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1 Introduction

Let G be a finite group. Let H C G be a symmetric set of generators of G. By definition, every = € G can
be expressed as a product of elements of H. We would like to know the length of the longest product that
might be needed; in other words, we wish to bound from above the diameter diam(I'(G, H)) of the Cayley
graph of G with respect to H. (The Cayley graph T'(G, H) is the graph (V, E) with the vertex set V = G
and the edge set E = {(hg,9) : g € G,h € H}. The diameter of a graph X = (V, E) is max,, y,evd(v1, v2),
where d(v1,v9) is the length of the shortest path between v; and v in X).

If G is abelian, the diameter can be very large: if G is cyclic of order 2n + 1, and g is any generator of
G, then g" can not be expressed as a product of length less than n of the elements of {g,g~'}. However, if
G is non-abelian and simple, the diameter is believed to be quite small:

Conjecture 1.1 (Babai, [7] ) For every non-abelian finite simple group G and for any generating set H
of G we have
diam(T'(G, H)) < (log|G|)“,

where C is some absolute constant and |G| is the number of elements of G.

This conjecture is far from being proved in general. In this paper we will see the proof of this conjecture
for G = SLy(F,) (though it’s not a simple group, we remark that proving the statement for G = SLy(F,) is
equivalent to proving it for G = PSLs(F,) and treating the former group is both slightly more conventional
and notationally simpler). The main result of this paper is the following;:

Theorem 1.2 (Helfgott) Let p be a prime number, H C SLy(F,) a symmetric generating subset of
SLy(F,) containing 1. Then the triple product set H®) = H - H - H satisfies either H®) = SLy(F,) or

|H(3)| > |]{|1+67
where § = 1/3024.

The interpretation of this theorem is usually that a subset H C SLo(F,) “grows” significantly under product,
in the sense that

unless it can not grow for relatively obvious reasons: either H is contained in a proper subgroup, or it is
already so large that the triple product is all of SLy(F,). Here is a corollary which proves Babai’s conjecture
for SLy(Fp):

Corollary 1.3 (Explicit solution to Babai’s conjecture for SLy(F,)) . For any prime number p and
any symmetric generating set H of SLy(F),), we have

diamI (SLy(F,), H) < 3(log |SLy(F,)|)C

with C = 3323.



2 Preliminary information

2.1 Notation
1. | X| denotes the cardinality of X.

2. If X and Y are 2 subsets of a group, then XY denotes the product set, i.e., X-Y = {zy |z € X,y € Y}.
3. For a subset H C G of a group G, we write H™ for the n-fold product set
H™ ={zeG|x=hy-hy,, hi € H}.
Note the immediate relations
(H(")>(m) = grm ghtm) — gn) . gim)

for n,m > 0 and (H™)~1 = H(™ is H is symmetric. In addition, if 1 € H, we have H™ c H(™) for
allm>n

4. We denote by trp(H) the ”tripling constant” of a subset H C G, defined by

[H )]
trp(H) = i

2.2 Elementary estimates in groups
Lemma 2.1 (Ruzsa) Let G be a finite group and let H C G be a symmetric non-empty subset.

1. Denoting

for all n>3 we have

2. We have trp(H®)) < trp(H)* and for all k > 3 we have
trp(H™) < trp(H)* 3.

Proof:

1. We want to prove this inequality by induction. For n = 3 it obviously holds. We assume that it holds
for some n and prove it for n + 1.

We define the Ruzsa distance between sets:
|A-B7Y
VAl B

The Ruzsa distance, while not truly a distance function (d(A,A) # 0 in general), does satisfy the
triangle inequality (it can be checked). We use this inequality in the following form:

d(A, B) =log

exp(d(H™ ™V, H®)) < exp(d(H™ Y, HV)) - exp(d(HV, H?))),

which is equivalent to
|[H (D) |H®)| |H (™|
<

VIHCD[H®] = /H[H®|] /[H-D[H]




and so

3 n
|H™+D| > [H®||H ™|
|H|
(recall that all our sets are symmetric and so we can write B instead of B~!). From this inequality we
get
[z [ HPH™) n=2 _ -1
Q1 = i < H]? = azop S ozag =g .
2. We have
trp(HW®)) = 235
€73
Since ap > ag for k > 3, we obtain
3k—
trp(H®)) = Rl L a3 = trp(H)3+3

(6 7 N £
(here we used part 1, putting n = 3k).
For k > 2 we have ag > 1 and so we get

tTp(H(Q)) _ % <ag < a§ = trP(H)4
(oD

(here we used part 1, putting n = 6).

]
We first use Ruzsa’s lemma to show that Helfgott’s theorem holds when |H]| is small, in the following
sense:

Proposition 2.2 Let G be a finite group and let H be a symmetric generating set of G containing 1. If
H®) #£ G, then we have |[H®)| > 21/2|H|.

Proof: H®) £ G = H® £ H® (otherwise, if H®) = H® then we have G # H®) = H® = g6) =
which is a contradiction since H is a generating set of G). We fix some = € H®) — H® and consider the
injective map

. { H— G

| h— hz

The image of this map is contained in H* and it’s disjoint with H (otherwise, if they intersect, hix = ha,
hi,hs € H = x = hflhg € H®. Hence H®, which contains both H and the image of i, satisfies
|H®)| > 2|H| Hence, by Ruzsa’s Theorem (n = 4) we obtain

1/2

- [HW] |H™| 1/2

(trp(H))' ™ > aq = = trp(H) = > 21/2,
|H| |H|

]

Theorem 2.3 (the orbit-stabilizer theorem) Let G be a finite group acting on a non-empty finite set
X. Fix some x € X and let K C G be the stabilizer of x in G. For any non-empty symmetric subset H C G
we have Vit

KNnH®| > 1~

| = |H - x|’

where H-x={h-x|h e H}.

Note that since H is symmetric, 1 € K N H®).



Proof: Consider the orbit map, but restricted to H :

e H—X
| h—=h- -z

Using the fibers of this map to count the number of elements in H, we get
H= > 167 W)
yEG(H)
But the image of ¢ is ¢(H) = H - x and we have
0 ()| < |KNH®)|

for all y (indeed, if y = ¢(ho), ho € H, then all elements h € H with ¢(h) = y satisfy hy'h € K N H®).
Therefore we get
H| < |H ol N HO),

as claimed O

Theorem 2.4 Let G be a finite group, K C G its subgroup, H C G an arbitrary symmetric subset. For
any n > 1 we have:
H  © [HONK|

Proof: Let X C G/K be the set of cosets of K intersecting H:
X={zKeG/K|zKNH#0}.

We can estimate the size of this set from below by splitting H into its intersections with cosets of K: we
have
H| = Y [HNzK|.
zKeX

But for any 2K € X fixing some gy € 2K N H we have g 'go € KN H® if g € 2K N H, hence
lzK NH| < |KNH®|,
so that from the above splitting we will get:
H = Y [Hnak| < S K0 H®| = K0 HO|X],
sKeX zKeX

and so we have the lower bound ]

|[KNH®|
Now take once more some K € X and fix an element £k = h € x K N H. Then all the elements xkg are
distinct for g € G and they are in zK N H"tD if g € KN H™, so that

|X| >

leK N H™Y | > |KnHM)|

for any 2K € X and (cosets being disjoint)

n n |H]| n
|H" | > | XK N H™| > mIKﬂH( ],

which is the result we need. O



Theorem 2.5 For a prime p > 3, if a subset H C SL2(F)) satisfies
[H| > 28 La(Fy)[*",
we have H®) = SLy(F,,).
The proof of this theorem can be found in [2, §4.5].

2.3 Tori, semisimple elements, involved sets

Definition: Fix a prime number p and let G = SLy(F,),G = SLy(F))

1. A semisimple element g € G is an element which is diagonalizable (in some basis). A regular semisimple
element is a semisimple element with distinct eigenvalues. For any subset H C G, we write H,4 for
the set of the regular semisimple elements in H.

2. A maximal torus in G is a subgroup of G which is a conjugate of the subgroup

D:{(Bl d‘L) |deF;}.

of diagonal matrices. Equivalently, a maximal torus in G is the centralizer of a regular semisimple
element.

3. Let p > 3. A mazimal torus T in G is a subgroup of the form 7" = T N G, where T is a maximal
torus in G such that T NG # {£1} Equivalently, a maximal torus in G is a maximal commutative
subgroup in G which becomes diagonalizable over some field extension (actually, it’s equivalent to
require diagonalizability over a quadratic extension).

There are 2 conjugacy classes of maximal tori in G = SLy(F)p). The first class consists of those tori which
are already diagonalizable over F,, or equivalently, those are the tori that are conjugated to the standard

diagonal torus
a 0
A:{(O a_1>|a€F;}.

A maximal torus in this class is called a split torus. The second class consists of those maximal tori
which are not diagonalizable over F,. These tori are not conjugated to A. A maximal torus in this class is
called a non-split torus.

Properties:

1. A split maximal torus in G is a cyclic group with p — 1 elements, while a non-split maximal torus is a
cyclic group with p + 1 elements.

2. A regular semisimple element = € G is contained in a unigue maximal torus T, namely its centralizer
T = Cg(z). In particular, if T # S are 2 maximal tori, we have

Treg N Sreg - @
3. If T C G is a maximal torus, we have
T =Ty =2
4. For any maximal torus T, its normalizer Ng(T) contains T as a subgroup of index 2. Similarly, for
any maximal torus T' € G, its normalizer Ng(T') contains T' as a subgroup of index 2 and in particular
2(p—1) < [Na(T)| <2(p+1)
5. The conjugacy class Cl(g) of a regular semisimple element g € G is the set of all x € G such that

tr(z) = tr(g). The set of elements in G which are not regular semisimple is the set of all x € G such
that tr(z)? =4



Remark: For general facts about finite groups of Lie type, one may look at [4] or [6] and for conjugacy
classes of SLy(F,) one may look at [5].

Definition: Let p be a prime number, H C SLy(F,), and T C SLy(F,) a maximal torus. Then T is
involved with H (or H is involved with T) if and only if H contains a regular semisimple element of T
with non-zero trace, i.e., HN'Tg.cq # (), where the subscript ”sreg” means regular semisimple elements with
non-zero trace.

Two important tools in the proof of our growth theorem are estimates for escape from subvarieties and
estimates for non-concentration in subvarieties. In the next section we state and prove the special cases that
we need for our main result.



3 The first main tool: Escape theorem

Theorem 3.1 (Escape) Let p > 7 be a prime number and let H C SLy(F,) be a symmetric generating
set with 1 € H. Then (H®)),,.., # 0, i.e., the three-fold product set H® contains a regular semisimple
element x with non-zero trace. In particular, there exists a torus T = Cg(z) involved with H®).

Proof: Let N be the set of elements in SLy(F,) that are not regular semisimple. This is the union of the
2 central elements +1 and 4 conjugacy classes of

11y /-1 1\, (1 €, [-1 e
“=lo 1) Lo —1)"“\o 1)V Lo -1)

where € € F; is a fixed non-square. This set is invariant under SLz(F)) - conjugation and is the set of all
matrices with trace equal to +2. Elements with trace 0 are conjugates of

(0 1
90—710~

Next we note that if this theorem holds/fails for H, then it also holds/fails for all conjugates of H, so we
can "normalize” at least 1 element to a specific representative of its conjugacy class. Now we assume that
(H (3))”59 is empty and p > 7 and derive a contradiction. We distinguish 2 cases:

Case 1: Assume that H contains at least 1 element with trace £2 which is not £1. The observation
above shows that we can assume that one of u,v,u’,v’ is in H. Suppose u € H. Since H is a symmetric
generating set, it must contain some element

_(a b
g - (C d) ’

with ¢ # 0, since otherwise all elements of H would be upper-triangular and H will not be a generating set.
Then H®) contains
ug,u’g,u”tg,u"?g,

which have traces, respectively, equal to
tr(g) + ¢, tr(g) + 2¢,tr(g) — ¢, tr(g) — 2c.

Since ¢ # 0 and p is not 2 or 3, these traces are distinct and since there are 4 of them, at least one is not in
{-2, 0, 2}. A similar argument holds if v € H or v/ € H or v' € H.

Case 2: In this case all elements of H except +1 have trace 0. We split our proof into 2 subcases
depending on properties of F,,.

Subcase 2.1: —1 is not a square in F,. Conjugating again, we can assume that go € H. Since H
generates SLo(F)), there exists g € H such that g # £1,£go. If

a b
g_(c a)EH

is such an element, then we have a # 0, since otherwise b = —c™! and the trace of
(0 1)\ /0 —c! _fc 0
PI=\-1 0)J\ec 0o )7 \0 ¢
is ¢ + ¢~ which is not in {-2, 0, 2} (c+c ! =2 & c=1l,c+c ! = -2 ¢ = —1, in these 2 cases

g==2go;c+c =0« c2+1=0- no solutions since —1 is not a square), so Hs(zég # (), contrary to the



assumption. Moreover, we can find g as above with b # ¢, otherwise all matrices in H (except gg) would

have the form
a b
b —a)’

and all matrices of this type belong to the normalizer of a non-split maximal torus. Indeed, if we take a
torus T" which contains gg and conjugate it by the matrix

(all matrices have determinant 1, of course), we'll get

a b 0 1 —a —b\ _ ba — ab a® + b? (0 -1
b —a)\-1 0)J\-b a) \=-(0?>+a?) ba—ab)  \1 0
and the resulting matrix is just the inverse of the initial one (in particular, it also belongs to T"). Obviously,

go also belongs to the normalizer of this torus. Therefore, H will belong to this subgroup and so it will not
be a generating set. It means, we can find g as above (with a # 0,b # ¢). We have

(0 1\ [fa b c  —a (2)
gog = (1 O) (c a) (a b) €H

with nonzero trace t = ¢ —b. If t = 2, i.e., ¢ = b+ 2, the condition det(ggg) = 1 implies
—2b—b% —a% =1,

or (b+1)2 = —a?. Similarly, if t = —2, we get (b— 1)? = —a?. Since a # 0, it follows in both cases that —1
is a square in F,,, which is a contradiction

Subcase 2.2: —1 = 2? is a square in F,. Then we can diagonalize gy over F),, and conjugating again,
assume that H contains

Also H contains other matrices of type

We distinguish 2 different types of matrices: if a = 0, then we have matrices of type

(o)

(let’s call them ”quasi-diagonal”); if we have a matrix

, _f(a b
9 =\¢e -a
with a # 0, we will have that the trace of

r 0z 0 a b\ [(za =zb ()
9od _<0 —z) (c —a>_<—zc za)EH

is 2za which should be £2 (otherwise we are done), therefore za = £1 which implies —a? = 1, (so a = £2)
and since 1 =det(g’) = —a® —bc = 1 —bc, we get that be = 0 for all matrices of this type (and g}, also belongs
to this type). Clearly, H contains matrices of type 2 except +g( , otherwise H would contain only diagonal



(and, perhaps, quasi-diagonal) matrices and thus will not be a generating set. Now we distinguish 2 cases.
First case is if H contains a quasi-diagonal matrix

0 —d!
=)

. . . L . +
and, as we have just figured out, H must contain a matrix of type 2 which is not g, (let it be b’ = ( OZ qu>

with b # 0, for a lower triangular matrix the proof is similar). Then we will have:
W — +z b 0 —d '\ _ [bd Fzd?
“\0 Fz/)\d 0 T \Fzd 0 ’

-1 -1
gf)h’h _ (= 0 bd Fzd _ zbd +d 7
0 —z/) \Fzd 0 Fd 0
tr(h'h) = bd, tr(ghh'h) = zbd. The traces of these matrices are both non-zero; if tr(h'h)*=tr(gyh'h)* = 4
it means that z = +1 which is a contradiction since z is a square root of —1 and p # 2. Now assume that
H doesn’t contain quasi-diagonal matrices. So all matrices in H are of type 2. Then for all matrices in H

we have bc = 0. If all matrices in H satisfy b = 0, then H would be contained in the subgroup of upper
triangular matrices. So there exists a matrix in x € H with b # 0, hence ¢ =0

=0 %)

(Note that @ = z or a = —z, but we can always choose a matrix with a = z (otherwise, if a = —z we just
replace x with 2~! which is also in H since H is symmetric). So, in H we have a matrix

with b % 0. Similarly, H contains a matrix

with ¢ # 0. Then we have:
[z b z 0\ _ (—-1+bc —bz
W=lo —2)\e —2) 7 -z -1/’
, o (z 0 —1+bc —bz\ (—z+4+bcz b
9ot =\ -z —cz -1/ —c z

The traces of these matrices are be—2 and bez, respectively. The interesting cases are when be—2 € {0, 2, —2},
i.e, when bc € {0,2,4}. Obviously, be = 0 is impossible. If bc = 2, then bez = 2z ¢ {0,2,—2} (again, since
p # 2), if be = 4, then bez = 4z ¢ {0,2,—2} (this is possible only if 2z € {0,1, -1}, so, 422 = —4 € {0,1},
ie., either -4 =0 (p=2) or =4 =1 (p=>5)). Again we have obtained a contradiction which completes the
proof of the theorem. O

10



4 The second main tool: Non-concentration inequality

4.1 Preparation lemmas

The main idea that we will use here is the following: we would like to estimate from above the cardinality of
Cl(g) N H. We will use the following technique: we will define a map from (Cl(g))? to G? and then restrict
it to (Cl(g) N H)?. Then the cardinality of (Cl(g) N H)? (and thus, of Cl(g) N H) can be estimated from
above using the fibers of this map. We will start with the following lemma:

Lemma 4.1 Let k be any field, G = SLy(k). Let C C G be a conjugacy class, and define

3 2
¢1{( C? =G

T1,T2,23) > (172, T123)
Then for any (y1,y2) € G X G, we have a bijection

{ cn le’l ﬂyQC’l — ¢71(y1,y2)

21 = (w1, 07y, a7 )
In particular, if k = Fp and C is a regular semisimple conjugacy class, we have a bijection

& y1,y2) = C Ny C NyoC.

Proof: Take an element in ¢~ !(y,y2). It’s a triple in C3. From this triple we can uniquely determine z;
and vice versa, given x; we can uniquely determine the whole triple in the fiber (22 = x;lyl, T3 = x;lyg).
Therefore, elements of the fiber (triples) are in 1 to 1 correspondence with all the proper x;’s. What are the
proper z1’s? The triple should belong to C® which is equivalent to this condition:

z1 € C, xl_lyl eC, xl_lyg ceCerxecCnyCtnyct,

which proves the first part. For the second part, simply notice that if C' is a regular semisimple conjugacy
class, say, that of g, then C = C~! because ¢g—! has the same characteristic polynomial as g, hence is
conjugate to g. (|

Now we have seen that for k = F,, the fibers of this map are in bijection with sets of type C'NyC Ny2C.
Therefore, we would like to know something about them. The main question is: how big are they? The next
theorem gives us the answer to this question.

Theorem 4.2 (Pink) Let K be an algebraically closed field with char(K) # 2, g € SLo(K) a regular
semisimple element with nonzero trace and C' is the conjugacy class of g. Foryy,ys € SLo(K) the intersection
X =CnyCnNysC is finite and contains at most 2 elements unless one of the following holds:

1. We havey; =1 orys =1 or y; = yo;
2. There exists x € SLy(K) such that

11\
==\ 1)"

and we have several (classes of) possibilities for yo:

. 1 %\ 4
Y2 = 0 1 xz -,



where o + a1 = tr(g).

3. There exists © € SLy(K) such that

— o? 0 21
Y1 = 0 04_2

and we have several possibilities for ys:

where a +a~! = tr(g).

For each pair (y1,y2) described in cases 2 and 3 we have that X C C'NB, where B is a conjugate of Bg (the
subgroup of upper triangular matrices) and B is uniquely determined by (y1,y2).

Proof: It will be convenient to compute the intersection C'Ny; e Ny, e (just a change of notation). The
results we will find will concern y; and y, (and now we need them for y; L and Yoy 1), but it’s not a problem:
proving that y; = 1 or yo = 1 or y; = ys is equivalent to proving that yl_1 =1lor y2_1 =1lor yl_1 = yz_l. If
we come to the second or third case, again, it’s not hard to see that it’s equivalent for the pair (y; L Yo 1) to
be in the same case, and so we can prove the results for (y1,y2) instead of (y;*,y5").

The conjugacy class of a regular semisimple element is completely determined by its trace (which is, the
conjugacy class of this element is exactly the set of matrices with the same trace). If such an element has
trace t = o+ a1, then we have a* # 1 (if a = £1, then the element is not regular semisimple, if a? = —1,
then the trace is 0 which contradicts our assumptions). So, from now on we work with C which is the set of
matrices of trace t = o + a~! where « is as above.

Next observation is that for any x,y; € SL2(K) we have

CN(zyz )10 =2Cz ' Nay; a7 1C = 2Cax Ny 'Co~ = 2(C Ny tC)z L.

This means that we can compute CNy~1C up to conjugation (taking a more convenient representative from
our conjugacy class).

The conjugacy classes of SLa(K) are known. We will first run through representatives of these classes
and determine the corresponding intersection C' N y; 1C. We will not deal with the case y; + 1. Indeed, if
y1 = 1 we have the first case of our theorem and if y; = —1, we will get

yflC:—C

The matrices in C' all have trace ¢t while all the matrices in —C' have trace —t, which means there can’t be
any intersection (remember that ¢ # 0), so the theorem obviously holds for y; = —1 and for any y». So, if
y1 # *1, then it’s conjugated to one of the following 4 (types of) elements:

1 1 1 2 —1 1

12



w = (ﬁ 501) B # £1,B # a*?

(4) a? 0
Yoo=\0 a2

(here the superscript indicates the number of the case and the subscript 0 means that this is the ”canonical”
representative). Clearly, we could unite the last 2 cases into 1, but later it will become clear how calculations

can be simplified if we distinguish them. '
Now we want to find out something about C'N (yff))*lc . For each i we’ll do the following: take a matrix
h € C'; the condition that it also belongs to (y(()l))_lC is equivalent to imposing also the condition y(()l)h eC.

From this we can say something about h and therefore about the whole intersection. Let h = <((l; b) with

d
W)y, — 1 1\ (a b\ [(a+c b+d
Yot =10 1)\ec d) 7\ ¢ d )’

tr(yél)h) =a+c+d=1t=a+c=tr(h), which implies ¢ = 0. Then (since the determinant should be 1) we
have ad =1 and a +d = a + o~ ! which means a = a,d=a"!ord =a,a=a"t. So C'N (y(()l))_lC is given
by the set containing all matrices of the following forms:

a k a”l ok

0 a ')’ 0 «af’
@ _ -1 1 a b\ (—a+c —-b+d
Yo =10 —-1)\e d)~ —c —d )’

tr(y((f)h) =—a+c—d=t=a+d=tr(h), which implies (—a + ¢ — d) + (a + d) = t + ¢, which implies

¢ = 2t. Since also a + d = t, we parameterize them like this: a = k,d =t — k. For the moment h looks like

(k b ) . Also we impose the condition det(h) = 1:

at+d=t=a+a L
Case 7 = 1:

where k € K is parameter.
Case i = 2:

2t t—k
ad—bc=1k(t—k)—2tb=1c —k*+kt—1=2ths b= (—k*>+kt —1)/2t
(recall that ¢ # 0 and char(K) # 2). So C'N (y(()Q))*IC is given by the set containing all matrices of the

following form:
k(—k*+kt—1)/2t
2t t—k ’

) _ 5 0 a b\ [ Ba 5b
Yo - 0 671 c d - ,8716 ﬁfld ’

tr(yég)h) = Ba+ B 'd =t =a+d=tr(h), which implies that (a,d) is a solution of the linear system

where k € K is parameter.
Case i = 3:

a+d=t,
Ba+ B7rd=t.

with determinant S~ — 3 # 0. Solving this system we have

t Bt

= ,d= )
“ B+1 6+1

13



Write b=0'/(8+1),¢ = /(8 + 1). Now we impose the condition det(h) = 1:
Bt2—b'c = (B+1)? & = = 2+26+1-Bla+a 1?2 = 24+284+1-Ba? 28— Ba"? = (B—a?)(B—a"?).
In this case 8 # a2, so both ¥ and ¢’ are nonzero and can be parameterized in this way:

V=(B-ak d=—B-a?)k "

So C'N (y(()?’))*lC’ is given by the set containing all matrices of the following form:

1 t (B —a?)k
Bri\-B-a 2kt 3 )
where k € K* is a parameter.

Case i = 4: in this case we do all the same computations as in the previous one, and we come to the
same conditions

~dV = (B-a’)(B-a),
:t’d:m.
B+1 B+1

a

But here 3 = a? and this implies

a=at,d=a,bd =0
So, either ¢/ =0 (and hence ¢ = 0 and we get upper triangular matrices) or " = 0 (and hence b = 0 and we
get lower triangular matrices). So C'N (y(()4))_10 is given by the set containing all matrices of the following

forms:
a”l ok a0
0 «af’ kK «af’
where k € K is parameter.

Now we know how C'Ny; 1C might look like (up to conjugation). Now we need to find intersections with
all possibilities of 5 1C'. We proceed exactly as before. y; was the conjugate of yéi) (say, y1 = xy(()i)x_l)
for some z, and so C Ny;'C = z(C N (y§?)~1C)z~1. A matrix in this set has the form zhz~! where h
is as parameterized above (in each case). The condition that it belongs to y5 o =(write yo = xy’'z~* for
the same x as before and for some y')= (z(y') "1z ~1)C is equivalent to the condition yozhax~! € C which is

xy'z lehe™! = xy’he~! € C which is equivalent to the condition y'h € C.

Let
N 2 )
(%)

-1
Case i = 1: For this case, h = (g ak1> or (a k) ,

oo (T w2 a k) _  [(zo x1k + o ™!
yn= 3 x4) \O0 a ') T \z3a z3k+z4a”t)’

" — T1 X2 a bl ok . zra~l 21k + zoa
yhn= T3 Ta 0 «a/ \zsa™' zsk+azsa)’
and so the trace of y'h is x3k + x10 + 24071, or 23k + 10~ + 240, If 23 # 0, in both cases there is at most

1 value for k for which the trace is equal to ¢, and so C'Ny;C N yoC will contain at most 2 elements (1 for
each form of the diagonal). If z3 = 0 (and so, x4 = xl_l), then z7 is a solution of the following system:

or

—1,.—1
ar; + o 13:1 =1,
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or
-1 -1, _
ar;  +a Txp =1t

The first equation gives ;1 = 1 and 21 = a2, so that ¢ is an upper triangular matrix with diagonal
coefficients (1,1) or (a2, a?)
The second equation gives 1 = 1 and z; = a?, so that ¢/ is an upper triangular matrix with diagonal
coefficients (1,1) or (a?, a~2) (this type of matrices will also appear in case i = 4).
We summarize the results of this case:
1 1\ 4
1= (0 1) x

(1 b\

92 =T O 1 Y 9
o 0[2 b -1
Y2 =2 0 a2 T,

o a72 b -1
Y2 = 0 OZ2 T o,

k(—k*+kt—1)/2t
2t t—k :

and we have several possibilities for ys:

where b is arbitrary, b € K.
Case ¢ = 2: For this case, h = <

,h_ r1 X2 k (7k2+kt71)/2t _ £L'1k‘+2$2t x1(7k2+kt71)/2t+x2(t7k)
yhn= T3 x4 ) \2t t—k T \ask +2z4t w3(—k% + kt —1)/2t + 24t — k),

k%2 +kt—1
3 ;t ) bma(t—k)—t = —%k2+(x1—x4+%)k+(z4+2x2—1)t:O.

This equation has at most 2 solutions unless both z3 = 0 and x4 = x1, but then x1 = x4 = £1. If z4 = 1 the

tr(y'h) —t = x1k+ 2xot + i

constant term is 0 if and only if 5 = 0 (and so, ¥y’ = 1), if x4 = —1, then 2o = 1 and ¢’ = <_1 _11) = y((f)

0
and since y; = a:y(()z)x’l and ys = vz~

Case ¢ = 3: For this case,

1 _
, we have y; = ys.

b 1 ( t (B—ozz)k)
B+1\~(B—a )k} tp ’

Jh = 1 (ml xz) ( t (8- a2)k‘> 1 <m1t — 2k Y (B—a"?) mk(B-a?) + :Egtfﬁ)

+1\zs x4) \—(B—a k! 8 B B+1 \ast —aak™H(B—a™?) x3k(B —a?) + zatf
k(tr(y'h) —t) = % (ktzy — 22(8 — o ?) + K?23(8 — o) + kxgtB) — kt =
_w3(B— a?) 2 T1 x4f3 (B —a™?) .
= av1 " *(mﬁml 1)kt6+10'

This equation has more than 2 solutions if and only if all 3 coefficients are 0, which implies o = x3 = 0
(and so x4 = z7'), and

a1 t+zf—(B+1) =0z +27'B—(B+1) =027 — (B+ 1)z +5=0.

Then either 7y = 1 (and so, ' = 1) or xy = B,04 = B, ¢/ = (g ﬂ91> e yég’) and since y; = a:y(()?’)x_l

1

and 1y, = xy'z~ !, we have y; = ys.
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-1 -1
Case i = 4: For this case, h = <ak 2) or (ao §> . The second subtype has been seen in case 1.

The first subtype leads us to
oo (T T2 a”t 0 _ zia t + 1ok zoa
yhn= T3 T4 E o) \zsa™ '+ a4k zaa)’

tr(y'h) = x1a~ + w2k + 24a. There is at most 1 value for k when this trace is ¢, unless x5 = 0. If 29 = 0
(and so, 24 = 7 1), we will have that z; is the solution of
otz + aacfl =0,

which gives 1 = 1 and z; = a2, so that 3/ is a lower triangular matrix with diagonal coefficients (1,1) or

(a?,a72). Also ¢ can be an upper triangular matrix with diagonal coefficients (1,1) or (a2, a~2) (this type

of matrices has already appeared in case i = 1). We summarize the results of this case:

— o? 0 .
Y1 = 0 a—2

1B\

y2 = 0 1 x 9
o CYQ b -1
Y2 = o 0 a2 T o,

10\

Y2 =T b 1 xz o,
o O[2 0 1
Ya = b a72 zr -,

and we have several possibilities for ys:

where b is arbitrary, b € K.

For a prime p and v € F;, define

q{@ ;O|mF&.

From the previous theorem we have seen that all yo’s for which case 2 or case 3 holds (but not case 1),
are precisely sets which are conjugated to some C,. Therefore, we would like to estimate from above the
cardinality of H N zC,2~!. The next lemma gives us some information about it.

Lemma 4.3 For any p > 5, any v € F;, any z € SLy(F,) and any symmetric generating set H of SLa(F),)
containing 1, we have:

|HNzCyz™t| = ‘Hﬂx{(g 7E1> |te Fp}ml < 20%|H|'/?

where o = trp(H).
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Proof: We first deal with the fact that z and ~ are not necessarily in SLy(F,). We have xC,z~' N
SLy(F,) C 2Boz~' N SLy(F,), and there are 3 possibilities for the latter: either zBoz~' N SLy(F,) = 1, or
zBor ' N SLy(F,) = T is a non-split maximal torus of SLy(F,,), or zBoz ™' N SLy(F,) = B is an SLy(F,)-
conjugate of the group By = BoN.SLy(F,) of upper-triangular matrices (this is a standard property of linear
algebraic groups over finite fields).

In the first case there is nothing to do.

In the second case we note that v and v~ are the eigenvalues of any element in SLy(F,) N xC’Wx_l
and there are at most 2 elements in a maximal torus with given eigenvalues. Then obviously we have
|HNxCrz™!| <2< 2a2|H|V3.

In the last case we can assume that € SLy(F,) and v € F,,. Using SLy(F))-conjugation, we can assume
that x = 1. Then either the intersection is empty (and the result is true) or we can fix

7 to
go = (O 7_1) S HOC—Y

1

and observe that for any g € H N C, we have
go_lg e H? n¢y,

hence
[HNC,| < |H® NCy| = |H® NUg,

which reduces further to the case v = 1. We fix an element h € H — By, i.e.,

a b
= a)
with ¢ # 0. It exists, because otherwise H C BN SLy(F,) would not be a generating set of SLy(F),). Now
we consider the following map:
" U xU*xU" -G
T (urs ug, ug) > ushush g
where U* = Uy — 1 (later it will become clear why we can’t take Uj as a domain). Note that since h € H,
we have 1 ((U* N H®)3) ¢ H®). Crucially, we claim that for any = € G, the fiber ¢)~!(x) contains at most

1 element. If this is true, we get
U N HOP < [HO)| < of|H),

and therefore
[UoNH®| = U nHP| +1 =222 H|"/3,

which is the result we need. Now we prove the claim via direct computation. Precisely, if
1 ti *
U; = (0 1) e U”,

1-— t1t202 — tQCLC *)

then matrix multiplication leads to
_tQCQ *

w(ul,UQ,Ug) = (

and since ¢ # 0, to is uniquely determined (and thus also us). Now, ¢; (and so, u1) is also uniquely determined
(¢ # 0,t3 # 0 and this is the reason why the domain of our map is not U}). Finally, uz = (ujhugh=!)" 1z is
also uniquely determined. |
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4.2 Non-concentration inequality

Now we have proved all the preparation lemmas and we can prove the desired non-concentration inequality:

Theorem 4.4 (Non-concentration inequality) Let p > 3 be a prime number and let g € SLs (Fp) =G
be a regular semisimple element with non-zero trace. Let CL(g) C SLy(F,) = G be the conjugacy class of
g. If H C G is a symmetric generating set containing 1, we have:

|CL(9) N H| < 7a®|H[*/?,

where o = trp(H), unless a > |H|'/?8.

Proof: g is a regular semisimple element with ¢r(g) # 0. We define the map ¢ that we have already seen

before:
é: { Cl(g) x Cl(g) x Cl(g) - G x G

($17$2,$3) — (561562,3?1333)

and denote
Z =(Clg)NH)>, W = ¢(Z),

so that
IClg)NHP = > o7 (y1,92) N Z| = S0+ S1 + Sa,
(y1,92)EW

where S; denotes the sum restricted to W; C W, where W, is the subset where the fiber has order at most
2, while W7 corresponds to those (y1,y2) where case (1) of Pink’s theorem holds and W5 corresponds to
those (y1,y2), where only cases (2) or (3) of Pink’s Theorem hold (which means, we don’t put into W pairs
(y1,y2) with y3 = 1 or yo = 1 or y1 = y2). We will prove the following estimates:

So < 2/HP|? < 202|H?,
S; < 3|HP |2 <4H?|? < 40?H|?,
Sy < 3273 HP/3,
Assuming this, we will get immediately
ICl(g) N H| < 62/3a2/3|H\2/3 + 25/3a34/9|H|5/9.
Now either the second term is smaller or equal than the first and we get
IC1(g) N H| < 62/3a2/3|H[/3 + 25/3a34/9| H|5/9 < 2. 62/3a2/3|H|?/3 < 7a2/3|H|?/3

and this is the result we need, or the second term is bigger, which means

25/3a34/9|H|5/9 > 62/3a2/3|H|2/3 > 25/3a2/3|H|2/3,

which implies
a > |H|'/?,

which is the alternative. Now it remains to check the bounds on S;

1. Sp : fibers over Wy have at most 2 elements, hence also their intersection with Z, so Sy < 2|[Wp| <
2\W| < 2H®P
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2. S7 : this case splits into 3 almost identical subcases, corresponding to y; = 1, yo = 1, y1 = y2. We only
check the bound for one of them, say, for S7.1. We have:

Sii< D o7 (Lye) N2l

y2 EH(®)
By Lemma 4.1, we have:
07 (1y2) N Z| = |(z1, 27" 27 'y2) € (CL(g) N H)?| < |H]
for any given y, € H®, since #; € H determines the triple (xl,:rl_l, xl_lyz). So we get
Sia < [HP||H| < [HPP,
and similarly for the other 2 cases.

3. S : Here we also sum over y; first, which is # £1 (y; = 1 has been already considered in W; and
y = —1, as it’s easy to see and has been mentioned in the proof of Pink’s theorem, will never appear in
any specific case of Pink’s theorem and therefore pairs of type (—1,y2) can only belong to Wy). The
number of y;’s can be bounded with |[H(?)|. Now we have fixed y; and we want to count the number
of possible y5’s for this fixed ;. As before, we define

07_{(8 vil) Iter}.

As we have seen in the proof of Pink’s theorem, for each y; there are at most 4 classes of matrices ys
for which the second or the third case of this theorem holds and each class is a conjugate of some C,
(remember that we are not considering y1 = 1, y2 = 1, y1 = y2). So, we need to estimate the size of
an intersection of the type H® N xCz~ !, but this is what we already can do thanks to lemma 4.3.
So, for a fixed y; the number of possible y5’s is

{2 | (y1,92) € Wa}| < 8trp(H® P [HP[? < 85| H|'/?

(the factor 8 accounts for 4, which is the number of classes of yo, and the factor 2 in the lemma).

Now y; and yo are fixed. Then the size of the fiber ¢~1(y1,92) N Z is determined by the number of
possibilities for x1. As the latter satisfies

z1 € Cl(g)"nBNH,

and Cl(g) N B is a conjugate of a union of the type C, U C,-1 we see that we must estimate the size
of an intersection of the type
HNndC,
X

for some fixed v € F7, since this will lead us to the estimate for the number of possibilities for .
Using lemma 4.3 again, we get
|7 (y1,92) N Z] < 4a?|H|V.

This gives

Sy < 3208 A H PP HP)| < 320°Y3|H|P?,

as desired.

O

Corollary 4.5 (Involving dichotomy) 1. For all prime numbers p, all subsets H C SLy(F,) and all
maximal tori T C SLy(F,), if T and H are not involved, we have:

|[HN'T| < 4.
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2. If p>5 and H C SLy(F,) = G is a symmetric generating set containing 1 with H®) £ SLy(F,), we
have:
‘Treg N H(2)| 2 147106714/3IH|1/3

for any maximal torus T C SLo(F,) which is not involved with H, where o = trp(H), unless

a> |H|1/168.

Proof:

1. Since H and T are not involved, H N T doesn’t contain regular semisimple elements with nonzero
trace. So H N'T can contain either regular semisimple elements with trace 0, and in T there are at
most 2 of them, or H N'T can contain elements which are not regular semisimple, and in T there are
2 of them: =£1. Therefore, this intersection contains at most 4 elements.

2. We apply the orbit-stabilizer theorem 2.3. Let T = T N G be a maximal torus in G. Fixing any
g € Tyeq, we have T = Cg(g), the stabilizer of g in G for its conjugacy action on itself. We find that
|H]|
[{hgh=' | h € H}|

ITNH® | =|TnH?| >

for any symmetric subset H. Since H is involved with T, we can select g € Typeg NH = Treg N H and
the denominator on the right becomes

{hgh™ | he H}Y < |[H®) nCl(g)| < |H® nCl(g)],

where Cl(g) (resp., Cl(g)) is the conjugacy class of g in G (resp., in G). Applying the non-concentration
inequality to H®), we will further have

|[H®) 0 Cl(g)| < Ttrp(H®)?/3| HE) /3,
From Ruzsa’s theorem we have trp(H®)) < af, so we will have
[H® N Cl(g)| < 7(a®)*3(|H|a)*? = T|H|[*2a*/?,
unless trp(H®)) > |H®)|1/28 which implies
a® 2 trp(H®) > [HO N = (|H o)/,
a'® > |Hla = o > [H|V',

which is even better than we need.

Therefore,

T | b
= [hgh=1 The HY = TH® N Cl(g)] ~ T/H[/ali/3

TN H? — 7l W3 |13,

Now we note that there are exactly 2 elements in T N H®) that are not regular semisimple (they are
+1), therefore
ITyeg NH® | = TN H®| - 2> 7710~ 14/3H|V/3 — 2,

If the first term is > 4 (denote it by A for the moment), then

A A
> _ =
5 2& A 5

SIES

>25A-2>
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In this case the previous sum can be estimated as follows:
‘Treg n H(2)| > 147104714/3|H|1/3

and this is the result we need. If A < 4 we will get

|H|1/3 ‘H|1/14
> — s a >

—1_-14/3|771/3 14/3
T |H?| <4< o 28 533710 "

To get the desired alternative we need to have

|H‘1/14 1/1 11/1 14 11
g > | H[V1 e [H|M10 > 9881 5 |H| > 28%0/1,

But what do we do if |H| < 2836/11? We use proposition 2.2. It says that if H(3) # G, then a > 21/2.
To get the desired alternative, we need to have

a > 21/2 > ‘H|1/168 o |H| < 984

But in our case |H| < 2836/11 < 284 and so the desired alternative is achieved.
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5 Proof of the main theorem and bounding the diameter

Here we state theorem 1.2 in a slightly modified, but equivalent way:

Theorem 5.1 (Helfgott) Let p be a prime number, H C SLy(F,) is a symmetric generating subset of
SLy(F,) containing 1. Then if H®) # SLy(F,), we have

trp(H) = |H|’,
where § = 1/3024.
Proof: If p <5 we can check the theorem numerically. So we assume p > 7 to be able to apply theorem 3.1.

We will show that
a = trp(H) > 2_1/2\H|1/1512

for p > 7. Then using theorem 2.2, we derive
o = trp(H) > max(21/2, 2_1/2\H|1/1512) > |H|1/3024.

By theorem 3.1, there exists at least 1 maximal torus T involved with H®) (hence also with L = H®). Tf,
among all tori involved with L, there is 1 for which the main bound in the corollary 4.5 (applied to L) fails,
we obtain the alternative from this theorem:

trp(L) > |L‘1/168 > |H|1/168,
and since trp(L) < o by Ruzsa’s theorem, we have
a > |H|V1B12 > 9= 1/2| g |1/1512,

which is the result we need. Otherwise, we distinguish 2 cases.
Case 1: There exists a maximal torus T involved with L such that for any g € G the torus ¢Tg
involved with L. Writing 7' = T N G, we note that the maximal tori

—1 is also

gTg~' = (9Tg " )NG
are distinct for g taken among representatives of G/Ng(T). Indeed,
gTg ' =hTh ' o hlgTg'h=T < h™'g € No(T) & g € hNg(T).
Then we have
(&

L(Q) > L(2) mgTre g—l > 14—16—14/3 L 1/3 )

gE€G/Na(T)

where 3 = trp(L), since each gTg~! is involved with L and there can’t be any ”overlaps” since a regular

semisimple element can’t lie in more than 1 maximal torus and we are in the case where the upper bound
holds for all tori involved with L. Now from Ruzsa’s theorem we have

|L(2)| ‘H(S)‘
= Saa
|H| |H|
p*—p

|H| > 0476|L(2)| > 1471a766714/3|L|1/3 _ 2871a76ﬁ714/3|L|1/3p(p71) > 28710[766714/3|L‘1/3(p71)2.

2(p+1)

Also as before we have
B =tpr(L) = trp(HY) < o,
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hence the previous inequality becomes
|H‘ > 28_101_60z_42‘L|1/3(p _ 1)2 _ 28_1a_48\L|1/3(p _ 1)2 > 28_101_48‘H|1/3(p _ 1)27
|H|2/3 > 28710748(39 _ 1)2 PN |H| > 2873/20[772(]9 _ 1)3’
which for p > 7 implies |H| > 250~ a~"?|G|. Indeed, we need to check that

250 _ p*—p  plp+1)
w2 = (pip o1 W

28732072 (p—1)% > 25071 2G| &

(1, 00) is the interval where the function on the right decreases. Since we are interested in p > 7, we compute
f(7) (the value of this function in other primes will be smaller), multiply it by 28%/2 and see that the result
is around 230 < 250 (that’s how the number 250 was chosen). So, we return back to what we got:

|H| > 250" a""|G].

Then we have 2 possibilities:
1) a < 500—1/72|G|1/648
Then from the previous inequality we get

|H| > 2507 a~"2|G| > 250 1(500 Y/ 72|G|Y/ 48 ="2|Gq| = 2|G|7 0G| = 2|G)¥°,

and using theorem 2.5, we get H®) = G which contradicts our assumptions.
2)a > 5007 1/72|G|1 /648 then since 50071/72 > 271/2 we have

a> 2—1/2|G‘1/648 > 2_1/2\G|1/1512 > 2—1/2|H|1/1512

and this is the result we need.

Case 2: Since we know that some torus is involved with L, the complementary situation to case 1 is that
there is a maximal torus T involved with L = H® and an element g € G such that ¢Tg~! = Ty is not
involved with L. The first remark is that we can assume, possibly after changing g and T, that g € H.

Indeed, to check this claim, we start with g and T as above. Since H is a generating set, we can write

g = hl "'hnL
for some m > 1 and some h; € H. Then
Ty =hy---h,Th - hyt

We know that T is not involved with L while T is. We do the following: erase the first and the last term
in this product; we will get the torus

Ty =hy---hy,Th,t---hyt

If this new torus is already involved with L, we take T5 and h; instead of T and g. Otherwise, if Ts is not
yet involved with L, continue erasing. At a certain point we will get that the torus

T; =hi~-~hmTh;1---h;1
is not yet involved with L, while the next one,
Tis1 = hit1---hmTh 1 ..h;rll

is involved with L. Then we take T;;1 and h; instead of T and g.
We remark that this will surely happen. In the worst case, we will have to erase all h;’s and get that the
torus T,, = hmTh;T1 is not involved with L, while the torus T is. But then we can take T and h,,. From
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now on we will write h instead of g, keep the notation T for the torus which is involved with L and we put
S = hTh~'. We apply theorem 2.4 with (H, K) = (H® SN G = S) and n = 5. This gives

|(H(2))(6)| - |(H(2))(5) NS
|H®| = |[(H®)A N S|’

ie.,
|H2)| _ |HO A S|
> .
|H®| = |HH NS

But since L = H® and S are not involved, their intersection can contain at most 4 elements (by the easy
part of corollary 4.5), and therefore we get

12|

(10)
D) |[H NS

>

A~ =

Also we have
MHENT)h ™t c H9 N,
so that
[HO N S| > |HSNT| = |L® NT| > 28713~ 1/3|L|Y/3,

where 8 = trp(L) (since L and T are involved and we are in the case where the bound from corollary 3.6
holds for all tori involved with L).

(12)
||ijf<2>| > 1287 g ALY = 112 g L,

From Ruzsa’s theorem we have
8= trp(H(4)) <o

and
|H(12)| |H(12)‘
<

[H®)| — |H|

< a0
and so finally we get
CYlO Z 11271ﬁ714/3|L|1/3 Z 11271Q742|H|1/3,

which implies
o Z 112_1/52|H|1/156.

Since 11271/52 > 2-1/2 e finally get
> 2 V2| F|V/156 > 9-1/2| fr[1/1512,

O

Proof of Babai’s conjecture for SLy(F,): given a generating set H, we apply Helfgott’s theorem [ times
(I will be chosen later):

[HED| > |10

Now we will choose [ such that l
|H|H) > |G|

and therefore we will get
1
[H?| > |G|.
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Since this is absurd, we will get that H (3) = G and the diameter of the Cayley graph is not bigger than 3'.
Now we choose I:

log |G
O 5 (Gl (14 6) Tog |H| > log |G| < (14 0)! > 2811
log | H|
which gives
log |G| 1 log |G|

llog(1l+ ) > log Tog | | & Tog (1 + 3) og Tog ||

Take
[ = loglog |G|
| log(1+0) |’

this will give us

log log |G|

. < I _ < — =
log diam(I'(G, H)) < log3" = llog3 < log 3 <log(1 +9)

+ 1> < 3323loglog |G| + log 3 = log(3(log |G])33?%)

(here we computed log 3/log(1 + 1/3024) explicitly), which gives us

diam(T'(G, H)) < 3(log |G|)>323.
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