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1. INTRODUCTION

Let X be a smooth projective algebraic variety over R. For 0 < n < 2 dim(X),
there is a period pairing

HZ}R(X(C)/R) X Hn(X((C),Z) —C
www/w

relating de Rham cohomology and singular homology. It induces a comparison
isomorphism:
Hp(X(C),Q) ® C = Hr(X(C)/R) ®x C

(where H}(X(C),Q) = Homg, (H,(X(C),Z)),Q) is the Betti cohomology). This
isomorphism is compatible with the Gal(C/R) actions (trivial on the de Rham
cohomology and induced by the complex conjugation on the singular cycles on the
Betti cohomology) and filtrations (Hodge filtration on the de Rham cohomology).
This provides a link between different cohomologies.

The simplest non trivial example is that of elliptic curves (or more generaly
abelian varieties): in that case X (C) = Lie(X(C))/H,(X(C),Z) ~ C /A is a com-
plex torus (¢f [I, Chapter I}, [2 Chapter IV]).

Let p be a prime integer. The aim of this report is to explain a p-adic analogue of
this simple case. More generally, we will consider the case of Barsotti-Tate groups.
Indeed, given an abelian variety A, the collection of groups of p™ torsion A[p"] gives
rise to a Barsotti-Tate group hﬂn Al[p™], to which we can associate its Tate module



T, A. As we will see, the latter is the p-adic analogue of singular homology in the
analytic case.

Barsotti-Tate groups are central objects in Arithmetic Geometry: they are use-
ful to study finite group schemes (which are important in ramification theory for
example), rational points in Diophantine Geometry, moduli spaces (eg Shimura
varieties), etc.

This report is organized as follows. In section 2 we recall basic facts on group
schemes, then we introduce Barsotti-Tate groups and their first properties. In sec-
tion 3 we introduce divided powers. This allows us to define the crystalline site of
a scheme of characteristic p and crystals, that are the natural context to develop
Dieudonné theory. The latter aims at classifying Barsotti-Tate groups in terms
of (semi-)linear algebra: we present its construction and main properties (follow-
ing Messing, ¢f [3]) in section 4. A key result (Grothendieck-Messing theorem)
describes deformation theory of Barsotti-Tate groups in terms of their Dieudonné
crystal and filtrations: this will provide a complete classification (due to Breuil
and Kisin) of Barsotti-Tate groups over the ring of integers of a complete discrete
valuation field of characteristic 0 with perfect residue field of characteristic p (cf
section 5). The Dieudonné module is an avatar of de Rham cohomology: in section
6 we use Breuil-Kisin funtor and arguments of Faltings to construct a crystalline
comparison isomorphism for Barsotti-Tate groups, from which we derive the Hodge-
Tate comparison theorem (which is due to Tate). Unlike the analytic setting, these
comparison isomorphisms require to extend the scalars to sophisticated period rings
(that were constucted by Fontaine), that we present as well.

Convention.

1. ”p” is a fixed prime number.

2. Hopf algebras to appear are over a ring R that is noetherian and has a unity.
3. In our case, we can take as base scheme S = Spec R and focus on the category
(Sch/S) in most cases.

4. 7group over S, S-group, ---
groups on the site (Sch/S)gppe-
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will always mean a fppf sheaf of commutative
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2. BARSOTTI-TATE GROUPS AND FORMAL LIE GROUPS

2.1. Group schemes.

Let C be a category with finite products and hence in particular a terminal object
(the empty product), denoted by . If G, T € C, put G(T) := hg(T) = Home (T, G).

Definition 2.2. A group object in C, or a C-group, is an object G in C such that
h¢,: C — Set factors through the forgetful functor Gr — Set.
A C-group G is commutative if the group G(T') is commutative for every T' € C.
A morphism of C-groups G — G’ is a morphism ¢: G — G’ in the category C
such that, for every object T in C, the induced map

G(T) — G'(T)

g—=9og
is a group homomorphism.
Remark 2.3.
(1) The group structure on G is given by arrows
m:GxG—G
e:x—>G
inv:G— G

inducing the group law, the unit and the inverse on the groups G(T) for T € G.
The group law G(T) x G(T) — G(T) is got in an obvious way, noticing by definition
of G x G we have (G x G)(T) = G(T) x G(T). More explicitly, the induced law
on G(T) is just (g1,92) — mo (g1,92) where (g1,92) : T — G x G represents
the unique arrow given by the universal property of product, i.e. (g1, g2) satisfies
pr;o(g1,92) = gi, for i € {1,2}.

(2) One checks that the group axioms are equivalent to the commutativity of the
following diagrams:

(associativity)

Id xm

GXxXGEGxG@———GxGE

mxldl im

GxG L G

(neutral element)

Ge=xxG=CGx+—-2_ . Gxa

Eml lm

GxG i G

(inverse)

inv x Id GxC
G

eg:i=€omg




where 7 is the unique morphism of G to *,
(commutativity)

7=(pra,pry

Gx @G ) GxG
G

where 7 is the automorphism interchanging the factors on the products.
Let S be a scheme, we now specialize to the category (Sch/S) of S-schemes.
Definition 2.4. A S-group scheme, or simply S-group, is a group object in (Sch/S).
In the cases to consider, we will only deal with affine group schemes.

Definition 2.5. An affine group scheme G over a noetherian ring R is a group
scheme represented by an R-algebra A. Hence it is a representable group functor
G : Algp — Gr from the category of R-algebras to the category of groups.

A finite flat group scheme G over R is an affine group scheme, represented by a
finite flat R-algebra A. The order of G is the locally constant function with respect
to the Zariski topology on Spec(R) = prime ideals of R given at p by the rank of
the free Ry-module A,.

Let G = h¢ be a group functor on R-algebras. Note that
h% x hg : T — Hom(A,T) x Hom(B,T)

is represented by hfg . p. By this observation and the Yoneda Lemma we deduce
that:

(1) the multiplication G x G — G yields a comultiplication A: A - A ®pr A;

(2) the unit map € yields a counit map € : A — R, necessarily surjective;

(3) the inverse inv : G — G, g — g~ ! yields the antipode S : A — A.

All these maps are R-algebra maps. Similarily as when we define group scheme,
the group axioms translates into certain commutative diagrams.

Definition 2.6. A commutative Hopf algebra over R is by definition an R-algebra
A with comultiplication A, augmentation € and antipode S that make the diagrams
mentioned above commutative.

Proposition 2.7. The category of affine group schemes over R is contravariant
equivalent to the category of commutative Hopf algebras, with a Hopf algebra A
corresponding to the affine group scheme G = Hompg(A, e) that it represents.

Proof. The proof is obvious from our definition of Hopf algebra above. O

Definition 2.8. Let H and G be two group schemes corresponding to Hopf algebras
A and B respectively. Then a morphism H — G corresponds to a map B — A
compatible with Hopf algebra structures. If B — A is surjective, we say that H is
a closed subgroup of G.

Hence the study of affine group scheme is just the study of Hopf algebras. First
examples are as follows.

Example 2.9. Let R be a noetherian ring.
(1) The additive group is the group scheme G, given by G,(A4) = (A,+) for all
R-algebra A. Its Hopf algebra is R[X] with

AX)=10X+X®1, e(X) =0, S(X) = —X.
(2) The multiplicative group is the group scheme G, given by G,,(A) = (4%, ") for
all R-algebra A. Its Hopf algera is R[X, X ~1] with



AX)=X®X,e(X)=1,5X)=x"1L
(3) The group of n-th roots of unity. p, = Spec(R[X]/(X™ — 1)) is the kernel of
raising to the n-th power of G,,, since

Homp_as(R[X]/(X™ —1),B) ={be B,b" =1}.

The Hopf algebra of u, is R[X]/(X™ — 1) with

AX)=X®X,e(X)=1,5X)=Xx"1L
Thus p, is finite flat of order n. In fact, the representing algebra is even a free
R-module of rank n. Notice this is a closed subgroup of G,.
(4) Let T' be an abstract commutative finite group. The group algebra R[I'] =
@ erR[y] is a Hopf algera with

s () =Mehkel) =1 S =h""]
Write I' = ®]_1Z/n;Z, then R[I'l ~ ®]_;R[X]/(X™ — 1) and hence Spec R[I'] ~
fn, X -+ Xt . Hence the associated group scheme is a finite product of copies
of . Such a group scheme is called diagonalizable. The R-dual of R[] is R =
Maps(T", R), which is a Hopf algebra with details described below in (5).
(5) If T is a finite abstract group, the constant group scheme T is represented by
Maps(T', R) = [[,cp R, which is the R-dual of R[[']. Let (f,),er be the dual basis
of ([7])yer and so we have f?/ = fy; fyfr =0; > fy = 1. Hence it is a canonical
basis of [ [ . R and we define the structure on [ . R by:
A (f'y) = ZT'UZ’Y fr® f'ya E(f'y) = 57,1» S(f’y) = fy—l
An important example of constant group scheme is Z/nZ, whose Hopf algerba
is HtEZ/nZ R with structure as described above. o
(6) If R has characteristic p > 0, then the affine group scheme «,, is defined by
a,(A) = {a € Ala? = 0} for all R-algebra A. Its Hopf algebra is R[X]/(X?) with
AX)=X®1+10X,eX)=0,5X)=-X

Hence «, is finite flat of order p and this is a closed subgroup of G,.

yel

For later use we give the following definition that generalizes the notion of Hopf
algebra.

Definition 2.10. A co-commutative Og co-algebra A is the dual structure of a com-
mutative Og-algebra. Precisely, we have two &g-linear maps A: A — A®4p, A and
n: A — Og satisfying identities which are obtained by dualizing the arrows in the
diagrams which define a commutative algebra, i.e. (idg® A)o A= (A ®idy)o A
and (id4 ®n)o A= (n®idy)o A=id 4.
And A is called augmented if there is an Og-linear map o : Og — A.
Proposition 2.11. [4, Theorem 6.3] Let A be a finite k-algebra over the field k.
Then the following are equivalent.
(a) A Rk Esepg sep Xi % ksep;
(b) A@pk~kx- - xk;
(¢c) A®y k is reduced (i.e. has no nilpotents);

1 _0-
(¢) QA@E/k =0;
Definition 2.12. A k-algebra A satisfying the equivalence conditions above is
called an étale algebra.

Definition 2.13. A finite étale group scheme over R is a finite flat group scheme
G over R which is represented by an étale R-algebra. The multiplication map
u: G x G — G, the inverse inv : G — G and the unit Spec(R) — G are maps
between finite étale R-schemes.
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Proposition 2.14. [5 Section 3.7] Let R be a henselian local ring, e.g. mp-adically
complete, and let G be a finite flat group scheme over R.
(1) Then there is an exact sequence of finite flat group schemes over R

156G >G> G —>1

with G° the connected component of the zero section of G and G finite étale over
R;

(2) Any group homomorphism ¢ : G — H to a finite étale R-group scheme H
factors uniquely through G — G¢;

(3) Any group homomorphism ¢ : H — G from a connected R-group H factors
uniquely through G° — G.

Corollary 2.15. A flat affine algebraic group scheme G over R is finite étale
(resp. connected) if and only if the connected component GO (resp. the mazimal
étale quotient G°) is trivial.

Remark 2.16. It is often easier to describe the functor represented by the group
scheme than to describe a group scheme itself. In the following, we will often see
S-group schemes as group functors, more precisely as fppf-sheaves. ¢f [0, Chapter
2]

Definition 2.17. If M is a quasi coherent &'s-module, we denote by M the fppf
sheaf given by M(S') =T'(S , M ®gs Og) for any S € (Sch/S)¢ppt.

Definition 2.18. The Cartier dual of a group scheme G is defined by GP :=
Homg_g(G,Gr,), where the ”sheaf hom” Hom is defined by Homg(A, B)(T) =
Homr(A xgT,B xgT), and the subscript S-gr denotes the subsheaf morphisms of
group schemes.

Proposition 2.19. [4, Theorem 2.4]

(1) If G and H are group schemes over S, then Homs_ 4, (GP, HP) ~ Homg_,, (H, G)
(2) Cartier duality is an involution, i.e. G ~ (GP)P.

(3) Cartier duality commutes with base change.

(4) If the Hopf algebra of G is A, then that of GP is AY = Hompg(A, R).

Example 2.20. We compute the Cartier dual for the three typical examples of
order p.

(1) The Cartier dual of the constant group scheme G = Z/nZ is p, because in
GP = Hom(Z/nZ,G,,) the image of 1 € Z/nZ is mapped to an n-th root of
unity. In terms of Hopf algebras, we have that GP is given by the group algebra
R[Z/nZ] = R[X]/(X™ — 1) as in Example 2.9 and comultiplication, counit and
antipode are as follows:

AX)=X®X,e(X)=1,8(X)=X"—1.

This Hopf algebra represents pi,,.
(2) It follows that the Cartier dual of u, is Z/nZ.
(3) The Cartier dual of «, is a,.

2.21. The Frobenius and Verschiebung maps.

Fix S a scheme of characteristic p > 0. The Frobenius Fgs : § — S is the
morphism of schemes which is the identity topologically and sends a section s to
sP. Consider now an S-scheme X clearly we have also a Frobenius Fy : X — X.



We define a scheme X (P) through the cartisian diagram:

X o x

SL>S

Note moreover that the absolute Frobenius morphism Fs : S — S and Fx : X —
X commutes through the structure map X — S. Therefore we deduce a map
Fx/s : X - X () called the relative Frobenius, making the following diagram
commutative.

If X is a group scheme, then Fy,g : X — X®) is a morphism of group schemes.
There exists a map Vx/g : X®) 5 X called the Verschiebung, which is also a
morphism of group schemes when X is and makes the following diagrams commute:

X

p
VX/S\L

X o x
Fx/s

x ()
> e
xXP) X
Fx/s

Remark 2.22. Vg5 : GP) — G is dual to Fgoys: GP — (GPYP) ~ (GP)P when
G is a finite commutative group scheme over S.

Example 2.23. We compute the Frobenius and Verschiebung for the three typical
examples of groups of order p.

(1) The group «,, is connected and thus of finite Frobenius height. Hence the
Frobenius F' : o, — «, is the homomorphism 0, and by Cartier duality also the
Verschiebung V' : a, = «a, vanishes.

(2) By the same argument the Frobenius F' : y,, — p,, vanishes, and thus by Cartier
duality also the Verschiebung V' : Z/pZ — Z/pZ is the homomorphism 0.

(3) The Frobenius F' : Z/pZ — Z/pZ is the identity map. Because on the Hopf
algebra RZ/P% = ©yez/pzRLfy] we have F(f,) = f, for all v € Z/pZ, as given by
below where the 1 in the tuple are both in the position of g.

II R=C]] RmersR— [] R

9EL/PL gEL/pZ 9EL/PL

(ag)gec = > (0,...,1,...,0)®ay ¥ ag-(0,...,1,...,0)" = (ag)gec
g g

Consequently, the Verschiebung V' : p, — p, is the identity map by Cartier
duality.
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Proposition 2.24. [7, Section 6 | Let R =k be a field and let G/k be a finite flat
group.

(1) G is étale if and only if its Frobenius F : G — G®) is an isomorphism.

(2) G is connected if and only if the Frobenius F : G — G®) is nilpotent.

Remark 2.25. We see Z/pZ is étale and p,, is connected by example 2.23 and the
proposition 2.24.

2.26. Barsotti-Tate groups.

Let p be a prime integer, S be a scheme and G be a commutative fppf sheaf of
groups on S.

Lemma 2.27. [3| Chapter I, Lemma 1.1] Assume p"G = 0, then the following
conditions are equivalent:

(1) G is a flat Z/p"Z-module;

(2) Ker(p"=*%) = Im(p) forie {1,2,...,n}

Definition 2.28.

If n > 2, a truncted Barsotti-Tate group of level n is an S-group G such that:
(1) G is a finite locally-free group scheme;

(2) G is killed by p™ and satisfies the equivalent conditions of the lemma above.

Denote by G(n) the kernel of multiplication by p™ on G.

Lemma 2.29. [3, Chapter I, Lemma 1.5]

(a) If G(n) is a flat Z/p™Z-module then G(n) is a finite locally free group scheme
if and only if G(1) is (and then all the G(i) are)

(b) If G(n) is finite and locally free then p' : G(n) — G(n — i) is an epimorphism
if and only if it is faithfully flat.

Definition 2.30. (Grothendieck) G is a Barsotti-Tate group if it satisfies the fol-
lowing three conditions:

(1) G is of p-torsion; i.e. limG(n) = G;

(2) G is p-divisible; i.e. p: G — G is an epimorphism;

(3) G(1) is a finite, locally-free group scheme.

Remark 2.31. Let G be a Barsotti-Tate group.

(1) G(n) = G(n+ 1)(n)

(2) for any i such that 0 < i < n, the multiplication by p"~* induces an epimorphism
G(n) — G(i) (because multiplication by p"~* is an epimorphism of G)

(3) from (1) and (2) and the fact that G(1) is finite locally-free it follows from the
lemma above that the G(n) for n > 2 are truncated Barsotti-Tate groups and that
we have exact sequences:

n—i

p

0——G(n—1) G(n) G(7) 0

(4) it follows from theory of finite group schemes over a field that the rank of the
fibre of G(1) at a point s € S is of the form p™*) where h is a locally constant

function on S. It also follows from (3) that the rank of the fibre of G(n) at s is
nh(s)
D .

Definition 2.32. (Tate)[8 Section 2, (2.1)] A p-divisible group of height h over a
commutative ring R is an inductive system (G, 4, );>1 in which:



(1) Gy, is a finite, commutative group scheme over R of order p"";
(2) for each n, we have an exact sequence

n

p

0 G, —2 Gt Gnt1

(that is, i, is a closed immersion and identifies G,, with the kernel of multiplication
by p™ on Gp41).

Starting from a Barsotti-Tate group G over Spec R, we get a p-divisible group
(G(n),in)n>1 over R as defined by Tate above.
Conversely, given a p-divisible group (G, i, )i>1, we construct G := li . G, the
following commutative diagram shows that G,, is the kernel of multiplication by p™
on G, via the iterated injection 4,41 0 iy:

n

p p

Gn+2 Gn+2 Gn+2
Tin_'—l Tin-pl
in p"
0 Gn Gn+1 Gn+l

More generally, GG, is the kernel of multiplication by p” in G,, for all m > n,
hence the kernel of multiplication by p™ in G. This implies that G = h_n;n G, is
p-torsion. The fact G is p-divisible and G is finite and locally free can also be
easily checked, ¢f [3, Chapter I, Remark 2.3 |.

Definition 2.33. Let G = (G(n),in)n>1 be a p-divisible group on S. Since
G(n) are finite locally free S-group schemes, the dual group schemes G(n)° =
Homg_g(G(n), Gyy,) are also finite and locally free. The epimorphism p : G(n +
1) — G(n) gives a monomorphism pP : G(n)® — G(n + 1)P. Then the inductive
system (G(n)P) with respect to pP gives p-divisible group GP over S (in the Tate
sense). We call GP the Cartier dual of G.

Example 2.34.

(1) ppo = hﬂn tpn, where p,n denotes the group of p™-th roots of unity as in
example 2.9. p, has height 1.

(2) Q,/Z, = hﬂn Z/p™Z, and this is obviously the Cartier dual of pp by the
definition above and example 2.20. Z/p"Z is the constant group scheme as in
example 2.9 and hence Q,/Z,, also has height 1.

(3) Let A/S be an abelian scheme of dimension g. Then multiplication by p™ is an
isogeny of A/S of degree p?9", hence the kernels G,, = A[p"] lead to a p-divisible
group G = A[p®] of height h = 2g.

Let K be a field of characteristic 0, let K be an algebraic closure and denote
Y = Gal(K/K) the absolute Galois group.

Definition 2.35.
(1) Let X be a commutative group scheme, the Tate module of X, denoted T, (X)

T,(X) = lim(Ker(X(K) - X(K)))

2)IfG = %ﬂn G, is a p-divisible group, then the Tate module of G, denoted T,,(G)
is T,(G) = Jim Gn(K).

Remark 2.36.
(1) The inverse limit is taken over positive integers n with transitive morphisms
given by multiplication by p: X (K)[p"T!] — X (K)[p"], where X (K)[p"] denotes
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Ker(X(K) 25 X(K)).
(2) There is another way to see Tate module

Ty(G) = Jim G (K)
= I&n Homgr(Z/an, Gn (F))
= lim Homy, (Z/p"Z, G(K))

= Homyg, (Q,/Z,, G(K))

(3)Assume K is a discrete valuation field with ring of integer O and G € BT (Ok).
If n € Nyg, and L/K is finite, then G, (L) = G,,(Of) by the valuative criterion of
properness (recall that G, is finite over O). Taking inductive limit we get

Gn(K) = Gn(Of) = Homo g (Z/p"Z, G\ @ Of)
Taking inverse limit, we deduce
T,(G) = lim G,y (K)
= lim Homo_ o (Z/p"Z, G\, @ Of)
= @Homo?_gr(w, G ® O0F)
~ Hompr(0.)(Qp/Zp, G ® OF)

2.37. Formal Lie groups.

We establish some relations between Barsotti-Tate groups and formal Lie group.
Let X, Y be sheaves of groups over S such that Y is a subsheaf of X. We define
for every k > 0 a subsheaf Inf}, (X) of X.

Definition 2.38. For each integer k > 0, the k¢ infinitesimal neighborhood of Y
in X, denoted Inf§ (X), is the subsheaf of X whose sections over an S-scheme T
are given as follows: T'(T, Infy. (X)) = {t € I'(T, X)| there is a covering T; — T and
for each T} a closed subscheme 7 defined by an ideal whose k + 15¢ power is (0)
with the property that ¢,/ € [(T},X) is actually an element of I'(T},Y)}

i

Definition 2.39. A pointed sheaf (X, ex) over S is said to be a formal Lie variety

if :
(1) X =lim, Inf%(X) and the Inf%(X) are representable for every k > 0;
(2) e;Q}(/S =ex2 . (x)/s 18 locally free of finite type;

S

(3) denoting by gr'™(X) the unique graded @s-algebra such that grif(X) = gr,(Inf(X))

holds for all i > 0, we have an isomorphism Sym(wx) — gr'™(X) induced by the
canonical mapping wx — gritf(X).

Definition 2.40. A formal Lie group (G, eg) over S is a group in the category of
formal Lie varieties.

Now we give a characterization of formal Lie group in the case the base scheme
S is of characteristic p > 0. Let G be a sheaf of groups over S. We have Frobenius
and Verschiebung morphisms:

FG/S:G%G(p)
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and
VG/S : G(p) =G
We denote by G[n] the kernel of the n-th iterate (Fg/s)™.

Definition 2.41. We say that G is of F/g-torsion if G = lim | G[n]. We say that
G is Fg/s-divisible if Fig/g is surjective.

Theorem 2.42. [3] chapter II, Theorem 2.1.7 | Notations as above, G is a formal
Lie group if and only if:

(1) G is of Fg,g-torsion;

(2) G is Fgg-divisible;

(3) the G[n] are finite and locally free S-group schemes.

Notation 2.43. G = @k Inff (@)

Theorem 2.44. [3, Chapter II, Theorem 3.3.18] Suppose p is locally nilpotent on
S and G is a Barsotti-Tate group, then G is a formal Lie group.

There is another way to define a formal Lie group and one can check these two
definitions are compatible.

Definition 2.45. Let R be a complete, noetherian, local ring with residue field
k of characteristic p > 0. An n-dimensional commutative formal Lie group over
R, denoted I' = Spf(R][[x1,...,2n]]), is F = (F; € R[[21,--+,2n, Y1, -+, Yn]])iq
satisfying:

(1) X = F(X,0) = F(0,X);

(2) F(X,F(Y,2))=F(F(X,Y), Z);

(3) F(X,Y) = F(Y, X).

We write X *Y = F(X,Y). It follows from the axiom that X *Y = X + Y+
trems in higher powers of the variables. Put ¥)(X) = X % --- % X (p times) and
denote [p] the corresponding map on I'. We say I is p-divisible if [p] : T' — T is an
isogeny, i.e. R[[z1,...,xy]] is free of finite rank over itself with respect to ¢. If T is
p-divisible, then for v € N, the scheme

Gy = Spec(R][x1, ..., ] /U (< @1, ooy 20 >))
is a connected group scheme over R. We get a p-divisible group I'(p) = (G, iy)v>1-
Theorem 2.46. [8 Proposition 1] (T'ate) Given R as above, the map I' — I'(p)

is an equivalence of categories between p-divisible commutative formal Lie groups
over R and connected p-divisible groups over R.

Definition 2.47. Given a p-divisible group G, the dimension of G is defined to be
the dimension of the formal Lie group corresponding to the connected component
GO.

Remark 2.48. We can define the dimension in a more simple way in the next
subsection, refering to Remark 2.66.

2.49. The relation between Lie algebra and the sheaf of invariant differ-
entials of a Barsotti-Tate group.

Let X be an affine group over a complete noetherian local ring R, and let R]¢]
be the ring of dual numbers:

Rle] == R[T/(T?)
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Thus R[e] = R® Re and €2 = 0. There is a homomorphism
7m: Rle] » R, w(a+eb)=a.
Definition 2.50. For any affine group scheme X over R,
Lie X := Ker(X (R[e]) = X(R))
Remark 2.51. Same notation as above, since we have exact sequence
1 X' 5 X 5 X451

by Proposition 2.14. Taking Lie is like taking the derivative, hence kills X by
Proposition 2.11. We concludes that Lie(X?) ~ Lie X.
In particular, when R is a field we have the following computation: If a # 0, then
a+ be = a(1 + Z¢) has inverse a~ (1 — 2¢) in R[], and so

R[e]* = {a + bela # 0}

An element of Lie(X) is a R-algebra homomorphism u : €¢(X) — R[e] whose
composite with € — 0 is e. Therefore, elements of &(X) not in the kernel m of ¢
map to units in R[e], and so u factors uniquely through the local ring &'(X)y,. This
shows that Lie X depends only on &(X)y. In particular, Lie(X°) ~ Lie X.

Recall that &'(X) has a co-algebra structure (A, €). By definition, the elements
of Lie(X) are the R-algebra homomorphisms & (X) — R|e] such that the composite

0(X) % Rle] 25 R

is e.
Proposition 2.52. There is a natural one-to-one correspondence between the ele-
ments of Lie(X) and the R-derivations 0(X) — R (where 0(X) acts on R through
€), i.e.

Lie(X) ~ Derg (0(X), R)
The correspondence is € +eD < D, and the Leibniz condition is

D(fg) = e(f) - D(g) + €(g) - D(f)

Example 2.53. Suppose R is a field of characteristic p > 0, and let X = ay, so
that a,(B) = {b € B|b?» = 0}. Then a,(R) = {0} and a,(R[e]) = {acla € R}.
Therefore,

Lie(ap) = {acla € R} ~ R;
Similarly,

Lie(up) = {1 + acla € R} ~ R.

Let A be an augmented quasi-coherent co-algebra in (Sch/S)gpt.

Definition 2.54. [3, Chapter III, (2.0)] Cospec(.A) is the functor (Sch/S)° — Set
given by §" = {y € (S, Ag)In(y) = L, 2 (y) =y © y}.

Definition 2.55. A section = of A is primitive if A (z) =1z +z®1
Deﬁniltion 2.56. We denote by Lie(.A) the f/ppf sheaf of &s-module whose sections
over S are the primitive elements in I'(S", Ag/) and where the operations are

induced by those on A. By abuse of notation, if G = Cospec(A), then Lie(.A) is
also denoted Lie(G).

Remark 2.57. Assume A is finite and locally-free, then Cospec(A) = Spec(AY),
where AV = Homgg_mod (A, Os)
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The Og-algebra structure on AY = Homgg mod (A, Os) is given as follows. The
unit is Os - AY and the multiplication is given by (A®g, A)Y ~ AV Qg

AY ﬂ) AV, where the first isomorphism comes from the fact that A is finite
and locally free.

By [3} chapter3 2.1.3], any Barsotti-Tate group can be written as Cospec(A) =
Spec(AY) for an appropriate co-algebra A. Now given a Barsotti-Tate group, say
G = Cospec(A) = Spec(AY) over S, then the unit section S — G is deduced from
the augmentation map.

Definition 2.58. If (X, e) is a pointed S-scheme (i.e. e:S — X is a section of the
structure map), then we define the sheaf of invariant differentials, denoted w yx /85
to be the fppf sheaf associated to the Zariski sheaf below:

wx/s = € (Qxs)

When X is a group scheme, e is just the unit section S — X.

Remark 2.59. We see that Lie X = w}/(/s. Since Proposition 2.52 tells us Lie X
corresponds to the invariant derivation, i.e. the tanget space of the origin.

Proposition 2.60. [3, Chapter II, Remark 3.3.20] Let G be a Barsotti-Tate group
over S, then the sheaves we (., s are locally free of finite rank. IfpV-15 =0, then

Wa(m)/s = Ya(N)/s for allm > N.

Definition 2.61. Let G be a Barsotti-Tate group on the base scheme S, then we
define the sheaf of invariant differentials by

Wa/s = wWaim)/s

for m > 0.

Remark 2.62.

(1) Under the same assumption as Proposition 2.59 above, Proposition 2.58 implies
that we can define Lie G similarly. Lie G := Lie G(m) for m > 0.

(2) Suppose that G € BT(S), then one can check (Lie G)(S) = LieG. In fact, one
can take this as the definition of Lie G at the beginning.

Remark 2.63. wg = wg

Lemma 2.64. Let A be a finite locally free co-algebra over S, X = Cospec A =
Spec(AY). Then Lie(X) = wy/g

Proof. Given any S-scheme S’, we have QX(/S(S') = T(S,,w)v(/s ®eg Og'). Now we
focus on the sheaf, which is easier to study since we can study it locally.
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wy/s ®os Og'
= Homﬁs(wx/g,ﬁ’sl)
= Homgs, (Og ®oswxys,Og)
= Homﬁs, (wX//S/ ,Ogr)
= Homﬁs, (Og Qox, x5 Og)
= HomﬁS« (QXS//S'v Og')
= Derg, (ﬁXS, ,Og)
= Derg, (A, Og)
={de Homg , (A, Og)(= Ag)|(Va,y € AL )d(zy) = zd(y) + yd(x)}
={a€ Ay|(Vz,y € AG)(z®y)(2 (a) = (z@y)(1@a)+ (z@y)(a® 1)}
={acAg|r(a)=1®a+a®1.}
So

/

w/s(S") = Lie(A)(S") = Lie(X)(S)
O

Proposition 2.65. If G = Cospec(A) is a Barsotti-Tate group over S, then
@(G) = Q\C/;/S'

Proof. By the lemma above, we know that Lie(G(m)) = wg(m)/s- By proposi-
tion 2.60 wg () s stablizes, hence we see li_n)lgg(m)/s = wg/s- So together with
Lie(G) = @(%ﬂ G(m)), we see it suffices to show @@(G(m)) = @(hﬂ G(m)),
which follows directly by the definition of Lie(.A) above described by sections. O

Remark 2.66.

(1) By definition, Lie(G) coincides with the fppf sheaf corresponds to the usual
Lie algebra of a Lie group when G is a Lie group. Indeed, given a Lie group G,
its Lie algebra is the tangent space at the origin, denoted t.G. It consists of the
derivations Der, hence corresponds to wp. By the lemma above, Lie(G) = w(.

(2) By Proposition 2.11 and discussion above, we see that Lie(G) = 0 if G is an
étale group scheme.

(3) We can replace Definition 2.47 by defining the dimension of a p-divisible group
G € BT(Ok) as the rank of the free module wg. Moreover by the fully-faithfulness
of the generic fiber, ¢f Theorem 6.48 to be proved later, the rank is the same as
the rank of the vector space G ®o, K, where K = Frac(Ok).

3. DIVIDED POWERS, EXPONENTIALS AND CRYSTALS

3.1. Divided powers.

The notion of divided power on a commutative ring A is defined to ”make sense”
n

x
of — for some element = € A, even when n! is not invertible in A. This will enable
us to define exponential maps. The exponential will involve sheaves of Lie algebra
and play an important role in the classification of Barsotti-Tate groups over some
fixed base scheme.
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Definition 3.2. Let A be a ring and I an ideal of A. A divided power structure
on I is a family of mappings {v, : I — I,n > 1} which satisfies the following
conditions for any A € A and z,y € [ :
(Dm(Az) = /\"%(ff)(; )
m—+n)!
(2) () - ym(x) = W'Yern(x);
3) (@ +y) = (@) + 21 ne1 -i(@)7i(y) + W (y);
(4) v

(mnl!)
4) Ym () = van(m)'
Given such a system we define vg by 7o(z) = 1 for all 2z € I and refer to (I,7)
as an ideal with divided powers. If x € I, the element v, (z) is sometimes denoted
z["l. The structure (A, I,7) as above is called a P.D. ring.

Remark 3.3.
(1) If A is a Q-algebra, then any ideal has a unique P.D. structure, namely v, (z) =

— for all x € A.

(%) When A has characteristic 0, if the P.D. structure exists then it is unique.
Besides the above example, consider a DVR (A, 7, k) of mixed characteristic (0, p),
p = 7°u, where u € A*. Then (7) admits a P.D. structure if and only if e < p — 1.
Hence the ring of Witt vectors of a perfect field of characteristic p admits a P.D.
structure, since it is an unramified DVR of characteristic (0, p).

(3) In the positive characteristic case P.D. structures may not be unique when it
exists.

Definition 3.4. Let (A,I,v) and (B, J, §) be triples with P.D. structures. A mor-
phism of P.D. rings or P.D. morphism u: (A, 1,7v) — (B, J,0) is a ring homomor-
phism u : A — B such that «(I) C J and u(y,(x)) = d,(u(x)) holds for all z € T
and n € N.

We globalize considerations above by defining P.D. schemes as follows. We

replace A by a scheme S, I by a quasi-coherent ideal Z. Divided powers on Z are
given by assigning to each open set U a system of divided powers on I'(U, I) such
that the restriction maps commute with the divided powers.
Given P.D. schemes (S,Z,7) and (S',Z',~), a divided power morphism f between
them is a morphism of schemes f : 5 — S" such that Yz l) maps into Z under
the map f ( /) = Og and such that the divided powers induced on the image
of f~1(T)) commde with those defined on 7.

Definition 3.5. Let (A4,1,v) be a P.D. ring and f: A — B be an A-algebra. We
say that v extends to B if there is a P.D. structure (B, IB,7) such that (A4, 1,v) —
(B,IB,%) is a P.D. morphism, that is f(y,(z)) =7, (f(z)) for every x € I, n € N

Remark 3.6. In fact the definition is equivalent to the following statement: there
is a P.D. structure (J,d) on B with a P.D. morphism (A4, 1,7v) — (B, J,¢), indeed
IB is a sub-P.D. ideal of J.

Definition 3.7. Let (A,I,v) be a P.D. ring and B an A-algebra with a P.D.
structure (J,d). We say that v and 6 are compatible if the following equivalent
conditions hold:

(1) v extends to 6 and ¥ =6 on IBN J;

(2) the ideal K = IB + J has a P.D. structure § such that (A,1,7) — (B, K,6)
and (B, J,8) — (B, K,§) are P.D. morphisms.
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3.8. P.D. envelopes.

Theorem 3.9. [0, Theorem 3.19]

Let (A,1,7) be a P.D. algebra, B is an A-algebra and J is an ideal of B. There
exists a B-algebra Dp (J) with a P.D. ideal (J,0) such that JDp(J) C J and
satisfies the following universal property: for any B-algebra C with a P.D. ideal
(K, ) such that K contains the image of J and § is compatible with the v there
exists a unique P.D. morphism (Dg ~(J),J,0) — (C, K,d) such that the following
diagram commutes:

(,DB’“/(J)vjj 9)

(A, 1,7)

Definition 3.10. The B-algebra D ,(J) in the above theorem is called the P.D.
envelope of B relative to the ideal J.

3.11. Exponentials.

Definition 3.12.

Let (A, 1,7) be a P.D. ring. We say that the divided powers are nilpotent if there is
an integer NV such that the ideal generated by elements of the form ~;, (x1) - - - i, ()
with 41 + -+ + 1 > N is zero.

Remark 3.13. The definition implies, by taking k = N and 43 = --- = i, = 1,
that IV = (0). This enables us to define exponential.

Definition 3.14. If the divided powers (A, I,+) are nilpotent we define two maps:
exp: I — (1+1)*
log: (14+1)* =1
by the formula exp(x) = ano Yn(x) and log(1+z) = Zny(fl)”*l(n — Dy, (x)
Remark 3.15. The two maps are well defined and inverse to each other.

Let S = Spec(A) be an affine scheme where p is nilpotent, I an ideal of A with
nilpotent divided powers and Sy = Spec(A/I). For any Barsotti-Tate group G over
S and V a locally-free A-module of finite rank, there is a well-defined exponential
map:

exp : Hom(V, I - Lie(G)) — Ker[Homg_g(V, G) = Homg, g (Vo, Go)]

defined by exp(#)(x) = exp(f(x)).

We study extensions of homomorphisms and the relations between these and the
exponential.
Assume ug : Vo = Gy is a Sp-monomorphism with image Hy C G, we want to
examine the set of S-flat liftings of Hy to subgroups H of G, together with structure
of locally-free module on H, lifting that of Hy. Let H be a solution of this problem.
Then H is given by V where V is a finite locally-free &g-module and any such V'
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is determined up to isomorphism by [S.G.A 1 IIL.7.1]. Let us fix once and for all a
V lifting V. Then to give an H as above is equivalent to giving a monomorphism
V — @ lifting ug, and two such u and u are being identified if they differ by an
Os-automorphism of V' which restricts to the identity on Sy

Definition 3.16. Notations as above, the subtitle ”0” of a group scheme over S
denotes its base change over Sy. Two liftings u ,u  of ug : Vyj — Gq are said linearly
compatible if their difference is in the image of

exp : Hom(V, I - Lie(G)) — Ker[Hom(V, G) — Hom(Vy, Gy)]

Remark 3.17. This is obviously an equivalence relation on the set of liftings of
ug-

Definition 3.18. Two liftings ul,u” of ug : Vo — Gy are said to be congruent if
they differ by an Og-linear automorphism of V' reducing to the identity on V;

Remark 3.19. v and v are thus congruent if and only if they define the same
solution of our lifting problem.

Lemma 3.20. [3, Chapter I11, 2.7.6] If u and u are congruent then they are linearly
compatible.

Remark 3.21. Hence we see u and u’ are congruent if and only if they are linearly
compatible, since obviously linearly equivalence implies congruence. Hence the
exponential map allows us to define an equivalence relation on the set of solutions
of our problem.

Let h C Lie(G) be a locally free sub-module lifting h, = Lie(Hy), then we have
the following result which is important for the Grothendieck-Messing theorem later.

Proposition 3.22. [3, Chapter III, 2.7.7] In each linear equivalence class of solu-
tions of our problem, there is exactly one H with Lie(H) = h

3.23. Crystalline site and crystals.

Let S = (5,Z,6) be a P.D. scheme, X is a S-scheme to which ¢ extends. Recall
this means that the Og-algebra @'x has a P.D. structure § such that

(6571-7 6) - (ﬁXaIﬁX76)
is a P.D. morphism.

Definition 3.24. The crystalline site of X relative to S, denoted Crys(X/S),
consists of the category whose objects are triples (U < T, +) where:

(1) U is an open sub-scheme of X;

(2) U < T is a locally nilpotent closed immersion;

(3) v = (9n)nen is a (locally nilpotent) divided powers structure on the ideal Z of
U in T compatible with 4.

U — T as above is called a P.D. thickening.

Morphisms from (U — T') to (U’ < T’) are commutative diagrams:

U T

1| |7

U————>T
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such that U — U’ is an inclusion and T L 77 s a divided power morphism (i.e.
the morphism of sheaf of rings fﬁl(ﬁqw) — Or is a divided power morphism).

A covering family of an object (U < T,+) of the crystalline site is a collection of
morphisms {T; — T}; such that for all ¢ € I, T; — T is an open immersion and
UT; = T. One may instead require UU; = U, actually the working assumption
implies that the ideal 7 is nilpotent and therefore U < T is a homeomorphism.

A sheaf of sets F on the crystalline site is equivalent to the following data: for every
element (U, T,v) € Crys(X/S), a sheaf F 7 ) on T and for every morphism in
the crystalline site

U T
i |7
U’ T

——1 —1
a morphism of sheaves f ~ Fy 1) — ]:(U’,T’,'y/)’ where f = is the pull-back of a
sheaf of sets on Tz, together with the natural cocycle condition.

Example 3.25. The structural sheaf Ox ;g on Crys(X/S) is defined by

(Ox/s)w,ry) = Or
for every (U, T, ).

Definition 3.26. A crystal of 0x/s-modules is a sheaf F of Ox/g-modules such
that for any morphism u: (U < T) — (U < T') in Crys(X/S), the map
u*]-"(U/’T/’(;/) — F,r,5) 1s an isomorphism.

Example 3.27. The structural sheaf 0x,s on Crys(X/S) is a crystal.

Crystal is a sheaf that is ”rigid” and ”grows”. The growing is true for any sheaf
F on a crystalline site Crys(X/.S), allowing us to associate a crystal to any lifting of
a Barsotti-Tate group in our case. While the rigidity, precised by the isomorphism
in the definition above, is not true for arbitrary sheaf.

4. DEFORMATION THEORY

4.1. The crystals associated to Barsotti-Tate groups.

In this section we shall associate certain crystals to Barsotti-Tate groups on a
scheme (on which p is locally nilpotent).

Let S be a scheme on which pV is zero and G a Barsotti-Tate group on S.
Recall that we have defined in the first section the sheaf of invariant differentials
we, namely the fppf sheaf associated to wg = e* (QlG(m)/S') where m > 0 and e is
the unit section S — G(m).

Definition 4.2. An extension of G by a vector group V(G) (i.e. an fppf sheaf
associated to a quasi-coherent module)

(E) 0-V(G) > EG)—-G—0
is said to be universal if given any extension of G by another vector group

0-M—-e—-G—=0
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there is a unique linear map V(G) L, M such that f+«((E)) is the given extension.

Proposition 4.3. [3 Chapter IV, Proposition 1.10 | Notations as above, there
is an universal extension of G by a vector group. In fact V(G) = WG(n)py Jor n
sufficiently large and the universal extension is

0— Q(G(N)D) — Q(G(N)D) H G—G—=0
G(N)
up to isomorphism.

Proof. Consider the exact sequence

0-GN)=»GE5G -0

Take M a quasi-coherent module and apply the left exact functor Hom(e, M). We
get the long exact sequence:

0 — Hom(G, M) — Hom(G, M) — Hom(G(N), M) % Ext!(G, M) — Ext'(G, M)

Since pV = 0 on M, we get an isomorphism Hom(G(N), M) LN Ext' (G, M), which
is functorial in M. ¢f [3, Chapter IV, Proposition 1.3], the left hand side functor
is represented by w(g(nypy. Then again ¢f [3L Chapter IV, proposition 1.3] we have
a homomorphism « inducing the universal extension.

N

G(N) G P G 0

| L

0 —wigvp) —= W) o 6 —= G —0

0

O

Corollary 4.4. [3, Chapter IV, Corollary 1.14 | Assume p is locally nilpotent on
S and let G be a Barsotti-Tate group on S. Then there is an universal extension
0—V(G) = E(G) = G = 0 of G by the vector group V(G) = weo.

From now on E(G) will always represent the universal extension in the corollary
above, which we know is a fppf sheaf of group.

Proposition 4.5. [3| Chapter IV, Proposition 1.19] E(G) is a formal Lie group.

Definition 4.6. Lie(F(G)) := Lie(E(G))

If Sy is a scheme on which p is locally nilpotent. Then BT(Sy) denotes the cat-
egory of B.T groups over Sy and BT’ (S) denotes the full sub-category of BT(Sy),
consisting of those Gy with the following property: There is an open cover of Sy
(depending on Gy) formed of affine open sets Uy C Sy such that for any nilpotent
immersion Uy < U there is a B.T group G on U with G|y, = Golu,-

Theorem 4.7. [3, Chapter I1I, Theorem 2.2] Let S = Spec(A) such that p™¥-15 = 0,
So = Var(I) where I is an ideal of A with nilpotent divided powers. Let G and H be
two Barsotti-Tate groups on S and assume ug : Gog — Hy is a homomorphism be-
tween their restrictions to Sy. ug defines a morphism vg = E(ug) : E(Go) — E(Hy)
of extensions:

0 —— V(Go) —= E(Go) —= Gg —=0

\Lv(uo) i Vo luo

0 HK(Ho) —_— E(HO) —— Hy——0



20

Then there is a unique morphism of groups v = Eg(ug): E(G) — E(H) (not
necessarily respecting the structure of extensions) with the following properties:
1) v is a lifting of vo;
2) given w: V(G) — V.(H) a lifting of V.(ug), denote by i the inclusion V.(H) —
E(H), so that d = iow —v|y(q) : V(G) — E(H) induces zero on Sy. Then, d is
an exponential (this makes sense by [3, Chapter 111.2.4)).

Corollary 4.8. [3| Chapter IV, Corollary 2.4.1 | Let K be a third Barsotti- Tate
group on S, and uf : Hy — Ko a homomorphism. Then Eg(uj o ug) = Eg(ug) o
Es(ug).

Corollary 4.9. [3, Chapter IV, Corollary 2.4.3] Let G, H, ug be as above and
assume ug s an isomorphism, then Eg(ug) is an isomorphism.

4.10. Crystals associated to Barsotti-Tate group.

The corollaries of above theorems permit the construction of crystals. Let Sy
be an arbitrary scheme (with p locally nilpotent on it) and let Go be in BT/(SO).
By the reasoning recalled in [6], namely that fppf groups form a stack with respect
to the Zariski topology, it suffices to give the value crystals to be constructed on
objects Uy < U of the crystalline site of Sy with the property that Goly, can be
lifted to U, and Uy is affine.

By corollaries above, the group E(G) is independent up to canonical isomorphism
of the lifting of G|y, which has been chosen.
Let Vj — V be a second object in the crystalline site and

Ue——U

fT Tf

Woe——V

a morphism in Crys(X/S). Then for a lifting Gy of Goly, to U and a lifting Gy
of Goly, to V the same corollaries give a canonical isomorphism f (E(Gy)) =
E(Gy ), since both of them give an universial extension of a Barsotti-Tate group
over V which lifts G|y, . This isomorphism is functorial in the sense of [3, Chapter
III, Definition 3.6]

Now we know the following definition gives a well-defined crystal.

Definition 4.11. The rule that to any object Uy — U in Crys(X/S) associates
E(G) where G is any lift of G|y, to U gives a crystal that we denote E(Gp).

It is clear that for ug : Gy — Hy a homomorphism between two liftable Barsotti-
Tate groups, there is a morphism E(ug) between the associated crystals which is
defined on a ”sufficiently small” open set Uy — U via Ey(up) in the notations
introduced above.

Let f : Ty — Sp be an arbitry morphism. The crystal f*(E(Gp)) is determined
by its values on ”sufficiently small” open sets in the crystalline site of Ty. Choose
sufficiently small to mean that the object Vy < V has to properties:

(1) f(Vp) C Uy and Go|Up can be lifted to infinitesimal neighborhoods;

(2) Vp is affine.
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Then we build the diagram
Uy ——U =0 [y, vV

/ I

Vo€ 14

It is immediate that, as we did above, for a lifting Gy of Go|Uy to U and a lifting
Gy of Go|Vp to V

T (BE(Gu)) = E(Gv) =E(f*(Go))vesv
Thus
E(f*(Go)) = E(f*(Go))
and we showed that taking crystal is stable under base change.

A more precise statement of the last equality would be that the following diagram
is commutative up to a unique natural equivalence:

BT/(SO) - F {Crystals in fppf groups on Sy}

fr \L fr
BT (Ty) - {Crystals in fppf groups on Ty}

From the construction of E(Gp) we can construct two other crystals as follows.

Definition 4.12. ¢f [3, Chapter IV, 2.5.4]. If Uy < U is a nilpotent divided power
immersion and G can be lifted to a Barsotti-Tate group G on U, then we define
crystals E(Gg), D(Gy) and D*(Gy) as follows:

E(Go)v,—v = E(G)
D(Go)v,—v = Lie(E(G))
D*(Go)vy—u = Lie(E(GP))

Remark 4.13. By definition 4.12, we see that E(G)) is a crystal in fppf groups on
So when Gg € BT(Sy). Hence E(Go)uy,—u is a sheaf of fppf groups on Sy, refering
to our convention at the very beginning.

Proposition 4.14. The sequence
0 — weo — Lie(F(G)) — Lie(G) — 0
18 exact.
Proof. Recall we have
(¥*): 0= we = E(G) = G—0

The sections of woo over S are primitive elements, since it is a vector group and
the commutativity gives the result. So (*) tells us that woo C Lie(E(G)) since
Lie(E(Q)) corresponds to the subsheaf of E(G) whose sections over S’ are primitive
elements. weo is in the kernel of Lie(E(G)) — Lie(G), and conversely the kernel is
obviously in the kernel of Lie(E(G)) — Lie(G), which is weo by (x). Hence

weo = Ker(Lie(E(G)) — Lie(G))

So it is left to prove Lie(E(G)) — Lie(G) is an epimorphism, which is proved by
[3, Chapter IV, Proposition 1.22]. O
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Suppose now Tj is a S-scheme with p = 0 on it, and Gy is a p-divisible group
over Ty. Let Tp < T be an object of Crys(Tp/S) on which p is locally nilpo-
tent, and G a lifting of Gy to T'. By construction of D, we have an isomorphism

D(Go)(T) = D(G)(T).

Remark 4.15.

(1) Actually in the above isomorphism, D(Go)(T) — D(G)(T), D(Go)(T) is short
for D(Go)ry—r(T) and D(G)(T) is short for D(G)per(T). It suffices to show
D(Go)rys = D(G)rsr. In a more general case, suppose Uy — U is a nilpotent
closed immersion as usual, we have a morphism Crys(U/S) — Crys(Up/S) by re-
stricting an open scheme of U on Uy, hence we get an open scheme of Uy. Hence
given (W — T') € Crys(U/S), it makes sense to envalute D(Gg) on Wy, < T. And
we have D(Go)w |, 1 = D(G)wr since our construction of D(G) is compatible
with arbitrary base change. We sometimes simply denote D(Go)(T) = D(G)(T).
(2) If T = Spec A is affine we will write D(G)(A) instead of D(G)(Spec A).

Corollary 4.16. The locally free sheaf on crystalline site Crys(Tp/S), D*(G) 1y,
sits in an exact sequence

0 — (Lie(@))" — D*(G) s — Lie(GP) = 0
Proof. Let A be finite and locally-free and G = Cospec(A) = Spec(AY), where
AY = HOIH(A, ﬁs)
Then by Proposition 4.14 applied to GP and by Proposition 2.65, wy, = Lie(G),
we get the exact sequence:

0 — (Lie(@))Y — D*(G) s — Lie(GP) = 0

Corollary 4.17. If T is affine and G € BT(T), then
0 — (Lie(@))Y — D*(G)(T) — Lie(G®) = 0
is an exact sequence of I'(T, Or)-modules.

Proof. Remark 2.62 indicates that one may envaluate the exact sequence in Corol-
lary 4.16 on an affine scheme T' = Spec A. To do this, we define the fppf cohomology
functor H{, (T, e) to be the right derived functors of I'(T,e). Hence to get the

exact sequence we want, it suffices to show that Hf, (T, (Lie(G))¥) = 0. But we

have

Hiopor (T, (Lie(G))") = H,, (T, (Lie(G))") = 0
Where the first equality is by [10, Tag 030J] and [10, Tag 03P2] and the second
equality is by [EGA III, 1.3.1] since (Lie(G))Y is locally free and hence quasi-
coherent. One can also check [I1] Theorem 3.7] for a reference. O

4.18. Grothendieck-Messing theory.

Notation 4.19.

(1)Let S be a scheme on which p is locally nilpotent, Z a quasi-coherent ideal of g
endowed with locally nilpotent divided powers. Let Sy = Var(Z) so that Sy — S
is an object of the crystalline site of Sy. Denote by BT/(SO) the full sub-category
of BT(Sy) consisting of those Gy which can locally (for the Zariski topology) be


http://stacks.math.columbia.edu/tag/0123
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lifted to a G € BT(S).

(2) Notice the definition of BT (Sg) here is different from above, because in this
part we will only consider crystals with their values on particular object of the
crystalline site, namely the object Sy < S.

(3) E(Go)s and D(Gy)s will refer to the values of the corresponding crystals on the
object Sy — S.

Definition 4.20. A filtration Fil' € D(Gy)s is said to be admissible if Fil' is a
locally-free vector sub-group with locally free quotient, which reduces to V(Gg) —
Lie(E(Gyp)) on Sp.

We define an obvious category, denoted by Cs,—.s, whose objects are pairs
(G07Fill) with Gy in BT’(Sp) and Fil' an admissible filtration on D(Gp)s. Mor-
phisms are defined as pairs (ug, &) where ug : Hy — Gp is a morphism in BT(S)
and £ is a morphism of filtered objects, i.e. , a commutative diagram

FillC—— > D(Gy)s

fl lD(uo)s

Fil' G~ D(Hy)s

which reduces on Sy to

V(Go)~—————— Lie(E(G))
V(uo)l iLiE(E(UO))
V(Ho)“————— Lie(E(H,))

Theorem 4.21. [3| Chapter V, Theorem 1.6] The functor G — (Go,V(G) —
D(Go)s) establishes an equivalence of categories:

BT(S) — CSO%S

Remark 4.22. (1) Let Gy be in BT (So). We have a sheaf £ on S defined by
(U, L) = set of linear equivalence classes of lifts of V(Gy) — E(Gy)|v, to a vector
subgroup V' — E(Gp)s|u,, for any affine open U C S. By our construction of
E(Go)s, £ has a canonical section © € I'(S, £) which is determined on any suffi-
ciently small affine open U by the equivalence class of V(G) where G is any lifting of
Golu, to U. Choose two different liftings of Gy, say G1 and G2, and hence different
liftings of V|y, — E(Go)|v,, say V.(G1) — E(G1) and V.(G2) — E(G2). Then by
[3, Chapter IV, Theorem 2.2] we have a diagram

V(G1)——— E(G1)
Vw(£2) ' EN(£J2)

with i ow —v|y(g,) an exponential. Hence the two liftings are equivalent and thus
by [3, Chapter III, Proposition 2.7.7] they corresponds to a same section in I'(.S, £).
(2) Hence we see that giving a V' C E(Gg)s which belongs to © is equivalent to giv-
ing an admissssible filtration Fil' < D(Gg)s ¢f [3, Chapter III, Proposition 2.7.7].
In particular to know V(G) C E(Gy)g is the same as knowing V(G) C D(Gy)s.
Knowing V.(G) C E(Gy)s gives G ~E(Gy)s/V(G).

(3) By the observations in (1) and (2), we can construct another category that
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is equivalent with BT(.S), with objects simply (Gy,V C E(Gyp)s) but more com-
plicated morphisms relating liftings. Cg,—.s is better since it is just described by
algera structure, avoiding the mess with liftings.

5. A CLASSIFICATION OF p-DIVISIBLE GROUPS OVER Ok

Let k be a perfect field of characteristic p > 0 and let W := W (k) be its ring of
Witt vectors. We consider a totally ramied extension K of degree e of the field
of fractions W[l/p]. Fix a uniformizer 7 € K and denote by E(u) its minimal
polynomial.

Lemma 5.1. [12) Lemma A.2]

Let A — Ag be a surjection of p-adically complete and separated local Z,-algebras
with residue field k, whose kernel Fil' 4 is equipped with divided powers. Suppose
that

(1) A is p-torsion-free, and equipped with an endomorphism ¢ : A — A lifting the
Frobenius on A/pA.

(2) The induced map p*(Fil* A) 180/p, 4 g surjective.

If Gy is a p-diisible group over Ay, write Fil' D*(Go)(A) C D*(Go)(A) for the
preimage of (Lie Go)¥Y C D*(Go)(Ao). Then the restriction of ¢ : D*(Go)(A4) —
D*(Go)(A) to Fil' D*(G)(A) is divisible by p and the induced map

" Fil' D* (Go) (A) ~2/% D (Go)(A)
18 surjective.

Remark 5.2. The Fil' D*(Gp)(A) C D*(G)(A) is got by the following way:

Fil' D*(G)(A)——— D*(Go)(A)

| |

(Lie G )Y = D*(Gy)(Ao)

Moreover, we have D*(Go)(A)/ Fil' D*(Go)(A) ~ Lie(GY). Indeed choose G, a lift
of Gy, consider the following morphism of extensions:

0 —— (LieG)Y ——=D*(Go)(A) — Lie(GP) ——=0

| P
0—— (Lle Go)v —— D*(G())(A()) — LIG(G(?) —0
A maps surjectively onto Ay so S and hence v is surjective. Moreover, the first

column corresponds to nothing but M — M ®4 Ay where M is an A-module
(LieG)Y associates to. Hence we see the first column is also a surjective map.
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Applying Snake Lemma we get the following diagram:

0 Kera Kerf ——— Kery ——0

0 —— (LieG)Y ——— D*(Gy)(A) — Lie(GP) ——0

§ B\ ~

0 —— (Lie Go)¥ — D*(Go)(Ag) —= Lie(G§) —= 0

0 0 0

and hence one has Kerh = Kerf + (LieG)Y = Fil' A - D*(Go)(A) + (LieG)".
This is exactly the preimage of (Lie Go)" under map 3, i.e. Fil' D*(Gg)(A). Hence
Ker h = Fil' D*(Gg)(A) and we get the desired isomorphism.

Definition 5.3. A special ring is a p-adically complete, separated, p-torsion free,
local Zy-algebra A with residue field k, equipped with an endormorphism ¢ lifting
the Frobenius on A/pA.

For a special ring A, we denote by C4 the category of finite free A-modules
M, equipped with a Frobenius semilinear map ¢ : M — M and an A-submodule
M C M such that p(M;) C pM and the map 1 ® ¢/p: p*(M;1) — M is surjec-
tive.

Given a map of special rings A — B, (that is a map of Z,-algebra compatible
with ¢ ) and M in C4, we give M ® 4 B the structure of an object in Cp, by giving
it the induced Frobenius, and setting (M ®4 B); equal to the image of M ®4 B
in M; ®4 B.

Lemma 5.4. [12] Lemma A.4]

Let h : A — B be a surjection of special rings with kernel J. Suppose that fori > 1,
©'(J) C p™tiiJ, where {ji}i>1 is a sequence of integers such that hﬂi—mo ji =00
Let M and M’ be in Ca, and g : M ®4 B = M ®4 B an isomorphism in Cpg.
Then there exists an unique isomorphism of A-modules 04 : M — M’ lifting 05,
and compatible with ¢.

We will apply lemma above in the following situation: J is equipped with di-
vided powers, and there exist a finite set of elements x1,...x, € J such that J is
topologically (for the p-adic topology) generated by the z; and their divided pow-
ers, and ¢(z;) = z¥. The integers j; may then be taken to be v,((p* — 1)!) — i.

Remark 5.5.

(1) Since J is equipped with divided powers, so v,i_1(xx) € J for k € {1,...,n}.
Notice ¢*(zy) = xil = (p" — Dlypi_y1(z)zg, so take j; to be v,((p* — 1)) — i
guarantees ¢*(J) C ptii J.

(2) Suppose A is a special ring with a P.D. ring (J,). For any a € A, p(a) = a? =
~p(a)p! (mod pA), hence p(J) C pJ and we can put ¢1 = ¢/p on J as A has no
p-torsion.
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Denote by W [u][E(u)];>; the divided power envelope of Wu] generated by the
ideal E(u). There is a surjective map

Wul[E(w)]i>1 — Ox

Ur—m

Denote by S the p-adic completion of the divided power envelope of Wu] with
respect to the ideal E(u), i.e.

S == Wlu][E(u)]
The ring S is equipped with an endomorphism ¢, by extending the Frobenius on

W to S : ¢(u) = uP. We denote by Fil'S C S the closure of the ideal generated by
E(u) and its divided powers. Then we have an isomorphism:

S/Fil'S = Ok
By Remark 5.5 (2), ¢(Fil'S) C pS and we set ¢ = ¢/p: Fil'S — S.

Definition 5.6. We will denote by BT“/DS the category of finite free S-modules M

equipped with an S-submodule Fil' M and a p-semilinear map ¢y : Fil' M — M
such that
(1) Fil' S - M C Fil' M, and the quotient M/ Fil' M is a free Ox-module.

(2) The map ¢*(Fil' M) 1991, M is surjective.

Any M in BTfS is equipped with a Frobenius semilinear map ¢ : M — M
defined by ¢(z) = ¢1(E(u)) " Lo1(E(u)z).

Remark 5.7. By [I3], we know that the data of a p-divisible group over O is
equivalent to the data of a compatible collection of p-divisible groups over O /(p*)
for i € {1,2,...}. One direction is simply by base changing the original p-divisible
group G to group G; over O /(p*).

Given a p-divisible group G over O Write S = lim S/(p™). Hence D*(G;)(S/p™)
makes sense for m > i. Since S — Ok — O /(p'), we have S/(p*) - O /(p'). By
Remark 4.15 (1), we have D*(G;)(S/(p*!)) = D*(Gi11)(S/(p*™1)). Hence we can
define

D*(G)(S) = lim D*(G:)(S/ (™)

m>1

which is independent of the 7. Using Remark 5.2, D*(G)(S) is endowed with a sub
S-module Fil' D*(G)(S) that contains Fil' S - D*(G)(S).

Remark 5.8. We know how to evaluate a crystal on a P.D. thickening, whose
kernel Z is nilpotent with divided power structure. However, in the proof of the
proposition below we will face the case when the ideal Z = (p) C W has divided
power but is not nilpotent. In this case, we can use similar method as in (1) above,
to deal with W/p'W, i > 1 and then take limit to get the desired evalution.

Proposition 5.9. There is an ezact contravariant functor G — D*(G)(S) from
the category of p-divisible groups over Ok to BT7S' If p > 2 this functor is an
antiequivalence.
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Proof. Given a p-dividible group G over Ok, the S-module M(G) := D*(G)(S) is
well defined by Remark 5.7. One checks that it has a natural structure of an object
of BT“/DS, hence this gives a functor from the category of p-divisible groups over O

to BTfs.
Indeed, by Remark 5.2 applying to the case S - Ok we have an isomorphism:
D*(G)(S)/ Fil' D*(G)(S) = Lie(GP)
So D*(G)(S)/ Fil' D*(G)(S) is a free Ox-module.
Recall that ¢* Fil' S is the tensor product of two S-modules S and Fil' S, and
the map is given by
Pt Fil's 22902 g

s®a|—>s£(a)
p

To shows * Fil' S M S is surjective, it is equivalent to prove <p1(Fil1 S) gen-
erates S. Recall that E(u) = u® 4 pae_u®~' + --- + pag € Fil'S and by the
definition of 1 we have ¢1(E(u)) = %(ue” + po(ae_1)uls=DP 4 ...+ po(ag)) =
wlag) + pla)u? + - + %. ¢1(E(u)) is mapped to (ag) + ¢(ar)m? + -+ + ”%
under the map S — Ok and we have vp(“%p) = p—1 > 0. One checks that
this element is not in the maximal ideal of Ok, hence in OF. So ¢1(E(u)) is
invertible in S and hence gol(Fill S) generates S. Now by applying Lemma 5.1,

©* Fil' D*(G)(S) 1®e/p, D*(G)(S) is surjective. These results together show that
M(G) :=D*(G)(S) is indeed an object of the category BTfs.
Now we construct a quasi-inverse. Let M be in BT7S and for any such i

R; := W(u]/(u")
It is equipped with a Frobenius endomorphism ¢ given by the Frobenius on W and
u — uP. We regard Ok /(r') as an R;-algebra via

Wul/(u') = O /(r")
U=

This is a surjection with kernel pR; (since u® is killed, F(u) become pt, where ¢ is
an unit), so R; is a divided power thickening of O /(?), i.e. we have

Spec(Ox/(w)) = Spec(W [u]/(u')) € Crys(Spec(Ox /(")) /W)

and given any p-divisible group G; over Ok /(n') we may form D*(G;)(R;) (as
explained below Remark 5.7 ). As in Lemma 5.2 we denote by Fil' D*(G;)(R;) the
preimage of (LieG;)Y C D*(G;)(Ok /(7)) in D*(G;)(R;).

Fil' D*(G;)(R;) = D*(G)(R;)
(Lie G;)Y———————=D*(G:)(Ox /(n"))

On the other hand, by the universal property of P.D. envelope we have a -
compatible (by unicity) map f; : S — R;,

S

fi
Wiyl Wlul/(u') = R;
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sending u to u, and u® /5! to 0 for j > 1. Write I; for the kernel of this map. We
equip M; = R; ®s M with the induced Frobenius ¢, and we let Fil' M; ¢ M; be
equal to the image of Fil' M in M;

Filt M,e—— s M,

| T

Fil'! M——— M
Note that 1® ¢y : ¢*(Fil' M) — M induces a surjective map ¢*(Fil' M;) — M.

We proceed by steps. In step 1 and step 2 we will construct a p-divisible group
G, together with a canonical isomorphism D*(G;)(R;) — M;, (i € 1,2,...,¢)
compatible with ¢ and filtrations. In step 3, we get the p-divisible group G, over
Ox/(p) such that M = D*(G,)(S). In step 4, we then get p-divisible groups over
Ok /(p') for i € {1,2,...}, which corresponds to a unique p-divisible group G over
Ok.

Step 1:

Denote by F' : M; — M, the map induced by ¢ : M — M. A simple compu-
tation shows that both sides of the surjective map <,0*(Fil1 Mi) — My, are free
W-modules of the same rank, hence the map

1® ¢ (p*(Flll Ml) = My

is an isomorphism. Composing the inverse of this isomorphism with the composite,

(p*(Fﬂl M1) — 4,0*(./\/11) = My

where the first map is induced by the inclusion Fil' M C M, while the sec-
ond is given by a ® m — ¢ (a)m, gives a ¢! semilinear Vershiebung map
Vi My — My, such that ¢V = Vi = p. Denote by G; to be the p-divisible
group associated to this Dieudonné module by classical contravariant Dieudonné
theory.

The tautological isomorphism D*(G4)(W) = M is compatible with Frobenius,
and it is compatible with filtrations because Fil! D*(G1) may be identified with
VD*(G1), as explained [12] A.2]

Step 2:

Now we suppose that i € [2,e] is an integer and that we have constructed G;_1
such that D*(G;_1)(R;_1) — M;_; is compatible with Frobenius and filtrations.
Note that the kernel of R; — O /(7*~!) is equal to (u'~1, p) which admits divided
powers.

Indeed, we know (p) admits divided powers by Remark 3.3(2); and if the divide
power structure exists, then we have n!vy, (u'=1) = u"(=1), Hence 7, (u'~1) is u'~!
when n = 1, and is 0 when ¢ > 2. So we are left to prove the existence of this divided
power structure, but this follows from W u]/(u®) C Ko[u]/(u'), where Ko = W[1/p]
is a Q-algebra hence has divided power structure.

So we may evaluate D*(G;_1) on R; as explained below Remark 5.7. By Lemma
5.2 and what we have already seen, D*(G;_1)(R;) and M; both have the structure
of objects of Cg, and the above isomorphism D*(G;_1)(R;—1) — M;_; is an iso-
morphism in Cg, ,. Hence by Lemma 5.5 applied to the surjection R; — R;_1, it
lifts to a unique p-compatible isomorphism

D*(Gi-1)(Ri) — M,
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By the deformation theory we presented in Section 4, there is a unique p-divisible
group G; over O /(n) which lifts G;_1, and such that (Lie G;)¥ C D*(G;_1)(Ok/(7%))
is equal to the image of Fil' M; under the composition:

Fil' M; € M; = D*(Gi_1)(R;) = D*(Og /(%))

By construction we have D*(G;)(R;) — M, compatible with ¢ and filtrations,
which completes the induction.

Step 3:

We now apply Lemma 5.5 to the surjection S — R., and the module M and
D*(G¢)(S) in Cs. Note that the kernel of S — Ok /(7¢) = Ok /(p) admits divided
powers, so we may evaluate D*(G,) on S as explained below Remark 5.7, and the
result is in Cs by Lemma 5.2. Since M, — D*(G.)(R.) in Cg,, we have a canonical
p-compatible isomorphism by Lemma A .4:

M =5 DH(GL)(S)

Step 4:

Suppose that p > 2, then the divided powers on the kernel of O — Ok /(p) are
nilpotent, and we can take G = G(M) to be the unique lift of G. to Ok such
that (LieG)Y C D*(G.)(Ok) is equal to the image of Fil' M under the compo-
sition of the above isomorphism and the projection D*(G.)(S) — D*(G.)(Ok).
Strictly speaking what Grothendieck-Messing theory produces is a sequence of p-
divisible groups over Ox /(p') for i = 1,2,... which are compatible under the maps
Ok /(p") — Ok/(p'~1) . However, this data corresponds to a unique p-divisible
group over Ok as expalined in Remark 5.7.

From the construction we have M =5 M(G(M)). And on the other hand using the
uniquness at every stage of the construction, one sees by induction on ¢ that that
for i = 1,2,...,e and any p-divisible group G over Ok, G;(M(G)) is isomorphic
to G ®o, Ok /(r), (hence we have G = G;(M(G)) modulo 7%) and then that
G = GM(Q)). O

Example 5.10. Let’s see some basic examples of the functor constructed in this
section

BT(0x) 4 BT%
G — D*(G)(S)
Let G be a lifting of G over S, the universal extension of G gives us a sequence
0 — (Lie(G))Y — D*(G)(S) — Lie(G'®) = 0
Recall in Lemma 2.21 we proved that w, = Lie(G). Hence
0= wg = D(G)(S) = whio =0

(1) Consider G = pip= /0, = lim ppn /0, We have results:

M(pp=j0,) =S 5 Fil' M(ppe j0,) =S
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Choose G = Hpee s as a special lift of i, 0, over S. We do precise computations
to prove above results:
SIT] n_
1 _ n 1
o s = de/ (p"T" ~dT)
ST dT
=———dT/(p")—
n pn—1, A1
= ST}/, T O

Hence T
w/,tpn/s = 6*(92%)”/5) = S/(pn)?

dT
W' = Wypeo s = S? ~S

GP = Qp/Zys is étale implies wgo = 0, hence D*(G)(S) equals wyr by the be-
ginning exact sequence. Apply the above computation we have D*(G)(S) = S.
By Remark 5.2 we have D*(G)(S)/Fil' D*(G)(S) =~ Lie(GP), the right hand is
Lie(Q,/Z,) hence equals 0. So Fil' M(G) ~ M(G) =S.

(2) For the dual Q,/Z,, similarly we have M(Q,/Z,) = S, Fil' M(Q,/Z,) = Fil'S.
Indeed, in this case D*(G)(S)/ Fil' D*(G)(S) ~ Ok 4L and hence Fil' M(G) =~
Fil' S, since O ~ S/ Fil' S.

6. COMPARISON THEOREMS

6.1. Period rings.

Notation 6.2. From now on, K will always denote a complete discrete valuation
field of characteristic 0, whose residue field k is perfect of characteristic p. For
example when £ is finite, K is a finite extension of Q,,.

Let v : K — QU{+oc} be the valuation normalized by v(p) = 1. Fix K an
algebraic closure of K and let ¥x = Gal(K/K) be the absolute Galois group. The
valuation extends uniquely to a (non-discrete) valuation v : K — QU{+o0}, which
is Gy -equivariant, i.e. (Vo € K)(Vg € 9x) v(g(x)) = v(x).

Let C be the completion of K for the valuation. The action of ¥ extends to C
by continuity. For any subfield L C C, we will write O, (resp. my,) for the ring of
integers (resp. the maximal ideal) of L.

Finally, we put W = W (k) and denote o the Witt vectors Frobenius. It extends
to F := Frac(W). One has F — K, and the extension K/F is totally ramified of

1

degree e (we have v(K) = — ZU{oo}). We denote by | - | the absolute value on
€K

C defined by |z| = p~*®) for x € C.

Definition 6.3. Let G be a profinite group. Let B be a topological ring with
unity endowed with a continuous action of G, preserving the unity. Then a B-
representation of G is a free B-module M of finite rank endowed with a continuous
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and semi-linear action of G, i.e.
(Vg € G)(Vb € B)(Vmi,ma € M) g(bmi + m2) = g(b)g(m1) + g(m2)

With B-linear G-equivalent maps, they form a category denoted by Repg(G).
We say that a B-representation M is trivial if M = B¢ for some d, with the
natural action of G.

Definition 6.4. Let ¢ be a prime number. A f-adic representation of G is a
Qg-representation (where the action of G on Q, is trivial). An integral ¢-adic
representation of G is a Z,-representation of G.

In particular, Repg, (9K ) is the category of f-adic representation of ¥k, and
Repy, (k) is the category of Zs-representations of ¥k

Definition 6.5. We say that V' is B-admissible if BV is a trivial B-representation
of . The category of B-admissible representations is denoted by Rep® (YK)

Given the B“%-vector space
Dg(V) = (Bop V)
we have a linear map
ay . B®B‘£K DB(V) — BprpV
ARQT = Az

Notice that ¥k acts on B ® gw, Dp(V) through g(A® z) = g(\) @ z, for A € B,
T € DB(V), geG.
Definition 6.6. We say that B is (F, G)-regular if the following conditions holds:
(1) B is a domain;
(2) BYx = (Frac B)¥x;
(3) If a non-zero b € B satisfies that Vg € &k there exists A € F' such that g(b) = Ab,
then b is invertible.

For example, a field always satisfies the above conditions.

Proposition 6.7. [14, Theorem 2.13] Suppose B is (F,G)-regular. Then for any
F-representation V' the map avy is injective, and it is an isomorphism if and only
if V is B-admissible.

Put
R = lim Or/pOx = {(zn)nen € (Ox/pOx)"|(Vn €N) ap ) = z,}
TP
It is a perfect ring of characteristic p with an action of ¥, (componentwise). It is
a k-algerba via the map
k—R
T~ (:c,xl/p,xl/p2, o)
For n € N, we will denote by pr,, : R — Ox%/pOy the projection on the n-th factor.
This is a ring homomorphism. If n < m, and z € R, one has pr,, ()" " = pr, (z).
As K is algebraically closed, p"-th roots always exists in O, so the maps pr,, are
surjective.
The componentwise reduction modulo p provides a (multiplicative and ¥k -equivariant)
map

lim Oc = {(@")nen € OF|(¥n € N) (z)P =2} 5 R
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Proposition 6.8. [I5 Proposition 4.3.] The map above is a bijection.

Thanks to the proposition, we will identify R with @x»—mv Oc¢. As C is alge-
braically closed, the maps
R — OC

z 2™
are surjective for all n € N.
Example 6.9. We will consider elements € := ({n)n>0 (resp. p := (p(n))nzo and
7= (1),>0) in R (such that p® = p and 7(®) = 7). Note that these elements
are not canonical, since extration of p™-th roots requires choices.
Notation 6.10. Fix a 7@ = (7(™),50 € M, 79 = 7. We define K., :=
K(W(”))neN. Notice our definition of K, depends on the 7 we fix.
Remark 6.11.
(1) Let ¢ = (2 )nen and y = (Yn)nen be elements in R corresponding to (x(”))neN
and (y("))neN in r&lx»—mp Oc. As ™My lifts z,y, and (m(”+1)y(”+1))p = gy )
for all n € N, one has (my)(") = zMy™ for all n € N, ie. = — z(™ is a
multiplicative map. It is not additive, one has the formula

(x_’_y)(n) _ W}gnoo(x(rrkm) +y(n+m))pm

(2) If g € Gk, one has g((pn) = C;ﬁgg) whence g(g) = ex(9),
If £ = (™),en € R, we put
vr(z) = v(z?) € Ry U{oo}

For example, vg () = 1, vr(7) = v(r). and vr (e — 1) = lim,, 00 v(¢pm — )P =

527, where vr(e — 1) = limy o0 v(Gpm — 1)?" is by the concrete construction of

the bijection between R and @wHﬂ Oc¢.

Proposition 6.12. The map vr is a valuation, for which R is complete. Moreover,
the action of Yx on R is continuous for vg.

Remark 6.13. Define a map as following
0 : W(R) — OC

oo
(xo,21,...) Zpixl(»l)
i=0
This is a ¥k -equivariant map.
Proposition 6.14. [15] Lemma 4.4.1] 0 is a surjective ring homomorphism.

Proposition 6.15. [I5] proposition 4.4.3] The ideal Ker(0) is principal, generated
by any element x € W(R) whose reduction T € R satisfies vg(T) = 1. For instance,
& :=[p| — p is such an element.

Example 6.16. Let @ = [E[f/]a; = 14 [ /P]+[e" /P24 - -+ [eY/P]P~1 € W(R). One

has @ = 7 = (/7 —1)P7! so vr (@) = (p—Dvr(e/P—1) = %UR(E—U =1,

so Ker(0) = wW(R).

Remark 6.17. By proposition and example above we see w is a generator of
Ker(0).

Definition 6.18. Let A be the p-adic completion of the P.D. envelope of W(R)
with respect to the ideal Ker(6)
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Hence we see that

—_—

Proposition 6.19. The action of 9k and of the Witt vectors Frobenius on W(R)
extends to an action of Yk and a Frobenius operator @ on Acis-
Recall that .
S = W/u][E(u)]

Then we have the following map

Wiu] = Acris
u > [7]
Since
E(u) — E([7]) & E(r) = 0
so the image of the P.D. ideal (E(u)) is inside Ker(f), a P.D. ideal of A.s. Hence
the previous map extends into

Wl [E(u)] = Acis

¢f Theorem 3.9.
As A is p-adically separated and complete, it extends into a map S — Acyis.
This endows A, with a S-algebra structure.

Remark 6.20. S C A“%> hut S is not stable under the action of G in Agris.

cris

Put
t=tog((e]) = Yo (- S
notice -

t= 3 (et 2D - D S cym i - (e - )
n=1

n=1

Hence Zpt C Acsis -
Proposition 6.21. g(t) = x(g)t and ¢(t) = pt.

Theorem 6.22.

(1) (Universal property of Acis). The map 0 : Acis = Oc¢ is a universal p-adically
complete divided powers thickening of O¢, i.e. for any p-adically separated and
complete ring A, and any continuous and surjective ring homomorphism A : A —
O¢ whose kernel has divided powers (compatible with the canonical divided powers
on pA), there exists a unique homomorphism « : Acyis — A such that the diagram

«
Acris

> A
x /
Oc
commutes.

(2) Crystalline interpretation of Acyis. We have:
Acris = @ HO (Spec(of/pof)/wn) criss OSpec(Of/pO?)/W” )
n

Definition 6.23. B := Acris[%].
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Remark 6.24.
(1) p € BX,., hence By, is a Kg-module, where Ky = W[%]

cris?
(2) In fact, BYX = K.
Definition 6.25. We say that a p-adic representation V' of ¥ is crystalline if it

cris

is Bcris-admissible. 'We denote by Repr (9k) the corresponding subcategory of
RepQP (g]{)

In particular we have a functor
Deis := Dp,,. : Reprf;S(gK) — Modg, (¢)

where Modg, (¢) is the category of finite dimensional Ky-vector spaces D endowed
with a semi-linear Frobenius operator:

w:D—D
(i.e. p(oa) = @(o)p(a) for all 0 € Ky and ae € D.)
Notation 6.26. Let T,(G,,) = W fipn (K) = Z,(1) denote the Tate module of

the multiplicative group, which is isomorphic to Z, as a group but also possesses a
Galois action given by the p-adic cyclotomic character x : ¥x — Z;:

g-x=x(g)x for all g € Y.

More generally, if i € Z and M is an Z,-module with an action by ¥k, denoted
(g,m) — g(m), then we may form a ¥x-module M (i) which is M as a group, but
whose Galois action is twisted by the i-th power of the cyclotomic character:
for all m € M (i),

g-m = x(g)'g(m) for all g € ¥
Definition 6.27. The module M (i) is called the i-th Tate twist of M.
Consequently, M (i) may be realized as
M(i) = M @z, Tp(Gpm)®'
Example 6.28. Given i € Z, Deris(Q, (7)) ~ {b € Buis |(Vg € 9k) g(b)x"(9) = b}
g(b)x'(9) = b= g(b)x'(9)t* = bt' < g(bt") = bt’
Deris(V) 2 {b € Beyis [bt' € BYE} = {b € By bt € Ko} =t 'K,

cris

Recall that
TP(G) = HomBT(Of)(Qp/va GOY)
Given
f : Qp/Zp — Go?
a map in BT(O) and we still denote by f its base change to O¢. Since D* is a
contravariant functor, we induce a map
D*(f) : D" (Goc) = D*(Qy/Zy)
Its envaluation at the P.D. thickening Spec Oc — Spec A5 provides a map

D*(f)Acria : D (GOg)Acrie = D (Qp/Zp) Ayie = Acris

We already saw that Ags is an S-module before Remark 6.16, hence given any
element a € D*(G)(S) we map it to an element aa_,, € D*(G)a.,.. Hence the
following pairing is well-defined.
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Tp(G) x D*(G)(S) = Acris
(f,a) = (D*(f) Acn) (@A)
It induces an S-linear map
D*(G)(S) = Aeris @z, (T G)Y

By A iis-linearity we have

PG+ Acris @D (G)(S) = Acris ®2, (T, G)Y
Lemma 6.29.
T,(GP) = (T, G)¥(1)
Proof. By definition we have
G (K) = Homg, (G (K), K ) = Homg (G (K), sy~ (K))

For any n € N, the map j, : GBH — GE is i,? where i, : G, = Gp41 is the closed
immersion that identifies G,, with the p™-torsion of G, +1. Then
T,(GP) = lim G2 (K)
Jn

= lim Homg (G, (K), = (K)

= Homy, (lim G, (K), pp= (K))

in

= Homg, (G(K), (Qp/Zy)(1))
Since Tp(G) = Homg, (Q,/Zy, G(K)) implies G(K) ~ T, G ®z, (Qp/Z;,) and so we
have
TP(GD) ~ Homg, (T, (G) ®z, (Qp/Zp), (Qp/Zp)(1))
=~ Homg, (Qp/Zy, Qp/Zp) @z, (T, G)¥ (1)
=7y, ®z, (T,G)"(1)
= (T, )" (1)

Remark 6.30. By Cartier duality there is a pairing
G (K) x GR(K) = ppe (K)
for all m < n. Taking projective limit on m we have
T, G x GO(K) = pp ()
Taking projective limit on n we have
T) G x Tp(GP) = Ty(pp) = Zp(1)

hence the map

T,(G°) — (T, G)"(1)
of Lemma 6.29.

Theorem 6.31. [I6] Section 6] pg is a functorial injection, respecting Frobenius
and 9k action. Its cokernel is killed by t.
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Proof. We use same notation as in the above lemma. To study pq, we first consider
the special case of G = pipeo, where T (ppe) = Zp(1).

pupoo

Acris ®SS% ——— Acris ®Zp Zp(_l)

gl lz

Agris > Acis(—1) =t Acyis
Then we reduce the general case to this one. Consider
PG+ Acris @D (G)(S) = Acris ®2, (T, G)Y
Let y € (T,(G))Y =~ (T,(GP))(~1), hence ty defines an element in
TP(GD) = Hompr(oy) (Qp/Zyp, G°® O%)
Hence (ty)® € Hompr(o,)(G ® O, pp~) and this induces a morphism:
D*((t9)°) Acne * Acris ®D* (p=)(S) = Acris @sD*(G)(S)
Also
(Tp(ty)°)" (1) = Ty(ty) : Z, = T,(G°) = (T, G)" (1)
1=ty
gives a map
(Tp(ty)D)v F Zp(—1) = (T, G)Y
71— Y
We have the following commutative diagram:

e

Acsiz ©5D*(G)(S) Acris @2, (T, G)
D*((ty)D)AcrisT T1®(Tp(ty)D)v
Acris @D (fpe ) (S) ™o Acyiy @2, Zp(—1)
where
Acris ™ Acria @D (1 )(S) 2255 Agyia @7, Zp(—1) ~Z D A @ (T, G)
1®1— —t@t T — —t®y

Hence —t ® y = pa((D*((ty)P)a,,..(1® 1)) € Im pg and so we proved Coker pg is
Killed by ¢.

It is left to prove pg is injective. Ags @sD*(G)(S) and Agis ®z, (T G)Y are two
free Ais-module of the same rank h, hence p¢g is given by a matrix M € My, (Agpis)-
Coker p¢ is killed by ¢ implies det(M) € (Acis[1/t])* and hence det(M) is a nonzero
divisor (in fact A.;s is integral). So we proved p¢ is injective. O

Remark 6.32. We give a precise computation of the map p;, .. we used in the
proof above. t € T} () = Z(1) corresponds to the map of BT (O)

uo : Qp/Zy — pipeo
1

Z? = Cpn

i.e. to the action of € = ((pn), € R. The universal extension of Q,/Z, is

G, ®Q,

Ga
0— — Z,

- Qp/Z, =0
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that of ppe is
0—=0—= ptpoe — pthpoo — 0

On O¢ we have the morphism of extensions

0—>0c S Qp/Zy —0

lv(uo)—o \LUO luo

00— 00— 1 (O0) — 1= (O) —= 0

where ug(), z) = (¢%)© for A € Oc and z € Q, (for example, u((0, %) = (,» and

P
ug(A,0) = 0 for A € O¢). By Theorem 4.7, there exist an unique morphism
Acris S
p: 2@
L
such that (1) v is a lifting of vo; (2) d = —v|y(q@,/z,). . 18 an exponential. Put

01 Acris @ Qp — Acris
(a, z) — exp(—ta)[e?]
then 0(9(a, 2)) = 0([*]) = (¢*)(®) so (1) holds and ¥(a,0) = exp(—ta) so (2) holds
(note that (2) is in addition notation while ¢ is multiplicative). By unicity we must
have ¥ = v and hence we get:

D*(£) Aceie (@) = log((exp(—at)) = —at
Hence we have
Acris @sD* (ppe ) (S) = Acris ®z,Zp(—1)
1@l —tet!
and 50 p, . identifies with the inclusion Acs C %Acris.
Corollary 6.33. pg induces a Yk __ -equivariant, Frobenius compatible isomorphism
PG : Beris @w D(Go) = Beris ®sD* (G)(S) = Beris ®z, (T, G)Y

Where Gy is the special fiber G Xgpec 0 Speck and D(Gy) is the classical con-
travariant Dieudonné module of Gy.

Proof. The first equality holds because the Dieudonné module is stable with base
change. O

Theorem 6.34. pg is Y -equivariant.

Proof. Recall that

DY .
T, G — Hompr(00)(Qp/Zp, Gog) —= Homa,,,, (D" (Gow) Aus D™ (Qp/Zp) A,

Both maps are ¥x-equivariant (where the action of ¥x on D*(Go,,)a.,,. is induced
by the natural action on A s).
AsD*(Qp/Zp) Ay = Acris, We get an Agig-linear, i -equivariant and ¢-compatible

map:

cris

Acris ®z, T, G — Homa,,,, (D~ (GOO )Acris’ Acris)
hence a map

PG - Acris ®SD* (G) (S) = ]D)* (G(’JC)A - Acris ®Zp (Tp G)v

cris
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Remark 6.35. pg is Yk-equivariant, but the composition
D*(G)(S) = Acris ®sD*(G)(S) £%5 Acuis @z, (T G)
is only ¥k __-equivariant.

Corollary 6.36. The p-adic representation V, G := T, G®z,Q, is crystalline and

Dcris(vp G) =~ (D(GO))V Qw W[]%]

6.37. The de Rham and Hodge-Tate comparison isomorphisms.

Recall there is a surjective ring homomorphism W(R) — O¢, inverting p we get
amap 6 : W(R)[1/p] — C with kernel principal and generated by &.

Definition 6.38. Bl; = Jm W(R)[1/p]/(€™) is the Ker#-adic completion of
W(R)[1/p]-
Proposition 6.39.
(1) The map 0 extends into a surjective ring homomorphism:
B = C
(2) BIR is a complete DVR with maximal ideal Ker 6 and residue field C;
(3) BIR carries an action of Y for which 0 is equivariant;
4)t=>"", #([a] —1)" converges in Biy and is an uniformizer of Bly.
Definition 6.40. Byg := Bz [1/t] = Frac(BJg).

We endow Bggr with the valuation filtration: Fil‘ Byg := t* B:{R for all i € Z.
Remark 6.41. grBag = C[t,¢7"]. Indeed, gr' Bar = ' Bl /t'+! Bip = t/(Bjg /(1)) =
Ct" and so gr Bqr = ®icz gr’ Bar = ®iezCt* = C[t,til}.

Theorem 6.42. (Tate) [8, Section 3, Proposition 8]

(1) HO(gK,ou)):{f ;;g
) Hl(%(,c(z')b{éﬂogx ZZ;Z

Corollary 6.43. [14, 1.5.7) H%(9k,Bar) = K.
Proposition 6.44. [14] 4.2.3] Beis C K ®k, Beris C Bar.-
We endow D(Go)k = D(Gy) ®k, K with its Hodge filtration, given by

Fil' D(Go)x = D(Go)k, if <0
Fil' D(Go)x = wa Qo, K, ifi=1
Fil' D(Go)x = 0, if i > 2

Extending the scalars, pg induces an isomorphism, which is compatible with filtra-
tions:
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Theorem 6.45. (de Rham comparison theorem)

PG : Bar @k D(Go)k — Bar @z, (T, G)Y
Proof. By what we discussed above. O
Theorem 6.46. (Hodge-Tate comparison theorem) [8, Section 4, Corollary 2]

C @z, (T,G)" = C ®o, Lie(G®) & C(—1) ®o, (LieG)”

Proof. This follows directly by taking the gr’ on both sides of the de Rham com-
parison theorem. O

Corollary 6.47. The height and dimension of G € BT(Ok) only depends on the
generic fiber Gk = G ®p, K € BT(K).
Proof.

d =rank(Lie G) = dimg (C(1) ®z, T) G)%{

h =rank(T, G)
By Remark 2.36, T;)(G) = Hompr(0,)(Qp/Zp, G®OF), and hence T, (G) depends
only on the generic fibre. O

Proposition 6.48. [8, Proposition 2] Suppose (G, 1iy) is a p-divisible group with

G, = Spec A,. Then the discriminant ideal of A, over R is generated by pm’ph
where h = ht(G) and n = dim(G).

7

Theorem 6.49. Let R be an integrally closed, noetherian, integral domain, whose
field of fractions K is of characteristic 0. Let G and H be p-divisible groups over
R. A homomorphism f: G®gr K — H®g K of the general fibers extends uniquely
to a homomorphism G — H, i.e. the restriction functor

BT(Spec R) — BT (Spec K)
is fully faithful.
Corollary 6.50. The map Hom(G, H) — Homg, (T, (G), T,(H)) is bijective.

Corollary 6.51. If g : G — H is a homomorphism such that its restration G Qg
K — H ®g K is an isomorphism, then g is an isomorphism.

Since R = N, Ry, where p runs over the minimal non-zero primes of R, and since
each R, is a discrete valuation ring, we are immediately reduced to the case R
is a discrete valuation ring. There exists an extension R’ of R which is a com-
plete discrete valuation ring with algebraically closed residue field and such that
R=R NnK ; hence we may assume R is complete with algebraically closed residue
field. If chark # p, then G is étale and the theorem is obvious. Thus we are reduced
to the case of mixed characteristic, which we assume from now on.

Proof of Corollary 6.51. Let G = (G,) and H = (H,), and let A, (resp. B,)
denote the affine algebra of G, (resp. H,), We are given a coherent system of
homomorphisms w, : B, — A,, of which we know that their extensions u, ® 1 :
B, ®r K — A, ®r K are isomorphisms. Since B, is free over R, it follows that
u, is injective for all v. To prove surjectivity, we look at the discriminants of the
R-algebras A, and B,. By Proposition 6.48 these discriminants are non-zero, and
are determined by the heights of G and H and their dimensions. But the height
and dimension of a p-divisible group over R are determined by its general fiber by
Corollary 6.47. Hence the discriminants of A, and B, are equal and non-zero, and
it follows that wu, is bijective. This proves Corollary 6.51. O
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Proposition 6.52. [8, Proposition 12] Suppose F' is a p-divisible group over R,
and M a Y -submodule of T,(F') such that M is a Z,-direct summand. Then there
exists a p-divisible group I' over R and a homomorphism ¢ : I' = F such that ¢
induces an isomorphism Tp,(T) = M.

Proof of Theorem 6.49. Granting this Proposition we prove the theorem, letting
F = G x H, and letting M be the graph of the homomorphism T,(G) — T,(H)
which corresponds to the given homomorphism f : G g K — H ®r K. By
Proposition 6.52 we get a p-divisible group I" over R and a homomorphism ¢ :
I' - G x H such that the composition pryop : I' — G induces an isomorphism
T,(I') — Tp(G), hence an isomorphism on the general fibers. By Corollary 6.51,
it follows that pr; op is an isomorphism. Thus pryop o (prjop)~! : G — H is a
homomorphism extending f. The unicity of such an extension is obvious, and this
concludes the proof of Theorem 6.49.

O
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