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Abstract

In this thesis, we look at the geometric analogue of Chebyshev’s bias, a phenomenon
that refers to the fact that primes are biased towards quadratic non-residues in most
intervals [2, z]. In the case of number fields, this phenomenon was studied in a well-
known paper by Rubinstein and Sarnak. Following that, Cha studies this bias in a
function field setting. Under a linear independence hypothesis on zeros of L-function
(LI), we see how irreducible monic polynomials in a polynomial ring over a finite field
are distributed in a given set of residue classes modulo a fixed monic polynomial. As
in the classical case, we obtain an asymptotic formula (Theorem 2.6) for a counting
function measuring the number of prime quadratic residues minus prime quadratic
non-residues. The proof we give here is based on a strategy suggested (but not
pursued) in [Cha08]. Although quite a few results are analogous to the number field
case, an important distinction is that LI can be proven to hold in some cases and
can be violated in some other cases in the function field setting. Also, under the LI,
we see that the bias dissipates as the degree of modulus under consideration tends to
infinity (along with some necessary and sufficient conditions).

Since LI for function fields can be violated in certain cases, it is important to show
that it holds in certain cases (which it does) for the above described work to be useful.
Hence, this becomes the second part of the thesis. Using the sieve for Frobenius
developed earlier by him, Kowalski showed that in a certain sense, the roots of the
L-functions of most algebraic curves over finite fields do not satisfy any non-trivial
(linear or multiplicative) dependency relations, which is essentially what LI says.
Although we don’t give the proof of the most general version of the aforementioned
result, we illustrate the use of the sieve for Frobenius to prove LI for a certain family
of hyperelliptic curves. We also give an improved bound in Proposition 3.11 for the
number of hyperelliptic curves (in a family, indexed by integers) with a Jacobian that
is not simple. This improvement is in comparison to the one in Proposition 6.3 of
[Kow06] using the suggestion of C. Helsholtz which has been mentioned as a note in
the paper.
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Chapter 1

Dirichlet characters over
function fields

1.1 Primes and the reciprocity law

Let p be an odd prime number and ¢ be a power of p. We will denote by F, a finite
field with ¢ elements. A monic irreducible polynomial in F[T] will be denoted by P
and henceforth, will be called "prime".

Let a € F[T] such that P does not divide a and d a divisor of ¢ — 1 (¢ is the
cardinality of IF). Since F* — (F[T]/P)* is one-to-one, there is a unique o € F* such
that

|[Pl—1
a 4 =amodP.

Definition 1.1. If P does not divide a, let (a/P)q be the unique element of F* such
that

[P|=1
d

a = (;)d mod P.

If Pla define (a/P); = 0. Note that the above definition is also valid if P is
irreducible but not necessarily monic.

Theorem 1.2 (The d-th power reciprocity law). Let P and Q be monic irreducible
polynomials of degrees § and v respectively. Then,

(p), =07 (@),

1.2 Dirichlet characters

Let m be an element of F[T] with non-zero degree M. A Dirichlet character y modulo
m is a function from F[T] — C such that

1. x(a+bm) = x(a) for all a,b € F[T]
2. x(a)x(b) = x(ab) for all a,b € F[T]
3. x(a) # 0 if and only if (a,m) = 1.

X induces a homomorphism from (F[T]/m)* — C* and conversely, given such a ho-
momorphism there is a unique Dirichlet character corresponding to it. It can be
shown that there are exactly ®(m) = #(F[T]/m)* Dirichlet characters modulo m. In
fact, the set of Dirichlet characters modulo m, say X,,, is a group that is isomorphic
to (F[T]/m)*. The principal Dirichlet character x¢ is defined by the property that
xo(a) =11if (a,m) =1 and xo(a) =0 if (a,m) # 1.

The Dirichlet characters modulo m satisfy the standard orthogonality relations.
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Proposition 1.3. Let x and v be two Dirichlet characters modulo m and a and b
two elements of F[T] prime to m. Then

1S X(@)a) = Bl ).
2. %X(a)x(b) = ®(m)d(a,b).

The first sum is over any set of representatives for F[T|/m and the second sum is over
all Dirichlet characters modulo m. Here 0 represents the Kronecker delta function.

1.3 Zeta function and Dirichlet L-series

Definition 1.4. The zeta function of F[T], denoted ((s) is defined by the infinite
series

where |f| := q®9(f).

The above series converges for R(s) > 1. Since there are exactly ¢? monic poly-
nomials of degree d in F[T'], we have

2 d

> =1 S m E
deg(f)<d ¢ ¢
and consequently
1
C(s) = T (1.1)

for all complex numbers s with ®(s) > 1. As in the classical case, we again have a
unique decomposition of monic polynomials into primes which leads to the following
identity
(o= T a-1p™ (1.2)
P prime
This is also valid for all R(s) > 1. The identity above is quite useful as we will see
below.

We can define a quantity similar to the prime counting function in case of positive
integers, m(N) := #{P prime | deg(P) = N}. Then, from (1.2) we find

o0

((s) = J[(1 = g%
d=1
Using (1.1) and substituting w = ¢~* (note that |u| < 1 if and only if R(s) > 1) we
obtain the identity
1

1—qu

= ﬁu — )@,

d=1
Taking the logarithmic derivative of both sides and multiplying the result by u yields
qu i dr(d)u?
1—qu _d:1 1—ud’

Finally, we expand both sides into power series using the geometric series and compare
coefficients of u", giving us
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Proposition 1.5.

S dr(d) = q".

dn
By applying the Mobius inversion formula to the above formula, we get

Corollary 1.6.

w(d) = =3 p(d)g"", (13)
dln

where p(d) is the Mdébius function.

In (1.3), the highest power of ¢ that occurs is ¢ and the next highest power that
may occur is ¢™? (this occurs if and only if 2|n). All the other terms have the form

+¢™ where m < n/3. The total number of terms is > |u(d)|, which is easily seen to
din

be 2!, where t is the number of distinct prime divisors of n. Let p1,pa, ..., p: be the

distinct primes dividing n. Then, 2! < p1ps...p; < n. Thus, we have the following

estimate: 12
n n
< q2 + qn/3_

Thus, we have a result similar to the classical prime number theorem.

m(n) — %

Theorem 1.7 (The prime number theorem for polynomials).

m(n) = % +0 (qn/2>

n

We also have a function field analogue of the Riemann hypothesis. This was first
proved by Weil in the late 1940s.

Theorem 1.8 (the Riemann Hypothesis for function fields). Let K/F be a function
field with finite constant field, F, having q elements. Let (x(s) be the zeta function
of K. All the zeros of (i (s) lie on the line R(s) = 3.

The zeta function is a special case of the Dirichlet L-series (when "y =1").

Definition 1.9. Let x be a Dirichlet character modulo m. The Dirichlet L-series
corresponding to x is defined by

x(f)

s = T

f monic

From the definition of the L-series and comparison with the zeta function, one sees
immediately that the series for L(s, x) converges absolutely for #(s) > 1. Also, since
characters are multiplicative, we can deduce that the following product decomposition
is valid in the same region.

L(s,x) =[] (1 _ TJ(DI;))_l |

P

The zeta function also has a similar decomposition.

) =1] (1 _ ’;P)—l

P
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Using this, we can then derive a relation between L(s, xo) (where x¢ is the principal
character) and ((s).

C@:HO‘QJ4HO‘QJA

Pim Plm
1 —1
—2(s0x0) IT (1~ )
|P|®
Plm
which gives us
1
L) =TT (1= ) €60 (1.4)
Plm
Since ((s) is meromorphic over C with a simple pole at s = 1, L(s,xo) can be

analytically continued to all of C with a simple pole at s = 1.
If x is non-principal, then L(s, x) can be analytically continued to an entire func-
tion on all of C. This is due to the following proposition.

Proposition 1.10. Let x be a non-principal Dirichlet character modulo m. Then,
L(s,x) is a polynomial in q—° of degree at most M — 1.

For the proof of this proposition, see [Ros13, Proposition 4.3].

Lemma 1.11. Let x be a non-principal Dirichlet character modulo m. Then

120 = otog )

as M — oo.

The number-theoretic counterpart of this lemma is (L'/L)(1,x) = O(loglogq),
where x is a non-principal Dirichlet character modulo ¢q. The proof of the above
lemma is similar to that of its number-theoretic counterpart (given in [Lit28]) and
can be found in [Cha08] (Lemma 6.3).

Since L(s, x) is a polynomial in ¢—*, let £(u, x) := L(s, x), obtained by the change
of variable u := ¢~*.

X is primitive if there is no proper divisor m/|m so that x(f) = 1 whenever

(fym)=1and f =1 mod m’. Also, x is even if x(cf) = x(f) for all 0 # ¢ € F.

Proposition 1.12. Let x* be the primitive Dirichlet character modulo a polynomial
m(x*) which induces a non-principal Dirichlet character x modulo m. Also, let M (x*)
be the degree of m(x*). Then we have:

1.
L(u,x) = L(u,x*) [[ @—uP)y,
Plm
Ptm(x*)

2. L(u,x*) is a polynomial in u of degree M (x*) — 1;

3. if x* is even,

and, otherwise,
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for some complex numbers ~y; with || = \/q;

4. if m is irreducible, then

(M=2)/2
L(uXquad) = (L =) [T (1 —=7u)(1 )
i=1
for M even, and
(M—1)/2
L(u, Xquad) = H (1 —yiu)(1 = yu)
i=1

for M odd.

Proof. These properties are essentially consequences of Theorem 1.8. Property (1)
is immediate from our definition of Dirichlet L-series. Note that, for a non-principal
character x, the Dirichlet L-series can be modified to give the Artin L-function (see
[Ros13, pp. 126-131]) by introducing a local factor at the infinite prime, which is
(1 —q=*)~1if x is even, and one otherwise. This together with Theorem 1.8, proves
(2) and (3) (see [Rosl3, Proposition 14.10]). Lastly, property (4) is immediate from
property (2), (3), and the fact that the inverse zeros of £(u, Xquad) are stable under
complex conjugation. O






Chapter 2

Chebyshev’s bias in function

fields

2.1 Introduction

Chebyshev noted in 1853 that for most values of x, there are more primes (< x)
congruent to 3 than 1 modulo 4. More generally, it was observed that the prime
quadratic non-residues of a given modulus predominate over the prime quadratic
residues in most intervals [2, z]. This bias towards quadratic non-residues is referred
to as Chebyshev’s bias. In [RS94], one can find conditional results justifying the
existence of this bias. This paper is crucial in understanding the analogous results
obtained in [Cha08].

In this chapter, we look at the geometric analogue of Chebyshev’s bias, i.e., in a
rational function field setting, as studied in [Cha08]. We fix m, a monic polynomial
in F[T] with degree at least two. As before, we will denote the degree of m by M
and the irreducible monic polynomials in F[T] will be denoted by P. For any positive
integer N, we define w(IN) as before. We also define another prime counting function
for an element a in F[T] prime to m,

w(a,m,N) := #{P|P = a mod m,deg(P) = N}.

For a positive integer X, we define E,,.o(X) by

X X
Epa(X) = X J\;l(q)(m)ﬂ'(a, m,N) —m(N)). (2.1)

The function E,,,,(X) can be thought as describing how much more (or less) primes
there are in the residue class of a than its fair share. In § 2.2, the explicit formula
of Ep.q(X) is obtained (Theorem 2.5) by analyzing the coefficients of the power
series of the logarithmic derivative of a Dirichlet L-function L(s, x) for all Dirichlet
characters modulo m. From the explicit formula, we also see the source of the bias
(—c(m,a)By(X) term in the formula).

In § 2.3, we focus on the principal-real quadratic character xquaq modulo an ir-
reducible m. We again obtain an asymptotic formula (Theorem 2.6) for a counting
function measuring the number of prime quadratic residues minus prime quadratic
non-residues. The proof given here is different from the one given in [Cha08], although
the strategy used was suggested in the original paper itself. From the formula, we
can prove the existence of a certain limiting distribution p,,.z n that is constructed
from E,,.p N(X) (see Theorem 2.9). We define a function field version of the lin-
ear independence hypothesis (LI) (Definition 2.10). As in [RS94], under LI for all
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non-principal characters, we can find a formula (Theorem 2.11) of the Fourier trans-
formation of fi,.p n. From this, we can deduce that, if we define P,,.z v to be the
set of all positive integers with

X X
Y a(N) > > b(N),
N=1 N=1

where a(N) = #{P € F[T]|xquad(P) = 1,deg(P) = N} and b(N) := #{P €
F[T]|Xquad(P) = —1,deg(P) = N}, then

 #(Pnrnn{L,2,...,X
5(Pm;R,N) — Xlgnoo ( m;R,N ){( })

exists and 6(Pp,;r,n) < 1/2. As an application of this, we also prove that more primes
of an affine line splits on a double covering of an irreducible plane curve than remain
inert. Note that in the classical case, the natural density does not exist and one
must work with logarithmic density. Hence, it is quite remarkable that in the case of
function fields, we can work with the natural density as defined above.

In §2.4, we state the general result for existence of a certain limiting distribution p
that is constructed from Ey,.q,(X), ..., Epq, (X), for ai, ..., a, in F[T] representing
distinct classes in (F[T]/m)* (see Theorem 2.14). As before, under LI for all non-
principal characters, we find a formula (Theorem 2.15) of the Fourier transform of
p. From this, we can deduce that, if we define P4, ... 4, to be the set of all positive
integers X with

X X X
Z m(ay, m,N) > Z m(ag,m,N) > -+ > Z m(ar,m,N),
N=1 N=1 N=1

then the limit

5(Pm;a1,~.,ar) = Xlgnoo X
is equal to p({x1 > --- > x,} CR"), hence always exists.

In the last section, § 2.6, we have proved analogues of Theorems 1.6, 1.4, and 1.5
of [RS94]. The first and the third (Theorems 2.20 and 2.23) describe certain central
limit behaviours. Essentially, we see that as the degree of m goes to infinity, the bias
dissipates. The second analogue (Theorem 2.21) gives the necessary and sufficient
conditions for the density function of p to remain unchanged under permutations of
(T1,...,2p).

2.2 The asymptotic formula

In this section, we want to find an asymptotic formula of E,,..(X) as X — oco. By

Theorem 1.7,
¢V ¢N/2
and N .
1 ¢ q
N)=—"— — . 2.
e m N) = Go N +O< 7 ) (2.3)

For a proof of (2.3), see [Ros13, Theorem 4.8].
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We will estimate ®(m)mw(a, m, N) —7w(N) in (2.1) by calculating the coefficients
of the power series of 3 )Z(a)u% log £(u, x) for all Dirichlet characters x modulo m.
For each character x, define the numbers ¢y () by the equation

[e.e]

d
U log £(u,x) = en (x)u
u N=1

From the Euler product L(s,x) = [ (1 — x(P)|P|~*)~!, we have
Ptm

ch) =T I (- xPuh . (2.0

Hence,

=¥
8
|

=Dl Dot oRR)
N=1|dN  Pm
deg(P)=d

From this, we obtain
Z d Z pN/ 4. (2.5)
d|N Pim
deg(P)=d
Summing over all Dirichlet characters modulo m, we get

Z)Z(a) Zd Z ZX PN/d (2.6)

dN  Pm
deg(P)=d

Let us introduce a notation to simplify the summation:
m(a,m,d, k) = #{P|P* = a mod m, deg(P) = d},

for any positive integers k and d. Clearly,

m(a,m,d, 1) = w(a,m,d) (2.7)
As in [RS94], we define
c(mya) = -1+ Z 1 (2.8)
b%>=a mod m
be(F[T]/m)*

to simplify 7(a, m, d,2). If m is irreducible, the second term in the definition of ¢(m, a)
will be 0 if a is not a square residue and 2 if it is a square residue. Therefore, ¢(m, a)
is just the non-principal real quadratic character mod m. In general, ¢(m,a) + 1 is
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the number of square roots of a in (F[T]/m)*. So, from (2.3),

_c(m,a) +1 ¢ g2

From (2.2), for an arbitrary k, we have the trivial estimate

d

w(a,m,d, k) < m(d) =0 <qd> . (2.10)

By the definition of 7(a,m,d, k) and the orthogonality relations in Proposition
1.3, we can write (2.6) as

Z X(a)CN(X) = Z d@(m)ﬂ(a, m,d, N/d)

d|N

We separate out the terms for d = N and d = N/2 (which exists only when N is
even) from above. By (2.7), the term corresponding to d = N is N®(m)nw(a, m, N).
(2.9) implies that the term corresponding to d = N/2 (when N is even) is equal to
N/4
N

N (c(m,a)—l—l qN/2+O(q

Eé(m) S(m) N2 ) = (e(m,a) + 1)qN/2 + O(qN/4).

We now need to estimate the sum of the terms with d < N/2. Using (2.10) and
the summation formula for a geometric progression, we have

qd
> d®(m)r(a,m,d,N/d) < > dO <d>

AN dIN
d<N/3 d<N/3
= Y 0
d<N/3
= 0(¢"?).
Therefore, we proved that, for even N,
Y x(@)en(x) = N®(m)w(a,m, N) + (c(m, a) + 1)¢""* + O(¢"/?) (2.11)
X
and, if N is odd,
Z)Z(@)CN(X) = N®(m)m(a,m,N) + O(¢"/?). (2.12)

X

Now, we will give another estimate of -, X(a)en(x). Assuming that y is a non-
principal Dirichlet character mod m, we can write (using Proposition 1.10)

d(x)

L(u,x) = H (1 —a(x,v)u). (2.13)

v=1

Here, d(x) is the degree of L£(u,x) as a polynomial in v and «(y,v) are complex
numbers called inverse zeros of L(u,x). They have absolute values either /g or 1.
This is a consequence of a theorem of Weil, the function field analogue of the Riemann
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hypothesis (see [Ros13, Theorem 5.10]). From (2.13), we obtain

d oo d(x)
ud—logLuX ZQ(XI/NN
N=1v=1

Now, recall the definition of the numbers cy(x). It gives us

en(x) == alx, )", (2.14)

for a non-principal character x. For the principal character xo, we can use (1.1) and
(1.4) to get
[1pjn (1 — u?s?))

1—qu

L(uv XO) =

This gives us

d B —deg(P)udes(P) -1
u% log £(u, x0) = u (Pz;n 1 — ydeg(P)

= —deg(P ZZukdegP)—i-Zq

Plm k=1

The coefficient of Y in the first sum is clearly bounded and that in the second term
is ¢/V. Therefore,

en(x0) = ¢ +O(1). (2.15)
Summing up, we have proved
d(x)
> x@en(x)=— > x(a) > alx )N+ ¢V +0(). (2.16)
X XF#X0 v=1

Proposition 2.1. Define B(a,m,N) by

0 if N is odd,
c(m,a) if N is even.

B(a,m,N) := {

Then, we have

9

(X)
N(®(m)m(a,m,N) —7(N)) = =B(a,m,N)q N/z _ Z X(a alx,v)N +O(qN/3).
XFX0 V:1

Proof. By Corollary 1.6

Z Vi u(d

d|N

Separating out all terms of size ¢’V/2 or larger, we write this as

(N = { (N —¢N'?) /N +O(¢N/3/N) if N is even, (2.17)

/N + O(¢"/3/N) if N is odd.
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If N is odd, we use (2.12), (2.16) and (2.17) to obtain
N(®(m)m(a,m, N) ZX — ¢V +0(¢"?)
d(x)
== > xX(@) > aler)V +0"?).
X#X0 v=1

Similarly, in the case of even N, we will use (2.11), (2.16) and (2.17) to get

d(x)
N(@(m)m(a,m,N) = 7(N)) = —c(m,a)q™* = 3~ x(a) Y~ alx. )N + 0(¢""?),
XFX0 v=1
which completes the proof. O

Lemma 2.2. For any complex number § with |B| > 1,

Proof. Let h(n) := " and f(z) := 1/z. Also, let H(x) := Y h(n). Then, clearly,

n<z

Blzl —1
B 1

To calculate Z /i, we apply the partial summation formula (see [CM05, Theorem
1.3.1)) Wthh g1ves

S hn)f () = H(@)f() ~ [ H@)7 0
Therefore,
N on 1-N N glt] _
_B- ﬁ sl —11

and it remains to show that the second term on the right-hand side above tends to
zero as N — oc. Since [°(1/t?)dt < oo and || < |B]t, it is sufficient to prove that

N | a|[t]
5N/ |6t’ dt — 0

as N — oo. Using integration by parts,

N N o N o1 (18N 18]y N 1 B!
ﬁN/l 2 U= N iogal \ N2 T 12 ) T BV iog Bl b e 2) gt

The first term is easily seen to tend to zero as N — oo, and, again, we only need to

show N ]B|t
5N/ 3 ——dt — 0.
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To do so,
N 3]t N/2 (8|t N t
[T [ L
1t Nj2 t
N/2 | 3| N/2 N N
< rmg e [N
1 t N2 3
-2 —2
<k 82+ 191 (2 - o)

for a constant k. We multiply N/3" on both sides of this inequality, and this com-
pletes the proof. O

Corollary 2.3. Define B(N) by

__} 0 if N is odd,
BN) = { 1 if N is even.
Then
Va/(q@—1)+o(1) if X is odd,
X/2 Z q/(g—1)+o(1) if X is even.

Proof. Suppose that X is even, X = 2X’. Since B(N) is zero for all odd N we have
that

X Sl 22X

X = N ¢t o
q

=1 1o

where we use Lemma 2.2 for the last equality.
For an odd X = 2X’ + 1, we proceed similarly:

Nz 2X’+1

q
Xz 2 BNy = 2
q N=1 f q n

again, by Lemma 2.2. O

Corollary 2.4. Let y be a complex number with absolute value \/q and argument 0,
that is v = \/(jeie. Then

Proof. This is straightforward from Lemma 2.2, because

X .
X Zﬂ:XeleXﬂzeiex 8 +o(1).
¢ = N v N v—1



14 Chapter 2. Chebyshev’s bias in function fields

Theorem 2.5. Define B,(X) by

. /(g—1) if X is odd,
Bq(X) = { (}//a(q z 1)  if X is even.

Then
Eia(X) = —c(m,a)By(X) — Y x(a) Y (a’m)X%‘) +o(1),
XF#X0 Tx

as X — oo, where x denotes a non-principal Dirichlet character, v, denotes an
inverse zero of L(u,x) and 6(vy) denotes the argument of 7y .

Proof. From Proposition 2.1, we know that we need to estimate the following three
sums:

X N/2 X x(a ) N/3)
X/QZBamN)N, X/Z ’ X/2Z
N=1 N=1
The third sum is o(1) because
N/3> X oxsmy g 1 X/3
X/2 Z = X/QO(q / )NX%N X/2O(Xq ).

Now, note that B(a,m,N) = ¢(m,a)B(N) and so Corollary 2.3 gives us that the
first sum is equal to ¢(m,a)B,(X) + o(1). It remains to estimate the second sum.
As mentioned earlier, the inverse zeros of L(u,x) have absolute values either /g
or 1. When |a(x,v)| = 1, the second sum (its absolute value) is clearly o(1). If
la(x,v)| = /g, then we write a(x,v) = 7, = /ge?®x). From Corollary 2.4, we
obtain

X & xl@al,n)¥ X & xlanyN y
<3 Z ( ) ( ) _ Z ( ) X zx(a)e O(PyX)XfYXil +0(1).

Summing this over all the inverse zeros and over all non-principal characters gives the
second term in the expression for F(m;a) (which has to be real since all the other
terms are). Finally, we combine the three sums with appropriate signs to prove the
theorem. O

2.3 The quadratic character and its applications

In this section, we assume that m is irreducible. We obtain an asymptotic formula
(Theorem 2.6) for a counting function (E,.z n(X)) measuring the number of prime
quadratic residues minus prime quadratic non-residues. In [Cha(8], it is suggested
that it may be possible to obtain Theorem 2.6 from Theorem 2.5 and so we have
given a different proof here from the one given in the above cited paper.

As earlier, define a(N) and b(N) by

a(N) := #{P € F[T]|xquaa(P) = 1,deg(P) = N}
b(N) := #{P € F[T]|xquaa(P) = —1,deg(P) = N}.



2.3. The quadratic character and its applications 15

Also, define
B (X) : X/2 Z N)).

Let Xquaa be the non-principal real quadratic character mod m. We enumerate, among
all of the inverse zeros {a(Xquad, V) }oly of £(u, Xquad), those whose absolute values
are ./q as Y1, V1, - - -, Yk, Vk- Lhen we have the following asymptotic formula.

Theorem 2.6. Let B,(X) be defined as in Theorem 2.5. Then we have
Epmpn(X) =B, —22m< ZQXV% 1) +o(1),
i —
as X — o0.
Proof. Since m is irreducible, we clearly have
a(N) + b(N) = 7(N),
if N # M (which we recall as the degree of m). Also,
a(N) = Z w(t,m,N)
t
Xquad(t)zl
bN)= > =(t,m,N).
¢
Xquad(t)zf

For convenience, let us denote the set of squares by S and the set of non-squares by
NS. Then

qX/Q
7 mRN (Z tmN) Z?T(t,ﬂl,N))

Z
=1 \tesS teNS
qX/Q X
Bm) L B (X z(z (e ) = )
=1 \teS

Mx

<Z )m(t,m, N) — (N )))+O(X)7

N=1 \teNS

where the O(X) term arises because the number of squares and non-squares might
not be equal. Interchanging the order of summation, we get

7Em;R,N ZEmt - Y~ Z Emt (X),

tesS teNS

S(m)Emp,n(X) =Y Emg(X) — Y Epa(X) +o(1).

tes teNS
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Now we can invoke Theorem 2.5. This will give us

1 X
Em;RW(X):@(m)%;( c(m,t)B X%)X Zezamxvv_l)
— LS [ —etm B0 - Y e 0000y ) o)
®(m) ¥ X#X0

To simplify the expression we will denote 3, e e@(n)X Z" by I(x) (it is also de-
pendent on X but for the summation only x matters). Recall that c¢(m,t) is the
non-principal real quadratic character mod m. Therefore,

Epipn(X) = (I,(lm)Z—Bq (Z DoXOI) - D . x(t)f(x)) +o(1).
t tES XF#x0 teENS x#x0

The first term is just —B4(X). In the second term, we can again interchange the
order of summation.

Emirn(X) = =B4(X) — > I(x (Zi(t) - X(t)> +o(1).
XFX0 tes teNS
We can rewrite > X(t) — > X(t) as > Xquaa(t)X(t). By Proposition 1.3, this is
tesS teNS t

equal to ®(m)d(Xquad, X)- So we end up with

Em;R,N(X) = _BQ(X) - I(Xquad) + 0(1)
= —Bq(X) = R(I(X)) + o(1).

Using the enumeration of inverse zeros described earlier, we get the statement of the
theorem. O

By Proposition 1.12, £(u, Xquad) is a polynomial in u of degree M — 1 (since m is
irreducible) and so there will be k = [(M — 1)/2] pairs of inverse zeros.

Corollary 2.7. For M = 2, E,,. g n(X) < 0 for almost all X (i.e. all but finitely
many X ).

This is true because for M = 2, the L-series has no inverse zeros with absolute
values equal to /g (see Proposition 1.12). This means that the prime non-residues
predominate over prime residues.

Define
(T) — _ - i0; X ’YJ
ET(X): 22%( 1) (2.18)
so that €,(X) := Ep.rn(X) — E™ (X) is o(1) by Theorem 2.6.

Lemma 2.8. For any continuous bounded function f on R, the limit

lim —ZfE(T

N—oo N

exists.
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Proof. We denote the corresponding arguments of vq,...,7; as 61,...,0;. Define
bo,b1,...,b € C by
by :=—1
and -
b = ——9

for j =1,...,k. Also define a function g on R**! by

q(3+cos(27ra:0))/4 k —
9(x) = g(zo, 21, .., 2p) == f 50? + 228%(6 TEb) | -

Jj=1

Then g gives rise to a continuous function on RF¥*!/Z*+1 and clearly

27 2 on

FEO) =g (5,05 ).

— X 61X 0 X k+1 jrpk+1
P {(E0X, ) creg

X = 1,2,3,...}. (2.19)

Then, by Kronecker-Weyl Theorem, I' is equidistributed in its topological closure T,
and we have

1 N
im — (T) —
]\}l—rgo X§:1f(E (X)) /fg(w)da:. (2.20)
where dz is the normalized Haar measure on T. O

Theorem 2.9. There exists a probability measure p,.r,N on all Borel sets in R such

that
LN
pm:rN(f) = Am o > f(Empn(X)),

for all bounded continuous functions f on R.

The proof of this theorem is along the lines of the proof of [Cha08, Theorem
3.2]. Here, we abbreviate Ey,.p n(X) to E(X) and the probability measure vy :=

mNE(Tr1 is defined on R (where my is the probability measure on the set {1,..., N}
with my({1}) = --- = my({N}) = 1/N). The rest of the elements of the proof are
identical.

Definition 2.10 (Linear Independence Hypothesis). Consider a set T = {x # xo}
of non-principal Dirichlet characters modulo m, which is closed under complex con-
jugation. Then we say that T satisfies LI if the set

{6]y = \/qe is an inverse zero of L(u,x) for some x € T with 0 <6 < w}U {2r}
1s linearly independent over Q.
Theorem 2.11. Assume that the set {Xquad} satisfies LI. Then the Fourier transform
ﬂm;R,N Of Hm;R,N is given by

)

275
71

k
;N (&) = Brsr N (€) [T o (
j=1
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where
= (—1)"(z/2)*"
n=0

is the Bessel function of the first kind, and

B - 3 o (170.) o (916)).

Proof. We again use the enumeration of inverse zeros described previously. We also
abbreviate p,.r N as p. The main consequence of LI for us is that the I' in (2.19) is
the union of two copies of a k-torus, more precisely,

L ={(0,z1,...,2) € RFMY/ZF Y (2, ... xp) inRF/ZFY
U{(1/2,21,...,x) € RFTL/ZF (21, ... 2p,) inRF/ZFY. (2.21)
Also, the normalized Haar measure dx on T is simply half of the usual Lebesgue

measure on each k-torus.
Now, using Theorem 2.9, (2.20) and (2.21)

k
pO) = [ e du(a) = Buunn(©) [Ls(©) (222
j=1

where p1, ..., pug is the distribution

— (28? (ewlxﬁy1 > o 2R (ew’“XWf )>
y1—1 e —1

of the terms in (2.18). Let w; be the argument of v; /(y;—1). Further, let R; :=
Then we can write the distribution as

2y
=Ll

—(Rycos(01X 4+ w1),..., R cos(0p X + wy))

Then, as in [RS94, §3.1] (also, see the proof of [Cha08, Theorem 3.4]),

. 1t dt
f1;(€) = ;/_ICOS (Rj§v1 —tQ) Ap
= Jo(R;§).

Note that Jj is an even function and so is

IL{

275
V-1

).
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If we split the integral representing the inverse fourier transform of 2/i,,.z n into two
parts corresponding to the two terms of 2B,,.r v,

24ty (@) =2 [ €S Brin (€ f[ ( 27_]1‘£>d5
:/Rexp <i§ <x )) ( 25 ‘g) dé
—i—/ReXp (z'g <x+ )) < i ‘g) de,

then we find that the first integral is symmetric about z = —qéql < 0 and the second

integral is symmetric about x = _q% < 0. Since fiym;r N is the average of the two
integrals, we have

1
R, N (—00,0] > 3

In other words, the primes are biased toward quadratic non-residues, if we assume
that LI holds on {xquad}-

As an application of Theorem 2.6, we consider the double covering C' — AIIF where
C is an affine plane curve defined by the equation 2 = m for a fixed irreducible monic
m € F[T] and Al is the affine line over F. Define

a'(N) := #{P € F[T]|(m/P) = 1,deg(P) = N},
V(N) = #{P € F[]|(m/P) = —1,deg(P) = N},
and

Emis1(X) : X/2 Z N) = ¥(N)).

The function E,,;.g7(X) counts the number of primes of A]F splitting in C' minus that
of primes remaining inert in C, whose degrees are up to N. By Theorem 1.2 (for

d = 2), we have
A M deg(P).(¢—1)/2 (1 )
= (-1 & . 2.2

Therefore, if either M is even or ¢ = 1(mod 4), then (m/P) = (P/m) for all P, and
Epns1(X) = En.rn(X). So in this case, the prime number race between splitting
primes and inert primes is the same as prime residues and non-residues. For M odd

and ¢ = 3(mod 4). Then,
m deg(P P
M o q)des( )()
(P) (=1) m)’

d'(N) = V' (N) = (=1)"(a(N) = b(N)).
This gives us (see [Cha08, Proposition 4.2] and [Cha08, Theorem 4.3])

which implies

Theorem 2.12.

Em;SJ(X) _ _ 225}%< i(m—0;)X ’yi 1) + 0(1), (224)
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as X — o0.

Hence, we see that the splitting primes outnumber the inert primes.

2.4 Limiting distribution

In this section, we look at the limiting distribution in the general case. The proofs
of the results have been omitted since they are quite similar to the proofs in the
quadratic character case which has been dealt with in the previous section. The
omitted proofs in this section can be found in [Cha08, §3].

Let aq,...,a, be elements of F[T| prime to m, representing distinct residue classes
modulo m. Define the vector-valued function

Emiar,....ar (X) = (Em;al(X)7 ooy B, (X))

Define
ED(X) = (EM(X),..., ED(X))
where
ED(X) 1= —e(m, a)By(X) = 3 X(a) 300X g
XFX0 Tx

for 1 =1,...,7, and ,(X) := (Epmia, (X) — EfT)(X),...,Em;ar(X) ~ D (x)). By
Theorem 2.5, |e,(X)| = o(1).

Lemma 2.13. For any continuous bounded function f on R", the limit

N
lim — FED (X))
N—oo X1

exists.

Theorem 2.14. There exists a probability measure |1 = fim.a;,....a, 0N Borel sets in
R" such that

1 N
M(f) = ]\}1_1}100 N )(2:21 f(Em;aLv..,ar (X))

for all bounded continuous functions f on R".

Theorem 2.15. Assume that the set of all non-principal Dirichlet characters mod
m satisfies LI. Then, the Fourier transform [ of the measure p in Theorem 2.1/ is
given by

T

> xla)&

=1

27
Tx — 1

ﬂ(g) - ma1 ,,,,, H H (

X#X0 S(vx)>0

where

oo Ty 2n

= (n!)?

is the Bessel function of the first kind, and

Bm;al,...,ar (5) = % (exp (Zq\ial Zc(mv al)fl) + exp <iq 3 1 Zc(ma al)§l>> .
=1

=1

The term Byp.q,,... q,(§) in the above theorem is the cause of the bias.
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2.5 Violation of the LI and examples

In the number field case, LI is conjectured to always hold but in the function field
case, LI can be violated (as in the first three examples of this section), and the bias
can be any of the following: towards squares, non-squares, or non-existent. However,
the results in [Cha08] are still significant since LI holds for the roots of the L-functions
of most algebraic curves as we will show in Chapter 3.

In this section, we continue to assume that m is irreducible. When the degree of
m is small, it is possible to calculate L(s, Xquaa) explicitly.

Example 2.16. Let p =3 and m = T3 + 2T + 1. Then, we have

3+\/§iu) (13_\/§iu>.

Lu)=3u>-3u+1=(1-
(u) = 3u u+ ( ) )
Therefore, the only inverse zero (with argument between 0 and ) is

7

In particular, LI is violated. We now compute Ep.r n(X) using Theorem 2.6. It is
easy to verify the following.

X mod 12 Ep,.z n(X)(mod o(1))

0or 2 —9/2

1 —5v/3/2
3orll —3v/3/2
4 or 10 —3/2
5or9 V3/2
6 or 8 3/2

7 3v/3/2

This shows that En,.r n(X) is negative for 7/12 of all (large enough) positive
integers X. The bias is therefore towards non-squares. Also, the measure [iy:r N 15
concentrated at the seven points, more precisely,

puy.— ) V12 if P=-5V3/2 or P =33/2
pim;r.N ({P}) = W12 P = 02 ~5v3/2, -3/ 3/, or 3/2,

and pum:r,N(A) =0 for all A not containing the above points.
Example 2.17. Forp=>5 and m = T* + 4T3 + 4T? + 4T + 1, we have
L(u) = —5u® +5u* —u+1=(1—u)(l+5u?),

and

v1 = V/5i = v/5e"™/2,

The results are as follows.
Since the measure jim:r N 15 concentrated evenly in this example, there is no bias.
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X mod 4 E,.pN(X)(mod o(1))

0 —35/12
1 —7v/5/12
2 5/12

3 V/5/12

Example 2.18. Tuking p =5 and m = T° 4+ 3T* + 4T3 + 2T + 2, we have

L(u) = 25u — 25u® + 15u® — 5u + 1

5 5 5—1+/5
= <1+ +\[u+5u2) (1— \fu+5u2>

2 2
= (1 — 2v/5cos(4m/5)u + 5u?) (1 — 2v/5 cos(2m/5)u + 5u?).

and so

1 = V5e2™% and vy = V545,

Using these, we can verify the following. Here, for more than half the values of X,

(Approximate value of)
X mod 10 Ep.p n(X)(mod o(1))

—5.80

—4.83
—2.16
1.27
0.57
0.25
0.11
2.29
1.02
—-1.79

o

© 00 J O U i W N~

Em.r N(X) is positive and so the bias is towards squares.
We now give an example where LI holds.

Example 2.19. Take ¢ =3 and m = T* + 273 + 272 + T 4+ 2. Then
L(u) = —3u® + 5u® — 3u + 1,

and

v =1+iV2 = V3e?

where 6 = tan~1 /2. /2 is not in the list of quadratic irrational numbers that can
arise as values of the tangent function at rational multiple values of m (see [Cal06]).
Therefore, (tan~'+/2) /7 is irrational and LI holds.

We compute pim;r,n(—00,0] for the case k = 1. Let i be a measure whose Fourier
transform is Jo(2r€), with r :== |y1/(y — 1)|. Then the density of fi is given by

> A

I — if —2r <t <2r,
0 otherwise.
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Let puy and pa be the shifts of i by —q/(q — 1) and —/q/(q — 1), respectively. Then,

us q—12r

1 _ Va1 T
—00,0] = = Y )+ 2 ) ~0.62
pz(=00, 0] w(sm (q—lQr)+2>

Hence,
,ul(—oo, O] + /Jg(—OO, 0]
2

which means that the bias is towards non-squares.

~ 0.67

PR, N (—00,0] =

2.6 Symmetry and central limit behaviours

Theorem 2.20. Suppose that m is irreducible of degree M. Assume that LI holds
for {Xquad}- Let fim;r N be the limiting distribution of

q— 1 Em;R,N(X)
q vM

Then fim:r,N converges in measure to the Gaussian (271)_1/26_X2/2dX as M — oc.

Proof. We fix an irreducible m whose degree is M. Recall that, if we enumerate the
inverse zeros (whose absolute values are ,/q) of £(u, Xquad) as {V1,71,-- -,V &}, then
k= [(M —1)/2]. We will abbreviate fi,.;r n as fi during the proof. From Theorem
2.11, we have

-1 -1
g (1105 ) oo |5 )

- 2 | Ja-1 ¢
+ Y log Jy J 2.25
jzl < v — 1 q VM (2.25)
Fix a large constant A. Then, for || < A,
qg—1 ¢ < 1€ 1 ‘ 1€\/q 1 D
log B,,. ——= || <log|ex ——| tex —
e (16 ) <l ],
A
=log | O <ex ))
g( VM
A
-0 () , 2.26
VAT (2:26)
as M — oo, directly from the definition of B,,.r n(£) in Theorem 2.11. Also, from
the power series expansion of Jy(z) =1 — iz2 + .-+, we see that
k k 2 2
27; g—1 ¢ v | g—1¢
log Jo J =— — 2.27
]Zl (%'—1 q \/JW) jzlvj—l ¢ M (220




24 Chapter 2. Chebyshev’s bias in function fields

For all |£] < A, it can be shown that the higher term is O(A*/M). To estimate the

first term, let
2

(2.28)

k
il

We define

k
L(u) = L(u, Xquaa) H 1 —yju) (1 — 3;u). (2.29)

By taking logarithmic derivative of £(u) and then evaluating at u = 1, we obtain

Z 'Yj+'7] .
7|

Y5 _1|2

Also,
N R IR Y T hke?
k+ J J _ ST 4
21~ 2 By
k
Z%’
=1
k

+%+ 0 =DGE -1
[y — 112

j
Zl+|’7j|2_1+ql

-1 g

Therefore, from these two equalities, we deduce

- q_il (gu) - k) (2.30)

We can estimate £’/£(1) using the functional equation (which can be derived easily
from (2.29))

ﬁ(u, Xquad) = 6(Xquad)qku%z(1/(]u> Xquad) (2'31)
for some constant €(xquaa) of absolute value 1~. We take the logarithmic derivative
of (2.31). Taking into account the fact that L(u) = L£(u, Xquaa) if M is odd, and
L(u)(1 —u) = L(u, Xquad) if M is even (see Proposition 1.12), it follows that

Y=o

where
Co— 0 for an odd M,
"] 1/(g—1) for an even M.

Switching back to the variable s using u = ¢~*. Then, from (2.30),

q 1 £ ) q M
I=—— 1 _— log M 2.32
s (b e (xama) +€) = o+ Olog M), (232
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where we use Lemma 1.11 for the last equality. Combining (2.25), (2.26), (2.27),
(2.28), and (2.32), we obtain

o lg—1 ¢ £2 A A’logM A4
1 > |=->+0 + + =, 2.33
Og“( q m) 2 U\ T T M T (23

for all [¢] < A. Now, as in [RS94], we can use Levy’s Theorem to prove that the
measures fi,;g N converge in measure to the standard Gaussian. This concludes the
proof. O

Theorem 2.21. Assume that the set of all non-principal Dirichlet characters mod
m satisfies LI. The density function of pim.ay.....a. 1S symmetric in (x1,...,2,) if and
only if either:

T

1. r =2 and c(m,a1) = c¢(m,az); or

2. r = 3 and there exists p # 1 satisfying these congruences modulo m.:
pm =1, a2=a1p, ana az = a1p-.

Since the product of the Bessel functions in the expression for fi(£) in Theorem
2.15 is even, it is only the factor By, q,(§) that shifts the mean of u. Hence, if
p is symmetric, c¢(m,a;) = c(m,a;) for all 1 < j,1 < r. If we assume this, then pu is
symmetric if the product of the Bessel functions is symmetric. For this, we have the
following lemma.

Lemma 2.22. B, ({1, ...,&) = > -1 x(aw)& is symmetric in (&1, ...,&) for all x if
and only if one of the two conditions in Theorem 2.21 obtains.

For the proof of this lemma, see [RS94, Lemma 3.2].

We can now prove Theorem 2.21. If r = 2 and ¢(m,a1) = ¢(m,az), then since
By (&1,&2) is symmetric, so is fi(&1,&2) and also p. If r = 3 and a2 = a1p mod m,
as = a1p? mod m, then c(m,a;) = c¢(m,az) = ¢(m,as), so the exponential factor in
fu is symmetric in (&1, &2, &3) and by the lemma, so is B, (&1, &2,&3). This shows that
i is symmetric, and therefore also p.

Conversely, if » > 4 or if condition (2) of Theorem 2.21 fails, then

By(6r,. . &) # B, &)

for some permutation o. Assume that
| Bx (£)|>

B TI 11 Jo(
2 |B;<£>|>.

XF#X0 S(7x)>0
Yy — 1

X

27y
Y — 1

o © T 11 Jo(

X7#X0 S(7x)>0

First, any x for which By (§) = BY (§) can be removed on both sides of this identity
without altering the relation. So we may assume that the above product over x
contains only terms such that By (§) # B (§). In view of our earlier assumption, the
product is non-empty. Now we choose £ generically so that:

1. By(€) # 0 and BI(£) # 0, for all x mod m;
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2. if B, (€)/BS(€) # 1, then

Ny —1) ‘
Y(ra — 1)

for all x, A mod m.

This can be done because our set of «y, s is finite. As a corollary to Theorem 2.20, we
deduce that §(Pp;r,N) = fim;r,N [0, 00) satisfies

1
(Pm:r,N) — 5 as M — oo.

From this corollary we have that, for £ fixed as above and all ¢t € R,

Boora ) 1 11 Jo(

XZEX0 S(7x)>0

= Bm%‘la(l)f“"aa(?") (tg) H H JO <

X7X0 S(y)>0

2ty
Ty — 1

!Bx(€)|>

!&‘Z(i)!) :

The smallest zero in ¢ of the left-hand side occurs at a number of the form

2t~y
Ty — 1

Wy, — 1
2"7x|Bx(f)’

where w is the smallest zero of Jy(z). The smallest zero on the right-hand side is at

some
wlyy — 1
2ImIBS(€)
So we must have
wlyy =1 wly —1]
2|y Bx (&) 20mIBL(6)

Due to the second condition above, this implies

x(£)
B (6)

. But the 7’s are distinct, since we are assuming LI, so x = A\. We conclude that
By (§) = By (), which contradicts an earlier condition. This completes the proof of
Theorem 2.21.

The next theorem shows that the bias towards a particular residue modulo m
dissipates as M — oo. This is similar to the classical case where i becomes unbiased
as ¢ — oo (see [RS94]).

Sy

:1:

M — 1) ’
Y= 1) |

Theorem 2.23. Suppose that m is an arbitrary (not necessarily irreducible) element
in F[T) of degree M. Assume that the set of all non-principal Dirichlet characters
modulo m satisfies LI. For a fixed r,

as M — oo.

Proof. Take m to be of arbitrary degree M, and aq,...,a,, with r fixed, are distinct
elements in (F[T]/m)*. Recall that i is the Fourier transform of a measure who
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existence is established in Theorem 2.15. Let fi;.q,,....4, be the measure on R" whose
Fourier transform is

| Jqg—1 S
il .
( q /P(m)M )
Then, as in [RS94, §3.2], it is sufficient to prove that fip.q, . 4, converges in measure

to the Gaussian
e~ (@it +a7)

(27r)r/2
as M — oo. Fix a large A. For £ € R" with |¢| < A, we obtain

dry...dz,

2 g—1 3
IOgNm;ah.-.,ar(g) =10g Bim;as,....ar ( \/7>

+ Z Z logJo < 27)( 14 |Zl IX aj £l|> (2 34)

X7X0 S(7x)>0
from Theorem 2.15. The most significant term in (2.34) comes from the first non-
constant term in the expansion of log of the Bessel function, and is given by

5% ¥

x#xo \f(%c)>0

2’7)( ’2 (q 1) | S x(@)&
-1 q d(m)M

Define, for any non-principal Dirichlet character y;,

2
Tx

T — 1

I(x) izi;

Note that here the summation is over all inverse zeros. Since

Yx _ Tx
we have that ,
Y
I(X) = Z %1
S(ry)>0 | X
Therefore,
r 2
g__1 3 (q—l) | 37 x(a)&l? > Yy
4 XFX0 4 ®(m)M S(75)>0 Y~ 1
1 2
-1 @ Z I(x Z (ar)& (2.35)
a x#xO =1

Let x* be the primitive Dirichlet character which induces x, and let M (x*) be the
degree of its modulus. Then, I(x) = I(x*) (see Proposition 1.12). Also, the technique
used to establish (2.32) applies to I(x*) to yield

g M)

I(x*) =
(x") 1 o

+ O(log M(X7)).
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Applying this to (2.35) (recall || < A), we get

2
+O<A (2.36)

2logM)

(ar)€
;X 1)sl M

]' *
7= T 5,

To simplify the above summation, we can apply an argument similar to the one on
[RS94, p. 186]. If we write | S]_; x(a;)&|? as the product of the complex sum and
its conjugate, we will get

T

> x(a)é

=1

> M)

X7X0

> x (ZD M (x*).

XFX0

2
=) &
Lk

Essentially, this argument shows that the asymptotic behaviour of S remains un-
changed if M (x*) is replaced by M and if all of the cross terms in | 3_; x(a;)&|? are
dropped. We conclude

P > &2 (2.37)
2 =1

as M — oo. It remains to estimate the other terms in (2.34) than S.
From the definition of B4, ... a,, We have

¢—1 § =exp |1 ! ! T c(m,a
2Bm;a1,...,ar< . W) = p( VT a(m) 2= (m, l)&)

Xp | ¢ v L Tcma
+e p(\/q_l\/(b(m)Ml:1( ,l)&)-

Let d(m) be the number of monic divisors of m. Then we have that ¢(m,a) < d(m)
for any a € (F[T]/m)* and d(m) = O.((¢™)¢) for any € > 0. Therefore,

g—1 ¢ 0 [ gy ) A
'Bm;al,...,ar ( q \/W) =0 < p@(m)M) . (2.38)

Also, the higher terms in log Jy than S is O(A*/(®(m)*M)). Combining all of these
results, we get

s 1 <
Hmsaq,....ar (5) — exXp <_2 Z€l2> .
=1

Again, by Levy’s theorem, this implies the necessary convergence of fiy.q;.,....o, Which

T

completes the proof of the theorem. O
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Chapter 3

Linear independence

3.1 Introduction

In the previous chapter, there arises the issue of the existence of linear dependence
relations, with rational coefficients, among zeros (or rather arguments of inverse zeros)
of Dirichlet L-functions. This was analogous to the Grand Simplicity Hypothesis,
introduced in [RS94] as the statement that the set of all ordinates v > 0 of the non-
trivial zeros p of Dirichlet L-functions L(s, x) are Q-linearly independent when x runs
over primitive Dirichlet characters and the zeros are counted with multiplicity (in fact,
they are conjectured to be simple). In [Kow08b], the author considers analogues of
this type of independence questions in the context of finite fields since the current
knowledge of the behaviour of zeros of zeta functions of algebraic curves over finite
fields is somewhat more extensive than in the case of number fields. To tackle this
issue, the author uses results developed by him in [Kow06].

In [Cha+97], Chavdarov proves that, in an algebraic family C' — U of smooth
projective curves of genus g over a finite field [Fy, if the monodromy groups mod !
of the family are "as large as possible" for almost all [, then the numerators det(1 —
TFr|H'(Cy,Q;)) of the zeta functions of the curves C, of the family are "almost
all" irreducible, and have splitting field "as large as possible" (not necessarily the
symmetric group).

Chavdarov’s method is similar in principle to the method used by van der Waerden
to show that "most" polynomials of given degree d with integer coeflicients have
splitting field as large as possible. This latter result was reproved in a simpler way
and stronger form by Gallagher ([Gal73]) using the large sieve inequalities. Applying
similar ideas to Chavdarov’s problem is possible to some extent. This yields stronger
results than in [Cha+97] (see Theorem 3.9 and Theorem 3.10).

In the next two sections, we introduce the data involved and then state our main
bilinear form estimate from which we derive a "large sieve" statement. Then we apply
the sieve statement to prove Theorem 3.10. We also prove an easy consequence of
the theorem (Proposition 3.11). Note that the statement here is slightly different (an
improved bound) from the one in [Kow06].

Finally, we want to use the sieve for Frobenius to show that in a certain sense, the
roots of the L-functions of most algebraic curves over finite fields do not satisfy any
non-trivial (linear or multiplicative) dependency relations. Although we won’t prove
the most general results given in [Kow08b], we will show this for a certain family of
hyperelliptic curves (see Theorem 3.1). To show this, we use a result very similar to
Theorem 3.10.

Let C/F, be a smooth, projective, and geometrically connected algebraic curve
over a finite field with g elements and characteristic p, and let g > 0 be its genus. Its
zeta function Z(C,s) is defined (first for s € C with $(s) large enough) by either of
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the equivalent expressions

C(Fgn —ns —s\—
2C,5) =exp [ 1N s} — T (1 M@y
n>1 n z closed
point in C'

It was proved by Schmidt that this can be expressed as
L(C,s)
(1—g)(1—¢"*)

where L(C,s) = Pc(q™*) for some polynomial Po(T) € Z[T] of degree 2g. This
polynomial is also called the L-function of C//IF,, and can be factored as

Po(T) = H (1 —a;T).

Z(C,s) =

Here, a;,1 < j < 2g are the inverse zeros (sometimes referred to as "zeros', even in
this chapter). By the analogue of Riemann Hypothesis in function fields, we have
that ]aj] = \/a

When we investigate the possible linear relations among the ordinates of these
zeros, if we allow all imaginary parts, many "trivial" relations come from the fact
that, e.g., the 0; +k, k € Z, are Q-linearly dependent. One must therefore consider 6;
up to integers, and the simplest way to do this is to consider multiplicative relations

[T en0) =1

1<5<2g

with n; € Q or, raising to a large power to eliminate the denominator, relations

nj
1<j<2g \VT
with n; € Z.

In the multiplicative case, it is immediately clear that we have to take into account
the functional equation

L(Oa S) = qg(l_QS)L(C7 1- S),

which may be interpreted as stating that for any j, ¢/a; is also among the inverse
roots. In particular, except if a; = £,/q, there are identities oo = ¢ with j # k,
leading to multiplicative relations of the form

Qi = Qg

(this is similar to the fact that a root 1/2 + i~y of L(s, x), for a Dirichlet character x,
gives a root 1/2 —iv of L(s, X), which leads to the restriction of the Grand Simplicity
Hypothesis to non-negative ordinates of zeros). Hence the most natural question is
whether those "trivial' relations are the only multiplicative relations.

Finally, since dealing with a single curve seems still far away of this Grand Simplic-
ity Hypothesis, which involves all Dirichlet L-functions, an even more natural-looking
analogue would be to ask the following: given a family of curves, interpreted as an
algebraic family C' — U of curves of genus g over some parameter variety U/F,, what
(if any) multiplicative relations can exist among the a;(t)/,/q which are the inverse
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roots of the polynomials Pc, (1), for all t € U(F,)?

Here is now a result concerning a specific family of curves. We use the following
notation: given a finite family o = («;) of non-zero complex numbers, we write (o),
for the Q-vector subspace of C generated by the «;, and (), for the multiplicative
subgroup of C* generated by the «;. For an algebraic curve C' over a finite field, we
denote by Z(C) the multiset of inverse zeros of Po(T), and similarly with Z(C) for
the multiset of normalized inverse zeros a/,/q.

Theorem 3.1. Let f € Z[X] be a squarefree monic polynomial of degree 2g, where
g > 1 is an integer. Let p be an odd prime such that p does not divide the discriminant
of f, and let U/IF,, be the open subset of the affine t-line where f(t) # 0. Consider the
algebraic family Cy — U of smooth projective hyperelliptic curves of genus g given as
the smooth projective models of the curves with affine equations

Cy:y? = f(x)(xz—1t), forteU.
Then for any extension Fq/IF,, we have

|{t € U(F,)| there is a non-trivial linear relation among Z(C)}| < ¢~ (log q),
(3.1)

[{t € U(F,)| there is a non-trivial multiplicative relation among Z(C)}| < ¢* 7 (logq),
2

(3.2)

w

where v = m > 0, the implied constants depending only on g.

In order to explain precisely the meaning of the statements,we introduce the
following notation: for any finite set M of complex numbers, we define

Rel(M), = {(ta) € QY[ Y tac =0}, (3:3)
acM

Rel(M),, = {(na) € ZM| H ae =1}, (3.4)
acM

the additive relation Q-vector space and multiplicative relation group, respectively.
Note that Rel(M),, is a free abelian group.
Then, the condition in (3.1) for a given curve may be phrased equivalently as

Rel(Z(C)), =0, or dimg(Z(C))s < 2g or (Z(C)), ~ Q.

From the functional equation, it follows that we can arrange the 2g normalized
roots & = «a/+/li in g pairs of inverses (@, a~1), so that the multiplicative subgroup
(Z(Cy))m C C* is of rank < g. Denote by Triv(M),, the abelian group

{(ng) € ZM|ng — ng-1 = 0} (3.5)

which is a subset of Rel(M),,, and let Relo(M),, = Rel(M ),/ Triv(M),, (the group
of non-trivial relations). The interpretation of (3.2) is that most of the time, there is
equality:

Rel(Z(Cy))m = Triv(Z(Cy))m, or Relg(Z(Cy))m = 0. (3.6)

3.2 Preliminaries

Our main tool is a general estimate for a bilinear form made up from representations
of a system of lisse [F;-sheaves on a variety over a finite field.
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The first basic data is therefore a base variety U/F,, where as usual F, denotes a
finite field of characteristic p with ¢ elements. We assume that U is smooth, affine,
and geometrically connected of dimension d > 1.

We denote by 7 the geometric generic point of U and by U the variety U extended
toF q- We therefore have the arithmetic fundamental group 71 (U, 77) and the geometric
fundamental group 71 (U, 7). We have an exact sequence

1= m(U,7) = m(U,7) % Gal(Fy/Fy) ~ 2 — 1. (3.7)

For n > 1 and u € U(Fy», we denote by Fr, » the geometric Frobenius auto-
morphism at w in m (U, 7), i.e., the image of the inverse of the canonical generator
x — 29" of the Galois group of Fyn via the map

Gal(F,/F,) — m (U, 1)

induced from the inclusion Spec Fy» — U which "is" u. In the above exact sequence
we have then

d(Fryqgn) = —n.

In most of our results, the base field (i.e., q) will be considered fixed, although
the results will be uniform in ¢ so they can be applied to U x Fyn for any n > 1. So
most of the time we just write Fr, instead of Fr,, , for u € U(F,).

We also denote generically by Fr the global geometric Frobenius automorphism.

We now come to the sheaves on U that we consider. We assume given a set A of
primes # p, and for [ € A, a lisse sheaf F, of Fy-vector spaces of (fixed) rank r > 1,
where I is a finite field characteristic [ (the degree if which over F; may depend on
[). The basic example is when we have lisse sheaves F; of Zy-modules and

F, = F/mpT,

where Z) is the ring of integers in a finite extension of Q; with residue field Fy and
maximal ideal my.
Equivalently, F; "is" a representation

pr: m(U,n) — GL(r,Fy).

From this description, we can easily define the monodromy groups of F,, or of pr: the
arithmetic monodromy group G; C GL(r,F)) is the image of p;, and the geometric
monodromy group Gy is the image of the subgroup 71 (U, 7. Thus from (3.7) we
derive a commutative diagram with exact rows and surjective downward arrows:

1 — 71'1(0,?7) —— m(U,7n) LN/ AN |

| | 9{ (3.8)

1 G'lg Gl uL Fl 1 )

where I'; is a finite commutative (cyclic) group.

In the case where the sheaves F; arise by reduction of Zy-sheaves F;, as described
previously, one says that they form a compatible system if for every extension Fyn /F,,
every u € U(F4n) and every | € A, the reversed characteristic polynomial of Fr, gn

acting on J, i.e., the polynomial

det(1 — TFryqn | F1)
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has coefficients in Q and is independent of [.

For any [ we will consider various sums involving irreducible (complex valued)
linear representations of G;. Say that two representations of G; are geometrically
equivalent if their restrictions to Gy are equivalent, or (by the lemma) if and only
if they differ by a twist by a character of I';, We now assume chosen a set II; of
representatives of the irreducible representations of G; for this equivalence relation.
Using these and characters of I';, one can parametrize all irreducible representations of
G as follows: they are of the form 7 ® 1 where w € II; and ¢ € I';; the representation
7 is unique, but v is only unique up to multiplication by an element of the group

IT:={pel|r~r®@om)}

where f‘l is the character group of I';.
This ambiguity requires us to control the size of those groups I'T. We will assume
that for all [ € A and « € 1I;, we have

7| < & (3.9)
for some fixed k > 1. Here is a useful case when we can get such a bound.

Lemma 3.2. Assume that r is even and that for all | we have GY = Sp(r,F;), the
symplectic group for some non-degenerate alternating form (-,-) on F}, and that G,
is a subgroup of the group SSp(r, ;) of symplectic similitudes, i.e, for g € G; we have
(gv, gw) = m(g)(v,w) for some m(g) € F}, called the multiplicator of g. Then (5.9)
holds with k = 2.

Proof. If 7 is an irreducible representation of G; and v € f‘f, then 1 is trivial on the
center Z; of G;. For any x € G;, we can write

z” =m(x)y

with y € Sp(r,F;) = GY (since m(ax) = a’z for scalar a), so ¢(z)? = 1. This means
that 1 is of order at most 2, and since it is character of a cyclic group, there are at
most 2 such characters, giving (3.9) with x = 2. O

We need various estimates involving sums of dimensions of the representations in
II;. We will phrase them in terms of upper bound for the "dimensions" of GG; and of
the set Gl# of its conjugacy classes: let s and t be such that the inequalities

G| < erl?, |GT| < sl (3.10)
hold for all primes [ € A, c¢; and co being two given constants. Note that of course
s =t = r? is always possible with ¢; = ¢ = 1 (and that in fact this does not in

general significantly affect the applications).

Lemma 3.3. 1. We have

Z dim 7 < (e1¢9l5T)Y/2,
mell;

and for all w € II; we have

dim 7 < (¢1%)"/2,
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2. If r is even, GJ = Sp(r,F;) and G; C SSp(r,[,), the estimates (3.10) hold with

1
= 1’3: 1_|_r(7,2—i_)’02 :67"/2,15:74/2—‘,-1.
Proof. 1. For a representation of a finite group G, the dimension is always < |G|/,

and the sum of the dimension is bounded by Cauchy’s inequality by

> dim 7 < |G#[V2|GIV2

Using (3.10) in the above inequalities, the result follows.

2. Tt follows from the formula for the cardinality of Sp(r,F;), and [LP97, Lemmas
1.3 and 1.6].
]

We now define what it means for a family of sheaves to be linearly disjoint.

Definition 3.4. The family (F,) is linearly disjoint if for alll and 1" in A, with 1 # I,
the product map

7T1(U,77) — G? X qu,
1S surjective.
The next couple of results will be useful later and are quoted here without proofs.

Lemma 3.5. Let G1 and Go be finite groups such that every normal subgroup of G;
is contained in the center C;, and such that G1/Cy and Ga/Cy are distinct, simple
and non-abelian. Then no proper subgroup G C G1 x Go projects surjectively on both

G1 and Gs.

This is typically applied with Gq = G, G2 = GY, and G the image of (U, 7n) —
G1 x Go which projects surjectively on both factors. For instance, we have the
following corollary:

Corollary 3.6. Let r be even and let (5'"1) be a family of sheaves as above such that
GY = Sp(r,Fy) for alll in A, with1 > 5 isr =2 and | > 3 if r = 4. Then the family
is linearly disjoint.

3.3 Bilinear form estimates and large sieve for algebraic
families

We write

Z*Oé(ﬂ',l,...)

w#£1

for a sum over all the irreducible representations 7w € II; of Glg which are non-trivial.
Using this notation, we now state the bilinear form estimate which is our main tool.

Theorem 3.7. Let U be a variety and (5“1) a family of sheaves as above, with given
sets II; of irreducible representations which are representatives for geometric equiva-
lence. Assume that the family is linearly disjoint, that it satisfies (3.9) and moreover
that U and (F;) satisfy one of the following conditions:

1. U is a smooth affine curve and (f}'”l) arises from a a compatible system of integral
l-adic sheaves.
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2. For alll € A, the order of Glg is prime to p.

Then there exist constants C > 0 and A > 0 such that we have

2

S Y a@)Tr(mop)(Fry)| < (kg + Cg?V2LAY ST Ja(u)?, (3.11)

ISL 7#1  |ueU(Fy) u€U(Fq)

for any L > 1 and any complex coefficients a(u).

In case 1, we can take A = 1+ s +t/2, and the constant C depends only on U,
the "geometric" compatible system (F;) on U and the constants c; and cz. In case 2,
we can take A =1+ 3s +1t/2, and the constant C' depends only on U, ci and cs.

In particular the estimate can be applied uniformly for U @ Fgn for any n > 1.

Note that the left-hand side of (3.11) is in fact independent of the choice of
representative sets II;.

The proof of Theorem 3.7 can be found in [Kow06, § 5]. Here, we derive a large
sieve estimate concerning the average distribution of the Frobenius conjugacy classes
in Gy.

Let L > 2 and suppose that for [ € Al < L, we select some conjugacy-invariant
subset (1) of G; with cardinality w(l), such that

m(z) = p(=1) € I}
for all x and [ (where m : G; — T'; and ¢ are defined by the commutative diagram
(3.8).
Let then
I<L
P(u, L) = sz(FrJ)eQ(l)l
for u € U(F,) and
P(L) = 3wl

<L

The large sieve statement says that for "most" u, the value of P(u, L) is close to the
average value P(L) (in terms of variance).

Proposition 3.8. With U and (5";) satisfying one of the assumptions of Theorem
3.7, we have

S° (P(u,L) — P(L))* < (kg + Cq*1 2L P(L), (3.12)
ueU(Fq)

where the constants C and A are the same as in Theorem 3.7. In particular, the
cardinality of the sifted set

S(U, % L) ={uecU(F,)|Fr, ¢ Q) foralll <L}

satisfies
IS(U,Q; L) < (kg + Cq?~V2LAYP(L)7". (3.13)

The above proposition is [Kow06, Proposition 3.3] and its proof can also be found
there.
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3.4 Zeta functions of families of curves

We now come to the application of the large sieve to a strong form of Chavdarov’s
theorem on the generic behaviour of the numerators of zeta functions of curves in
families. We will look for arguments uniform with respect to g so that, in some cases
at least, we obtain results valid even for g large (though not for ¢ fixed, g — 400).

Let C/F, be a smooth, projective, and geometrically connected curve of genus g
over a finite field. If Z(C) is its zeta function, we recall that there exists a polynomial
Pc € Z|T) of degree 2¢g with Po(0) = 1 such that

Pc(T)
(1-T)(1—qT)

Z(C) =

The cohomological definition is that the polynomial Po(T') can be described as the
(reversed) characteristic polynomial of the geometric Frobenius automorphism acting
on a suitable efale cohomology group, specifically

Pco(T) = det(1 — TFr|HY (C, 7). (3.14)

The question investigated by Chavdarov concerns the splitting field of this integer
polynomial as C varies in an algebraic family, e.g. in a hyperelliptic family

Cu:yQ :f(.li)(fb‘—’lt)

where f is a fixed polynomial in F;[X] of degree 2g with distinct roots in F,, and u
is the parameter that can take any value in IF, which is not a zero of f.
The polynomial P, satisfies the "functional equation"

T29Pc% — P.(T).

It is clear from the functional equation that the roots of P, are paired, i.e. if « € C
is a root of P,, then ga~' is also a root. This means that the "splitting algebra'
QI[T]/(f) has Galois group G which can be seen as a subgroup of the group Wy, of
signed permutations of {1,...,2¢}. In particular, if the polynomial is irreducible, its
splitting field has maximal Galois group G ~ Wy, if and only if the splitting field is
of maximal degree |Wyy| = 29¢g!.

In terms of étale cohomology, the functional equation above is a consequence of
the Poincaré duality which states that there is a natural non-degenerate alternating
pairing

HYC, 7)) @ HY(C, 7)) — Zy(—1). (3.15)

Note that this implies that the "global" geometric Frobenius Fr of F, acts on H(C,Z;)
as a symplectic similitude for this pairing, with multiplicator q.

Here is now our first general result about the behaviour of the splitting fields in
a suitable family, which significantly strengthens the results of Chavdarov. We won’t
give the proof of this result (see [Kow06, § 9] for the proof) since it is not directly
applicable to the objective at hand; however, it does complement the second result
that we will state and prove.

Theorem 3.9. Fiz an integer g > 1. Let ¢ = p* and let U/F, be a geometrically
irreducible smooth affine scheme of dimension d > 1 such that one of the following
two conditions is satisfied:

1. U is a curve, i.e., d = 1.
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2. We have p > 2g + 1.

Let m : C — U be a proper smooth family of projective curves of genus g over U.
Assume that for all I > Lo the geometric monodromy group of the integral sheaves
RYmZy is the full symplectic group Sp(2g). Then the number N(U/F,) of u € U(F,
such that the numerator

P, = det(1 — TFr|HY(Cy,Q))) € Z[T] (3.16)

of the zeta function of the curve Cy, = 7 (u) is reducible or has splitting field with
degree strictly less than 29¢g! satisfies

N(U/F,) < ¢ (logq)

for~ = m in case (l)fm_d’y = m in case (2), where the implied constant
depends only on Lo, g and U/F,.

The second result is a uniform version (in terms of g) for the families of hyperel-
liptic curves already introduced.

Theorem 3.10. Let g > 1,p # 2,q = p* with k > 1. Let f € F,[X] be a monic
polynomial of degree 2g with distinct roots in Fq, U C A! be the complement of the
set of zeros of f and denote by w: C — U the family of hyperelliptic curves of genus
g given by

Cy:y? = flx)(z —u)

completed by the section at oo, with projection w(x,y,u) = u.
Then the number N(f,q) of w € U(F,) such that the polynomial

P, = det(1 — TFr|H'(C,,Q))) € Z[T]
1s either reducible or has splitting field with degree strictly smaller than 29g! satisfies

N(f,q) < ¢ (logq)
for v = ngg%, where the implied constant is absolute.

Note that the uniform bound in this last result is only non-trivial if g2 is somewhat
smaller than log q.

We will prove the theorem in § 3.6 after some common preliminaries. Here we
include an additional result which is of independent interest.

Since the estimate of Theorem 3.10 is (in particular) uniform in g, it can also be
used in "horizontal" direction, i.e., with ¢ = p varying. For instance, we deduce the
following proposition. In [Kow06], this result is slightly different (Proposition 6.3).
Here, we improve the bound to a power of the logarithm following the suggestion of
C. Helsholtz which has been mentioned as a note in [[Kow06].

Proposition 3.11. Let g > 1 be an integer, f € Q[X] be a polynomial of degree 2g
with distinct complex roots. For n € Z not a root of f, let C,,/Q be the hyperelliptic
curve of genus g with equation
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and let Jy, be its Jacobian. Then for N > 3, the set S(N) of integers n with |n| < N
such that J, /Q is not simple up to isogeny satisfies

IS(N)| < NY2=010g N

1

%W' The implied constant depends on g and the splitting field of f.

where 6 =

Proof. Denote first by Qs the set of primes p totally split in the splitting field of f.
Notice that for any y > 2 we have the sieving estimate

IS(N)| < {n € Z| In| < N and n(mod p) & p) for p € Qp,p < }|
where

Q(p) = {t € Z/pZ | f(t) # 0(mod p) and det(1 — TFr, | H*(Cy,Q))) is irreducible}.
By Theorem 3.10, there exists a constant C' > 0 such that for all p we have

Qp)| > p— Cp* " (logp) (3.17)

with v = We want to apply Gallagher’s larger sieve, as described in [CMO05,

1
192 13g+5"
§2.2]. S(N) is a (non-empty) finite set of integers and our set of prime powers will
just be all primes < y for some y < N that we will choose later. For each p <y, we
have

[S(N)(mod p)| < p —[Qp)|-
Using (3.17),
log p log p
_ 8P qpeoN > ST B8P joeon
2 5100 2 G (logp)
= Z Cp'~! —log2N

p<y

Note that we always use the same symbol C' for the constant even though it might
change in value from one expression to another (as in the case above). Now, v—1 < 0
and so p?~! > y?~!. Using this, we have

> Cp't —log2N > Oyt (Z 1) —log 2N

Py Py
Yy
>C —log2N
logy
for large enough N. Choose y = v/N. Then
log p N°

——— —log2N > C —log2N >0 3.18

2 5100 g (8.18)

p<y
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for large enough N. In this case, we can apply Gallagher’s larger sieve ([CMO5,
Theorem 2.2.1]) and use (3.18) to get

> logp — log2N

Pl Zpéy loep  —log 2N
2, e 08
> logp —log 2N
p<y

C% —log2N

for large enough N. By Chebyshev’s theorem, we know that > logp < C'v/N for
p<VN
some C’ > 0. Therefore,

< C'v/N —1log2N

N Clo]\g[iv —log 2N

< NV/2=8 log N.

[S(N)]

O

3.5 Preliminaries for the proof of Chavdarov’s theorem

We start with some preliminaries related to the group Ws, and to setting up a sieve
for characteristic polynomials of symplectic similitudes.
From the description of Wa, we see that there is an exact sequence

1— {£1}9 = Why B S, — 1.

We also denote by ¢ the natural inclusion i : Way — Sog.
The first lemma describes various ways of ensuring that a subgroup of Wy, is
equal to Way,.

Lemma 3.12. Let g > 1 and W C Wy, be a subgroup of Way. Assume that one of
the following conditions is true, where i : Way — Saq is the embedding above:

1. For any conjugacy class ¢ C Way, we have cNW # ().
2. The subgroup i(W') contains a 2-cycle, a 4-cycle, a (29—2)-cycle and a 2g-cycle.

3. The subgroup i(W') contains a transposition and acts transitively on {1,...,2g};
moreover, the projection p(W) contains a transposition and an m-cycle with
m > g/2 prime.

Then in all cases we have W = Wa,.

Proof. 1. It is a standard result in finite group theory which is not specific to Wa,
(see [Cha+97, Lemma 5.8]).

2. See [DDS98, Lemma 2].

3. Observe that the first condition already implies that W = Wy, if g = 1. Oth-
erwise we see that p(W) acts transitively on {1,..., ¢} and so with the second
and third conditions, we get p(W) = S, by the result of Bauer given in [Gal73,
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Lemma, p. 98]. Since i(WW) contains a transposition, we deduce that W = Wy,
by [Cha+97, Lemma 5.5].
O

To set up our sieve, it will be convenient to say that a polynomial f € A[T] (A
any commutative ring) of degree 2¢g such that f(0) = 1 and

rf (1) = £,

is g-symplectic of degree 2g. Hence the numerator of the zeta function of a curve
C/F, is g-symplectic.

We now state a general result comparing a sieve related to characteristic polyno-
mials of elements with multiplicator ¢ in the finite group SSp(2g,F;) of symplectic
similitudes to the "same" sieve applied to all ¢g-symplectic polynomials of degree 2g.

Recall that we denote by m(g) the multiplicator for a symplectic similitude, i.e.,

{gv, gw) = m(g){v, w).
Lemma 3.13. Let g > 1 andl a prime. Put
Yy ={f € Fy[T]|f is q-symplectic of degree 2g}.
Let Q1) C Y, be an arbitrary subset of cardinality &(1) and
Q1) = {g € SSp(29,F1)Im(g) = ¢, and deg(1 —Tg) € Q(1)},

with cardinality w(l).
Then we have
w(l)|Sp(2g,F)| " > @)1+ 1)79.

The proof of the above lemma, although short, is quite technical and can be found
as the proof of Lemma 7.2 in [Kow(00].

The next results are technical estimates which won’t be proved since they are
only required in this precise form for the proof of the uniform version of Chavdarov’s
theorem. The proofs can be found in [Kow06] (see Lemma 7.3).

Recall the following terminology: if f is a monic polynomial of degree g in Z[T]
which factorizes modulo a prime [ as

f:fl"'fr

with the f; coprime, irreducible, of degree d; > 1, then one says that the cycle type
(or the conjugacy class) associated to f is the conjugacy class in S, of elements which
are product of disjoint cycles of lengths dy, ..., d,.

Lemma 3.14. 1. Let g > 1 and let ¢ be a conjugacy class in Sy. Forl prime, let
Qc(l) = {f € F[T]|f is monic of degree g and the cycle type associated to f is ¢},
) = |Qc(1)|. Then we have for | > 4g>

]

) 2 a1 (1- =)
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2. Let g > 1 and for | prime let wi(l) be the number of q-symplectic irreducible
polynomials in Fy[T)] of degree 2g. Then for | > 4g% we have

19 1\9Y
> - — 9/2.

3. Let g > 1 and forl prime let wao(l) be the number of q-symplectic polynomials of
degree 2g which factorize as a product of an irreducible quadratic polynomial and
a product of irreducible polynomials of odd degrees. Then we have for 1 > 4¢°

19 1\Y
> — - = .
wQ(l)_llg(l l)

3.6 Proof of the uniform version of Chavdarov’s theorem

We will now prove Theorem 3.10. We will apply Proposition 3.8 with the following
data: in addition to U, which is a smooth geometrically connected affine curve over
F,, we take the sheaves F, = R fiF, for | € A, where A is the set of odd primes.

These sheaves are obtained by reduction modulo [ from the compatible system
F; = R'f1Z;. The existence of the symplectic pairing (3.15) implies that the arith-
metic monodromy group of F; can be seen as a subgroup of SSp(2g, Fy, and for any
u € U(F,), the image of Fr,, has multiplicator g.

Crucially, for [ > 2, we use the unpublished result by Yu ([Yu97]) which states
that the geometric monodromy group for F; is equal to Sp(2g,F;). Then the sheaves
(F;) are also linearly disjoint as a consequence of Goursat’s lemma (see Corollary 3.6),
and by Lemma 3.2 we have (3.9) with x = 2. And finally, Lemma 3.3 (2) give us
(3.10) with s =2¢> + g+ 1,t =g+ 1 and ¢; = 1,co = 69.

Thus all conditions needed to apply Proposition 3.8 in the case of a one-parameter
family (such as in Theorem 3.10) are valid. We now set up the sieving problem. As
in Lemma 3.13, for any choice of sets Q(1) C Y, defined for I > 2 we let

(1) = {g € SSp(29, F1)|m(g) = ¢, and deg(1 —Tg) € Q(1)},
Applying Proposition 3.8 (see (3.13)) to this sieving problem, we get
IS(U, 4 L)| < (2¢+4g¢"*(61)") P(L) ™, (3.19)
where A = 2¢° + 3¢g/2 +5/2 and

P(L)= > whG]™, (3.20)

2<I<L

and here we have taken the constant C' = 4g. Moreover, by Lemma 3.13, we have

P(L)> Y o(l+1)77. (3.21)
2<I<L

To use this sieve estimate to study the characteristic polynomials P,, we will recall
the following two facts:

1. If f € Z[T] is a polynomial of degree d that factorizes in [F;[T] as a product of
coprime polynomials fy --- f., with f; irreducible of degree d;, then the Galois
group of f, seen as a permutation group of the complex roots of f, contains a
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cycle ¢ of type (dy,...,d,), i.e., a product of disjoint cycles of respective length
di,...,dy.

2. The reduction modulo a prime [ of a polynomial P, (the numerator of the zeta
function of the curve C,, = 7~ !(u)) is the characteristic polynomial of Fr,, acting
on Jj.

Thus (2) allows us to control the reduction of a polynomial P,, while (1) tells us
that the reduction gives information on the Galois group of P,.

In particular, for any sieving sets (1) C SSp(2¢,F;), an element u € S(U, ;L)
will have the property that the Galois group of P,, seen as a subgroup of Sy,, does
not contain a cycle ¢ associated to an f € (l), where [ ranges over primes 2 < [ < L.

If we have finitely many sieving sets €2;, 1 < i < m, defined by the condition that
the cycle associated to det(1 — T'g) is in a certain conjugacy classes, and if moreover
those ¢; have the property that the only subgroup W C Wh, containing an element of
each ¢; is Wy, then it follows that the set of exceptional u € U(F,) with P, having
small Galois group will be a subset of the union of the S(U,€;;L). So in such a
situation we have

< (2¢ +4gq'?LY) > R(L)7 (3.22)
1<i<m

Lemma 3.12 describes three possible choices of sets c¢;; however, the first and the
second involve some ¢; which are "too" small, so the dependency on g in the estimate
for P.(L) is bad. Thus we use case (3) of Lemma 3.12. Precisely, we have m = 4 and
the four sets €2; can be described as follows:

1. €y is the set of irreducible polynomials f € T ;.

2. Qs is the set of polynomials f € T,; which factorize as a product of an irre-
ducible quadratic polynomial and a product of irreducible polynomials of odd
degrees.

To define Q3 and €1y, recall that any f € T,; can be written uniquely
f=T(qT+T7")

where h € F;[T] is a monic polynomial of degree g.

3. 13 is the set of f € T,; such that the corresponding h has an irreducible factor
of prime degree > g/2.

4. €y is the set of f € Ty, such that the corresponding h has a single quadratic
irreducible factor and no other irreducible factor of even degree.

These sets allow us to sieve the exceptional elements u. From the relation between
the factorization of P, modulo [ and the existence of elements in the Galois group of
P, with the associated cycle type, we see that:

1. If P, is reducible then v € S(U,Qq; L).

2. If P, is irreducible but the Galois group W does not contain a transposition,
then u € S(U,Q9; L), since having P, (mod [) € Q2(l) implies that W contains
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an element with cycle type consisting of one 2-cycle and further cycles of odd
length, a power of which will be a transposition.

For the next two facts, we note that the cycle in Sy associated to the polynomial
Q. such that P, = T9Q,(¢T + T~ is the image by the map p : Wag — Sy of
the cycle associated to P,.

3. If P, is irreducible but p(W) does not contain a cycle of prime order m > g/2,
then u € S(U,Q3; L).

4. If P, is irreducible but p(1¥') does not contain a transposition, then u € S(U, Qy4; L).

Therefore, by case (3) of Lemma 3.12, the u € U(FF,;) that should be excluded are in
the union of the S(U,;; L), and we conclude that

N(U/F,) < S(U,Qy; L) + -+ + S(U,Q; L)

< 4(2q + 49¢"/*(6L)*) (min > PZ-(L)) : (3.23)

1<i<4

It remains to give appropriate lower bounds of P;(L). For Qs and €4, since
the correspondence between polynomials f € Yg,l and the h € F[T] such that
f =T9n(qT +T~1') is one-to-one, we can count the corresponding h by Lemma 3.14,
applied to the cycle types (i.e., conjugacy classes) in S, associated to the polynomials
in ;. For [ > 4¢? and i € {3,4}, denoting by C; the set of elements in S, having the
associated cycle type, we get

and thus for L > 4¢® we have

= 3 () 0-4)

492<I<L

By the mean value theorem we have for any [ > 2

(51) (l - \;Z) = 1= gh(l) + O(g*h(1)")

with
2 2

1
= — -
I+1 VI VI(l+1)
and an absolute implied constant. Inserting this in the sum and using the prime
number theorem, we get for L > 4¢® that

|Ci
P(L) >
L)=1g,

h(l)

(m(L) + O(gvV'L(log L)™' + g% loglog L)), (3.24)

with an absolute implied constant.
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By [Gal73, p. 99] (where our C3 is denoted P and Cjy is denoted T'), we have for
g=>1

|Cs] 1 [en 1
> and > —. 3.25
Sy log2g 15,1 7 Vi (3:29)
Using (3.24), this gives the lower bounds
Py(L) > ! L(log L)™!, and Py(L) > ! L(log L)~* (3.26)
3 1o ; 4 — .
log 2¢ V9

with absolute implied constants for L > g?(log2g) (i.e. for L > a;¢?(log2g), where
the absolute constant a; can be specified from the implied constants in (3.24) and
(3.25)).

Coming to €, we have by (2) of Lemma 3.14 that for [ > 4¢°

9 1
U > (1 —— ) — 9/2
wl(l)_ 29 ( lg> l

and so by (3.21), the prime number theorem and the mean-value theorem as before,
we get for L > 4¢? that

Py(L) > —(m(L) + O(gloglog L + g* + VL))

1
29
with an absolute implied constant, and hence for L > ¢?(log 2g), we have

Py(L) > ;L(log L)t (3.27)

with absolute implied constant.
Finally, by (3) of Lemma 3.14 we have for [ > 4¢>

1 1\9 1
wo(l) > — <1 - ) and Py(L) > —(w(L) + O(gloglog L + ¢%))
4g l 4g
and for L > g?(log2g) we obtain also
1
Py(L) > gL(log ! (3.28)

with absolute implied constant.
In conclusion, from (3.23), (3.26), (3.27) and (3.28) we get

N(U/F,) < ¢*(2q + ¢"/*(6L)*) L™ (log L)

with an absolute implied constant. We can choose this constant in a way so that
the inequality is valid for all L > 2 and g > 1, since it becomes trivial for ¢? >
L(log L)™!. Choosing 6L = ¢4 ™" = g9’ 395" with log L < g~2log g, this gives
the announced uniform estimate

N(U/F,) < ¢" " (logq)

with v = (4¢g® + 3¢ + 5)~!, and an implied constant depending only on g.
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3.7 An algebraic criterion for independence

Let g > 1 be a fixed integer, and let Wa, be the finite group of order 29g! which is
described by the following equivalent definitions:

e it is the group of permutations of a finite set M of order 2g which commute
with a give involution ¢ on M without fixed points:

o(c(a)) = ¢(o(a)) for all a € M;

we write usually c¢(a) = @, so that o(a) = o(a).

e given a set of M with 2¢g elements which is partitioned in a set N of g couples
{z,y}, Way is the subgroup of the group of permutations of M which permute
the set of pairs V.

The second definition provides a short exact sequence
1= {£1}9 - Wyy — Sy — 1. (3.29)

The set N of the second definition can also be described as the quotient of M modulo
the equivalence relation induced by ¢ (a ~ @&). We now state some properties of the
group Way, which we assume to be given with some set M and set N of couples on
which Wa, acts, as in the second definition.

We let F(M) = QM be the Q-vector space generated by M. We will denote the
canonical basis of F(M) by (fo)acr- We will also consider F'(M) as given with the
associated permutation representation of Wa,.

Lemma 3.15. Let g > 2 be any integer, Wag, M, N and F'(M) as before. Then
1. The group Wag acts transitively on M, and acts on M x M with three orbits:

o A={(a,a)lae M},
o Ac={(a,a)|a € M},
e O={(a,B)|a# B,a # p}.

2. The representation of Wag on F (M) decomposes as the direct sum
FM)y=1aGM)® H(M)
of the three subspaces defined by

1=Q¢ C F(M), where 1) = Z fa

aeM

G(M):{Z tafa € F(M)|ta —ts =0,00 € M, and ta:o},

aeM aeM

H(M) = { S tafa € F(M)fta +t5 =0,a € M},
aeM

which are absolutely irreducible representations of Way.

Proof. 1. The transitivity of Wa, on M is clear since by definition, elements of
Wagy only permute the elements of M. Furthermore, it is obvious that the sets
A, A., O form a partition of M x M, and that A is the orbit of any fixed
(o, @) € A by transitivity.
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A, is also an orbit. To check this, fix some z¢p = (ag, a9 € A, and let z =
(a, @) € Ac be arbitrary. If o is any element of Wy, such that o(ag) = «, we
have o(a) = ap, hence o(zg) = .

Finally, we need to check that O is an orbit. O # () because g > 2 (so that
there exist (o, ) € M x M with 8 ¢ {a,a}). Using the fact that for any
v # 60 in M, there exists o € Wy, such that o(y) = § and o acts as identity on
M\ {v,7,6,6}, it is clear that if y = (, 3) € O, then all elements of O of the
form («, ) are in the orbit of y, and so are all elements of the form (v, 3).

So given y; = (o, 8) and y2 = (7, d) € O, we can find oy such that o(y1) = (o, 0),
then o9 such that

0102(a7 6) == 0'2(04,5) == (77 5) = Y2,
so O is a single orbit as desired.

2. Again from the definition, it is clear that 1, G(M) and H (M) are Wag-invariant
subspaces of F'(M), and it suffices to check that the representation F'(M) @ C
is a direct sum of three irreducible components. This means that we must show
that

6x) =3

where x is the character of the representation of Wa, on F(M) ® C, as 3 can
only be written as 1+141 as sum of squares of positive integers. Since y is real-
valued, we have (x, x) = (x?,1); further x? is the character of the permutation
presentation of W, on M x M, and hence, as for any permutation character,
the inner product (x?, 1) is the number of orbits of the action of Wa, on M x M,
which is equal to 3 as argued before.

O

Corollary 3.16. Let k > 1 be an integer and W = Way X - - x Way, the product of k
copies of Wag, the j-th copy acting on M;. Consider the action of W on the disjoint
union
M= || M,
1<j<k

where the j-th factor acts trivially on M; fori # j. Let F(M) denote the permutation
representation of W on the Q-vector space QM of dimension 2kg. Then F(M) is Q-
isomorphic to the direct sum

FM)~k-10 @ G;o @ H;
1<j<k 1<j<k

of geometrically irreducible representations of W, where G is the representation
G(M;) of the previous lemma, o1,...,05 acting as o;, and similarly H; is H(M;)
acting through the j-th factor Wag.

Proof. This is clear from Lemma 3.15 and the definition of M. 0

Since Corollary 3.16 has described explicitly the decomposition of F/(M) as sum of
irreducible representations of W, the theory of linear representations of finite groups
shows that there are very few possibilities for the subrepresentations Rel(M), and
Rel(M),, ® Q.

Proposition 3.17. Let k > 1 and g > 2 be integers. Let Pi,..., P be polynomials
satisfying the conditions above. With notation as above, in particular P = P; --- Py
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and M the set of zeros of P, assume in addition that for any pair of roots (o, &, we
have aa € Q*.

1. We have
Rel(M)a = €D Rel(M;),,
1<j<k
and for each j, we have either Rel(Mj), = 0, or Rel(Mj)q = 1. The latter
alternative holds if and only if

Z a=20

OtEMj

or equivalently if Trg p(a) =0 for any o € Mj.

2. We have
Rel(M)m @ Q = (X Rel(M;)n ® Q.
1<j<k
Moreover, assume that the rational number aa € Q is positive ad independent
of a, say equal to m. Then for g > 5 in the general case and for g > 2 if m =1,
we have for each j that

Rel(Mj)m © Q = { G(M;) otherwise.

Proof. 1. From representation theory, we know that Rel(M), is the direct sum
of some subset of the irreducible components of F(M) corresponding to the
decomposition in Corollary 3.16. This isomorphism shows that F(M) decom-
poses as a direct sum over j of representations F(M;) depending on the j-th
factor of W, each of which is given by Lemma 3.15. Accordingly, Rel(M), is the
direct sum over j of subrepresentations of F(M;). Those are representations
of the j-th factor Wy, extended by the identity to W, and tautologically, they
correspond exactly to the relation space Rel(M;), among zeros of P;.

To finish the proof, it suffices therefore to treat each P; in turn, so we might as
well assume k£ = 1 and remove the subscript j, using notation in Lemma 3.15
(in particular, writing now M instead of M;). Noting that, for any a € M, the
relation Trg g () = 0 is equivalent with 1 C Rel(M ), the claim then amounts
to saying that G(M) and H (M) cannot occur in Rel(M),.

First, G(M) C Rel(M), means that

> tar=0 (3.30)

whenever (t,) € QY sum to zero and satisfy t, —tz = 0 for « € M. In
particular, fix a root a of P; we find that for any o € Wy, with o(«a) # a, say
o(a) = 8, we have

(a+a)—(B+B)=(a+a)—o(a+a)=0

for all o € Wy, = Gal(K/Q) not fixing a. Since the last relation is trivially
valid for o fixing « (hence @), it follows that o + & € Q. From the assumption
aa € QF, it follows that Q(«) is a quadratic field. It must be the splitting field
K of the polynomial P, and hence this cannot occur under the conditions g > 2
and Gal(K/Q) = Wa,.
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Similarly H (M) C Rel(M), means that (3.30) holds whenever (t,) € QM satisfy
to +t5z = 0. Using again a fixed root oo of P, we obtain in particular

a—a=0 (3.31)

which contradicts the fact that the elements o and & are distinct.

. The proof of the direct sum decomposition for Rel(M),, ® Q is the same as that

for additive relations, and hence we are again reduced to the case k = 1 (and we
write M instead of M;). We first show that G(M) C Rel(M),, ® Q in all cases.
Indeed, considering the generators of G(M) (given by (fa, 4+ fa;) = (fais: +faii )
1 <i<g-—1), it suffices to show that

a0y
88

for all @ and S, and this is correct from our assumption that aa is independent
of a.

Now we consider the consequences of the possible inclusion of the subrepresen-
tations 1, and H(M) in Rel(M),, ® Q. First, 1 C Rel(M),, ® Q means exactly
that for some integer n > 1, we have

ny = Z nfo € Rel(M)pm,

aceM

which is equivalent to

o = (11 o) = (e =1

aeM aeM

But the assumption that acx = m be a positive rational number independent of
a implies that N /p(a) =m?, so 1 C Rel(M),, ® Q if and only if m = 1.

It remains to exclude the possibility that H(M) C Rel(M),, ® Q to conclude
the proof. But instead of (3.31), this possibility implies now that, for some
integer n > 1, we have

Hence K/Q would be the Kummer extension Q(y/m, u2,), where po, is the
group of 2n-th roots of unity. In particular, the Galois group of K/FE would be
solvable, which is false for W, if g > 5 (the non-solvable group A, occurs as
one composition factor). For m = 1, the Galois group would be abelian, which
is not the case of W, for g > 2.

O

3.8 Proof of Theorem 3.1

Consider a squarefree monic polynomial f € Z[X] of degree 2¢g and an odd prime p
not dividing the discriminant of f. Let ¢ # 1 be a power of p. For each t € F, with
f(t) # 0, we consider the (smooth projective model of the) hyperelliptic curve

Ci: y2 = f(z)(z — 1),
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which is of genus g so that the L-function P; € Z[T] of Cy, as defined in the intro-
duction, has degree 2g.

For a fixed ¢, we say that t € [, is special if any one of the following condition
holds:

. f(t)=0.
e The Galois group of the splitting field of P; is not isomorphic to Wa,.
e The sum of the inverse roots a € Z(C}) is 0.

Then, under the assumptions stated, it follows from Theorem 8.15 in [Kow08a] (which
is similar to Theorem 3.10) that

[{t € F|t is special}| < ¢' 7 (log q),

where v = 4512-5-7129-%4 and the implied constant depends only on g. We will show that
the roots of the zeta function of C}, if ¢ is not special, satisfy the two independence
conditions in Theorem 3.1, and this will finish the proof.

For convenience, we drop the dependency on ¢ (¢ is fixed) from the notation now
on in cases where it does not lead to any ambiguity. The additive case is clear from
(1) of Proposition 3.17 applied with kK = 1,m = ¢ and

P=T»P(T™") € Z[T)

(which has the ao € Z(C}) as roots), since the splitting field of K of this polynomial
is the same as that of P;, hence its Galois group is indeed Ws,, and the sum of the
roots of P is non zero for ¢ not special, from the definition.

Now we come to the multiplicative independence of the normalized inverse roots.
Recall first that with M = Z(C;), and involution given by

Ey:c(a):é

the desired conclusion (3.6) can be rephrased as
Rel(Z(Cy))m = {(na) € ZM|ng — ng—1 = 0},

and the left-hand side does contain the right-hand side, so only the reverse inclusion
is required.
The elements of M are roots of the polynomial

Q1 =T*P/(q'*T™") € Q(\/9)[T],

which creates a slight complication: if we extend scalars to £ = Q(,/q) so that
Q: € E[T], there is a possibility that the Galois group of its splitting field (over E)
is not W, any more (for example, when /g is in the splitting field of P;). We deal
with this by looking at the squares of the inverse roots.
Let
M ={a&*ae M= Z(C)} = {o?/qla € Z(C))};
the second expression shows that M’ C K = Q(Z(Cy)), so the field F = Q(M’) is
a subfield of K. Its Galois group is the group of those o € Gal(K/Q) which fix all

a? for a € Z(Cy), i.e., such that o(a) € {a, —a} for all a. If o € Gal(K/F) is not
the identity, there exists some a € Z(C}) such that § = o(«) is equal to —a, and
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this leads to a + 8 = 0, in particular to Rel(Z(C})), # 0. Since this contradicts the
previous observation that the elements of Z(C}) are Q-linearly independent when ¢
is not special, we have in fact Gal(K/F) =1, and so F = K.

We can now apply (2) of Proposition 3.17, with k = m = 1 and P taken to be the
polynomial with zeros M’, namely

I[ (@-v=I[T-a%eQlr),

yeM’ aeM

with F' = K such that Gal(F/Q) = Wy, acting by permutation of the set M’ with
the involution
c(y) =771 ie @) =a2

Since y¢(y) =1 for all v € M’, we obtain
Rel(M')m ®7Q=1& G(M') = {(ny) € QY |ny — ny,) =0,y € M'}.

Since Rel(M"),, is free, the natural map Rel(M"),, — Rel(M’),, ® Q is injective.
Note also the tautological embedding Rel(M),, BN Rel(M’),, induced by the map
ZM — 7ZM which maps any basis vector fs of ZM to fs2 of ZM. If m € Rel(M),y,
we have

i(m) € {(n,) € QM|n,, — Ne(y) = 0,7 € M'}

and this means that Rel(M),, = Triv(M),,, as desired.
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