is the Hasse invariant (cf. theorem 1.41).

Proof. We prove a stronger result, namely that for each {x € u the kernel of the
morphism
®: B= P (X, w™) — K[g"N]
nez
given by evaluation at (Tate(q) /K((g"/N)), Wean, #(Zn)) is the ideal generated by
A — 1 (in fact, by its restriction to Xoys but we omit it from the notation). That is,

we prove the theorem separately on each connected component of X.
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First, observe that I'(X;, , Ox) = K because K is an algebraically closed field
and X, is connected and reduced. Next, choose f € F(XgN,Q@k) for some

®12) (as in the

k < 0. We can consider the modular discriminant A € T'(X;,, @
proof of corollary 2.31). We see that f2A~" € T'(X,, Ox), which means that
f12A=* is a constant. But it is also (the restriction of) a cusp form, so f12A~F =0,
which is only possible if f = 0. In conclusion, there are no non-zero modular
forms of negative weight which are holomorphic at co.

All in all, we can express

B= @I (X, w”) = @I (X, @)

nesz n>0

and so lemma 4.7 implies that A — 1 generates a prime ideal a = (A —1) in B.
It is clear that a C Ker(®), as the g—expansions of the Hasse invariant are all
equal to 1, so it remains to prove that the inclusion is not proper. But X, is a
proper smooth curve over K, so X, = Proj(B) and this implies that B has Krull
dimension 2. Since ®(A) = q(1+ - - - ), we see that the image of ® has dimension
> 1 and so Ker(®) cannot be a maximal ideal of B. Therefore, a = Ker(®). O

Corollary 4.9. Theorem 4.8 holds also for modular forms which are not holomorphic at
oo (that is, replacing M(K;T(N)) with F(K;T(N)) and K[g"/N] with K(q*/N))).

Proof. Let f € F(K;T'(N)) such that ﬁ(CN)(q) = 0 for every (N € y. As in the
proof of corollary 2.31, we can choose r > 0 such that fA" is holomorphic at
oo (because the modular discriminant A is a cusp form) and so theorem 4.8
implies that A — 1 divides fA" in M(K;T'(N)) C F(K;T(N)). But A is invertible
in F(K;T(N)), which means that A — 1 divides f in F(K;T(N)). O

We are basically in the same situation as in the classical case: we can use A to
define a filtration on the space of modular forms of weight in a congruence class
modulo p — 1 (cf. definition 1.43).

Definition 4.10. Let k € Z. We say that f € F(K;T'(N), k) is of exact filtration
k if f is not divisible by A in F(K;T'(N)) or, equivalently, if there exists no
¢ € F(K;T(N), k') for k' < k having the same g—expansions as f.

Proposition 4.11. If f is a non-zero element of M(K;T'(N), k) for somek < p —1
(resp. for k = p — 1 which vanishes at one cusp in each connected component of X),
then f has exact filtration k.
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Proof. Suppose that f = Ag for some g € F(K;T'(N),k — (p —1)). In this case,
the g—expansions of ¢ must coincide with the g—expansions of f. But there are no
non-zero modular forms holomorphic at co of weight < 0 and those of weight
0 are constant on each connected component of X, as we saw in the proof of

theorem 4.8. Thus, there cannot be one such g. O

4.3 The operator A9

The exposition in this section follows closely Katz’s article [9]. We keep the
notation from the previous section except that we set w = wp,y to further
simplify it. (We work exclusively on the modular curve Y without the cusps, so
there is no possible confusion with the extended sheaf w on X.)

The main result we prove in this section is the following (cf. proposition 1.44):

Theorem 4.12. There exists a derivation
A0: F(K;T(N),e) - F(K;T(N),e+p+1)

whose effect on g—expansions is qdiq and such that

(1) if f € F(K;T(N),k) has exact filtration k and p { k, then AB(f) has exact
filtration k + p + 1 (in particular, A6(f) # 0), and

(2) if f € F(K;T(N), pk) and A0(f) = 0, then there is a unique ¢ € F(K;T(N), k)
such that f = g".

Before moving to the proof of the theorem, we state some consequences.

Corollary 4.13.

(1) A8 maps modular forms which are holomorphic at oo to cusp forms.

(2) The restriction of A6 to M(K;T(N), k) is injective if 1 < k < p — 1.

(3) If f € F(K;T'(N), k) satisfies that AO(f) = 0, then we can write uniquely
f=Aglwitho <r<p—1r+k =0mod p, and g € F(K;I'(N),I),
pl +r(p —1) = k. If, in addition, f is holomorphic at oo (resp. a cusp form), so
is g.

Proof.
(1) A8 acts as q% on g—expansions.
(2) Let f € M(K;T(N), k) \ {0}. By proposition 4.11, f has exact filtration k.
Now the theorem says that A9(f) # 0.
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(3) Taker € {0,1,...,p —1} such thatr = —k mod p. We argue by induction
onr. The case r = 0 is given by the theorem. Now suppose that r > 0 and
that the result holds for r — 1. Since p t k and Af(f) = 0, f cannot have
exact filtration k; that is, f = Af’ for a unique f’ € F(K;T'(N),k—p+1).
But —(k—p+1) = r—1mod p and A0(f') = 0 by the g—expansion
principle (because it has the same g—expansions as A6(f) = 0). Therefore,
we can express f' = A’ 1¢? for a unique g € F(K;T(N),1). O

The operator A6 is roughly the composition of an operator 8 and multiplica-
tion by the Hasse invariant A. However, in the construction of 6, we get an A in
the denominator, so 6 is only defined over the locus where A is invertible. Next,
we investigate this locus.

Consider the commutative diagram

FrOb]E

&
’
’
’
’
Vaan!

|

E(P 7 W E

-
(P)l ln
Y Y

N
7T

FI‘Oby
_—

where Froby and Frobg, are the absolute Frobenius endomorphisms and F is the
relative Frobenius morphism. We are in the situation of section 3.1. The relative
Frobenius morphism induces a morphism F*: Hi (E(")/Y) — HLL(IE/Y) on
de Rham cohomology. Let .# be the image of F*.

Lemma 4.14. The image F and the cokernel Hig (E/Y) /. of F* are two locally free
Oy—modules of rank 1.

Proof. The Hodge—de Rham spectral sequences for E() /Y and IE/Y degenerate
at the first page by theorem 3.15 and, by functoriality, yield a commutative

diagram

0 — ROV (Q]}a(pvy) — HiR(EP)/Y) — R'7l”) (Ogm) — 0

Ir Ir I

0 — R, (O ) — Hg(B/Y) —— R, (0) —— 0

with exact rows.
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We claim that the leftmost vertical arrow is 0. By functoriality, this map
1
work locally to prove that this last map vanishes. Restrict 7: E — Y to

is the push-forward by 7(P) of the canonical map QI}E

7t Spec(S) — Spec(R) for some affine open subsets Spec(S) and Spec(R) of [E
and Y, respectively. In what follows, the tensor product - ®g R is taken regarding
R as an R-module via Frob%i[. Then, the map Qﬁa(;ﬂ) P F.(Of /y) corresponds

to the (S ®g R)-linear map Q%S ©xR)/R Q /g induced by the derivation D
making
1
Q(S®RR)/R
d(swpR)/R )
D >
. Ol
S®rR > QS/R

R 41{
S

a commutative diagram (here, d(s¢ . r)/g and ds,g are the universal derivations).
Then,

D(b®a) = ds/r(FF(b®a)) = ds/g(abV) = pabP~'dsg(b) = 0

forallb € Sand all a € R, so D = 0 and the claim follows.

The Hodge-de Rham spectral sequence for E(P) /Y (which degenerates at the
first page by theorem 3.15) and the conjugate spectral sequence for E/Y (which
degenerates at the second page by theorem 3.14) yield two short exact sequences
of Oy—modules

0 — ROV (QI}E(P)/Y) — HiR(EW/Y) — Rzl (Okp) — 0

\O lF* //////,
e

0 — RiA¥ (0p)) —— HiR(E/Y) — ROV (!

Ewy) — 0

and we see that F* factors through R! nip ) (Og(p)- Inlemma 1 of his article [9],

Katz claims without proof that the induced map coincides with the inclusion
R! nip ) (Opw) — Hlz (E/Y) in the bottom row. (Unfortunately, the author of
this work has been unable to understand why this is true.)

Therefore, # = R'7\" (Og) and HiR(E/Y)/F = ROz (V) (Ol ) and

E® /Yy
both are locally free 6y-modules of rank 1. O
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Lemma 4.15. The open subset Y2 of Y where A is invertible is the largest open subset
over which the map w ® F — Hig (E/Y) induced by the inclusions is an isomorphism.

Proof. We work locally on Y. We choose an open subset U of Y with a basis
(w,n) of HéR(IE/Y)‘u such that w is the image of a basis of R7, (QllE/Y”u
whose Serre-Grothendieck dual is the projection 77 of 1 on Rl7t, (€)|,. (In
particular, (w, 77) is a basis adapted to the Hodge filtration.) The basis (w(?), ()
of Hix (E()/ Y)!u obtained after base change by Froby has exactly the same
properties.

The proof of lemma 4.14 shows that F*(w(P)) = 0. Moreover, F* o 0* = Froby;
and so the projection of F*(7(P)) on Rl 7, (O) | ; 18 precisely A1 (U) /U, w)Tj,
by the definition of the Hasse invariant. That is, F* can be described in matrix

form as
(Fr@) ) =@ (] B,

where we write A; for the value A(7w~!(U)/U, w) of the Hasse invariant. There-
fore, .7 | . 18 generated by Byw + A7 In conclusion, HR(E/Y) ‘u is isomorphic
to w| u®F | .y if and only if the sections w and Byw + A;1 generate HiR(E/Y) | u

or, equivalently, A; is invertible. O

Remark. The proof shows that .7 | . 18 generated by Byw + A;1. Since U is chosen
so that .7 | uis isomorphic to 0y, we see that A; and B have no common zeros
(cf. lemma 1.40).

We can now define a derivation 6 of F(K;T(N))[%] (i.e., over the locus where
the Hasse invariant A is invertible). By lemma 4.15, we have an isomorphism
H(liR(lE /Y) |YH Sw ‘YH o .F |YH' Since both w and .# are invertible &y—modules,
for each k € IN we obtain a decomposition

SymkHéR(]E/Y)‘YH = Q®k|yH & (w1 Doy JOZ)|YH D0 y®k}YH'

The Gauss-Manin connection V: Hip (E/Y) — HiR (E/Y) ®4, Q) sk induces

for each k € IN a connection
V: Sym"HiR(E/Y) — Sym" HiR(E/Y) ®4, O} ¢

and we have the Kodaira-Spencer isomorphism KS: w®? — Q}, /K
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Definition 4.16. Let k € IN. The map 6: g®k|yH — g®k+2]YH is defined to be
the composition

0|y Sym* Hig (E/Y)|yn = 0™ @ -+

|
| |7

1
\

k
\ Sym HéR(]E/Y) |yH ® Q%/H/K
\ zans*l

\\\ Symk HglR(]E/Y)lyH ®g®2|yH o~ Q®k+2’yH ®---

and we write again  for the induced map H°(YH, w®*) — H°(YH, w®*+2) (cf.
corollary 1.37).

Lemma 4.17. The effect of 6 on q—expansions is qd%.

Proof. Consider (Tate(q)/K((g"/N)), Wean, an) for some level I'(N)-structure ay.
By corollary 3.24, KS(w&2) = %, the dual derivation to which is q%. Set
Hean = V (qdiq) (Wean)- In section A2.2 of his article [8], Katz computes the effect
of the Frobenius endomorphism on the de Rham cohomology of the Tate curve

using complex analytic tools (the same kind of techniques as in section 3.4) and
shows that

(Frob%ate(q)(wcan) FI‘Ob:fate(q)(ﬂcan)) = ((Ucan Ucan) (8 ?) .

From this expression, since p = 0 in K, we deduce that the image of the Frobenius
morphism in H}g (Tate(q) /K((g'/N))) is spanned by can.

Given f € HO(YH, w®), consider f,, (q) = f(Tate(q)/K(g"/N)), wean, an)
and the local expression ﬁN (q)w&k obtained by pull-back from f (observe that
Tate(q) /K((g'/N)) can be obtained by pull-back from 77~ (YH)/YH because the
g—expansions of A are equal to 1). We compute the action of 6 on this local
expression via the chain of maps appearing in definition 4.16, all of which
commute with base change. By duality, we can express

= _ dy, » dq
V(fesDwih) = ¥ (17:) an(@ei) © 7]
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and, after applying the Kodaira-Spencer isomorphism, we obtain

V(035 ) Gon ()60 © 0 = 0 o ()57 + ke ()05 e
= di(fth( ))w (%)]rcfz mod 7#can -
Therefore,
(fﬂlN( ) can) _qdq(leN( )) ?élr(jz/
whence p
(0f)ay (q) = qd—q(ﬁN(q)),
as required. O

Lemma 4.18. For each k € IN, there is a unique map
Af: F(K;T(N), k) = F(K;T(N),k+p+1)
making the diagram

HO(YT, w®) s HO(YM, w®h+2) A HO(YH, @®tpl)

J J

HO(Y, w®F) A » HO(Y, w®ktptl)

commuite.

Proof. First, observe that the vertical arrows in the previous diagram are injective
by the g—expansion principle, as all g—expansions are defined over YH.

We work locally on Y. We can choose an open subset U of Y such that
ROt (O v) |y 7lu
Let w be a basis of w ‘ g et = KS(w®?), which is a basis of Qb k- and consider
the basis D of Zee (O, Oy) dual to ¢. Define y = V(D) (w). Observe that the

image of w under the composition of maps

=w U’R TTx ﬁ]E ‘u—w® 1‘Uand

are isomorphic to &y;.




4.3. The operator A0

87

is its Serre-Grothendieck dual. (The unlabelled arrows above come from the

short exact sequence
0 - w=R'm (Qf,y) = HiR(E/Y) = Rlm, (0p) = w® ' =0

induced by the Hodge filtration.) Hence, the projection of 7 on Rl 7, (0F) |u
the Serre-Grothendieck dual of w (i.e., (w, 1) is a basis of HdR(IE /Y) ’u adapted
to the Hodge filtration). We are in the situation of the proof of lemma 4.15, so

(F@®) E(®) =@ My 4)-

Now set V = U N YH and write again w, 17, A1 and B for the restrictions of
w, 17, A1 and Bj to V. Since A; is invertible over V, we have a basis

B .
9= 4wt

of # |V whose projection on Rl 7, () ‘V is the Serre-Grothendieck dual of w.
Let f € H(Y, w®¥) and express it locally on U as fiw®* for some f; € Oy (U).

Abusing notation we write again f;w®* for its restriction to V. Next, we compute
0( f1w®k) via the chain of maps appearing in definition 4.16. By duality, we can

write
V(fiw®*) = V(D)(fw®) ¢,

which corresponds by the Kodaira-Spencer isomorphism to

V(D) (fiw®*) ® w®? = D(f)w®*? + kfiw® 1 @7
= D(f1)w P +kfiw® T @ ¢ — kﬁ%w‘@k“
1

= (D(fl) —kfli—ll>w®k+2 mod ¢.

Therefore,

0(iw™) = (D) ~ kfi gt )2

and, multiplying by the Hasse invariant A;w®?~!, we see that the formula

AB(f1w™) = (D(f1) A1 — kfiBy)w®HPH

makes sense over U. [
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Corollary 4.19. The local formula obtained at the end of the proof of lemma 4.18 defines
amap A0: F(K;T(N), k) — F(K;T(N),k+ p+1) for every k € Z.

Proof. Consider f € F(K;I'(N), k) for some k € Z. We use that the modular
discriminant A € F(K;I'(N), 12) is invertible in F(K;I'(N)). Choose an integer
r > 0 such that k + 12pr > 0 and define

Ab(f) = —Aefﬁfm

(here, AG(fAP") is defined as in lemma 4.18, which makes sense because fAF"
has positive weight).

Using the same notation as in the proof of lemma 4.18, we can compute
locally on Y

AB(FAP") = (D(f1AT") Ay — (k + 12pr) f1AF By )o@k H2Prpl
— (D(fl)Af”Al + prflAfr_lD(Al) B kflAilferl)w®k+12pr+p+1
= (D(fl)AfrAl — kflAfrBl)w@)k—&-lZpr—i—p-q-l

(where we used that p = 0 in K), whence

pr
A0(f) = % = (D(f1) A1 — kfiBp)w ™74
This is the same formula as for modular forms of positive weight. O

Proof of theorem 4.12. We have constructed a derivation Af on F(K;T(N)) acting
on g—expansions as qd%, as desired. It remains to show its properties with respect
to the filtration given by A.

(1) Let f € F(K;T(N), k) of exact filtration k. Since A does not divide f, there
is a point y of Y at which A has a zero of larger order than f. As in the
proof of lemma 4.18, we express f locally in an open neighbourhood of y
as fiw®* and obtain that

AB(f1w0™) = (D(f1) A1 — kfiBy)w®HPH

Suppose that p 1 k, so that k # 0 in K. Since A; and B; have no common

zeros (see the remark after lemma 4.15),

ord, (D(f1)A1 — kf1B1) = ordy(f1) < ordy (A1),
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(2)

which implies that A does not divide Af(f). That is, A0(f) has exact
filtration k + p + 1.

Let f € F(K;T(N), pk) such that A9(f) = 0. Again working locally on an
open subset U of Y and with the same notation, we have that

0 = AO(fiw™) = (D(f1) A1 — pkfiBr)w PP = D(fy) A P71,

which is only possible if D( ;) = 0. But Y is a smooth curve over the perfect
(in fact, algebraically closed) field K of characteristic p and D is a basis of

Derk(Oy, O). Therefore, f; = gt for a necessarily unique g1 € Oy (U).

We obtain that fjw®PF = (g;w®*)P. By uniqueness, these local sections
g1w®k can be glued together to a unique ¢ € F(K;T(N), k) satisfying that

gl =f. n
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General index

B

Bernoulli numbers, 5

C

Cartier isomorphism, 55
Cartier operator, 72
connection, 57

cusp form, 3; see also modular form

D

de Rham cohomology, 53
conjugate filtration, 54, 56
conjugate spectral sequence, 54
Hodge filtration, 54, 56
Hodge-de Rham spectral sequence, 54
Koszul filtration, 58

E

eigenform, 19; see also modular form
Eisenstein series, 3
g—expansion, 4
normalized series, 5
elliptic curve, 30
isogeny, 50
degree, 50
dual, 51
level I'(N)-structure, 31
determinant, 41
moduli problem, 36
property, 37
relatively representable, 36

representable, 36
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rigid, 38

F

Frobenius morphism, 47
absolute, 47
relative, 48

G

Gauss—Manin connection, 59

H

Hasse invariant, 70
Hecke operator, 14-16
homothety operator, 15

K

Kodaira-Spencer morphism, 60

M
modular curve, 38, 39
cusps, 40
modular discriminant, 6
modular form, 2, 31, 39
g—expansion, 3, 35, 39, 43
holomorphic at o, 36, 43
modulo p, 20
filtration, 26, 80

modular function, 14

T
Tate curve, 34

canonical differential, 34

U

universal elliptic curve, 38; see also elliptic curve

universal level structure, 38

\'%

Verschiebung morphism, 51; see also Frobenius morphism
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W
weakly modular form, 2

holomorphic at oo, 2

Index of symbols

Symbols

A, 24,70

A9, 81, 86

B, 24

C(N), 40

E[N], 30

E/S, 30

E., 32

Ex(z),5
F(K;T(N)), 39
F(K;T(N),k), 39
F(Ro;T(N), k), 32
Px/s, 48

Gok(2), 3
M(K;T(N)), 43

S(Ro; T(N), k), 36
Sk(SL2(Z)), 3
Vx/s, 51

X(N), 39
X(N)g,, 41

x(P) 48
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Y(N), 38
Y(N)¢,, 41
A(z),6

Ell /Ry, 36
Frobg, 47
T'(N), 30,37
T(N)go s 41
T(N)g,, 37
R;, 15

KS, 60
A(w1,wr), 13
A(T), 14
03/5,53
E/9M(P), 36
H,1

T,, 14,16
Tate(q), 34
ay, 31

HijR (X/S), 53
x, 60

L,13

P, 36

Pr/s, 36
Fil, 53

[Fil, 53
V(D), 57

V, 57,59
Wean, 34
0,22

4E, 54

\E, 54

oi(n), 4
6,21,85

w, 42

WEg/s, 30

fan(q), 35
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MP(SLy(Z)), 20
M (SLy(Z)), 20
o(z; A), 13
7(zA), 63
as(q), 34

a(q), 34

eN, 40

£(p), 49

j,39

p, 19,69
q,3,20,32

w(f),26
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